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LOCAL UNIQUENESS FOR SINGULARLY PERTURBED
PERIODIC NONLINEAR TRACTION PROBLEMS

MATTEO DALLA RIVA, PAOLO MUSOLINO

ABSTRACT. We present a limiting property and a local uniqueness result for
converging families of solutions of a singularly perturbed nonlinear traction
problem in an unbounded periodic domain with small holes.

1. INTRODUCTION

In this article, we use an argument based on functional analysis and potential
theory to show a limiting property and a local uniqueness result for families of so-
lutions of a singularly perturbed nonlinear traction problem in linearized elasticity.
We fix once for all

nEN\{O71}7 q11,---5,qnn 6]07+OO[7 QEH?:JO,(]]']'[.

Then we denote by ¢ the n x n diagonal matrix with diagonal entries q11, ..., @nn-
We also assume that

a €]0,1[ and Q" C R is bounded, open, connected, of class C'1+*,
containing the origin 0, and with a connected exterior R™ \ cl Q".

Here cl denotes the closure and the letter ‘h’ stands for ‘hole’. The set Q" will play
the role of the shape of the perforation. Moreover, we fix

p € Q and € €]0,400[ such that p+ eclQ" C Q for all € €] — ¢, €] .-
To shorten our notation, we set
o h
Qp,e =p+eQ
and we define the periodically perforated domain
S[QZ’E]_ =R"\ Uyezn cl(QZ’6 +qz)
for all € €] — o, eo[. A function u defined on cIS[Q) ]~ is said to be g-periodic if

u(z +qz) =u(x) Va e clS[QZ)e]_ , YzeZ™.
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We now introduce a nonlinear traction boundary value problem in S[Q) ]=. To
do so, we denote by T the function from |1 — (2/n), +00[x M, (R) to M, (R) which
takes the pair (w, A) to

T(w,A) = (w—1)(tr A)I,, + (A+ A").

Here M,,(R) denotes the space of n x n matrices with real entries, I,, denotes the
n x n identity matrix, tr A and A? denote the trace and the transpose matrix of A,
respectively. We observe that (w — 1) plays the role of the ratio between the first
and second Lamé constants and that the classical linearization of the Piola Kirchoff
tensor equals the second Lamé constant times T'(w,-) (cf., e. g., Kupradze et al
[T7]). We also note that

divT(w, Du) = Au+wV divu,

for all regular vector valued functions u. Now let G be a function from 90" x R™ to
R™, let B € M, (R), and let € €]0, ¢g[. We introduce the nonlinear traction problem

divT(w,Du) =0 in S[Q" ],

u(z + ge;) = u(z) + Be; Vz e CIS[QZ’E]*N]' e{1,...,n}, (1.1)
T(w, Du(x))vgn (2) = G((z —p)/e,u(z)) Vo€ dQy,,
where von  denotes the outward unit normal to 89;},6 and {e1,...,e,} denotes

the canonpical basis of R™. Because of the presence of a nonlinear term in the
third equation of problem , we cannot claim in general the existence of a
solution. However, we know by [12] that under suitable assumptions there exists
€1 €]0,¢0] such that the boundary value problem in has a solution wu(e, -)
in CIIO’CO‘(CIS[QQVE]*,R”) for all € €]0,€1[. Moreover, the family {u(e,-)}eejo,e,] is
uniquely determined (for € small) by its limiting behavior as € tends to 0 and the
dependence of u(e, -) upon the parameter € can be described in terms of real analytic
maps of € defined in an open neighborhood of 0.

In this article, we study the limiting behavior and the local uniqueness of families
of solutions of problem (1.1), under weaker assumptions than those in [12]. In
particular, in Theorem show that if {€;}en is a sequence in |0, €y[ converging
to 0 and if {u;};jen is a family of functions such that u; solves problem for
¢ = ¢; and such that the restrictions to dQ" of the rescaled functions u;(p + ;)
converge to a function v, as j tends to +oo, then v, must be equal to a constant
vector & € R™ and u; converges to &, + Bq~'(- — p) uniformly on bounded open
subsets of R™ \ (p + ¢Z™). In Theorem instead, we prove that, under suitable
assumptions, if {€;};en is a sequence in ]0, €[ converging to 0 and if {u;};en,
{v;}en are families of functions such that u; and v; solve problem for e =¢;
and such that the restrictions to 9Q" of u;(p + ¢;-) and of v;(p + €;-) converge to
the same function, then we must have u; = v; for j big enough. We also note that
the present article extends to the case of a nonlinear traction problem the results
of [9], concerning a nonlinear Robin problem for the Laplace equation.

