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MULTIPLICITY OF SOLUTIONS FOR SOME FOURTH-ORDER
M-POINT BOUNDARY-VALUE PROBLEMS

HAITAO LI, YANSHENG LIU

ABSTRACT. Using the theory of the fixed point index in a cone and the Leray-
Schauder degree, this paper investigates the existence and multiplicity of non-
trivial solutions for a class of fourth order m-point boundary-value problems.

1. INTRODUCTION

Consider the following fourth order m-point boundary-value problem

u(t) = flult), —u" (1), t€(0,1);

W(0)=0, u(l)= Z; aiu(7;); (1.1)

«
Il

u”(0) =0, u'(1)= ) o (m),
i=1
where f : R x R — R is a given sign-changing continuous function, m > 3, 0 <
m<m<-+<nNpo<landa; >0fori=1,...,m— 2, with

m—2
d i<l (1.2)
i=1

The multi-point boundary-value problems for ordinary differential equations
arise in many areas of applied mathematics and physics. The existence of solu-
tions of the fourth order two-point boundary-value problems and the second or-
der m-point boundary-value problems have been studied intensively because of
their interest to physics(see [1,2,6,7,9-11] and [5,8,13,14], resp.). However, to our
best knowledge, the multiplicity of nontrivial solutions of the nonlinear multi-point
boundary-value problems for fourth order differential equations has not been stud-
ied intensively.
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Recently in [12], Wei and Pang investigated the existence and multiplicity of
nontrivial solutions for the following fourth order m-point boundary-value problems

@ () = f(a(t),—2"(t), te(0,1);

2(0) =0, =z(1)= 2 ;i (n:); (1.3)
m—2
{EN(O) =0, {E//(l) _ azxﬂ(nz);

where m > 3,0 <1 <72 < -+ < Nym—2 < 1 are constants and a; € (0,1) for

i=1,.

(S0)

..,m — 2 satisfies (1.2)). f:R xR — R satisfies the following conditions:

The sequence of positive solutions of
m—2
sin(v/s) = Z a; sin(n;v/s)
i=1

SO< AT <Ao< <Ay < App1 < ...

£(0,0) =0; and for u > 0, v > 0, f(u,v) > 0; for u < 0, v <0, f(u,v) <0;
for uv > 0, f(u,v) does not vanished.

f(u,v) has a continuous partial derivative at the point (0,0), and there

exists a positive integer ng such that po,, < 1 < pon,+1, where p, =
2

—2. ap = £,(0,0) > 0, by = £,(0,0) > 0.
There exist a; > 0, by > 0 such that

|f (u,v) — aru —byo| 0

1m
Juu|+]v] 400 u| + |v]

and there exists a positive integer n; such that y2,, < 1 < y2p,+1, Where
A2

Tn = ar+bi A, ”

There exists a constant 7' > 0 such that | f(u,v)] < W=IT, for all 0 < |u| <

T,0 < |v| <T, where

m—2
>
=1

1
W=ot—=m
6(1— ; a;n;)

Using the theory of the fixed point index in a cone and the Leray-Schauder degree,
we obtain the following results.

Theorem 1.1. Suppose (S0)—(S4) hold. Then (1.3) has at least siz nontrivial
solutions: Two positive solutions, two sign-changing solutions, and two negative
solutions.

Theorem 1.2. Suppose (S0)—(S4) hold, and f is odd. Then (1.3 has at least eight
nontrivial solutions.
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Motivated by [12], we investigate the existence and multiplicity of nontrivial

solutions for (1.1). Let X = C10, 1] with the norm ||ullp = n[loa)i} lu(t)],
telo,

m—2

Y = {u € C?0,1] : v/(0) = 0,u(1) = Z a;u(n)}

i=1

with the norm |lu|| = max{||ul|o, ||«'|l0, [|2" |0},
m—2
E={ucC?0,1]nY :4"(0)=0,u"(1) = Z azu” (n;)}
i=1

with the norm ||u|| = max{]||ullo, ||v]0, [|v”]l0, |v""]lo}. Then XY, E are Banach
spaces. We define a cone in E as

P={zeE:x(t)>0,—-2"() >0Vt e[0,1]}.

Let

m—2

I'(s) = cos(v/s) — Z a;cos(nivs), s€R.

