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EXISTENCE OF SOLUTIONS FOR A NEUMANN PROBLEM
INVOLVING THE p(z)-LAPLACIAN

GIUSEPPINA BARLETTA, ANTONIA CHINNI

ABSTRACT. We study the existence and multiplicity of weak solutions for a
parametric Neumann problem driven by the p(z)-Laplacian. Under a suitable
condition on the behavior of the potential at 07, we obtain an interval such
that when a parameter A is in this interval, our problem admits at least one
nontrivial weak solution. We show the multiplicity of solutions for potentials
satisfying also the Ambrosetti-Rabinowitz condition. Moreover, if the right-
hand side f satisfies the Ambrosetti-Rabinowitz condition, then we obtain the
existence of two nontrivial weak solutions.

1. INTRODUCTION

In this article we are interested in the multiplicity of weak solutions of the Neu-
mann problem
—Ap)yu + a(z)|ulP® "2y = A\f(z,u) in Q
u =0 on 0 (L)
v
where  C R¥ is an open bounded domain with smooth boundary 992, p € C(Q),
Apyu = div(|Vu|P®)=2Vu) denotes the p(x)-Laplace operator, a belongs to
L>(Q) and a_ :=essinfg a(x) > 0, A is a positive parameter and v is the outward
unit normal to 9€). In this context we assume that p € C(£) satisfies the condition

1<p = inf p(z) < p(z) < pt = sup p(z) < +oo, (1.2)
€ z€Q

and that f:Q x R — R is a Carathéodory function satisfying

(F1) there exist a;,as € 0,400 and ¢ € C(2) with 1 < g(x) < p*(z) for each
x € Q, such that

[/ (@, )] < ar + agft|?)
for each (z,t) € Q x R, where

Np(z)
p(z) = { Vo Pl <N (1.3)
00 if p(z) > N.

2000 Mathematics Subject Classification. 35J60, 35J20.

Key words and phrases. p(x)-Laplacian; variable exponent Sobolev spaces.
(©2013 Texas State University - San Marcos.

Submitted March 29, 2013. Published July 10, 2013.

1



2 G. BARLETTA, A. CHINNI EJDE-2013/158

In recent years there has been an increasing interest in the study of variational
problems and elliptic equations with variable exponent. We refer to [16] [I8] 21] and
references therein for general properties of the spaces LP(*)(Q) and W™P®)(Q).
Many authors investigated the existence and multiplicity of solutions for problems
involving the p(x)-Laplacian, with Neumann boundary conditions. We refer to
[3, [T4] for the existence of infinitely many solutions and to [} [9, 10, 12, 17, 19 20]
for results concerning the existence of a finite number of them. Since in this paper
we are interested in the latter case, we want to say something more about the
results obtained in the last years. We observe that the solutions (three in most
cases) are obtained as critical points of a suitable functional I and the main tool
for achieving the existence of such points is a critical point result due to Ricceri
[23] or some variants of it.

One of the first paper devoted to this topic is [I9], where f(z,t) = |t[4(®*) =2t — ¢,
with 2 < g(x) < p~ and p(z) > N. Later, Xiayang Shi and Xuanhao Ding in [25]
extend the results of [19] to Carathéodory functions f satisfying a growth condition
of type (F1), but with 1 < ¢(x) < ¢ < p~ and once again p~ > N.

A two parameter problem was studied first in [I7] and then in [9], where f
and ¢ are continuous and satisfy our condition (F1) but with a more restrictive
assumption for the variable exponents ¢ and p. However, we emphasize that in
both papers the authors need some additional hypotheses on the potentials F' and
G. For instance, in [I7] we have a growth r for F and G, with 1 <r~ <7t <p~.
Furthermore, to obtain their results they strengthen the hypotheses on F', for which
they need sign assumptions. Also in [8], the authors have two parameters rather
than one, but they deal with p~ > N > 2 (we do not have such restriction). In
[12] the nonlinear term is f 4+ Ag with f and g continuous functions verifying our
growth condition (F1) with respect to the second variable, but with the restrictions
pT < p*(z) and pt < ¢.