The functional analytic approach adopted in [12] and in the present paper for the
investigation of the behavior of the solutions of problem has been previously
exploited by Lanza de Cristoforis and the authors to analyze singular perturbation
problems for the Laplace operator in [I0, [I8], for the Lamé equations in [6 7, [§],
and for the Stokes system in [5]. Concerning problems in an infinite periodically
perforated domain, we mention in particular [11] 12} 20, [24].
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We note that singularly perturbed boundary value problems have been largely
investigated with the methods of asymptotic analysis. As an example, we mention
the works of Beretta et al [2], Bonnaillie-Noél et al [3], Iguernane et al [16], Maz’ya
et al [2I], Maz’ya et al [22], Nazarov et al [25], Nazarov and Sokolowski [26], and
Vogelius and Volkov [27]. In particular, in connection with periodic problems, we
mention, e. g., Ammari et al [IJ.

Moreover, for problems in periodic domains, we mention the method of functional
equations and, for example, the works of Castro et al [4] and Drygas and Mityushev
[13]

This article is organized as follows. Section[2]is a section of notation and prelimi-
naries. In Sectionwe provide an integral formulation of problem . In Section
[4 we prove our main results on the limiting behavior and the local uniqueness of a
family of solutions of problem .

2. NOTATION AND PRELIMINARIES

Let X and Y be normed spaces. We denote by L£(X',)) the space of linear and
continuous maps from X to ), equipped with its usual norm of the uniform conver-
gence on the unit sphere of X. We denote by I the identity operator. The inverse
function of an invertible function f is denoted f(~, as opposed to the reciprocal
of a real-valued function g, or the inverse of a matrix B, which are denoted g—' and
B~ respectively. If B is a matrix, then B;; denotes the (i, j) entry of B. If z € R",
then x; denotes the j-th coordinate of x and |z| denotes the Euclidean modulus of
z. A dot ¢’ denotes the inner product in R™. For all R > 0 and all z € R™ we denote
by B, (z, R) the ball {y € R" : |z — y| < R}. Let O be an open subset of R™. Let
k € N. The space of k times continuously differentiable real-valued functions on O
is denoted by C*(0). Let r € N\ {0}. Let f = (f1,...,fr) € (C*(0))". Then Df
denotes the Jacobian matrix (%)(s,l)e{l,...,r}x{1,...,n}' Let n = (m,...,1mn) € N,
In|=mn1+---+mn,. Then D"f denotes BIY?‘H#W. The subspace of C*(O) of those
functions f whose derivatives D" f of order |n| < k can be extended with continuity
to c1 O is denoted C*(c1 O). Let 3 €]0, 1[. The subspace of C*(cl ©) whose functions
have k-th order derivatives that are uniformly Holder continuous in cl O with expo-
nent 3 is denoted C*#(cl O) (cf., e.g., Gilbarg and Trudinger [14]). The subspace of
C*k(clO) of those functions f such that f|c1(OmB,,L(0,R)) € CHP(cl(ONB,(0, R))) for

all R €]0, 40| is denoted CF7(c1®). Then C*A(c1O,R™) denotes (C¥F(cl©))™

loc

and C’{Z’f(cl@,R”) denotes (C{Z’Cﬁ(cl O))". If O is a bounded open subset of R”,
then C*#(clO,R™) endowed with its usual norm is well known to be a Banach
space. We say that a bounded open subset O of R™ is of class C*#, if its clo-
sure is a manifold with boundary imbedded in R” of class C*# (cf., e. g., Gilbarg
and Trudinger [14, §6.2]). If M is a manifold imbedded in R™ of class C*:# with
k > 1, then one can define the Schauder spaces also on M by exploiting the local
parametrization. In particular, if O is a bounded open set of class C*# with k > 1,
then one can consider the space CY#(90O,R™) with [ € {0,...,k} and the trace
operator from CY?(clO,R") to CHP (0O, R™) is linear and continuous. If Sg is an
arbitrary subset of R™ such that clSg C @, then we define

