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POSITIVE BLOWUP SOLUTIONS FOR SOME FRACTIONAL
SYSTEMS IN BOUNDED DOMAINS

RAMZI ALSAEDI

ABSTRACT. Using some potential theory tools and the Schauder fixed point
theorem, we prove the existence of a positive continuous weak solution for the
fractional system

(=A) 2y + p(z)u’v” =0, (—A)*?v+ gl@)u®v® =0

in a bounded C1!-domain D in R™ (n > 3), subject to Dirichlet conditions,
where 0 < a < 2, 0,8 > 1, s,7 > 0. The potential functions p, ¢ are nonneg-
ative and required to satisfy some adequate hypotheses related to the Kato
class Ko (D). We also investigate the global behavior of such solution.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let D be a bounded C''-domain in R”, (n > 3) and 0 < o < 2. This paper is
devoted to the study of the following system involving the fractional Laplacian

(=A)*2y + p(z)uv" =0 in D,
(=A)2y + g(x)u*v® =0 in D,

u(x) (1.1)
a;—érélaD Mgl(:z:) o SD(Z)7
) v(z)
1 _—
o M1 ~ V)
where 0,08 > 1, r,s > 0 , the functions ¢ and 1 are positive continuous on 0D
and the nonnegative potential functions p, ¢ are required to satisfy some adequate
hypotheses related to the Kato class Ko (D) (see Definition[I.1]below). The function
Mg1(z) is defined on D by

Mpl(z) = M3 (z, z)v(dz). (1.2)
aD
Here, v is an appropriate measure on 9D which will be defined later in (1.7) and
Mg (z,2) is the Martin kernel of the killed symmetric a-stable process X =
(XP)i>0 in D associated to (—A)*/2.

2000 Mathematics Subject Classification. 26A33, 34B27, 35B44, 35B09.

Key words and phrases. Fractional nonlinear systems, Green function, positive solutions,
maximum principle.

(©2013 Texas State University - San Marcos.

Submitted November 2, 2012. Published January 30, 2013.

1



2 R. ALSAEDI EJDE-2013/33

For the reader convenience, we recall the definition of the fractional Laplacian
—(—=A)®/? which is a nonlocal operator and can be defined by the formula

—(=A)*?y(z) = ¢y o lim M’
N0 (ja—y|>e) [€ =yl

where ¢, o is a dimensional constant that depends on n and « (see [5}, [, [14] for
more details).

Fractional Laplacian is of interest in many branches of sciences such as physics,
biologists, queuing theory, operation research, mathematical finance and risk esti-
mation. The fractional powers of the Laplacian in all of R™ are useful to describe
anomalous diffusions in plasmas, flames propagation and chemical reactions in lig-
uids, population dynamics, geophysical fluid dynamics, and American options in
finance, see [3], 18] [19].

In the classical case (i.e. a = 2), there is a large amount of literature dealing
with the existence, nonexistence and qualitative analysis of positive solutions for
problems related to ; see for example, the papers of Cirstea and Radulescu
[13], Ghanmi et al [I6], Ghergu and Radulescu [17], Lair and Wood [20], [21], Mu
et al [24] and references therein. In these works various existence results of positive
bounded solutions or positive blow-up solutions (called also large solutions) have
been established and a precise global behavior is given. We note also that several
methods have been used to treat these systems such as sub and super-solutions
method, variational method and topological methods. These results have been
extended recently by Alsaedi et al in [2] for n > 3 and by Alsaedi in [I] for n = 2, in
the case « =2, 0,8 > 1, s > 0, r > 0, where the authors established the existence
of a positive continuous bounded solution for in the case n > 3 and positive
continuous solution having logarithm growth at infinity in an exterior domain of
R2. Recently, there has been intensive interest in studying the fractional Laplacian
(—=A)*/2, the development of its potential theory and the global behavior of its
Green function G, see [8, 9, 10} [11].

