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BLOW-UP OF SOLUTIONS TO SYSTEMS OF NONLINEAR
INEQUALITIES WITH SINGULARITIES ON UNBOUNDED SETS

EVGENY GALAKHOV, OLGA SALIEVA, LIUDMILA UVAROVA

ABSTRACT. We establish conditions for the blow-up of solutions to several
systems of nonlinear differential inequalities, with singularities on unbounded
sets.

1. INTRODUCTION

In recent years, many mathematicians study global solvability of nonlinear par-
tial differential equations and inequalities with singular coefficients. Here nonlinear
terms can depend both on the values of the unknown function and on its derivatives.
This problem is not only interesting in its own right but also has important mathe-
matical and physical applications. Thus, Liouville type theorems on nonexistence of
positive solutions to nonlinear equations in the whole space or in the half-space can
be used to obtain a priori estimates of solutions to respective problems in bounded
domains [I} 2]. On the other hand, the class under consideration includes, in par-
ticular, Hamilton-Jacobi and Korteweg—de Vries equations that play an important
role in contemporary mathematical physics [11], [12].

In [3]-[14] and their references, sharp necessary conditions for existence of global
solutions to different classes of second-order elliptic equations with gradient terms
were obtained. The proofs are based either on ODE techniques for radially sym-
metric solutions or on the nonlinear capacity method, which was suggested in [10]
and extensively developed in [9].

In this article we obtain sufficient conditions for nonexistence of solutions for sev-
eral classes of systems of inequalities that have singular coefficients on unbounded
sets, such as straight lines and planes, as well as smooth curves and surfaces in
RY. Here we obtain nonexistence results in natural functional classes, that is, as-
suming only minimal local integrability properties, unlike our previous paper [7]
where lower bounds for local integrals were required. Some further related results
for scalar inequalities were included into [§].

The main results of the paper are formulated in section 2. In section 3, a nonex-
istence theorem is proven for a system of higher-order elliptic inequalities with a
nonlinearity dependent only on the values of the unknown function u, and in sec-
tion 4, a similar result is obtained for a system of inequalities with a nonlinearity
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containing |Dul|. In sections 5 and 6, the respective statements are extended to
systems of second-order elliptic inequalities with a nonlinear principal part.

2. MAIN RESULTS

We assume that the set S satisfies a geometrical condition which is based on an
idea from our paper [7], and modified according to our problem setting and func-
tional classes under consideration. To formulate it, we need some extra notation.

Let € > 0 and z € RY. Denote p(z) = dist(z, S),

B.(0) = {z e RN : |z| < ¢},
and
S.={x e RN : p(x) < &}.
For R > 0, introduce the set
S =Sk \ Si/r N Bg(0).
Now we can formulate our assumption on S.

(H1) Suppose that there exists a family of functions ¢ € C2¥(RM\ S; [0, 1]) such
that

0 S U (RN \ S
gnfa) = 10 (€ Svam U (RTA San)) (2.1)
1 (z € Sr\SiR)

and there exists a constant ¢ > 0 such that
D%¢p(@)| < cpo (@ € RY). (2.2)
Example 2.1. We can consider as the set S a hyperplane S~: I, = {z =
(71,...,2,) € RV: 2, = 0}. In that case we can choose {g(x) = Er(7,), where

~ 0 xngioranQR,
nlany = {0 (ol < 2 orlea] 2 20)
1 (E < |xn| <R)
See Figure ]
 ER
1
—2R -R %5505 % R 2R,

FIGURE 1. The function ()

Further we assume that the set S satisfies assumption (H1). We formulate our
first result for a system of nonlinear elliptic inequalities