S[SQ] = Uzezn (qz + SQ) =qZ" + SQ R S[SQ]7 =R" \ CIS[SQ} .
We note that if R™ \ clSg is connected, then S[Sg]~ is also connected.
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We now introduce some preliminaries of potential theory. We denote by S,, the
function from R™ \ {0} to R defined by

%log|x| Ve e R\ {0}, if n =2,

Sy(x) =
(@) >~ Vr e R™\ {0}, if n > 2,

(2—n)sn

where s,, denotes the (n — 1)-dimensional measure of B,,(0,1). S, is well-known
to be the fundamental solution of the Laplace operator.

Let w €]1 — (2/n),4+o00[. We denote by I',, ., the matrix valued function from
R™\ {0} to M,,(R) which takes x to the matrix I';, ,,(z) with (4, k) entry defined by

w+2 w 1 zixp .
rr = "6 1S (7) — —4 V(j, k) € {1,...,n}?
nw,]( ) 2(w+1) 7,k (ZL') 2(w+1) Sn |$|n (]7 )E{ ; ,’ﬂ} )
where §;, =1if j =k, 0;, = 0if j # k. Asis well known, I';, ,, is the fundamental
solution of the operator L[w] = A + wV div. We find also convenient to set
k  _ (1k
Fn w = (Fn,w,j)je{l’m’n} )

which we think as a column vector for all k € {1,...,n}. Now let « €]0,1[. Let
be a bounded open subset of R™ of class C**. Then we set

v[w, p)(z) = /{m Lnw(@ —y)puly) doy,

for all 2 € R™ and for all p = (1)) jeq1,....ny € CV*(0Q,R"). Here do denotes
the area element on 9. As is well known, the elastic single layer potential v[w, y]
is continuous in the whole of R". We set vt |w,u] = v[w,u”cm and v |w, pu| =

v|w, u] |RW\Q. We also find convenient to set

w,[w, p](z) E/a > )T (w, DT, (x — y))va(x) do, Va € 0Q.

Here v denotes the outward unit normal to 0Q2. For properties of elastic layer
potentials, we refer, e. g., to [6, Appendix A].

We now introduce a periodic analogue of the fundamental solution of L{w] (cf.,
e. g., Ammari et al [1 Lemma 3.2], [12, Thm. 3.1]). Let w €]1 — (2/n), +oo[. We

denote by T'¢ = (re* ) (i k)eq1,...,ny2 the matrix of distributions with (j, k) entry

nw,j) G k) E{L, .,
defined by
1 w (¢72)(g2)k o1y
1"11’ ( )E Z [_5'k:+ J e27r1(q z)w
n,w,j 2 —1.]2 s —1,12
senmyoy 1@l 2] w+1 gz
for all (j,k) € {1,...,n}?, where the series converges in the sense of distributions.
Then
S
z€Zn

where d,. denotes the Dirac measure with mass at gz for all z € Z". Moreover,
T4 . is real analytic from R™ \ ¢Z™ to M, (R) and the difference I'? , — T, ,, can

n,w

be extended to a real analytic function from (R™\ ¢Z™) U {0} to M, (R) which we
denote by R] ,. We find convenient to set

rat = (1t

nw)je{1 ny RYY = (R?

nwg)Jg{l }7



EJDE-2014/242 LOCAL UNIQUENESS 5

which we think as column vectors for all k € {1,...,n}. Let Qg be a bounded open
subset of R™ of class C1* such that c1Qg C Q. Let p € C%*(0Qg,R™). Then we
denote by vg|w, p] the periodic single layer potential, namely the g-periodic function
from R™ to R™ defined by

wlol@) = [ i@ pul)ds, Ve eR".

We also find convenient to set

n

wgelonl(@) = [ S )T DL — )y () do, Ve € 09

Here vq,, denotes the outward unit normal to 9Qq. If p € C%*(9Qq, R™), then the
function v [w, u] = vq[w,quS[QQ] belongs to Co%(c1S[Qg], R™) and the function

loc

vy [w, ] = vq[w,y”dSmQ], belongs to C,u%(c1S[Qg]~, R™). For further properties

loc

of vglw, ] and wgy «[w, -] we refer the reader to [I12, Thm. 3.2].