In this article, we will exploit these potential theory tools and the properties of
the Kato class K, (D), defined and studied in [7], to study the existence of positive
continuous solutions (in the sense of distributions) for . More precisely, we aim
first at proving the existence and uniqueness of a positive continuous solution (in
the sense of distributions) for the scalar equation

(—A)*2u + po(z)u” =0 in D,
w>0 in D,

= ¢(2),

1.3
(@) (1.3)

x—2€0D Mgl(x)

where v > 1 and py is a nonnegative Borel measurable function in D satisfying the
condition

(H1) The function z — (§(x))(2 Y0 "Vpy(x) € K, (D),

where §(x) denotes the Euclidian distance from z to the boundary of D and the
class K, (D) is defined by means of the Green’s function G, of (—A)®/2 as follows.
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Definition 1.1 ([7]). A Borel measurable function ¢ in D belongs to the Kato
class K, (D) if

. = M a/2 ~q T —
}E%<seg/(z—y|§r)mD( (x)) Gl ,y)l@(y)\dy) >

It has been shown in [7], that the function
x — (8(x)) ™ belongs K, (D) if and only if A < a. (1.4)

For more examples of functions belonging to K, (D), we refer to [7]. Note that for
the classical case (i.e. a = 2), the class K5(D) was introduced and studied in [23].

Using , hypothesis (H1) is satisfied if pg verifies the following condition:
There exists a constant C' > 0, such that for each x € D,

-

with 7+ ( 2)(7*1)<Oz.

C
po(z) < G

To state our existence result for (1.1)), we denote by Mg¢ (see [7]), the unique
positive continuous solution of
(=A)*24 =0 in D, (in the sense of distributions)
u(z) (1.5)

lim ().
S A

We recall also that in [9], the authors have proved the existence of a constant C' > 0
such that for each x € D,
1

0@ < MpL(e) < C6() % 7 (1.6)

Using some potential theory tools and an approximating sequence, we establish the
following result.

Theorem 1.2. Under hypothesis (H1), problem (1.3) has a unique positive contin-
wous solution satisfying for each x € D

coMpe(x) < u(x) < Mpp(z),
where the constant co € (0, 1].

Next we exploit the result of Theorem to prove the existence of a positive
continuous solution (u,v) to the system ((|1.1)). To this end, we assume the following
hypothesis:

(H2) The functions p, ¢ are nonnegative Borel measurable functions such that
2= (5(2)E VT p(z) € Ko(D), @ (6(2)) 2D Dg(a) € Ko (D).
Then by using the Schauder’s fixed point theorem, we prove the following result.

Theorem 1.3. Under assumption (H2), system (1.1 has a positive continuous
solution (u,v) satisfying: for each x € D,

ctMpp(z) < u(x) < Mpe(z) and coMpy(x) < v(z) < Mpy(z),

where ¢y, ¢y constants in (0, 1].
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We note that contrary to the classical case @« = 2 and n > 3, in our situation the
solution blows up on the boundary of D.

The content of this paper is organized as follows. In Section 2, we collect some
properties of functions belonging to the Kato class K, (D), which are useful to
establish our results. Our main results are proved in Section 3.

As usual, let BT (D) be the set of nonnegative Borel measurable functions in D.
We denote by Cy(D) the set of continuous functions in D vanishing continuously
on 0D. Note that Cy(D) is a Banach space with respect to the uniform norm
lu]loo = sup|u(x)|. When two positive functions f and g are defined on a set S, we

zeD

write f = g if the two sided inequality % g < f<Cgholdson S.
Let Gp be the Green function of the Dirichlet Laplacian in D. The Martin
kernel Mp(.,.) of the killed Brownian motion is defined by

Mp(z,z) = lim Go(,9)

fi D and oD.
o GD(a?, z) or r € and z €

Similarly, the Martin Kernel of the killed process X is defined by

M3(x,2z) = lim Gplay)

f D and 0D.
pam G%(m, 2) orx e andz €

Using, the Hergoltz theorem, there exists a positive measure v in 9D such that
1= Mp(z,z) v(dz). (1.7)
oD

