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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
NONLOCAL ELLIPTIC PROBLEMS

MOHAMMED MASSAR

ABSTRACT. This article concerns the existence and multiplicity solutions for a
class of p-Kirchhoff type equations with Neumann boundary conditions. Our
technical approach is based on variational methods.

1. INTRODUCTION

In this work, we study the existence and multiplicity of solutions for the nonlocal
elliptic problem under Neumann boundary condition:

[M(/qup ta@u)dr)]" (= dyut a(@)uf ) = Af(eu) 00

0
8—5 =0 on 99,
(1.1)
where p > N, Q is a nonempty bounded open subset of RY with a boundary of

class C1, ‘?—Z is the outer unit normal derivative, a € L*(2), with essinfga > 0,

a#0, A€ (0,0), f: xR —Rand M : Rt — R* are two functions that satisfy
conditions which will be stated later.

The problem ([L.1)) is related to the stationary problem of a model introduced by
Kirchhoff [9]. More precisely, Kirchhoff introduced a model given by the equation

(92 po 2 8211,
e =0 1.2
P ot ( h 2L ‘ | ) 0x? ’ (1.2)
which extends the classical D’ Alembert s wave equation by considering the effects
of the changes in the length of the strings during the vibrations. Latter (1.2]) was
developed to form

Upy — M(/Q |Vu|2dsc>Au = f(xz,u) inf. (1.3)

After that, many authors studied the following nonlocal elliptic boundary value
problem

—M(/\Vu|2dx)Au:f(a:,u) in), u=0 on N (1.4)
Q
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Problems like can be used for modeling several physical and biological systems
where u describes a process which depends on the average of it self, such as the
population density , see [I]. Many interesting results for problems of Kirchhoff
type were obtained and we refer to [Il 2 B] [7, [ 10] and references therein for an
overview on these subjects.

The main purpose of the present paper is to establish the existence of at least one
solution and, as a consequence, existence results of two and three solutions for the
nonlocal problem , by adopting the framework of Bonanno and Sciammetta
[].

2. PRELIMINARIES AND BASIC NOTATION

Our main tools are two consequences of a local minimum theorem [5, Theorem
3.1] which are recalled below. Given X a set and two functionals ®, ¥ : X — R,
put

SUPyed—1((r1,rs)) \Il(u) - \I](U)

r1,r2) = inf , 2.1
B(r1,m2) oo b p——TT (2.1)
\IJ(U) — SUPyed-1((—co r1]) ‘Il(u)
pa2(ri,ra) = sup . , (2.2)
veE®P—1((r1,r2)) @(’U) -
for all 71,72 € R, with 1 < ro, and
‘IJ(’U) — SUDPyecd-1((—o0,r \I/(’LL)
p(r)= sup o ool o (2.3)
ve®—1((r,400)) (v) —r

for all » € R.

Theorem 2.1 ([5, Theorem 5.1]). Let X be a reflexive real Banach space, ® : X —
R be a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable function whose Gateauz derivative admits a continuous inverse on
X* U : X — R be a continuously Gateauz differentiable function whose Gateaux
deriwative is compact. Put Iy = ® — AV and assume that there are r1,r2 € R, with
r1 < 1o, such that

B(ri,7r2) < p2(r1,r2), (2.4)

where B and py are given by (2.1) and (2.2). Then, for each A € (m, m)
there is ugx € ®71((r1,72)) such that Ix(up ) < Ix(u) for all u € ®~1((r1,m2))
and I (up,») = 0.

Theorem 2.2 ([5, Theorem 5.3]). Let X be a real Banach space, ® : X — R
be a continuously Gdteauz differentiable function whose Gateaux derivative admits
a continuous inverse on X*, W : X — R be a continuously Gateaux differentiable
function whose Gateaux derivative is compact. Fix infx ® < r < supy @ and
assume that

p(r) >0, (2.5)

where p is given by and for each X\ > 1/p(r) the function Ix = ® — A\ is
coercive.