~Apu > a(zx)v?® (x e RV\S),
—Agv > b(z)uPr  (z e RN\ 9), (2.3)
u(z), v(z) >0 (zeRV\S),
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where p,¢,p1,q1 > 1, p—1<0p1, ¢—1< q, a,b € C(RY \ S) are nonnegative

functions such that a(x) > agp™|z|?, b(x) > bop~7|x|® for 2 € RV \ S, ag, by > 0,

a, 3,7, € R, p(z) = dist(z, S). Introduce the quantities

(lel =B)g =)+ (V=0 —@a)(p—1) — pp1ga
pigi—(p—1)(g—1) 7

(W[ =9)p—1)+ (Jo| = B—p)p1)(g— 1) —gp1cr
pg—(p—1)(g—1)

Theorem 2.2. Let N + min{o,02} < 0. Then system (2.3) has no nontrivial

(nonzero) solution.

(2.4)

Example 2.3. For a system of inequalities with p=¢=2:
—Au > a(zx)v? (z e RV\S),
—Av > b(z)uPr  (x € RV \ 9), (2.5)
u(x), v(x) >0 (z€RV\S9),

the quantities defined in take the form

(a=f+(r=0=2)a) = 2ma

1=

pigr —1

2.6

gy — (W0 (@=B=2)p) —2par (26)
Pigr —1

Further we consider the system
—Apu > a(x)|Dv|”  (z € RV )\ S),
—Agv > b(z)|DulPr  (x € RV\ S).
For this system one has the following result.
Theorem 2.4. Let
max{(p — 1)(a(q —1) + (B + 1)), (¢ = 1)(B(p — 1) + p1( + 1))}
>N —(p—1)(g—1)) — a1
Then system has no nontrivial (non-constant) solution.
We also consider the systems of higher-order differential inequalities
(=A)Yru > a(x)|Dv|? (z e RV \ S),
(=A)w > b(x)|DulP  (x e RV \S)

and
(=A)u > a(x)v? (z € RV\S),

(=A) v > b(x)u? (x € RN\ S9), (2.9)
w>0, v>0 (xeRY),

where k,l € N, p, g > 1.
For system (2.8)), there holds the following theorem.

Theorem 2.5. Let
max{|a| +8+(y|+d6+20—1+ (2k—1)p)g,
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7+ 6+ (o] + B+ 2k — 1+ (20 = 1)a)p} = N(pg —1).
Then system (2.8) has no nontrivial (non-constant) solution.

For system (2.9)), one has
Theorem 2.6. Let

max{\a| + B+ (|v] + 0 + 20 + 2kp)q, |v] + 6 + (Ja] + B + 2k + 21q)p} > N(pg—1).

Then system (2.9) has no nontrivial (nonzero) solution.

3. PROOF OF THEOREM

Suppose that there exists (u,v) — a nontrivial solution of system . Let
vr € C§°(RY;R,) be a family of test functions to be specified below.

Multiplying the first inequality by u2pr and the second one by v}yg,
where ue =u+¢,ve =v+e¢, >0 and max{1 —p,1 — ¢} < A <0, we obtain

/a(x)v‘hu;\de:ﬂ < c)\/\Du|pu;\_1<p3dx+/|Du|p_1|D<pR|u;\ dx, (3.1)

/b(w)u”lvg\goRdaﬁ < c)\/|Dv|qv;‘_1<dea: +/|Dv|q_1|D<pR|v? dx. (3.2)

Application of Young’s inequality to the first terms on the right-hand sides of the
obtained relations results in

/a(x)v‘“ ulYR dx+—/|Du|pu/\ Yopdr < cy /l ('OR| udPtdz,  (3.3)
p1, A | | q,A—1 | <PR| >\+q71
b(z)uPrviprdr + —— [ |Dv|?7v. " prdx < dy dx, (3.4)

where the constants c) and dy depend only on p,q, and A. Further, multiplying
each differential inequality (2.3)) by ¢r and integrating by parts, we arrive at