3. AN INTEGRAL EQUATION FORMULATION OF THE NONLINEAR TRACTION
PROBLEM

In this section we provide an integral formulation of problem (cf. [12] §5]).
We use the following notation. If G € C°(9Q" x R",R"), then we denote by Fg
the (nonlinear nonautonomous) composition operator from C°(9Q" R™) to itself
which takes v € C°(OQ" R™) to the function Fg[v] from 9Q" to R™ defined by

Falv](t) = G(t,v(t)) Vit e o,
Then we consider the following assumptions
G e C%00" x R",R"), Fg maps CO%(Q", R") to itself. (3.1)

We also note here that if Fg is continuosly Fréchet differentiable from C%<(9Q" R"™)
to itself, then the gradient matrix D,G(-,-) of G(-,-) with respect to the variable
in R exists. Moreover, D,G(-,&) € C%*(00", M, (R)) for all £ € R", where
C%e(9Q", M, (R)) denotes the space of functions of class C%% from 90" to M, (R)
(cf. Lanza de Cristoforis [I8, Prop. 6.3]).

We now transform problem into an integral equation by means of the
following (cf. [12, Prop. 5.2]). We find convenient to set C%® (90" R")y = {f €
CO*(0Q" R"): [oon [ do = 0}.

Proposition 3.1. Letw €]1—(2/n), +oo[. Let B € M, (R). Let G be as in assump-
tion (3.1). Let A be the map from | —eg, €g[x CO* (OO R™)g x R™ to C%(9Q" R™),
defined by

Ale, 0,€](¢)
0(t) + w.|w, 0](t) + €~ 1/@2@ DRI (e(t — s)))vgn(t) doy

DN =

T(w, Bq von (t) — G(t, evlw, 0](2)

+en*1/ R (et = 5))0(s)doy + B 't +€) e 0",
oNh
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for all (,0,€) €] — €, o[ xCO*(IN", R™)g x R™. If € €]0, €o|, then the map ule, -, |
from the set of pairs (0,€) € CO(0Q" R™)y x R™ that solve the equation

Ale,0,6] = 0 (3.2)

to the set of functions u € C'llo’?(clS[Qg,e]’,R") which solve problem (1.1)), which
takes (0,€) to the function defined by

ule, 0, &)(x) = 1 / Il (x—p—es)f(s)dos — B¢ 'p+ &+ Bglz
ann

Jor all x € cIS[QL |7, is a bijection.

Hence we are reduced to analyze equation (3.2). To study (1.1) for e small,
we first observe that for ¢ = 0 we obtain an equation which we address to as the
limiting equation and which has the form

%H(t) + waw, 0](t) + T(w, Bg Yvon (t) — G(t,€) =0 VYt € 9Q". (3.3)

Then we have the following Proposition, which shows, under suitable assumptions,
the solvability of the limiting equation (cf. [I2, Prop. 5.3]).

Proposition 3.2. Let w €]l — (2/n),+o0[. Let B € M,(R). Let G be as in

assumption (3.1). Assume that there exists &€ € R™ such that

G(t,€)do, = 0.
th

Then the integral equation
1 -
iﬂ(t) + ww, 0](t) + T(w, Bg Hvgn(t) — G(t,£) =0Vt € 9Q"

has a unique solution in C%®(0Q" R™)y, which we denote by 6. As a consequence,
the pair (0,€) is a solution in C%*(9Q" R™)y x R™ of the limiting equation (3.3).

Finally, by a straightforward modification of the proof of [12, Thm. 5.5], we de-
duce the validity of the following theorem, where we analyze equation (3.2)) around
the degenerate value € = 0.