Then we can list the sequence of positive solutions of the equation T'(s) = 0 as
follows:

0<s1 <8< - <58, <Spg1<n

Regarding the nonlinearity f(u,v), we assume that it satisfies the following condi-
tions:

(H1) f(0,0) =0; and for u > 0, v > 0, f(u,v) > 0; for u < 0, v <0, f(u,v) <0;
for uv > 0, f(u,v) does not vanish.
(H2) There exist ag > 0, by > 0, such that

f(u,v) = agu + bov + o(|(u, v)]), as|(u,v)] — 0,

where (u,v) € R x R, and |(u,v)| := max{|z|, |y|}. And there exists a

positive integer ng such that pi,, < 1 < fin,+1, where p,, = ——=

ao+bosy
(H3) There exist a; > 0, by > 0, such that

flu,v) = aru+ brv + o(|(u,v)]), as |(u,v)] — +o0,

where (u,v) € R x R, and |(u,v)| := max{|z|, |y|}. And there exists a
2
positive integer ny such that v,, <1 < 7,41, where vy, = - jglsn.

(H4) There exists a constant T' > 0 such that |f(u,v)| < M~'T, for all (u,v)
satisfying 0 < |u| < T, 0 < |v| < T, where M = max{1, N, N?} and
2

N=l4+—E

m—2
1= >0 aims
i=1
This paper is organized as follows. In Section 2, we present some basic properties
of the fixed point index, and make use of these properties to obtain some important

lemmas. In Section 3, we shall give our main results and their proofs.
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2. PRELIMINARIES
Let us list some properties of the fixed point index in a cone (for details, [3, [4]).

Lemma 2.1 ([4]). Let P be a cone of the Banach space E, and A : P — P be
completely continuous, suppose that A is differential at 8 and co along P and 1 is
not an eigenvalue of A’ (0) and A’ (c0) corresponding to a positive eigenfunction.

(i) If A’ (0) has a positive eigenfunction corresponding to an eigenvalue greater
than 1, and A0 = 0, then there exists T > 0 such that i(A, PN B(0,r),P) =0 for
any 0 <r <.

(ii) If A!, (00) has a positive eigenfunction which corresponds to an eigenvalue
greater than 1, then there exists ¢ > 0 such that i(A, PN B(0, R), P) = 0 for any
R>C.

Lemma 2.2 ([]). Let 6 € Q and A: PN Q — P be condensing. Suppose that
Az # px, for allx € PNOQ and p > 1. Then i(A,PNQ,P)=1.

We first transform (1.1)) into another form. Suppose u(t) is a solution of (1.1)).
Let v(t) = —u"(t). Note that

u'(t)+v(t) =0, te(0,1);

m—2
2.1
W(0) =0, wu(l)= Z oiuln), 21)
i=1
thus u(t) can be written as
u(t) = LU( ) (2.2)
where the operator L is defined by Lu(t fo s)ds, for all v € Y, and
m—2
Z aiG(niv S)
H(t, S) = G(t, S) + z:th’
]. — Z O[i'I]Z'
i=1
1—¢t, 0<s<t<I;
Gt s) = SRS
1—5s5, 0<t<s<1.
Therefore, we obtain the following equivalent form of (1.1)):
v"(t) + f((Lv)(8),v(t)) = 0, te(0,1);
(2.3)

m—2
'(0)=0, o(l)= Z a;v(n).
i=1
Similar to . ) and ., ) can be written as

o(t) = (LF)u(t), (2.4)

where (Fu)(t) = f(u(t), —u’(t)), t € (0,1), for all u € E. From and (2.4)
we obtain u(t) = (L2F)u(t ) Define A = L?F, then it is easy to get the following
lemma.

Lemma 2.3. u(t) is a solution of (1.1)) if and only if u(t) is a solution of the
operator equation

u(t) = Au(t). (2.5)
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Lemma 2.4. Suppose (H1) holds. Then A : P — P is completely continuous.

Proof. By the continuity of f, it is easy to see that A : E — FE is completely
continuous. Suppose z(t) € P, condition (H1) implies

Az(t) = (L*F)z(t) >0, —(Az)"(t) = (LF)z(t) >0, Vte][0,1].
Therefore ,Az(t) € P. O

Remark 2.5. Similarly to the above, if f satisfies (H1), then A: —P — —P is
completely continuous.

Set
Kax(t) = L%x(t), (2.6)
Qu(t) = L2(~a")(1). (2.7)
Lemma 2.6. (i) K : C[0,1] — E is a completely continuous linear operator;

(ii) F: E — C[0,1] is a continuous bounded operator, and A = KF;

(iii) @ : E — E is a completely continuous linear operator;

(iv) the sequences of all eigenvalues of the operators agK 4+ bp@ and a1 K +b1Q
are {i}, and {7%}’ respectively, where p, and v, are respectively defined
by (H2) and (H3).