Then, for each X > 1/p(r) there is ugx € ®~1((r,+00)) such that I (ug ) <
I\(u) for all u € ®1((r,+00)) and I§(uop ) = 0.
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Theorems[2.1]and [2.2] are consequences of a local minimum theorem [5, Theorem
3.1] which is a more general version of the Ricceri Variational Principle (see [14]).
Let X be the Sobolev space W1?({2) endowed with the norm

1/p
Jull o= ([ (0P + ao)ful?)do)
Q
Let
k:= sup M (2.6)
ueX\{0} [l
Since p > N, X is compactly embedded in CY(€2), so that k < co. We have
lu(z)| < k||ul] forallz € 2, ue X. (2.7)

Therefore, taking v =1 in ,
kllally > 1, where [[al|s :/ la(z)|dz.
Q

We assume that f : @ x R — R is L'-Carathéodory; that is, z — f(x,t) is
measurable for every ¢t € R, t — f(x,t) is continuous for almost every x €  and
for all s > 0 there is [ € L'(Q2) such that

sup |f(x,t)] <ls(xz) forae. x€Q,
[t|<s
and M : RT — R* is a nondecreasing continuous function with the following
condition:
(MO) mo = inftz(] M(t) > 0.
We say that u € X is a weak solution of problem if

[M (Jul/?))P~ /Q (|IVulP>VuVo + a(z)|uP~*uw) dz — )\/Qf(x, u)vdx = 0,

for all v € X.
We introduce the functionals ®, ¥ : X — R, defined by
1~
Bu) = 23T (JulP), %) = [ (o (28)
Q

for all v € X, where

—

M(t) = /Ot[M(s)]p_lds for allt > 0,

13
Fla,€) = /0 F(z,5)ds for all (z,€) € Q x R.

It is well known that ® and ¥ are well defined and continuously Gateaux differen-
tiable whose Gateaux derivatives at point u € X are given by

(@' (u), v) = [1\4(IIUIII’)]”71/Q (IVul"=2VuVo + a()|uf ~*uv) dz

W w.0) = [ v,
Q
for all v € X. Moreover, ¥’ is compact.

Proposition 2.3. Assume that (MO) holds. Then
(i) @ is sequentially weakly lower semicontinuous;
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(il) @ is coercive;
(iil) @' : X — X* is strictly monotone;
(iv) @' is of type (S4), i.e. if up, = u in X and

lim,, oo (@' (1) — @' (1), up, — u) =0,

then u, — u in X;
(v) ® admits a continuous inverse on X*.

Proof. (i) Let u, — u weakly in X. By the weakly lower semicontinuity of norm,
it follows that
||u|| < liminf ||w,||.
n—-+oo

In view of the continuity and monotonicity of M , we deduce that
M (Jjul|?) < M Tim inf [l ) < Tim inf 3 (flun )
n—-+o0o n—-+o0o

and hence ® is sequentially weakly lower semicontinuous.
(#4) Thanks to (MO), we have
1~ mb~!
D(u) = Z;M(Hullp) > 0THUIIZ"- (2.9)

So, ® is coercive.
(iii) Consider the functional T': X — R, defined by

T(u) = / (IVul? + a(z)|u|’)dz for all u € X,
Q
whose Gateaux derivative at point u € X is given by
(T'(u),v) = p/ (|IVulP~2VuVo + a(z)|ulP~?uw) dz, for allv € X,
Q

Taking into account [I5], (2.2)] for p > 1 there exists a positive constant C, such
that

Cylz —yl|P ifp>2
(JaP~22 — |yl 2y,x —y) > 2 |x_yl‘2 Lr= (2.10)
OPW’ (l’,y) # (070) lf 1 < P < 2,

for all z,y € R. Therefore,
Cyp [o ([Vu—VulP +a(z)lu—ovP)de  ifp>2

Vu—Vo|? a(z)|u—v|? .
Cp Joo (oot + (uiis ) do i 1<p <2

(T'(u) = T'(v),u —v) > {

>0,

for all u # v € X, which means that T is strictly monotone. So, by [16, Prop.
25.10], T is strictly convex. Moreover, since M is nondecreasing, M is convex in
[0, +o0o[. Thus, for every u,v € X with u # v, and every s,t € (0,1) with s+¢ =1,
one has

M(T(su+ tv)) < M(sT(u) + tT(v)) < sM(T(u)) + tM(T(v)).