Theorem 3.3. Letw €]1—(2/n),4+oo[. Let B € M, (R). Let G be as in assumption
(3.1). Assume that

Fg is a continuosly Fréchet differentiable operator from Co’a(th,R") to itself.
(3.4)
Assume that there exists £ € R™ such that

G(t,€)doy =0 and det ( D, G(t,€) dat) # 0. (3.5)

ok ank

Let A be as in Proposition . Let 6 be the unique function in C%*(9Q" R™)y
such that A[O,é, é] = 0 (¢f. Proposition . Then there exist €1 €]0,€g], an open
neighborhood U of (0,€) in C%*(dQ", R™)y x R™, and a continuously differentiable
map (©,E) from|—e1, e1] tol, such that the set of zeros of the map A in|—eq, e1[xXU
coincides with the graph of (©,E). In particular, (©[0],Z[0]) = (6,€).
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Remark 3.4. Let the notation and assumptions of Theorem [3.3 hold. Let ul-, -, |
be as in Proposition Let u(e, z) = ule, O[e], E[e]] (z) for all z € cI1S[Q} ]~ and
for all € €]0,€1]. Then for each € €]0, €[ the function u(e, -) is a solution of problem

().

4. CONVERGING FAMILIES OF SOLUTIONS

In this section we investigate some limiting and uniqueness properties of con-
verging families of solutions of problem (|1.1)).

4.1. Preliminary results. We first need to study some auxiliary integral opera-
tors. In the following lemma, we introduce an operator which we denote by My.
The proof of the lemma can be done by using classical properties of the elastic layer
potentials (see, e.g., [0, Appendix A] and Maz'ya [23], p. 202]).

Lemma 4.1. Let w €]1 — (2/n),4+o00[. Also let My denote the operator from
CO (00" R™)g x R™ to CL2(9Q" R™), which takes a pair (0,€) to the function
M4[0,€] defined by

M4 [0,€](t) = vw, 0](t) + €Vt € Q.
Then My is a linear homeomorphism.

Then, if € €]0, ¢g[, we define the auxiliary integral operator M, and we prove its
invertibility.

Lemma 4.2. Let w €]1 — (2/n), +oo[. Let € €]0,¢o. Let M, denote the operator
from CO (00" R™)g xR™ to C(9Q", R™) which takes a pair (0,€) to the function
M.[0,&] defined by

M_[0,€](t) = vlw, 0)(t) + €2 RY (e(t—s))0(s)dos + & Ve 0Q".
onn

Then M. is a linear homeomorphism.

Proof. We start by proving that M, is a Fredholm operator of index 0. We first
note that

M10,€](t) = Myl6,€](t) + 2 | R (c(t — )0(s) do, ¥t € 0Q",
oOr

for all (6,¢) € C%*(9Q",R™)y x R™. By standard properties of integral operators
with real analytic kernels and with no singularity (cf. [I9, §4]), we deduce that
the linear operator from C%(9Q" R™)y to C%%(clQ" R™) which takes 6 to the
function €2 [, RZ (e(t — 5))0(s) dos of the variable t € cIQ" is continuous.
Then by the compactness of the imbedding of C%%(cl Q" R™) into C*<(cl Q" R™),
and by the continuity of the trace operator from C1:%(cl Q" R") to C1:*(9Q" R™),
and by Lemma [I.I] we deduce that M, is a compact perturbation of the linear
homeomorphism My, and thus a Fredholm operator of index 0. Then, by the
Fredholm theory, in order to prove that M, is a linear homeomorphism, it suffices
to show that M, is injective. So let (0,£) € CY¥(9Q",R")y x R™ be such that
M,[0,€&] = 0. Then by the rule of change of variables in integrals, we have

_ 1 .-
M0, E(F) = valu, Z0(— D)) + £ =0 e 9.
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Then by the periodicity of vg[w, 20(=2)] and by a straightforward modification of
the argument of [I2], Proof of Prop. 4.1], we deduce that

1 .-
vl 28(—F))(@) + € =0 Vo € AS[2]"

As a consequence,

1 = 1,1
0= T(w7 qu [w7 EH(T)}((E))VQ?‘(:E) = 5(2
for all z € Q0 .. Then by [12, Prop. 4.4], we deduce that = 0 and accordingly

£€=0. O

0("D)) + gl 20— D)](@)

€

We can now show that if {¢,},en is a sequence in |0, €p] converging to 0, then

(=1)

Mé;l) converges to M, " as j — +oo.

Lemma 4.3. Letw €]1—(2/n),+oo[. Let {e;},en be a sequence in |0, g converging
to 0. Then limj_ o M = My in £(C12(0Q8, R™), CO(0Q", R™)o x R™).

