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A JUMPING PROBLEM FOR A QUASILINEAR EQUATION
INVOLVING THE 1-LAPLACE OPERATOR

ANNAMARIA CANINO, GIUSEPPE RIEY

ABSTRACT. We prove the existence of solutions for a jumping problem of a
functional whose principal part is the total variation. Our main tool is a
nonsmooth variational method.

1. INTRODUCTION

The expression jumping problems appeared first in the celebrated paper by Am-
brosetti and Prodi [I]. They studied a semilinear elliptic PDE of the form

—Au+g(z,u) =w in Q,

1.1
u=0 on 09, (1.1)
where € is a bounded domain in R, w € W~%2(Q) and g : @ x R — R such that
lim 9(z5) =—a, lim 9(,5) =-0.
§— —00 S s—+00 S

Under suitable assumptions on g and the condition 8 < A\; < a < A9, where A\; and
Ao are the first two eigenvalues of the operator —A, the authors provided a precise
description of the number of solutions u, of , in dependence of w.

The result has been extended in various directions, also by means of variational
methods applied to the associated functional f : WO1 2(Q) — R defined as

L 2 —(w,u
fw =5 [ 1Vl + | G~ (w.w).

where G(x,s) = fOS g(z,t)dt. Let us mention, in particular, the case in which
f:Wy2(Q) — R is the defined as

fu) = % /Q Z a;j(z,u)DyuDju + /Q G(z,u) — (w,u),

4,J=1

considered in [I0], or, more generally, the case in which f : WO1 P(Q) — R is defined
as

flu) = /QL(x,u, Vu) —|—/QG(x,u) — (w, u) (1.2)
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with
o) o els)

Bad]

:767

considered in [2I]. In these extensions, the feature is that the functional f is
continuous, but not locally Lipschitz, so that the nonsmooth variational methods
of [12 [15] 18] are used. Further developments in this direction are contained in [11]
2],

Information about the number of solutions in dependence of w are given, in the

case of (|1.2), by setting

§— —00 |5|p_25 s—+4o00 ‘3‘?‘25

w = twﬁ’*l + wo ,
where 1 is a positive first eigenfunction of the p-Laplace operator and wg €

W*Lpl(Q). From a variational point of view, this is equivalent to study the func-
tional

ft(u):/QL(J:,U,WH/QG(:U,U)ft/ﬂgof*quo,m,

in which the “exploring term”
o [
Q

has lower order at infinity with respect to the principal part of the functional, as
p > 1. Under the assumption that 8 < A\; < «, the main result asserts that there
exist ¢ < ¢ such that the problem has at least two solutions for ¢ > ¢ and no solution
for t <t.

In this article we are interested in a corresponding result for the case p = 1. At
a naive level, we would consider the functional f; : W' () — R defined as

fiw = [ 1vul+ [ G =t [ ot

where ¢ > 0 in Q and H(s) = [ ﬁ dt. The choice of
ur [ @oH(u)
Q
as “exploring term” is related to the need of considering a lower order term at
infinity with respect to the principal part of the functional.

It is well known that direct variational methods do not work properly in VVO1 1 (Q),
so that we will actually consider a “relaxed” functional defined on BV, (f2), which
is the subspace of BV (R™) made by functions vanishing outside 2. Even after this
first extension, (nonsmooth) critical point theory cannot be directly applied, as the
functional does not satisfy the Palais-Smale condition. This is due to the fact that
such a condition requires a norm convergence, which is almost impossible in BV,
because of the lack strict convexity of the principal part of the functional. For this
reason, as in [I7, 19], we further extend the relaxed functional to L™/ ("~1)(R™)
with value +o0o outside BVy(€2). In this way the functional becomes only lower
semicontinuous, but the nonsmooth critical point theory of [12] 15 [I8] can be
successfully applied.

The conditions involving o and § will be expressed again as f < A; < «, where
A1 is the first eigenvalue of the 1-Laplace operator as defined e.g. in [23], and

lim inf M > «a, liminf M

S— —00 S s— 400 S

>—p.
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We will prove that there exists ¢ such that the problem has at least two solutions,
provided that ¢ > £. A model case, which is covered in our result, is given by

G(z,s) = —03sT —as™.
As G is only locally Lipschitz, the concept of solution is given in terms of “hemi-
variational inequality” as in [19].
The content of the paper runs as follows: in Section [2] we recall some basic tools

about functions with bounded variation and non-smooth critical point theory and
in Sections [3] and [f] we state and prove our main result.

2. NOTATION AND PRELIMINARY RESULTS

Let © be a bounded open subset of R, n > 2, with Lipschitz boundary.