This measure v is used in (1.2 to define M31. We define the potential kernel G¢
of XP by

bf(x) = /DG%(x,y)f(y)dy, for f € BT (D) and z € D. (1.8)

Finally, let us recall some potential theory tools that will be needed in section 3
and we refer to [7, 12} 22] for more details. For ¢ € B*(D), we define the kernel V,
on BT(D) by

V,f(x) = /Ooo E% (e~ JoaX2)ds ¢ (xPY)at, x e D, (1.9)

with Vy := V = G and E stands for the expectation with respect to the sym-
metric a-stable process X starting from z. If ¢ satisfies V¢ < oo, we have the
following resolvent equation

Vi =Ve+Ve(qV) = Vo +V(gVy) (1.10)

It follows that for each each measurable function u in D such that V(glu|) < oo,
we have

(I = Va(g )T +V(g))u= (I +V(g))I = Vy(g.))u = u. (L.11)

2. THE KATO cLASS K, (D)

Proposition 2.1. [[7]] Let q be a function in K, (D), then we have

. G (x,2)GY (=,
(i) aa(q) :==sup, yep In %’Z)(y)\q(z)\dz < 00.
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(ii) Let h be a positive a-superharmonic function with respect to X . Then,
for all x € D we have

| G5 hwlawld < ao@hiz). (21)
Furthermore, for each xo € D, we have
1
lim ( sup / GH(z,y)h(y)|g(y)|dy) = 0. 2.2
tim (sup s s CB@ VW la(w) ) (2.2)

(iii) The function x — (§(x))*"Lq(x) is in L' (D).
The next two Lemmas will play a special role.
Lemma 2.2 ([7]). Let q be a nonnegative function in K.(D) and h be a positive

finite a-superharmonic function with respect to XP. Then for all x € D, such that
0 < h(x) < oo, we have

exp(—aa(q))h(z) < h(z) — Vy(qh)(x) < h(z).

Lemma 2.3. Let g be a nonnegative function in K, (D), then the family of func-
tions

M= {5z L b @ MBeW Wy, 17| < 0}

is uniformly bounded and equzcontmuous in D. Consequently Aq is relatively com-
pact in Cy(D).
Proof. Taking h = M2 in (2.1), we deduce that for |f| < ¢ and x € D, we have
Gh(,y) Gp(z,y)
a Syl < | ———=Mpe(y)q(y)dy < aalq) < oo. (2.3
[ e e iwan < [ SEEI Moy < anle) < . (23)
So the family A, is uniformly bounded.

Next we aim at proving that the family A, is equicontinuous in D. First, we

recall the following interesting sharp estimates on G¢,, which is proved in [§]:

§ § a/2
GY(z,y) ~ |z — y|* " min (1, M) (2.4)
[z —yl*
Let 29 € D and € > 0. By (2.2), there exists 7 > 0 such that
s
Sup ———— Gp(z,y)Mpe(y)q(y)dy <
zeD MD@( ) B(zo,2r)ND b b
If v € D and x,2’ € B(xo, ) N D, then for |f| < g, we have

‘/ Ml%w D) f(y)dy — DmMgw(y)f(y)dy

:v,y) GH () | e
</D’M[Z'§s0(x) - M%w(x,) |MBe(y)aly)dy

1
< QSUp/ — G¢% 2,y Ma(p v)aly dy
z€D J B(xo,2r)ND Mgo(z) bz y)Mpe(y)aly)
- / Gp(@,y) G(;,(x'
(|zo—y|>2r)ND Mggp( ) (

G (z, y) G (2,
= E+/ . Mpp(y)a(y)dy.
(lzo—y|>2r)ND Mpp(z) MDSD( ') ’ b )

SRS

!MDcp y)a(y)dy
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On the other hand, for every y € B¢(x,2r) N D and z,2’ € B(xzo,r) N D, by
using (2.4) and the fact that M&p(2) &~ (6(2))2 1, we have