—1
== Dygl|P 1/p
/a(x)vql(dem < (/|Du|pug\’1<degc) » (/ﬁuélA)(pl) dx) ’
R

(3.5)

e D 1/
[ ondn < ([ 1002 o) T | e T MY
YR

Combining (3.3)—(3.6) and taking ¢ — 0, we obtain a priori estimates

D > D 1/p
/()vqltdeas<D,\ /' onl” o 1d) ( Derl” el

SDR
(3.7)
a—1 1/
/b( Ju o dz < By ( /‘DW"" Mol ( [Derl? oAV g )
SDR
(3.8)

where Dy, E\ > 0 depend only on p, ¢, and .
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Applying the Holder inequality with exponent r to the first integral on the right-
hand side of , we obtain

p—1

< ‘D<PR| >\+p—1d$) P

DyglP” B
/b WP o ) /b ) fﬂl dz) ",

where l + i =1.
Choosmg the exponent r so that (A+p— 1)r = py, from (3.7)) and . we have

pg;‘l D pr 1;;/1
/a(m)vqlgaRdx §D>\</b($)up1<p3d$) (/bii( )%dw)
R

><< |D80R| L=V (1) dx)l/p_
‘PR

Applying the Holder inequality with exponent y > 1 to the last integral on the
right-hand side of ([3.10 m, we obtain

‘DQOR| 2= NE-D g, < (/b(a:)u(l—k)(pfl)ygapb dg;)l/y
<PR
DonlPY 1y
x (/b (x )%dx) ’
R
where L + i = 1

Choosing y in so that (1—\)(p—1)y = p1 and taking into account (3.10]),
we reach the estlmate

p};} B D pT —
/a(:c)qudex < D)\(/b(x)uplgoRdm) (/b *( )|sofﬁ|1 dm) g

R

X (/b(x)uplchdx>;y(/b—( )|Zzylft|iy dw)ﬁ;

(3.9)

(3.10)

(3.11)

ie.,
/a(x)v‘“ch dx
p};1+p1y |D<,0R‘p7‘ L;}
< D, /b(a:)u’“smdm | /b T (2) e da) " 3.12
o IDwRI”y W
(il
YR

where the exponents r and y are chosen so that
1 1

y1 y1 (3.13)
-+==1 (A+p-1r=np.
rooT

Note that such choice of r and y is possible due to our hypotheses on p and p;
provided that A < 0 is small enough in absolute value. Similarly, choosing s and z
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such that
1 1
-+—=1 (1-Ng-1)z=q,
21 o ) (3.14)
sto=0h (A+q—1)s=aq,
and estimating the right-hand side of (3.8]) by the Holder inequality, we obtain
/b(x)uplch dx
o T o, |DeR|® N
< EA(/G($>UQISDR dm) (/a_ ; (fﬂ)lf% dm) (3.15)
YR
< |Dgg|® N
X (/a_7(x)|fzilﬂldx>q .
YR

Combining (3.12)) and (3.15]), we finally arrive at

(/a(az)v‘hgoR d:lc) o

Lo DRl NEER [ o [Depl™ |\
SD)\E/]\V(/(L e(m)'g;qp;?hdx) a (/a z(l’)%dw)q (316)
R R

N N v |DegRlPY N7
x (/b‘?(x)7| fjﬂl dz)’ (/b‘?(m)7| fﬂl dz)”
¥ YR

R

and

( / b(x)uP*pr dx) o

- N G N A
R R

o Dwnlds =3 o Donl|i? L
< ([a ¥ @22 )7 ([ o s 0P )
¥» YR

R

-1 1 -1 1
n = P +—, m:= 1 + —.
pr py qs qz
Simple calculations taking into account (3.13)) and (3.14]) give explicit values of m
and n, namely,

(3.18)

q—1 p—1
m= , n= .

il D1
Our assumptions imply that the exponent on the left-hand side of (3.16)), (3.17)) is

such that

(3.19)

pg—(p—1)(g—1)
Pin
Thus from (3.17)) and our assumptions on a and b we have

1—mn= > 0.