Finally, Liu [I5] takes A = 1. Under a regularity assumption on f(z,-) and
standard growth conditions on f,(z,u), he shows the existence of three nontrivial
solutions: one positive, one negative and the third is nodal. In this paper we
obtain multiplicity results for weakening the assumptions present in most of
the papers cited above. In fact we deal with a Carathéodory function and we
avoid the restriction p~ > N for the exponent p. Furthermore, we have no relation
between ¢ and p except for the standard g(x) < p*(x). We point out that the elliptic
case has been investigated in [4]. The paper is arranged as follows: in Section 2
we list some auxiliary results that we need to prove our main theorems that are
exposed in Section 3. Finally, in Section 4 we give some examples of functions
verifying assumptions requested in our main results.

2. PRELIMINARIES

Here and in the sequel, we assume that p € C(Q) satisfies condition (1.2)). The
variable exponent Lebesgue space LP(*) () is defined as

LP@(Q) = {u: Q — R : u is measurable and p,(u) := / lu(z)|P®dz < +o00} .
Q
On LP(®)(Q) we consider the norm

[ull Lo (@) = inf {)\ >0: / |@|pmdx < 1}.
Q



EJDE-2013/158 EXISTENCE OF SOLUTIONS 3

The generalized Lebesgue-Sobolev space W1?(*)(Q) is defined as
WPE(Q) i= {u € LP™(Q) : |Vu| € LP®(Q)}
with the norm
[ullwrre @) = llull o @) + 1 Vulll e o) (2.1)

With such norms, LP(®)(Q) and W(®)(Q) are separable, reflexive and uniformly
convex Banach spaces.
The following result generalizes the well-known Sobolev embedding theorem.

Theorem 2.1 ([I3, Proposition 2.5]). Assume that p € C(€) with p(x) > 1 for
each x € Q. If r € C(Q) and 1 < r(z) < p*(x) for all x € Q, then there exists a

continuous and compact embedding WP (Q) — L™®)(Q) where p* is the critical
exponent related to p defined in (1.3)).

In the sequel, we will denote by k, the best constant for which one has
lullpr @) < Krellul (2.2)

for all u € WHP()(Q).
If we assume that
(H1) a € L*™°(Q2), with a_ := essinfq a(z) > 0,
then on WP(*)(Q) it is possible to consider the norm

(e —inf{a>0:/ﬂ(|vu(m)’p(x) +a(£)|@|?(x)> iz < 1},

a

which is equivalent to that introduced in (2.1)) (see [§]). In particular, if for a > 0
and h € C(Q2) with 1 < h™, we put

[)" == max{a" ", ah+}
[a]p, = min{ah_,ah+},
then it is easy to verify that

[a]/h = max{ozl/hf,al/w}, o] = min{al/h77a1/h+}.
Now, starting from the definition of || - |, and [| - || 1»@) (o) and using standard
arguments, the following estimate is obtained

[a’—]l/p 1/p~
—_— e < < (1 o) P (= 2.
1+[Ml/pllullwx<><Q>_||u|| < (@ flallee) ™ Nullwrre g (2.3)

for each u € W) (Q).

Remark 2.2. If Q is an open convex subset of RY and the variable exponents
r and p verify conditions rt < p~" and p~ # N, then it is possible to provide
an upper estimate for the constant k, in (2.2). We recall that in [7] (see Remark
[3.4), an upper bound for the constant of the embedding W"(Q) < L9(Q) with
q € [1,h*[ has been obtained when  is an open convex set of RY and h # N.
Precisely, denoted by &y, such constant, one has

lull ooy < kngllullawin o (2.4)
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for each u € W1"(Q) where
h h 1/h
lullowiniey = (| 1Vu()" dz + | a(@)u(a)]" dz)

and l%h,q depends on the diameter of €2, on the measure of 2 and on a_. Now,
if p~ # N and r+ < p~", starting from (2.4) with ¢ = r+ and h = p~, for each
u € WHPE)(Q), it results

l[ull 7+ () < ];p*,r+||u||a,wl,pf(g) . (2.5)