This shows @ is strictly convex, and, as already said, that @’ is strictly monotone.
(iv) From (iii), if u,, = » in X and limsup,,_,, (®'(upn) — ®'(u), u, —u) = 0,
then
lim (®(u,) — ®'(u), u, —u) =0,

n—-+4oo
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and so,
lim (®'(up),un, —u) =0, (2.11)

n—-+oo

that is,

lim [M (|Ju,|/?)]P~" / IVun P2V, V(un — u) + a(@)|un [P u, (un — u)dz = 0.
Q

n—-+oo
(2.12)
Since (u,) is bounded in X and M is continuous, up to subsequence, there is ty > 0
such that
M (Jlunll?) — M (th) > mo, asn — +oc.

This and (2.12)) imply
lim / IVt |P "2V, V (t, — ) + a(@)|un P~ 2, (un, — u)de = 0. (2.13)

n—-+oo Q

In a same way,

lim / \Vu|P~2VuV (u, —u) + a(2)|uP~?u(u, —u)de = 0. (2.14)

n—-+o0o Q
Now, by using again inequality ([2.10), we obtain by (2.13)) and (2.14]),

on(1) = /Q (IVun P2V, — |VulP~2Vu) V(u, — u)dz

+/ax Un P 2w, — P20 (v, — u)dz
[ o(o) (] ) (u, — ) (215
- {Cp Jo (IVup — Vul? + a(x)u, —ulP)dz  if p>2

YV, —Vul? a(z)|un —ul? .
Cy [q <(W|un|+wu‘l)2,p + (I( ) [ ) de ifl<p<2.

Un [+|u])?—P
If p > 2, we have
lir_P (IVun, — Vul? + a(z)|u, — ul?) dz = 0.
n—-10oo O

If 1 < p < 2, by Hélder’s inequality, it follows that By applying Holder’s inequality,

we obtain
2—p

|V, — Vul? p/2 / ="
\— VulPds < d . rd
/QWU VulPds < </Q(|Vun|+\Vu\)2*P 2)"( (] + V) )

Vu,, — Vul? p/2 2-p
</ (|v|u o)l )

|V, — Vul? x)p/2
= Vo ([Vun| + [Vul)?P

IN

(2.16)

2—p

a(z)|u, — ul? P/Z/ ="
a(z)|u, — ulPdr < / dz a(z) (|up| + |u)? dx
[ at@u, —u anlﬂu‘“) (Q<><||||> )
a(z)|u,
dx Un || + [|u
/QWH“ )" -+ 1)

a2 /2
([ et
Q |un‘+|u|) b
(2.17)
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From (2.15)-(2.17)), it follows that
5 2/p
Jun =l = ([ (1Vun = Vul? + a(@)lun — ul?) dz)
Q

<c {(/Q Vi, — Vu|”dm) A (/Qa(w)\un - U|”d$) 2/1

< C/CZ/p/ ( |Vun — Vu|22 + a(z)|un — 12‘|2 )
o \(Vuta| 1927 (gl + [ul)® 7
< op(1).
Therefore, in both cases we have
lim |ju, —u| =0,
n—-+00

and this completes the proof of (iv).
(v) Since @’ is a strictly monotone operator in X, @' is an injection. For u € X
with |lu]| > 1, we have
&' (u),u M (||u]|P)]P~Y||ulP _
(@), w) _ M)~ full? w2l
[l |

therefore, ®’ is coercive. Clearly ®’ is also demicontinuous. On account of the well-
known Minty-Browder theorem [16, Theorem 26A], the operator @' is a surjection,
and hence the inverse (®')~! : X* — X of ® exists. It suffices then to show the
continuity of (®')~!. Let (g,) be a sequence of X* such that g, — g in X*. Let
Up = ()" gn), u= (®')"1(g), then ®'(u,) = gn, ®'(u) = g. By the coercivity of
@', we deduces that (u,,) is bounded in X, up to subsequence, we can assume that
Uy — u. Since g, — ¢,
lim (®'(up) — @ (u),u, —u) = lim (g, — g,u, —u) = 0.