Proof. Items (i)-(iii) have obvious proofs. To prove (iv), let u be a positive eigen-
value of the linear operator agK + by@, and y € E \ {6} be an eigenfunction
corresponding to the eigenvalue u. By (2.6)) and (2.7)), we have

iy = agy + bo(—y");

m—2
0)=0, y(1)= )  aiy(m);
y y ; y(n 28)

m—2
y"(0)=0, y"(1)="Y )/ (m).
=1

Define D = %, G = puD* — ag + byD?, then there exist complex constants 71, o
such that

Gu = p(D? + r1)(D?* 4 ro)u.
By the properties of differential operators, if has a nonzero solution, then
there exists rs,s € {1,2} such that r; = s,k € N4. In this case, cost\/s; is a
nonzero solution of (2.8). On substituting this solution into (2.8]), we have

,usi — (ag + bos) = 0.

Hence, {a(’t% = ;le}’ k=1,2,... is the sequence of eigenvalues of the operator
k
apK + bg@Q. Then p is one of the values
1 1 1
—_ > — > > — >
M1 M2 Hn

and the eigenfunction corresponding to the eigenvalue 1/, is

yn(t) = Ccos(ty/sn), t€][0,1],
where C' is a nonzero constant.
Similarly, we can show that the sequence of eigenvalues of the operator a; K +b,Q
is{l/pn}, n=1,2,.... O
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Lemma 2.7. Suppose (H2) and (H3) hold. Then the operator A is Frechet differ-
entiable at 0 and co. Moreover, A'(0) = ag K + bpQ and A'(00) = a1 K + b1 Q.

Proof. For any x € E, we have

[Az — A0 — (a0 Kz + boQu)|(t) = L?[f (x(t), =" (t)) — (aoa(t) — Boa” (t))]

= I[?Bx(t), Vtel0,1] (29)

Az — A8 — (aoKx + boQa)]'(t) = — /0 " LBa(s)ds. (2.10)
Az — A0 — (agKz + boQx)]" (t) = —LBa(t), (2.11)
Az — A0 — (agKz + boQz))" (t) = /0 ' Ba(s)ds, (2.12)

where Bz (t) = f(z(t), —2"(t)) — (aoz(t) — boz" (1)).
For each € > 0, by (H2), there exists a 6 > 0 such that for any 0 < |u|, |v| < J,

f(u,v) — apu — bov

Vu? 4+ v?

| <e

This means
|f(u,v) = (@ou + bov)| < eVu2 02, Y0 < lul, |v| <. (2.13)
Then, for any z € E with [|z]| < 6, by ([2.9)-(2-13), we get
|Az — A0 — (apKz + boQz)|| < V2Me||z|. (2.14)

Consequently,

i |[Az — A — (ap Kz + bpQx)]|
]| =0 ]
Therefore, A is Frechet differentiable at 6, and A’(6) = agK + bpQ.

For each ¢ > 0, by (H3), there exists a constant R; > 0 such that |f(u,v) —
aru — byv| < e(|u] + |vl]), for |u| + |v| > R;. Let

=0.

b= —au—b
‘ulf‘lﬁémlf(uw) aru — byl

then we have
|f(u,v) — aru — brv| < e(|ul + |v]) +b, VYu, v eR.
By a consideration similar to , we get
|Ax — (a1 Kz + 0:Qx)|| < (2¢||z|| + b)M, Vx € E.
Consequently, lim [Ae=(@KetbQu)l _ g This implies that A is Frechet differ-

lel|—o0 Il

entiable at oo, and A’(c0) = a1 K + b1Q. O

Lemma 2.8. Suppose that (H1)—(H3) hold. Then

(i) there exists a constant ro such that 0 < ro < T, and for any 0 < r < 7o,
(A, PNB(O,r),P)=0,i(A,—PNBO,r),—P)=0;

(ii) there exists a constant Ry > T such that for any R > Ry, i(A, PN
B(9,R),P)=0,i(A,—PNB,R),—P)=0.
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Proof. We prove conclusion (i) only; conclusion (ii) can be proved in the same way.
By Lemmal2.7} A : P — P is completely continuous and Frechet differentiable along
P at 0, and A’ (0) = apK + byQ, A§ = 6. By Lemma and (H2), A’ (#) has an
elgenvalueI:“°+b°51>1andi>—> > o= >1>u +1>~~->0,so
1 is not an eigenvalue of A’, () corresponding to a posmve elgenfunction.