Proof. Let N; be the operator from C%*(9Q" R™)y x R™ to C1*(9Q", R™) which
takes (6,€) to

N;[0,8](t) = €72 . RY (gj(t—s))0(s)do, Vte Q" VjeN.

Let Ugr be an open bounded neighborhood of c1 Q. Let €4 be such that e(t —s) €
(R™\qZ™)u{0} for all t,s € Ugn and all € €]—ex4, ex[. By the real analyticity of R, ,
in (R™\¢Z™)U{0} it follows that the map which takes (¢, ¢, s) to R ,(e(t—s)) is real
analytic from | — €4, ex[xUqgn X Uqr to M, (R). Hence, there exists a real analytic
map RY , from | — ey, e4[xUgn xUgn to M, (R) such that RY (e(t—s))— RS ,(0) =
ER%,W(E, t,s) for all t, s € Uqgn and all € €] — €4, ex[. Then, by the membership of ¢
in C%2(9Q" R™)y, one has

N;[0,€](t) = 5?71 o R;’L’w(a‘j,t, 8)0(s)do, Yt Q"
Q
for all j such that ¢; €]0,ex[ and for all (6,&) € C%*(9Q" R")y x R"™. Then, by
standard properties of integral operators with real analytic kernels and with no
singularities (cf. [19, §4]), we deduce that lim;_ . N; = 0 in £(C%*(9Q" R™)q x
R", CL2 (00" R™)).  Since M., = My + Nj, it follows that lim; . . M., =
My in £L(C%2 (00" R™)y x R™, CL2 (00" R™)). Then by the continuity of the
mapping from the open subset of the invertible operators of £(C%%(9Q" R™)y x
R™, CL(0Q" R™)) to L(CH(0Q", R™), CO(9Q" R™)y x R™) which takes an op-
erator to its inverse, one deduces that lim;_ | Ms(j_l) = M;#_l) (cf. e. g., Hille
and Phillips [I5] Thms. 4.3.2 and 4.3.3)). O

4.2. Limiting behavior of a converging family of solutions. We are now
ready to investigate in this subsection the limiting behavior of a converging family
of solutions of problem . To begin with, in the following proposition we consider
the limiting behavior of converging families of ¢-periodic displacement functions.

Proposition 4.4. Let w €]1 — (2/n),+oo]. Let {¢;}jen be a sequence in ]0, €|
converging to 0 and let {ug ;}jen be a sequence of functions such that for each
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jeN
Uy ; € 01{)’3(CIS[QZ,EJ-]_7R”); uy ; is q-periodic,

and divT(w, Dug ;) =0 in S[QZ@_]* .
Assume that there exists a function vy € CH(9Q", R™) such that

: _ . 1, h n
jErJfloou#’j(p+gj.)‘3Qh =wvg in COYOQ",R"). (4.1)

Then there exists a pair (ug,&x) € C’llof‘(R” \ Q" R"™) x R"™ such that
vy = u#‘aﬂh + &y, divI(w,Duyg) =0 in R"\ c
and such that

sup ol T uy (@) < oo, sup a1 | Dug(e)] < oo
TER™M\QP zER™\QP
Moreover,
jEToo g (P+e5) oo = uslyo T €4 in CH(AOR) (4.2)
for all open bounded subsets O of R™ \ c1Q", and
. - . k ~ n
jginoo u#7j|d@ =&y i C%(cO,R") (4.3)

for all k € N and for all open bounded subsets O of R™ such that clO C R \ (p+
qz™).

Proof. Let

(6;,&) = M Vlug (0 +€5)| yon]
for all j € N and (04,8x) = M;{l) [vg]. Since the evaluation mapping from
L(CL (00" R™), 0090 R™)g x R™) x CL2 (90" R™) to C%(90" R™)y x R,
which takes a pair (A4,v) to Afv] is bilinear and continuous, the limiting relation