/ a(z)o? dz < CRN*7,

R\ G1/R

(SE\S/R)NBR(0) (3.20)

/ b(x)uP' dz < CRNT72.
(SE\S/R)NBR(0)
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Taking R — oo in (3.20), under condition N + min{cy,02} < 0 we come to a
contradiction, which completes the proof of Theorem

4. PROOF OF THEOREM [2.4]
Multiplying inequalities (2.7) by the test function ¢r € C}(RY;[0,1]) and inte-
grating by parts, we obtain

/ a(x)\Dv|q1goR(x)dx§/ (|Du|p*2Du,DgoR)dx,
RN RN

/ b(z)|DulP pr(z) dx < / (|Dv|q*2Dv,Dch) dz,
]RN ]RN
which because of relations
(IDulP~*Du, Dog) < |DulP~'[Dypg|, (|Dv|*"*Dv, Dog) < |Do|'"!|Dypg|

and the Holder inequality, results in

/ a(x)|Dv|" pr(x) dx

R

< ([ v@Dul pat)dr) ™ (1.1

]RN

p1—p+1

N
b
_ P 1— P1 1
X (/ b Plp*PErl (m)‘D@R| P1*119+1 SDR p1—pFl (x) dx) ,

z)|DulP* pr(r) dx

\

a1
< ( / (@) Dol () i) (42)
T I P T
X ( a” a1 (x)|Dpg|a—To, (x) dx)
RN
Substituting (4.1)) into (4.2]) and vice versa, we obtain

1_(p=D(=1)

([ a@IDulontz)dz) 7
RN
(p—1)(q1 —q+1)

__q-1 a1 1-— PLal
S( a” -t (x)|Dpg|a—FT o, 71 (x)dz)
RN
p1—p+1

— _ p1
([ b @IDeRl e T @) dr) T
RN

1 =1=1)

([ vapuponta)as)

1—_ a1 a1—aq+1
/ ql q+1 |D90R|q1 q+1 PR 1 —q+1 (I) d:I?) a1

(a—=1)(p1—p+1)

B B P1a1
< ([ AT @Dl Ty T ) ) ;
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L a@)|Dv["pr(z) de

I/\\

191 _(p—D(g1—g+1)
/ ql q+1 |D(pR|Q1 q+1 Yr q1—q+1 (z) daj) r191—(p—1)(g—1) (43)

g1 (p1—p+1)

; P _a1p1—p+l)
( bR (¢)| D | TR oy PP (2) da) T,

\

)| Dul”* o g (x) dx

q—1 91 1—q711 p1:11£?;:‘11)+(t11)*1)
< (/ a a1—att (LE)|D(,0R|‘“”’+1 R a1 —a+ (33) dJL‘) (44)

(g=1)(p1—p+1)

-~ o m A= )APL BT )
% (/ b_plpfipl*l(]})u)@]ﬂ#(ﬂ; Pp1—p+1 (.13) dx) p1<11—(p—1)(q—1).
RN

Choosing test function pr € CE(RY;[0,1]) so that

on(z) = {1 (2] < R),

0 (lz] >2R),
and
|Dpr(z)| <cR™! (z e RY), ws)
we obtain
/ a(z)|Dv|" dx < RN (= 1)((|a\+£1>;? 1;+qll>((|qw;r)s+1>>+,,lql7
Br(0)

N a=D U+ P=D+p (ol +B+1)+P1ay

/ b(x)|DulP dz < cR prai—(p—1)(g—1)
Br(0)

Taking R — oo, we complete the proof similarly to Theorem

5. PROOF OF THEOREM
Multiplying inequalities (2.8) by the test function ¢z € C2¥~1(RY;[0,1]) and
integrating by parts, we obtain
[ a@IDulon(e)de < [ (Du. DA pm)
RN

RN

/ b(2)| DulPor(z) dz < / (Dv, D((~A) " or)) do,
RN RN
which by relations

(Du, D((—=A)*or)) < [Dul - [D((~A)*tor)l,
(Dv, D((—A)""'pr)) < |Duv| - [D((=A)' " or)l,