Taking into account that (see for instance [I8, Theorem 2.8]) LP(#)(Q) < LP ()

and L (Q) — L"™®)(Q) with continuous embeddings and that the constants of
such embeddings do not exceed 1 + ||, one has

-
o S IVl

byt lalloollully,

e

a,W1r™ (Q) Lr™ ()

< (1+Qpr IIVUIILM(Q) + llalloo (1 + 121" IIUII’Z;WQ)
< (1R @+ llalloo) lulfyrpe g
and so

ully oy < L+ 12D+ llalloo) ' Jullp o g) - (2.6)
On the other hand, one has

I\UIIerm) A+ 12D Null o+ () - (2.7)
Starting from conditions , -, . ) and (| -, we obtain

- ~14a]yy
[ull ooy < ko or (L4 12D+ [lafl o) ? ————Lulla,

[a—]l/p
and so .
7 -1+]az
b < By s (14 19021+ o)t/ e 29)
[a—]l/p

Remark 2.3. Arguing as in the previous remark, if we denote by ki the best
constant of the embedding WP (Q) — L'(), then we obtain

].+ [a—]l/p
[a—]l/p .

We recall that, fixed A > 0, a point u € W) (Q) is a weak solution to (T.1) if
/ (\Vu(:r)\p(“;)_zvvvc(x)Vv(x) + a(x)|u|p(””)_2uv) dx = )\/ f(z,u(z))v(z)dz
Q Q

holds for each v € W1P(®)(Q). To obtain one or more solutions to (T.1)), fixed A > 0,
we denote by I the energy functional

IN() i= @) = A¥(),
where ®, ¥ : W1PE)(Q) — R are defined as follows
1
D(u :/ ——(|Vu|P® + a(z)|ulP®) dz,
(= [ o5 (19 +a(@)up®)
U(u) = / F(x,u(x))dx
Q

ki < k- 1 (L4 QDA+ [lafloe) (2.9)
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for each u € WP (Q) and

13
F(x,§) ::/0 f(z,t)dt

for each (z,£) € © x R. When I is C! its critical points are weak solutions
to (T.I). Similar arguments to those used in [19] and in [12] imply that @ is
sequentially weakly lower semi-continuous and is a C' functional in W'?®)(Q),
with the derivative given by

(@' (u),v) = /Q (\Vu(m)\p(”)_QVu(x)Vv(a:) + a(w)|u|p(””)_2uu> dx,

for any u,v € WHP()(Q). Moreover (see [8, Lemma 3.1]), ®’ is an homeomorphism.
Finally we recall that in [8, Proposition 2.2] it was shown that ® is in close relation
with the norm || - ||,. In fact, we have the following result.

Proposition 2.4. Let u € W'P(#)(Q). Then
() 1 Julle < 1 then 2 ully” < ®(u) < 2l
(@) & llulla > 1 then e flullf” < ®(u) < & [l

We observe that ¥ can be defined in the space L9®)(Q). In fact, from [I8|
Theorems 4.1 and 4.2], we know that the growth condition (F1) imposed on f
guarantees that the Nemytsky operator Ny defined by Ny(u) = f(-,u(-)) maps

L1@)(Q) in LI @)(Q) where ¢/(z) = q(qx(;cll and that is continuous and bounded.

Before studying the regularity properties of ¥, we introduce the functional J :
L9 @)(Q) — (L) (Q))* defined as

J(h)(w) ::/h(:c)w(x)d:c

Q

for each h € LY@ (Q), w € LY (Q). From [LI, Theorem 3.4.6], we know that J is
an isomorphism from L7 (®)(Q) to (L2®)())*.