1 1

’mG%(%y) - WG%($/7Z/)’MB<P(Q) < 0(5(?/))a_1~

Now since r — M%MG% (z,y) is continuous outside the diagonal and ¢ € K, (D),
D
we deduce by the dominated convergence theorem and Proposition (iii), that
/ Gplzy) G%(w’,y)‘
(lzo—y|>2rnDp Mpe(x)  Mpe(a')
If v € OD and x € B(xg,r) N D, then we have

[ S pernl < 5+ D) o (yaty)ay.

Mgp(y)a(y)dy — 0 as |z —a'| — 0.

Mg‘P |zo—y|>2r)ND MD<)0( )
Now, since z%(z(zg — 0 as |z — x| — 0, for |xg — y| > 2r, then by same argument
D

as above, we obtain
Gp(z,y)
=~ Mpey)a(y)dy — 0 as |z — x| — 0.
[m0y>2r)ﬁD MDSO(x) P

Consequently, by Ascoli’s theorem, we deduce that A, is relatively compact in

Co(D). O

3. PROOFS OF THEOREMS AND [L3]
The next Lemma will be used for uniqueness.

Lemma 3.1 ([7, Lemma 4]). Let h € BT(D) and v be a nonnegative a-superhar-
monic function on D with respect to XP. Let z be a Borel measurable function in
D such that V(h|z]) < 00 and v = z + V(hz). Then z satisfies

0<z<w.

Proof of Theorem[I.3. Let ¢ be a positive continuous function on dD. We recall
that on D we have

Mpop(w) = Mp1(z) = (5(x)F .
Let po = v(M$p)" 1po and put ¢y = e~ P0) where a, (py) is given by Proposition
2.1)(i). Since by (H1), po € K(D), it follows from Proposition that V(pg) <
a4 (po) < c0. Define the nonemty closed bounded convex A by

A={weBT(D): ¢g <w< 1}
Let T be the operator defined on A by

1 -
Twi=1— — Vi (R M) +

1
Mpp * Mpe
We claim that T maps A to itself. Indeed, for each w € A we have

(Po(wMpe)”) < 1.

Vs (PowM B0 — po(wMpe)7).

1
Tw<l———Vi
YT Mg P

On the other hand, since the function powM e — po(wMpe)? > 0, we deduce
by Lemma with h = M3y, that Tw > 1 — @V%(%Mﬁ@ > ¢o. Hence
TA C A. Next, we aim at proving that 7" is nondecreasing on A. To this end, we
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let w1, we € A such that wy < ws. Using the fact that the function ¢ — ~t — 7 is
nondecreasing on [0, 1], we deduce that
ng — Tw1
1
Mpe
1
Mpe
Next we define the sequence (wg)r>0 by
1 ~ o
mvﬁ (PoMpp),

W41 = ka.

1 ~ (0 «
— V55 (pow1 Mp o — po(w1 Mpe)7)

Vs (Powa M P — po(wa Mpp)™) — Mo
D

Vs (po(Mpe) " [(yw2 — w3) — (yw1 —w])]) = 0.

o.)o:l—

Clearly wg € A and wy = Twy > wg. Thus, from the monotonicity of T', we deduce
that

o Cwog<wy <. Swp <1
So, the sequence (wy)r>0 converges to a measurable function w € A. Therefore by
applying the monotone convergence theorem, we obtain

1 1
=1—- —V5(poMp —— Vs (powMp e — M3p)?
w MSQOV;)O(‘DO DY)+ Map P (PowMp — po(wMpep)”)
Put u = wM3e. Then we have
u=Mpe = Vi (poMpe) + Vi (pou — pou”) (3.1)
or equivalently
u = Vs (pou) = Mpy — Vg (PoMp ) — Vi (pou”)- (3.2)

Observe that by Proposition|2.1](ii), we have V (pou) < co. So applying the operator
(I +V(po.)) on both sides of (3.2)), we deduce by using (1.10]) and (1.11]) that

u= Mpp—V(pou").