n—-+oo n—-+4oo

Since ®’ is of type (S4), u, — u, so (®')~! is continuous. O
3. MAIN RESULTS

In this section we present our main results. To be precise, we establish an
existence result of at least one solution, Theorem which is based on Theorem
23] and we point out some consequences, Theorems [3.2] 33| and [3.4] Finally, we
present an other existence result of at least one solution, Theorem [3.6] which is
based in turn on Theorem 2.2

Given two nonnegative constants ¢, d with ¢ # k||a||'/?d, put

_ Jomaxe|<p(c) F(x,&)dz — [, F(x,d)dx

CE <zl 55) ,
M(55) — M(dr|al1)
where ) b 1)
— C 4

Theorem 3.1. Assume that there exist three constants ci,ca,d with 0 < ¢; <
klla||*/?d < ¢z, such that
Y(ca) < y(er).

Then, for each \ € (m, m), problem (L.1) admits at least one nontrivial

weak solution W such that S+ < |[u|| < .
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Proof. Let @, ¥ be the functionals defined in Section 2. It is well known that they
satisfy all regularity assumptions requested in Theorem and that the critical
points of the functional ® — AV in X are exactly the weak solutions of problem

(1.1). So, our aim is to verify condition (2.4)) of Theorem To this end, put
1—~/c° 1—~/cb
ry = §M<k71")’ ro = ];M(k‘%>’ up(x) =d for all x € Q.
Clearly ug € X,
1~ 1~
P (ug) = ];M(IIUOIIP) = ];M(Ilalhdp),

and
U(ug) = / F(x,up)dx = / F(z,d)dx. (3.1)
Q Q
It follows from ¢; < k||a||*/Pd < ¢3 and the strict monotonicity of M that
By N P
-1 P 22
M(kp> < M(||a|1d?) < M(kp),
and so
ry < CI)(U()) < Tro. (32)
Let u € X such that u € ®~1((—00,72)). By (2.9), one has
p—1

mOTHuuP < B(u) < ro.

Therefore,

full < (222)"”
m

p—1
0

This together with (2.7)), yields

pra
p—1
My

1/p
lu(z)| < k|ju|| < k( ) = o(cy) forallze Q. (3.3)

So

U(u) = / F(z,u)dx < max F(x,&)dz,
Q Q l€l<o(c2)

for all u € X such that u € ®~!((—o0,72)). Thus
sup U(u) < max F(z,§)dx. (3.4)
UED—1((—00,r2)) Q l61<o(e2)

On the other hand, arguing as before we obtain

sup U(u) < max F(z,£)dx. (3.5)
UED—1((—o0,r1)) Q l§1<a(er)

In view of (3.1))-(3.2) and (3.4)-(3.5), one has
SUPyed-1((—o0,ra)) V(1) — ¥(uo)
<
5(7’1,7“2) - T9 — (I)(Uo)
- pr MaX(¢| < (cy) F (2, &)dx — [, F(x,d)dx

- M (%) = M(||a]ld?)

= py(c2)



8 M. MASSAR EJDE-2013/75

and
(o) = SUPyep—1((—o0,ry)) Y(W)
> sl
p2(ri,r2) 2 B(ug) — 1
fg MaX|¢| <o (cy) F(, §)dx — [o F(x, d)dx
M(&) — M(|la]l1dv)
= py(c1).

So, by our assumption it follows that

B(r1,72) < p2(ri,72).