Lemma 2.5. Under assumption (F1) U is a continuously Gdteaux differentiable
functional with

' (u)(v) = / £ u() o) de

for each u,v € WP (Q) and ¥’ is a compact operator.

Proof. In a standard way we obtain

' (u)(v) = / f(,u(@)o(z)de

from each u,v € WHP@)(Q). If {u,} — u in WHP(®)(Q) then, for Theorem [2.1
{un} — win LY (Q). Thanks to the properties of the Nemytsky operator, one has
[Np(un)} — Np(u) in L9@)(Q) and so {J(Np(un))} — J(Ny(w)) in (L7(Q))".
This condition leads to {J(Ny(u,))} — J(Ns(u)) in (WHP@)(Q))* and, taking into
account that
J(Np(w)() = ¥'(u)(-)

for each u € WP(*)(Q), we obtain the continuity of ¥’. If we suppose that {u,} —
u in WHP(@)(Q), then, thanks to the compactness of the embedding W1?(®)(Q) —
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L) (Q), {up} — win LI®)(Q) (up to a subsequence). This ensures the continuity
of ¥/ on LI®)(Q) and so its compactness. O

To conclude this section we introduce two abstract results obtained by Bonanno
in [5] and [0] that will allow us to obtain multiple solutions to (1.1)). Before to recall
them we give the following definition.

Definition 2.6. Let ® and ¥ be two continuously Gateaux differentiable function-
als defined on a real Banach space X and fix r € R. The functional I = & — ¥ is
said to verify the Palais-Smale condition cut off upper at 7 (in short (P.S.)I"l) if
any sequence {u,} in X such that

(a) {I(up)} is bounded;
(ﬁ) limy, 4 00 HI/(UH)HX* =0;
(v) ®(u,) < r for each n € N;

has a convergent subsequence.
The following abstract result is a particular case of [o, Theorem 5.1].

Theorem 2.7 ([6]). Let X be a real Banach space, ®,¥ : X — R be two continu-
ously Gateauz differentiable functionals such that inf,cx ®(x) = ®(0) = ¥(0) = 0.
Assume that there exist r > 0 and T € X, with 0 < ®(Z) < r, such that:
SUPy () <r ¥(T) _ W(Z)
(A1> r o 7‘1>(:i) ’
(A2) for each X €] ‘I'Eg’ W[’ the functional Iy := ® — AU satisfies the
(P.S)I" condition.
Then, for each A € A, =] igg, m[, there is zo.x € ®71(]0,7[) such that

I{(z0,) = 9x+ and I\(zo,x) < Ix(z) for all z € ®~1(]0,7[).

Remark 2.8. [0, Proposition 2.1] guarantees that if ® is a sequentially weakly
lower semicontinuous, coercive, continuously Gateaux differentiable function whose
Gateaux derivative admits a continuous inverse and ¥ is a Gateaux differentiable
function whose Géateaux derivative is compact then the functional ® — ¥ satisfies
the (P.S.)I"l condition for each r € R.

The last abstract result that we will use in this paper is the following.

Theorem 2.9 ([0, Theorem 3.2]). Let X be a real Banach space, ®,¥ : X — R
be two continuously Gdteauz differentiable functionals such that ® is bounded from
below and ®(0) = ¥(0) = 0. Fiz r > 0 and assume that, for each
r
A €]0, [,
SUPy a1 (]—oo,r)) V(1)

the functional Iy := ® — AU satisfies (P.S.) condition and it is unbounded from
below. Then, for each

T
A €]0, [y
SUPy a1 (|—oo,r)) V(1)

the functional I admits two distinct critical points.
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3. MAIN RESULTS

The first result guarantees the existence of one non trivial solution to problem
D).
Theorem 3.1. Let f : Q@ xR — R be a Carathéodory function satisfying (F1) and

(F2)
F(z,t)dx
lim sup M = +00.
t—0+ (24
Put \* = L —, where k1 and kq are given by (2.2). Then for

arky (pH) VP72 [k (pt) P
each A €]0, \*[, problem (1.1 admits at least one nontrivial weak solution.