2.1. BV functions. We denote by BV (Q) the subspace of L*(2) made by func-
tions whose distributional gradient Du is a vector-valued Radon measure with
bounded variation. For u € BV(Q), |Du| denotes the total variation of Du.
We write Vu for the approzimate differential of u defined as in [4, Definition
3.70]. Denoted by L™ the Lebesgue measure in R", we can decompose Du as:
Du = D% + D*u, where D*u and D*®u are the absolute continuous part and the
singular part of Du with respect to £". It turns out that D%u = VudL™. For
u € WH(Q), the approximate differential of u coincides with the distributional
gradient of v and we have: Du = VudL™.

Remark 2.1. BV (Q) is endowed with the norm:
ey = 1Dl(@) + [ Julde”

Definition 2.2 (Trace). Let u € BV(Q). For H" l-a.e. x € 01, there exists
u%?(z) such that:

lim - / lu(y) — u?(@)| dL™(y) = 0,
QNB,(x)

where B,(x) is the open ball of radius p and center .
Definition 2.3. We set: BV5(Q2) := {u € BV(R") : u =0 L" a.e. in R™\ Q}.

Of course, BVp(Q?) is a closed linear subspace of BV (R™). Moreover, for every
u € BVs(€) it turns out that

|Du|(Q) = |Dul(Q) +/ 2 dH L
o

Theorem 2.4 (Sobolev-type inequality in BV'). There exists S > 0 such that, for
every u € BV(Q), we have

o0 n—1
Sl s gy < 1Du(@) + [,
Remark 2.5. Theorem [2.4| implies that, in BVy(Q2), |Du|(Q) is a norm equivalent

to the canonical norm of BV (R"™).

Theorem 2.6. Let p belong to the interval [1, “5[. Then the inclusion of BVy(Q)
in LP(R™) is compact.
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The following theorem states the existence of the first eigenvalue of the total
variation.

Theorem 2.7. There exists
| Dul(2)

)\ = min —_— .
LT ueBvh(@)\{0} Jo luldcr

For more details on BV -functions and their properties see for instance [4} 23].
Let ¢ : R™ — R be a convex function such that there exists M > 0 for which

Ip| < ¥(p) < M(1+ [p]).
The functional

Flu) = /Q W(Vu)dL” (2.1)

is lower-semicontinuous in W11(2) but, since this space is not reflexive, it has not
good properties for the compactness. Therefore, when one deals with functionals
with linear growth in the gradient, it is usual to extend F' on the larger space
LY (=1(Q) in such a way to have that this extension is lower-semicontinuous.
This procedure is called relazation and on past years it was widely investigated for
functionals of the type in and with more complicated integrands v, depending
also on 2 and u and eventually also under trace constraints (see [3, 4, [7, §]). For F
defined in its relaxation, denoted by F, takes the form

Fluy = | o V(VWAL" + Jo v (Gipm)diD™l it ue BV(9),
00 if w e L/ (=1D(Q)\ BV(Q),
(2.2)
where o
1/1 (p) = tl}gloo T .

Remark 2.8. If ¢(p) = |p|, F is the Diriclet functional with linear growth
Flu) = / VL
Q
and an easy computation gives
F(u) = / |[VuldL™ 4+ |Du|(Q) = |Du|(R2) if u e BV(Q).
Q

If F is defined only on VVO1 ’1(9), then the relaxed functional can be naturally iden-
tified with F : L™/ ("=1D(R™) — [0, 4-00] defined as

Flu) = |Du|(Q) if u e BVy(Q),
|40 if ue L= (R™)\ BVy(Q).

Remark 2.9. In view of Remark it is usual to refer to the number A; given
in Theorem as the first eigenvalue of the 1-Laplace operator with homogeneous
Dirichlet condition.

In [6] it is computed the first variation for functionals involving a term of the
type in with a ¥ depending also on x. For convex functionals of the same
type and involving also u, a characterization of the subdifferential is performed in
[5]. In Section |3 we consider non-convex functionals containing also a non locally
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Lipschitz term. In this case the critical points can be characterized by means of
hemivariational inequalities, using subdifferential calculus and nonsmooth analysis
(see [9, 19)]).

2.2. Nonsmooth critical point theory. Let X be a real Banach space and let
X* be its dual space. First of all, let us recall from [I3] some basic notions.

Definition 2.10. If f : X — R is a locally Lipschitz function, we set, for every
u,v € X,

[z +tw) = ()

. (2.3)

fo(u;v):==  limsup
z—u, w—v, t—0t
The real number f°(u;v) is called the generalized directional derivative of f at u

with respect to the direction v. For every u € X, let also
Of(u) ={u" € X*: (u*,v) < f°(u;v), Yo e X}. (2.4)
The set Of (u) is called the subdifferential of f at wu.