(4.1) and Lemma imply that
tim (6;,85) = lim MG Dlug 0+ e5)|pan) = My Vlog] = (0. &4) - (44)

j—+oo

in C% (00" R™)g x R™. Also, one has

uy j(r) = 5;}—2 /69} Il (x—p—egjs)0i(s)dos +&; Vo€ clS[ng]’ ,VjieN.
(4.5)
Then one has
Uy (p+ Ejt) = v]w, Hj](t) + E?_Q /89’ R%M(Ej (t— S)>9J(S) dos +&; (4.6)
for all t € R™\ U,ezn (5;1qz +clQ"). By continuity of the map from C%(9Q" R™)
to CL(9Q", R™) which takes @ to v[w,ﬁ]!mhy, by standard properties of integral
operators with real analytic kernels and with no singularities (cf. [20] §4]), by con-
dition [, 0udo =0, and by (4.4), one verifies that

lim ug;(p + i) gon = Vlw, O]l pgn + & In CH(09Q" R™).

j
Hence, the limiting relation in (4.1]) implies that vy = v|w, 9#]‘89h +&4. Now the
validity of the proposition follows by setting u4(t) = viw, 64](t) for all t € R™\ Q".
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Indeed, by classical results for elastic layer potentials and by condition [, oqn Opdo =
0, we have uy € CL%(R™\ Q" R"), divT(w, Duy) = 0 in R™ \ ¢l Q", and

loc

sup fa|"HH O jug ()] <o, sup 2|2 [ Dug(x)] < oo
zeR™\Q? zERM\QF

Finally, the validity of for all open bounded subsets O of R™ \ c1 Q" follows
by equality , by the limiting relation in , by the continuity of the map
from C%2(9Q" R™) to C1*(clO,R™) which takes 6 to v[w,9]|clo, by standard
properties of integral operators with real analytic kernels and with no singularities,
and by [, aqn O#do = 0. Similarly, the validity of for all k¥ € N and for all open

bounded subsets O of R” such that 1@ C R™\ (p+¢Z™) follows by equality (£.5), by
the limiting relation in (4.4)), by standard properties of integral operators with real
analytic kernels and with no singularities (cf. [20, §4]), and by [,, 6xdo =0. O

We are now ready to prove the main result of this subsection, where we study
the limiting behavior of converging families of solutions of problem (|L.1J).

Theorem 4.5. Let w €]1 — (2/n),+oco[. Let B € M,(R). Let G € C°(0Q" x
R™,R™) be such that Fg is continuous from C%* (00" R™) to itself. Let {e;}jen
be a sequence in |0, €o| converging to 0 and let {u;};en be a sequence of functions
such that u; belongs to CI’O‘(CIS[Q’;@]*,R”) and is a solution of with € = €

loc

for all j € N. Assume that there exists a function v, € C»(9Q" R™) such that
: _ A, h
jEToo uj(p + Ej')‘agh =v, in CO(0Q",R").
Then there exists &, € R™ such that

v, = &, on 00", / G(t, &) doy =0.
ankr
Moreover,
: _ . 1, n
jl}inoouj(p—’_gj.)’cl(’) _5* ”LC (CIO7R )
for all open bounded subsets O of R™ \ c1Q", and

. _ -1 : k A RN
jl}g_nooujb@ff*Jqu (-—p) in C*(lO,R")

for all k € N and for all open bounded subsets O of R™ such that c1O C R™ \ (p+
qz").

Proof. We set
uy j(x) =uj(zr) — Bg 'z Vre clS[QZ’E]_ , VjeN,
vy(z) = vi(x) — B¢ 'p Vo€ oQl.

Then for each j € N, the function uy ; € Cl’o‘(clS[QgEj]_,R"), uy ; is g-periodic

loc

and divT(w, Dug ;) =0 in S[Qg,gj}_. We have
vy € CH*(OQMR™),  lim wuy;(p+ 6j-)|am =wvy in CH¥(OQ" R™).
Jj—+o0

Hence, by Proposition there exists a pair (ug,&y) € Cllo’é"(R” \ Q" R") x R”
such that

Vg = U] g + & » divT(w, Duy) =0 in R™\ Q" (4.7)



EJDE-2014/242 LOCAL UNIQUENESS 11

sup |3:\”72+52*"|u#(3:)| < 0, sup |x|"71+52*"\Du#(3:)\ < 00. (4.8)
sERM\QM reRm\Oh
Moreover,
. _ . 17
jEIfoo up (05| go = Uplao +&# 0 CH(AO,RY) (4.9)

for all open bounded subsets O of R™\ c1Q", and

lim u#,jb@ =¢y  in C*(c1O,RM)

j——+oo

for all k € N and for all open bounded subsets O of R” such that c1O C R™ \ (p +
gZ™). Then we observe that