Proof. Put X := WP (Q) equipped by norm || - ||,. We consider the functional
() = @() = AT()

introduced in the previous section and note that ® and ¥ satisfy the regularity
assumptions required in Theorem as well as the condition (A2) for all r, A > 0

(see Lemma and Remark [2.8). Fixed A €]0, A*[, we choose r = 1 and verify
condition (A1) of Theorem [2.7] By (F2) there exists

0 <& < min {1, (- )l/p_} (3.1)
A <min{l, ( ——— .
llallso|€2]
such that
P fQF(-T7§>\)dx > l
& llallol€] A
We denote by wuy the function of X defined by uy(x) = &) for each z € Q and
observe that

(3.2)

B(uy) < pi,na||oomusx1p <1 (3.3)

and
\I/(uA):/QF(x,f)\)dx.

We observe that condition (F1) implies
az
F(z,t)| < ar|t] + —=|t[9®
[P0l <@l + 25

for each (x,t) € Q x R. For each u € ®!(] — 00, 1]) it results
a a
U(u) < al/ |u(z)| dx + q%/ u(2)]7®) d = alull L) + q—ipq(u).
Q Q

[16, Theorem 1.3] and the embeddings WP(®)(Q) < LY(Q) and W1PE)(Q) —
L) (Q) ensure

as az az
arllellre) + Zpa(w) < arllellire) + vl @) < arkallulla + = lkglulla]”

(3.4)
Taking into account that for each u € ®~1(] — o0, 1]), thanks to Proposition
one has
lulla < @)V,
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conditions (3.2 and (3.4) lead to

- at
sup () < arky ()7 + 2 k)1 (p") 5"
®(u)<1 q
1 1
= — < — .
P Jo F(z,8))da - W (uy)
& llalll ®(ux)
and so condition (A1) of Theorem is verified. Since X € | 3%2;;, Supq}(u)lgl o) [,

Theorem [2.7] guarantees the existence of a local minimum point @ for the functional
I, such that

0<®(u) <1

and so @ is a non-trivial weak solution of problem (|1.1)). O

To establish the existence of two solutions to problem (1.1]), we assume that the
nonlinear term f satisfies this Ambrosetti-Rabinowitz-type condition

(F3) there exist u > p* and § > 0 such that

0 <pF(z,§) <&f(2,8)
for each z €  and for |¢| > .

Lemma 3.2. Let f : Q@ x R — R be a Carathéodory function satisfying (F1) and
(F3). Then, for each A > 0, I satisfies the (PS)-condition.

Proof. Let {u,} be a (PS) sequence for I. Then:

|I(un)] < M for some M >0 and alln >1, (3.6)
Ii(up) — 0 in WHPE(Q)* asn — oo (3.7)

Due to (3.7) we can find @ € N, such that

T () (1) = — / (IVual? + a(@)fun /@) e+ X / £ (@t (2)) () d

< |lup|le foralln>mn.
(3.8)
We argue by contradiction and we assume that {u,, } is unbounded, so we can choose
7 such that ||uy|lq > 1 for any n > m. Our assumptions on f guarantee that we
can find a number A(3) > 0 such that for any n € N one has:

/ (st (1)t (1) — pF (2, un(2) dz > —AB).  (3.9)
{zxeQ:|un (x)|<B}
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Gathering (3.6), (3.8), (3.9) and taking into account (jj) of Proposition [2.4] for n

large enough we obtain
pe M+ unl|a
> plx(un) =I5 (un) (un)

B /Q M;(ng) (W“n'p(”) + a(x)lunl”<’”>) da

o /{xEQ:Un(:EHSﬁ} (st ()i} = F (1 () i (3.10)

oy (f (& 1 ()t (2) — F (@, 1 (2)))
{z€Q:|un(z)|>6}

> (= pH)P(un) — ANA(B)
> (BP0 e aa)
= p+ nlla )

which contradicts the unboundedness of {u,}, since p~ > 1. So {u,} is bounded,
so, taking into account that ¥’ is compact, we obtain the existence of a convergent
subsequence. O

Theorem 3.3. Let f : Q xR — R be a Carathéodory function satisfying (F1) and
(F3). Then, for each A €]0, \*[, where \* is the constant introduced in the statement
of Theorem problem (1.1) admits at least two distinct weak solutions.