1 1 o
Hence, from Theorem . for each A\ € <m(01) m(@)) C (pQ(ﬁ,m), 5(%7"2)), I =
® — AU admits at least one critical point u such that
B o
M(le”) < M(Hqu) < M(||u||p)
Taking in to account that the function M is increasing, it follows that
C1 _ C2
=< < =,
L <l <
and the proof of Theorem [3.1]is achieved. O

Now we point out the following consequence of Theorem

Theorem 3.2. Assume that there exist two positive constants c, d, with k||a|'/Pd <
¢, such that

Jomaxigi <o Fl@, Odv _ Jo Flx, d)dz

= . (3.6)
M(%5) M (|lal|d»)
Then, for each
M(|la]l1d?) M ()
re ( : ),
p [o Fx,d)de’ p [, maxe|<q(e) F(x,&)dx

problem (L.1) admits at least one nontrivial weak solution u such that [u(z)| < ¢
for all x € Q.

Proof. Our aim is to apply Theorem (3.1} To this end we pick ¢; = 0 and ¢y = c.
From , one has
Jomaxe|<p(c) F(x,&)dx — [, F(x,d)dx

M(&) — M(||a]1d?)

Jomaxigi<oo Pz, )do — M M Jamaxig <ot Fa,©)de
M(5) = M(J|al|1d?)
_ JomaXjgj<oo) F(w, §)dz
M(57)
F(x,d)dx
< Joflddr o
M(llaHld”)
Hence, Theorem ensures the existence of weak solution @ of problem (1.1),
such that [|7]| < £, and clearly by ([2.7), [u(z)| < c for all z € Q. O

v(c) =

<
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Now, we point out a previous result when the nonlinear term has separable
variables. To be precise, let a € L'(Q) such that a(z) > 0 a.e. x € Q,a # 0, and
let ¢ : R — R be a continuous function. Consider the Neumann boundary-value
problem

[M(/Q (|Vu|p + a(:c)|u|p)d:17)]p_1( —Apu+ a(z)|u\p72u) = da(z)g(u) in Q

ou
% =0 on 09.
(3.7)

Let
1
G(¢&) ::/ g(t)dt for all £ € R.
0

Theorem 3.3. Assume that g is nonnegative and there exist two positive constants
¢,d, with k||a||*/?d < ¢, such that
Glote) __ Gl

M(2)  M(|lallidp)

(3.8)

M(lla P M2 .
Then, for each \ € (pl\clv\h M%(!;)d ), p”;‘ll G(g’zi’))), problem (3.7) admits at least

one positive weak solution U such that u(x) < ¢ for all z € Q.

Proof. Put f(z,t) = a(z)g(t) for all (z,t) € Q x R, thus F(z,£) = a(x)G(§)
for all (z,£) € Q x R. Therefore taking into account that G is nondecreasing,
Theorem [3.2] ensures the existence of a nontrivial weak solution %. We claim that
u is nonnegative. In fact, let u_ := max{—%, 0} and setting

O ={zx e Q:u(x) <0}

So, taking into account that w is a weak solution and w_ € X, we have
(P [ (v +a@larde = [ e auds <o
Therefore,
/Qi (IVal? + a(z)[@|?) de = 0.

It follows that Q= = @), and hence v > 0 in Q. By the strong maximum principle
(see, for instance, [12] Theorem 11.1]) the weak solution @, being nontrivial, is
positive and the conclusion is achieved. O

Theorem 3.4. Assume that g is nonnegative such that

g9(t)

LI T = oo, (3.9)
and put
L1 M(55)

= Ssu .
plalli e50 G(o(c)

Then, for each X € (0, \*), problem (3.7)) admits at least one positive weak solution.
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Proof. Fix A € (0,\*). Then, there exists ¢ > 0 such that A < m% By

(13.9), one has
. g(t)
1 =
B VT P ot

and hence, there exists 0 < d < W such that
ally

lalls _ o)
Malr = #= 1 al)F

for all ¢t € (0,d).

Thus

'MI/ZPWMwmmmlﬁ</Zmﬁ
Alols Jo .