It turns out that f° is positively one-homogeneous with respect to the second
variable.
Assume now that f : X —]— oo, +0o0] is a lower semicontinuous function and set

epi(f) = {(u.\) € X xR f(u) < A}.

Definition 2.11. For every v € X with f(u) < +o00, we denote by |df|(u) the
supremum of the ¢’s in [0, +o0o[ such that there exist a neighborhood W of (u, f(u))
in epi(f), > 0 and a continuous map H : W x [0,6] — X satisfying

[H(w, ), t) —wl <t fF(H((w, p),1)) < p = ot,

whenever (w, ) € Wand ¢ € [0,0].
The extended real number |df|(u) is called the weak slope of f at w.

The above notion has been introduced in [I8], following an equivalent approach.
The version we have recalled here is taken from [9]. According to [16], we also
define a function Gy : epi(f) — R by Gr(u, A) = A.

Definition 2.12. A point u € X is said to be a lower critical point of f, if
f(u) < 400 and |df|(u) = 0.

Definition 2.13 (Cerami-Palais-Smale condition). Let ¢ € R. A sequence (u) in
X is said to be a Cerami-Palais-Smale sequence at level ¢ for f ((C'PS).-sequence,
for short), if f(ug) — c and (1 + |Jug||)|df|(ur) — 0. We say that f satisfies the
Cerami-Palais-Smale condition at level ¢ ((C'PS).-condition, for short), if every
(CPS).-sequence for f admits a strongly convergent subsequence in X.

Definition 2.14. Let ¢ € R. We say that f satisfies condition (epi)., if there exists
€ > 0 such that

inf{|dGsl(u,A) : f(u) <A |A—c] <e}>0.

The next result is an extension of the celebrated Mountain pass theorem [2] to
our setting. For the proof, when the usual Palais-Smale condition is assumed, we
refer the reader to [I5, 20]. We also refer to [I4] for the fact that the Cerami-
Palais-Smale condition can be reduced to the Palais-Smale condition by a change
of metric.
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Theorem 2.15 (Mountain pass theorem). Let ug,u1,7 € X and r > 0 be such
that:

lug — || <r, |up—7a| >r (2.5)
and
inf{f(u) :ve X, ||lu—1a|| =r} > max{f(ug), f(ui)}. (2.6)
Set
= {y € C([0,1]; X) : 7(0) = uo, v(1) = u1}
and define
cr:= inf f(u), co=inf sup f((t)),
w€B, (u) 7€l telo0,1]
so that

a <inf{f(uw):veX, lu—al=r}<c.
Assume that ¢cg > —o0, ca < 400 and that [ satisfies (CPS). and (epi). for
c=cy,cCa.
Then [ admits two distinct lower critical points wy,ws with f(w1) = ¢1 and

f(U)Q) = C3.
3. STATEMENT OF THE MAIN RESULT

We consider:

e p € L™(Q) such that ¢ > 0 a.e. in Q;
e G: QxR — R such that

G(, s) is measurable for any s € R; (3.1)
for every ¢t > 0 there exists a; € L'(£2) such that
|G(z,81) — G(z, 82)| < ar(x)|s1 — s2] (3.2)

for a.e. x € Q and every s1,s0 € R with |s1| < ¢, |s2] < ¢; there exist
a, 8 € R such that 8 < A\; < a and
>, liminf

lim inf L(z, ) , L(x’ )

S——00 S s—400 S

> -0 forae zef. (3.3)

From (3.2)) it follows that G(x, -) is locally Lipschitz for a.e. z € Q2. We denote by
G°(z, s;t) the generalized directional derivative with respect to the second variable.
Then we also assume that

e there exist by € L'(Q) and b; € L™(Q2) such that:
|G(x,s)| <bi(x)|s| fora.e. x€Qandevery seR, (3.4)
G°(x,s;—s) < bo(z) +bi(x)|s| for a.e. x € Q and every s € R, (3.5)
G°(z,s;8) <bo(z)+ G(x,s) forae. xeQandeveryse R withs<0. (3.6)
From it follows that the functional

{u— /QG(;U,U)}

is continuous on L™ (®=1((Q), although it is not locally Lipschitz, as there is no
upper bound for G°(x, s;s) when s > 0. In particular, the assumptions on G are
satisfied in the model case