The eigenfunction corresponding to i is y(t) = costy/s1,t € [0, 1], where s is
the smallest positive solution of the equation

m—2
cos(v/s) = Z a; cos(1;V/s)
i=1

Since
m—2 m—2
cos(v0) — Z a;cos0=1-— Z oy >0,

cos(v/(7/2)?) Z o cos(ni/ (7 /2)?) Z a; cos( 771 < 0.

Then by the mean-value theorem, s; € (0, (5)?). Consequently

y(t) = cos(ty/s1) >0, te]0,1].

And then it follows from Lemma that there exists an 7o > 0 such that i(A4, PN
B(8,r),P) =0 for any 0 < r < 79.

Similarly, we can show that there exists an 71 > 0 such that i(A, —PNB(0,r),—P)
0 for any 0 < r < 7q. Let rg < min{T, 79, 71 }, then the conclusion (i) holds and the
proof is complete. (I

3. MAIN RESULTS

Now we are ready to give our main results.

Theorem 3.1. Suppose (H1)—(H4) hold. Then (L.1) has at least four nontrivial
solutions: Two positive solutions, and two negative solutions.

Proof. For z € E, we have
Axz(t) = L?Fa(t), (Az)'(t) = — /Ot LFx(s)ds;
(A2)"(t) = —~LF2(t), (Az)'(t) = /0 " Fa(s)ds.
As for we have

[Az|| < Mllz|. (3.1)

Therefore, for any x € E, ||z|| = T, by (H4) and (3.1)), ||[Az|| < T = ||z||. Then by
Lemma [2.2] we have

i(A,PNB(0,T),P) =1, (3.2)
i(A,—PNB6,T),—P)=1.



8 H. LI, Y. LIU EJDE-2010/13

By Lemma [2.8] there exists two constants ro, Ry, 0 < 79 < T < Ry, such that
(A, PN B(0,1),P) =0, (
i(A,—PNBb,ry),—P) =0, (
i(A,PN B(#, Ry), P) =0, (
i(A,—PN B, Ry),—P) =0. (

Thus by (3.2), and we have
(A, PN (B0, T)\ B(0,rq)),P) =1, (3.8)

i(A, PN (B(0,Ry)\ B(6,1)),P) = —1. (3.9)

Therefore, the operator A has at least two fixed points x; € PN (B(0, Ry)\ B(0,T))
and 2o € PN(B(6,T)\B(0,r0)), respectively. By Lemma x1 and x9 are positive
solutions of (L1

Similarly, by (3.3), and we have

Z(Aa -Pn (B(evRO) \B(Q,T)), *P) =-1, (310

)
i(A,—P N (BO,T)\ B(0,70)), —P) = 1. (3.11)
)

Thus, the operator A has at least two fixed points x3 € (—=P) N (B(6,T) \ B(6,79)
and 24 € (—P) N (B(6, Ry) \ B(0,T)), respectively. Obviously by Lemma 2.3 3
and x4 are negative solutions of (L.1)). d

By the method used in the proof of Theorem [3.1] it is easy to show the following
corollaries.

Corollary 3.2. Equation (1.1)) has at least two different nontrivial solutions: One
positive and one negative, provided that (H1), (H2), (H4) hold.

Corollary 3.3. Suppose that (H1), (H3), (H4) hold. Then (L.1) has at least two
different nontrivial solutions: One positive and one negative.

If the nonlinearity f does not depend on the second order derivative., then (|1.1))
becomes the following fourth-order m-point boundary-value problem

uM(t) = f(u(t)), te(0,1);

m—2
u'(0) =0, wu(l)= Z aiu(n:); (3.12)

m—2
u”(0) =0, u'(1)=>_ ai(m).
1=1

We have the following corollary.

Corollary 3.4. If f satisfies
(HY") f e C(R,R), f(0)=0; and xf(x) > 0, for x € R;
(H2’) there exists a positive integer ng such that s%n < ap < S%OH, where ag =
lim £
z—0 T
(H3’) there exists a positive integer ny such that s%l <a < S%H_l, where a1 =

lim {@ ;
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(H4’) There exists a constant T > 0 such that | f(z)| < M~T, for all0 < |z| < T,
where M is defined as in (H/).

Then (3.12) has at least four nontrivial solutions.
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