Now using (H1) and similar argument as in the proof of Lemma we prove that

T V(pou™) € Co(D). So u is a continuous function in D and u is a solution

1
M7
of (1.3]). It remains to prove the uniqueness of such a solution. Let u be a continuous
. . . u(x) . . oy .
solution of ((1.3). SlI(lC)e the function z — Mai(m) 1 continuous and positive in D
such that wlirélOD% = (2), it follows that u(x) ~ M&1(x) ~ M&p(z). Then

by using this fact and Lemma [2.3] we have
(—A)*2(u+V(pou?)) =0 in D,

(@ Vo))
r—2z€0D Mgl(l‘)

So from the uniqueness of problem ([1.5)) (see [7]]), we deduce that
u+ V(pou?) = Mpp in D.

It follows that if v and v are two continuous solution of (1.3)), then z = v — u
satisfies

= ¢(2).

z+4+ V(pohz) =0 in D,



8 R. ALSAEDI EJDE-2013/33

where h is the nonnegative measurable function defined in D by

h(z) = {z:z . i u(z) # v(a),

0, if u(z) = v(x).
Since V(poh|z|) < oo, we deduce by Lemma [3.1] that z = 0, and so u = v. O
Proof of Theorem[I.3. Let p = o(M&e)° L (M&) p, § = B(MIY)P~L(M&p)q.
Then by hypothesis (Hs), p and § are K, (D).
Put ¢; = e~ %@ ¢, = ¢~ (@ Note that by Proposition we have a,(p) < 0o
and a,(g) < co. Consider the nonemty closed convex set I' defined by
I'={(y,2) €C(D)xC(D): ¢;<y<1 andcy <2z<1}.

Let T be the operator defined on the set I' by T(y,z) := (w,#), such that
(u=wMgp,v=0MZ) is the unique positive continuous solution of the problem
(=A)*2u+ (Mpy)"2"p)(z)a” =0 in D,

(—A)*25 + (MB¢)*y*q)(x)o” =0 in D,
u(z)
I Wiy~ P
o(x)
m—»irélé?D Mgl(IE) o ¢(2>7
According to Theorem we have

V("W (Mpy) (Mpe)p),

w=1-—
Mpp

0=1- Mng(yswﬁ(Mgw)s(M%w)Bq)'

Moreover we have ¢; < w < 1 and ¢ < 6 < 1 and by Lemma T(T) is

equicontinuous on D. Since T(I') is also bounded, then we deduce that T(T) is

relatively compact in C'(D) x C(D). This implies in particular that T(T') C T.
Next, we shall prove the continuity of the operator 7" in I' in the supremum

norm. Let (yg, zk)r be a sequence in I' which converges uniformly to a function

(y,z) in I'. Put (wg,0;) = T'(yk, 2x) and (w,0) = T'(y,z). Then we have

1 T, o T g 1 T, o T g
o = ] = | g VI (MB) (M39)D) = oV (MB0) (M50)°p)
1
< cars V(777 — AR MB)R).
D

Using the fact that |2"w” — zjw{| < 2 and that p € K, (D), we deduce by Proposi-
tion[2.1]and the dominated convergence theorem, that wy, — w as k — oo. Similarly
we prove that 6, — 0 as k — oo. So T'(yx, zr) — T(y,2) as k — oo. Since T'(T") is
relatively compact in C(D) x C(D), we deduce that

1T (yk, 26) — T(y,2)|]|oc — 0 as k — oo.

Now the Schauder fixed point theorem implies that there exists (y, z) € I" such that
T(y, z) = (y, z). Which is equivalent to

u= Mpp—V(puv"),
v = Mpp —V(qu*v?),
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where (u,v) = (yMJp, zM3y). The pair (u,v) is a required solution of (1.1) in

the sense of distributions. This completes the proof. ([
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