G(z,8) = —Bst —as™.
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We are interested in solutions u € BV,(Q2) of the hemivariational inequality (see [19])

|Do|(@) — | Dul(@) + /

1
Go(:c,u;v—u)zt/api(v—u), Yv € BVp(Q)
Q Q

1+ u?
(3.7)
associated with the lower semicontinuous functional f; : L™/ ("=1(R") — RU{+o0}

defined as:

fi(u) = |Dul|(Q) + fQ G(z,u) — th eH(u) if ue BVy(Q),
! +o0 if u e LV (=D(R") \ BVy(Q),

where

s 1
H(s) = —dt.
-], 7
If G(z,) is of class C! for a.e. z € Q and we set g(z,s) = DsG(w,s), then
assumptions (3.5 and (3.6 are equivalent to

sg(z,s) 2 —bo(x) — b1 (z)ls|,
sg(z,s) <bo(x) + G(z,s) for s<0.

Remark 3.1. In view of Remark we recall that f; is achieved by relaxation of
the functional defined on WO1 1(Q) as

Q|Vu|+/QG(x,u)—t/Qng(u).

Theorem 3.2. There exists t € R such that, for every t > t, there exists at least

two solutions of (3.7)).

4. PROOF OF THE MAIN RESULT
4.1. Compactness properties.
Proposition 4.1. For every t > 0 and ¢ € R, the functional f; satisfies (CPS)..

Proof. First of all, by (3.4) we have that G(z,0) = 0. Let (uy) be a sequence in
BVy(9) satistying

li = 4.1
k—1>I-|I-1<x> fi(ux) = ¢, (4.1)
kEToo(l + ||uk||n/(n—1))|dft|(uk) =0. (4.2)

By [19, Theorems 2.16, 3.6 and 4.1], there exists a sequence (wg) in L™(R™) such
that

i (1 g o) el = 0, (43)
Dol = Dl @) - [ 6" wmiv - )
Q

1
+t — (v — + — Yv € BVy(Q).
/Q“”m(” w)+ o~ ) o€ BYG(0)

In particular, the choice v = uy, — u yields
| Du|(Q) + [ Dy |(Q)
> |D(ur — u)|(Q)

(4.4)
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> |Du G / /wu,

hence

DG 1@ = - [ 6" - /M - [ wi

which by (3.6]) implies

fi(u) = |Du?| /Gx wh) /[G( —u) = G (s~ —up)]

—t/goHuk —t/ /wkuk
m
> |Duf|(Q /Gxuk /bo—t/apHuk)—t/
—/wku;.
Q

By [19, Theorems 3.12 and 4.1], it sufficies to prove that (uj) is bounded in
Ln/(n—1)<Rn)_

We first show that (|Du;|(2)) is bounded. Assume, for a contradiction, that
limy— oo |Duf|(©2) = +o0 and consider the sequence vy, := u /ok, where g =
|Duf|(€2). Then, up to a subsequence, (vy) is convergent to some v € BV () with
|Dv|() < 1 weakly in L™/ (*=D(R") and a.e. in Q. Moreover, we also have that
uf (r) — +oo a.e. on {v(x) # 0}. Since H(ux) < H(uf), from ([LF) we infer that

fe(uk) > 1+/ G(z, oxvr) _i/ bo—t/ @H(kak)
Ok Ok ok Ja Q Ok

t _
- — ©—— [ wruy .
Ok Jo Ok

On the other hand, by (3.4) and (3.3 we have
H
G(z, oxvr) _— (okvr)

(4.6)

> —bi(z)vr — tpv,

Ok Ok
H
lim inf (G(L OkVE) to (Qch)) > _fu.
k—+o00 Ok Ok

From Fatou’s lemma, (4.1]), (4.3) and (4.6) we infer that
B

ozl—ﬁ/vzl—ﬁwm(ﬁ)zl——.
Q /\1 /\1
Since 3 < A1, a contradiction follows. Therefore, (|Du; |(€2)) is bounded.

We now show that also (|Du;; [(©)) is bounded. Again, we assume by contradic-
tion that limg_ 4o |Duy, |(2) = +00 and consider the sequence O, := uy, /ok, where
0r = |Du;, |(Q). Then, up to a subsequence, (¥) is convergent to some © € BV ()
with |Do|(Q) < 1 weakly in L™/ (=D (R"™) and a.e. in Q. Moreover, we have that
uy, () — +o00 a.e. in {#(x) # 0}. On the other hand, from we also infer that

fe(ug) > |Duf| /Gmuk /bo—t/wHuk
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+t/<pH(u,;)—t/<p—/wku,;.
Q Q Q

Since (| D} |(2)) is bounded, from (4.1)), (4:3)) and (3-4) we deduce that (¢H (u;,))
is bounded in L'(Q). By Fatou’s lemma it follows that o = 0 a.e. in Q. By (3.4)
we have

ft(Nuk) > ~i |Duf|() +1+ é / G(z,u}) —/ bivy, — t / PV -
Ok Ok ok Jo Q Q
Passing to the limit as k — oo and taking into account , we infer that 0 > 1
and a contradiction follows. Therefore also (|Du, |(€2)) is bounded. In particular,
(ug) is bounded in L™ (»~1(R") and the assertion follows. O

4.2. Geometric conditions. To apply Theorem [2.15] we check that the functional
ft satisfies the property stated in the two following propositions.