Proof. We choose r =1, X = W) (Q) and apply Theoremto the functionals
® and ¥ introduced before. Clearly, ® is bounded from below and ®(0) = ¥(0) = 0.
From Lemma we know that our functional I(-) := ®(-) — AU(-) satisfies the
(P.S.) condition for each A > 0. By integrating condition (F3), we can find ag > 0
such that

F(SC,g) Z a3€M

for each |¢] > 81 > . Fixed k > max{f3,1}, we consider the function a = k € X
and we observe that, for each ¢ > 1 it results

Ih(ta) < pi_nauoom\tfkf — ag|Q|thE" .
Since pu > pT, this condition implies that I is unbounded from below. Finally,
fixed A €]0, A*[ and taking into account (3.5), we have
1
SUPyed—1(]—o00,1]) W(u)
and so, the functional I, admits two distinct critical points that are weak solutions

to problem (|1.1)). O

Remark 3.4. We observe that, if f(z,0) # 0, then Theorem ensures the
existence of two non trivial weak solutions for problem (I.1)).

0< A<

Remark 3.5. Taking into account Remark and Remark if Q is an open
convex subset of RY and the variable exponents ¢ and p verify conditions ¢* < p~—"

and p~ # N, then it is possible to obtain a precise estimate of parameter \* in
Theorems [3.1] and B.3]
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4. EXAMPLES

Now we give some applications of the previous results.
Example 4.1. Let a; and as in L™(Q), with essinf,cq aj(z) > 0. We consider
fa.t) = ar(@) + az ()|t 17

for each (z,t) € Q x R where ¢ € C(Q) with 1 < ¢(z) < p*(z) for each = € Q.
We observe that condition (F1) of Theorem is easily verified. Moreover, by
integration we obtain

z,t) = ay(x a>(2) a(z)
F(z,t) (@)t + q(x)t

for each € 2 and ¢ > 0. This implies that

lim &5 infyeq F(z,t) oo
t—0+ tP

and so condition (F2) of Theorem [3.1]is satisfied.

Finally, we present an application of Theorem
Example 4.2. We take the function f defined by
f(x,t) = a+ bg(x)|t|" D=2t for (x,t) € A xR,

where a and b are two positive constants and p, ¢ € C (Q) satisfy the inequalities
1<pt <q <q(z) <p*(x) for any z € Q. Fixed p™ < u < ¢~ and

5>max{[b‘zé“‘_2)]q%, (&7, 1)

We prove that f fulfills the assumptions requested in Theorem Condition (F1)
of Theorem [3.3] is easily verified. Taking into account that

F(z,t) = at + b[t|?®  for (z,t) e Q xR, (4.1)
and 8 > (%)qil7 one has

F(x,t) > —alt| + b|t|?"™ = |t|(—a + b|t|*™ 1) > 0

for each x € Q and for |t| > 8. Moreover, the assumption 5 > [b‘zt(l’ﬁilﬂ))}fl—l leads

to the following inequality
blg(x) — @)1~ > b(g™ — )BTt = a(u—1)
for each x € Q and t > 8. This implies that
uF(x,t) <tf(x,t)
holds for each z €  and |t| > 8 and so condition (F3) is verified.

Remark 4.3. We observe that the function f in Example[4.2]satisfies the condition
f(z,0) # 0. This implies that problem (|1.1)) admits at least two non trivial distinct
solutions (see Remark [3.4).
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