Using the change of variables s = ||al|1t?, we get

[lall1d?
Tlllaﬂl /0 (M(s)]P ds < G(d),

that is,
1 M([lal1d?)
plal  G(d)

Hence, Theorem [3.3] ensures the conclusion. O

Remark 3.5. Let g : R — R such (3.9) holds (that is, without any assumption of
sign). By (3.9)), there is 6 > 0 such that g(¢) > 0 for all ¢ € (0,9). Then Put

- 1 M (2

Ag 1= sup (k ) .

pllally ceqo,5) Glo(c))

<A

Clearly \g < A\*, if ¢ is nonnegative. Now, fixed A € (0, ) and arguing as in the

proof of Theorem there are ¢ € (0,6) and 0 < d < W such that
aliy

cP

L M(lalhd) 1 M(f)
pllalli— G(d) pllalli Glo(0))

Hence, Theorem ensures that, for each A € (0,)g), problem (3.7) admits at
least one positive weak solution u(z) < § for all = € Q.

Finally, we also give an application of Theorem which we will use in next
section to obtain multiple solutions.

Theorem 3.6. Assume that there exist two constants ¢, d, with 0 < ¢ < k:||a||}/p8,

such that

max F(z,&)dr < / F(z,d)dx, (3.10)
0 l€l1<e (@) Q
F
lim sup (z,€) <0 wuniformly in x. (3.11)

el —+oo €I
Then, for each \ > X\, where
M () — M(Jla]:d")
p (J maxg|<p () F(z,&)dz — [, F(z,d)dz)’
problem (L.1) admits at least one nontrivial weak solution U such that ||ul|| > ¢/k.

X:
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Proof. The functionals ® and ¥ given by (2.8) satisfy all regularity assumptions
requested in Theorem By (3.11)), for every € > 0 one has

F(z,8) <elé|P +1.(z) forall (x,&) € QA xR,
where [. € L*(€2). This implies that

/ F(z,u)dz < eCq||ul|P —|—/ le(x)dz forall u € X,
Q Q

where C] is a Sobolev constant. Therefore,
p—1
m

_ P _
: Cie) ul /ng(x)dx.

So, choosing € small enough we deduce that I is coercive. To apply Theorem [2.2
it suffices to verify condition (2.5)). Indeed, put

Ii(u) = ®(u) — AU(u) > (

r= 1]\//AT(i) ug(z) =d for all z € Q.
p o \RP
Arguing as in the proof of Theorem we obtain
1) > pfﬂ max‘g‘éi@ F(x,/f\)d:c — IQ F(x,a)dx.
M(F7) — M (||a|,d")
So, from our assumption it follows that p(r) > 0. Hence, in view of Theorem
for each A\ > A, I, admits at least one local minimum @ such that

3 (5;) < S (Il

Therefore,

<l

and our conclusion is achieved. O

4. APPLICATIONS

The main aim of this section is to present multiplicity results. First, as a con-
sequence of Theorems and the following theorem of the existence of three
solutions is obtained and its consequence for the nonlinearity with separable vari-
ables is presented.

Theorem 4.1. Assume that (3.11) holds. Moreover, assume that there exist four
positive constants c,d,¢,d, with kHaH}/pd <ec<eE< k||a||i/pa, such that (3.6)),
(13.10) and

Jo maxe|<q(c) F(x,€)dx _ Jomax¢|<o(e) Flz,&)da — [, F(z,d)dx

M () M () ~ M(Jlald")

(4.1)

are satisfied. Then, for each
Mlalud) M(57) )
P [o F(x,d)dz”’ p [ maxi¢j<q ) F(z,&)dx/’

with X is given in Theorem problem (1.1)) admits at least three weak solutions.