Proposition 4.2. Set
Xt ={ue L DR :u>0 ae inR",
Br(v) :={ue L DR : |u—0|n/n1) <7}

Then there exists t > 0 such that, for every t > 1, there exist ug € X+ N BVy(Q)
and r > 0 such that fi(u) > fi(ug) for every u € B, (ug).

Proof. From assumptions (3.3), and the fact that ¢ € L™(Q), we infer that
fi is coercive on X, although it does not on the whole L™ (=1 (R™). Moreover
by assumptions on G it is also lower semi-continuous and therefore it immediately
follows that there exists a minimum point ug of f; on X with uy € BVy(Q2) and
ft(uo) < 0.

Observe that for ¢t > 0,

{u e BV,(Q) : |Du|(Q) <1,u >0 ae. inQ,l—/blu—i—t/(puSO}
Q Q

is a decreasing family of weakly compact subsets of L™/ ("=1)(R") with empty in-
tersection, as ¢ > 0 a.e. in . Therefore there exists ¢ > 0 such that

{u € BVp(Q) : |Du|(2) <1,u>0ae. inQ, 1—/ b1u—|—f/ pu<0}=0. (4.7)
Q Q

Let us show that, for every t > £, ug is a local minimum of f, in L™/ (=D (R"). By

contradiction, let (vg) be a sequence convergent to ug with fi(vg) < fi(ug). Since

G(z,0) =0 and H is an odd function, by [, Theorem 3.99] and we have:
fulw) = IDEDI@ + IPEI@ + [ G + [ Glo-up)
Q Q
*t/QVDH(’U}I) +t/Q¢H<v;>
> fu(uo) + [D(;)|@) - /Q by +t /Q SH(v7)
> fulon) + Do) @) - /Q by +t /Q PH (7).

It follows

|D(v,;)|(ﬁ)—/ﬂb1v,; +t/ﬂ<pH(v,;)<o.
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Since v;, — 0 a.e. in €, if we define a sequence (7)) in L>°(2) by
) H(v,)/v, where v, #0,
nk{l where v,; =0,
by Lebesgue theorem we infer that
lilgn onr = strongly in L™(Q).

Let wy = vy, /|D(v;;,)|(Q). Then, up to a subsequence, (wy) is weakly convergent
in L™/ ("=1D(R") to some w € BVy(Q) satisfying w > 0, [Dw|(Q) < 1 and

1—/b1w+t/<pw§0.
Q Q

This fact contradicts (4.7 and the assertion follows. O

Proposition 4.3. Let p € BVp(Q2) \ {0} be a first eigenfunction of the total varia-
tion, so that My [, || = |Dy|(Q), with ¢ > 0 a.e. in Q (see [23]). Then, for every
t € R, there holds:

lim fi(—s¥) = —oc. (4.8)

s—+o00
Proof. By the definition of H, (3.3) and (3.4) we have
lim sup G(I7 751/}(55)) B t‘P(I)H(f‘Sd)(‘T)) _ _1/}(93) lim inf G(‘r? J) < —Oﬂ/}(aj) ,
s—+o00 S o——00 o

Gz, —sy(x)) — tp(x)H(—sp(x)) < by (2)Y(2) + [t|p(x)v(z) .

S

From Fatou’s lemma we infer that

i Lo VO “LADHCAD) o [ 0y = L D@,
§—+00 s Q 1
Since a > A1, the assertion follows. O

Conclusion. Let ¢ > 0 be as in Proposition let t > t and let uy be a local
minimum of f;. If we set u = ug, by Proposition [£.3] we can find r > 0 and u; as
in Theorem m By Proposition the functional f; satisfies (CPS). for every
¢ € R. Moreover, by [19, Theorems 3.11 and 4.1] also (epi). holds for any ¢ € R.
From Theorem [2.15| we get the existence of at least two lower critical points of f;.
By [19, Theorems 2.16, 3.6 and 4.1], they are solutions of (3.7).
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