EJDE-2014/216 BLOW-UP OF SOLUTIONS

and the Holder inequality, results in
|, a@IDelten(e) ds
1/p
< ([ p@lDupen(o) do)

p—1

</ b ()| D((—A) o) 75T 1@Rpll(x)dx)T,

[ e iDuronts) as
< / |DU|Q<PR()dx>1/q

_ 1 a=1
([ T @IDA) e P @) de) T
Substituting (5.1)) into (5.2]) and vice versa, we obtain

(/RN a(z)|Dv|?¢gr(x) d;p) =5
< ([, o @I e 1o @) 1) 7

1 p—1

- ( b7 (2)| D((—A) L oR) 7T " (2) dx>T,
RN

(/RN b(z)| DulPe g (x) da:)l P

S(/Rwaiﬁ(x)w((_ )" ¢R)qu1¢§ﬁ(a:)dx)T

i.e.

</ e <<*A>’“*1soza>|%soif(as>dac)ﬁ
/b(m)|DU|p<PR(:C)dx

-

<

(o@D i ST dr)
’ (/RN b_p%(x)|D((7A)k71@R)|ﬁ<PRﬁ(ﬂc) dz> P .

(5.1)

(5.2)

(5.3)

(5.4)
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Denote K = max{k,l}. Choosing the test function pr € C2X~1(RM;[0,1]) so

that
L (2] < R),
T =
Pr(%) {0 (2] > 2R),

and

|Dfer(z)] < eR™' (z € RY;0 < |u < 2K — 1), (5.5)
we have

/ o(z)| Do|? dz < RN~ \o<\+ﬁ+(m+5p+qz_l1—1+<2k-—1>zo)q7
Br(0)

[¥|+6+ (| +B+2k—14(21—1)q)p

/ b(x)|DulP do < ¢RN~ pa—1
Br(0)
Taking R — 0o, we complete the proof similarly to Theorems [2.2] and 2.4

6. PROOF OF THEOREM
Multiplying inequalities (2.9) by the test function ¢ € CZX(RY;[0,1]), where
K = max{k,[}, and integrating by parts, we obtain
/ a(x)vipg(x)de < / u- (—A)*ppdr,
RN RN

[ ponronads < [ o (=AY onds

RN
Taking into account that

u- (=A)for <u-|(-A) R,
v (=A)pr <v-|(=A)pR)|

and using the Holder inequality, we arrive at

/RN a(z)vlpp(r)dr < (/RN b)) da;) 1/p

. o1 (6.1)
< ([ T -a el ey @) ds) T
RN
1/q
/ b(:v)upgoR(m)de(/ a(m)vqgag(x)dx)
RN R 1 o (62)
([T @AY el e @) ds) T
RN
Substituting (6.1)) into (6.2)) and vice versa, we obtain
1-00 1 ¢ -1 ST
([ owmen) ™ < ([ a1 @lC0)enlop™ (@) dr)
RN RN
([ @I erl P @) T
RN

b(z)uPpr(z) dx o < a‘ﬁ(:ﬂﬂ(*A)l%Rh%lsO;ﬁ(x) dx =
RN on

p—1

([T @IEA al T @) de) T
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ie.,

< ([, @I erl T (o) do) (63)

p(g—1)

= (/RN 0T (@) (~A) Rl ET T (x) dw) " (6.4)

. </RN b7 (@) (A Rl P o (@) dz)"".

Choosing the test function pr € C2K(RYM;[0,1]) so that

L (lz] < R),
xr) =
and estimate ([5.5)) holds, we obtain
/ a(2)| Do|? dz < eRN- \a|+ﬁ+(|y;jl+2l+zkp>q’
Br(0)

[y +8+ (| +B+2k+2lg)p

/ b(z)|DulP de < ¢cRN~ pa—1
Br(0)

Taking R — oo, we complete the proof similarly to Theorems and
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