AEAN = (max{x,
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Proof. By assumptions, we see that A # (. Fix A € A. Theorem ensures a
nontrivial weak solution 7; such that |7 || < £ which is a local minimum for I, as
well as Theorem guarantees a nontrivial weak solution u; such that |[us| > £
which is a local minimum for I. Hence I has two different local minimum points.
By standard arguments, we see that I satisfies the Palais-Smale condition. Hence,
the theorem given by Pucci and Serrin [I1, Corollary 1] ensures the third weak
solution and the proof is achieved. [

Theorem 4.2. Assume that g is a nonnegative function such that

G(©)
li = 400, 4.2
con M(lalher) )
lim sup —= G({) =0. (4.3)

Further, assume that there exist two positive constants ¢,d, with ¢ < k (||a||)1/p d,

such that B
Glo@) _ 6@
M (%) M(la]1d")
Then, for each \ € (p\lrlxlh M(La(gl)d ) , p\ltlxlh g&%g), problem (3.7) admits at least
three nonnegative weak solutions.

Proof. Put f(x,t) = a(x)g(t) for all (z,t) € Q xR, then F(z,§) = a(x)G(£) for all
(x,€) € @ x R. By (4.3) and taking into account that g is nonnegative, it is easy
to verify condition (3.11]). Choosing ¢ = ¢, condition (4.2)) ensures the existence of

(4.4)

positive constant d, with d < W such that
G G(d G(d
Clole) __G0)____Gld) ws)
M(5)  M(lalhd’)  M(|lalldr)
This implies (3.6)). Since i < |la|j1d” and the function M is increasing,
—~ /P — _
M(k—p> < M(|la],d").

Therefore, from (4.4), we deduce G(o(¢)) < G(d), and hence follows. Using
again , one has
Jamaxigi <o (@, Od — Jo F( — o], 7@ ~ G@)
M () = M(Jla]1d" ) M (55) — M(Jla]1d")
M (Jlaf,d)
G(e(@)(1 - m)
M (55) — M(Jla]1d")
= ol 27
M (37)
_ Jo MAX|g] <o () F(x,¢)dx
M (7)

o \

> [lafh —
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_ Jomaxjgi<o( Flz, )dx

M (57) 7

S0, holds. Also, by one has
1 M (§5) = M(|lald")

A =
p ([ maxi¢|<o ) F(x,&)dx — [, F(x,d)dz)
1 M(|a]:d")
pllalli  G(d)
Therefore,
- M P 1 M(|la],d"
e (3, M) (&)
plalliG(d) > " pllely  G(d)
— _ = p
thus (pl\illl M(gl(%l)d )’pl\illl g(g,’gg))) C A, and hence, Theorem ensures three

nonnegative weak solutions.

Remark 4.3. If g(0) # 0, Theorem ensures three positive weak solutions (see
proof of Theorem (3.3)).

Remark 4.4. In applying Theorem it is enough to known an explicit upper
bound for constant & defined in (2.6))). If Q is convex, we have the following estimate
(see [0, Remark 1])

1 diam(Q) (p -1

5 llalloo
7 NUr \po N meas(Q)) } (4.6)

k< 2%1 max{
lall1

llally
Example. Let by, b; > 0. Due to Theorem [3.4] for each

1 bo + %1 )
2 1(2Jr 171)3/2Jr (2+%)1/2

xe (o
the Neumann problem
1
(bo + b1/ (IVul? + |u|2)dx) (—u’ +u)=A(u2+1) in(0,1)
0
' (0) =/ (1),

admits at least one positive weak solution. In fact, set M (t) = bo+ byt for all t > 0,
then M(t) = bot + %tQ for all ¢ > 0 and (MO) holds. Observe that

2
1
M: lim u:

u—0t U u—0t u

(4.7)

Moreover, one has

bo 2bg
Therefore,
1 M ()
A sup kP
plledlr e>o0 Glo(c))
. 1M
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_1 bty
2G(k(1+ 55)'")
Taking into account that estimate (4.6) implies k¥ < v/2, we deduce that
> 1 bo + %1 1 bo + %
T 20((24 VY2 21094 )32 (g4 b\ /2
(2+3)") )R

and Theorem [3.4] ensures the conclusion.
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