T(w, Duy (p + €jt) + qul)ljﬂgygj (p + Ejt) = G(t, Ut (p + Ejt) + qul(p + Ejt))
(4.10)
for all t € 90" and all j € N, which implies
T(w,Dt (ug;(p+ ajt)))ym (t) (4.11)

= —&;T(w, Bg Yvgn(t) +¢;G(t,ug ;(p+et) + B¢ 'p+¢e;Bq ')

for all t € 90", and all j € N. Then, by ([&9), by the continuity of Fg from
CYe(9Q" R™) to itself, and by taking the limit as j — 4oo in (4.11]), one obtains

T(w, Duy(t))vor(t) =0 ¥t € 90",
which, together with (4.7) and (4.8]), implies ugx = 0. In particular,

: . : 1, n
I+ )] g0 = & in CH(AO.RY) (4.12)

for all open bounded subsets @ of R™ \ c1Q". Furthermore, by (4.10), by [12}
Prop. 4.2], and by the equality [, T(w,Bq ")vgn_(x)do, =0, one has
P,Ej Pigj

1

0=t [ T Dugy0) + Ba v, () do
€] o .. P

(4.13)

= G(t, u#,j(p-i-gjt) -I—Bq_lp-f—squ_lt) dUt
onn

for all j € N. Then, by the continuity of Fg from C%*(99Q" R™) to itself, by the
limiting relation in (4.12), and by letting j — +o0 in (4.13]), one deduces

G(t,&4 + Bq 'p)do, = 0.
ok

Finally, by setting & = &4 + Bq~'p, the validity of the theorem follows. O

4.3. A local uniqueness result for converging families of solutions. In this
subsection we prove that a converging family of solutions of (1.1]) is essentially
unique in a local sense which we clarify in the following theorem.

Theorem 4.6. Let w €]1 — (2/n),+oo[. Let B € M,(R). Let G be as in assump-

tions (3.1)), (3.4). Let {e;},en be a sequence in |0, €o] converging to 0. Let {u;}jen
and {v;}en be sequences such that u; and v, belong to Clt’?(CIS[QZ’Ej]’,R") and
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both u; and v; are solutions of (L.1) with € = ¢; for all j € N. Assume that there
ezists a function v, € CL* (00" R™) such that

. . . e h N
I ug(p+ )| g = B 00+ ) g = ve 0 CUU@RMRY) (414)
and that

det ( | DuGlt (1) dot> £0.

Then there exists a natural number jo € N such that u; = v; for all j > jo.

Proof. We first observe that the family {u;};cn and the function v, satisfy the
conditions in Theorem As a consequence, there exists £ € R™ such that

. _ 0, h n
jiuiloouj(p—ksj-)’am =¢ in CV*(O0", R").

Then by (4.14) one also has
. o 0, h n
jEIlloovj(p‘i’Ej'”th—g in C%*(0Q", R™).

Moreover, we deduce that £ satisfies assumption . By Proposition [3.1} for each
j € N there exist and are unique two pairs (61 ;,&1,5), (02,5, &2,5) in C%*(9Q", R™)o x
R™ such that
u](x) = u[sjvolyﬁfl,j}(z) ) vj(x) = u[€j7027j7§27j}(x) ) Vo € ClS[Qz,ej]i .
(4.15)
Let HN, €1 be as in Theorem Then to show the validity of the theorem, it will
be enough to prove that

lim (01,6,5) = (6,€) in CO(0Q", R")o x R", (4.16)
j—+oo
.lilf (02,5, €2,5) = (0,€) in C¥*(9Q",R")g x R, (4.17)
j—oo

Indeed, if we denote by U the neighborhood of Theorem [3.3] the limiting relations in
@ , imply that there exists jo € N such that (¢;,61;,&1,5), (€5,02,,&2,5) €
10, e1[xU for all j > jo and thus Theorem [3.3]implies that (61 ;,£1,5) = (f2,5,82,5) =
(©[g;],E[ey]) for all j > jo, and accordingly the theorem follows by (4.15). The
proof of the limits in (4.16]), follows the lines of [12, Proof of Thm. 7.1] and
is accordingly omitted. O
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