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SPATIAL DYNAMICS OF A NONLOCAL DISPERSAL VECTOR
DISEASE MODEL WITH SPATIO-TEMPORAL DELAY

JIA-BING WANG, WAN-TONG LI, GUO-BAO ZHANG

ABSTRACT. This article concerns the spatial dynamics of a nonlocal dispersal
vector disease model with spatio-temporal delay. We establish the existence
of spreading speeds and construct some new types of solutions which are dif-
ferent from the traveling wave solutions. To obtain the existence of spreading
speed, we follow the truncating approach to develop a comparison principle
and to construct a suitable sub-solution. Our result indicates that the spread-
ing speed coincides with the minimal wave speed of the regular traveling waves.
The solutions are constructed by combining regular traveling waves and the
spatially independent solutions which provide some new transmission forms of
the disease.

1. INTRODUCTION

In this article, we consider the spatial dynamics, including spreading speeds
and global solutions of the following nonlocal dispersal vector disease model with
spatio-temporal delay

u(z,t) = d(J, xu —u)(x, t) — au(z,t) + b[1 — u(x, t)|F x u(x, 1),

+oo
Jeutat) = [ Tt - .0y, "

+oo +oo
Fxu(a,t) = / / Fly, s)u( — .t — s)dyds,
0 —00

where u(x,t) represents the normalized spatial density of infectious host at location
z € R and at time ¢, d > 0 is the dispersal rate, a > 0 is the cure or recovery
rate of the infected host, and b > a is the host-vector contact rate. The term
d(J, * u — u) is called the nonlocal dispersal and represents transportation due
to long range dispersion mechanisms, J,(-) is a p-parameterized symmetric kernel
given by %J (%), where p represents the nonlocal dispersal distance if p > 0 and no
dispersal if p = 0. F(-,-) is the convolution kernel function used to describe the
spatio-temporal delay.

By a global solution we mean a solution defined for ¢t > tg and all z € R. To
describe this condition some authors use the term “entire solution” which can be
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mistaken as an entire function of complex variables. Throughout this paper, we
assume that the kernel functions J and F satisfy the following assumptions:
(J1) J € LY(R) is a positive even function with fj;o J(y)dy = 1. Moreover, for
any A € [0, 5\),

—+oo
/ J(y)e Mdy < +oo,

and fi: J(y)e *dy — 400 as A — A, where A may be +oco.

(F1) F € C(R x (0,+00),RT) with F(y,s) = F(—y,s) > 0, and satisfies
~0+DO !joio F(y, s)dyds = 1. In addition, for any ¢ > 0, there exists some
A := A(¢) > 0 such that

+o00 +o00
/ / F(y,s)e ¥ dyds < +oo,
0 —oo

for all A € [0, \).
From the assumptions (J1) and (F1), we can see that ((1.1)) has two constant equi-
libriau=0and u=1—a/b=: K.
When F(y,s) = 0(y)d(s—7), Equation (1.1)) is reduced to the following nonlocal
dispersal equation with constant delay

u(z,t) = d(Jp xu —u)(x, t) — au(zx,t) + b[1 — u(x, t)|u(z,t — 7). (1.2)

In 2009, Pan et al [24] proved the existence of traveling wavefronts of with
speed ¢ > ¢* by Schauder’s fixed point theorem and upper-lower solution technique.
Furthermore, if taking a = 0 and 7 = 0 (no time-delay) in (L.2)), then we obtain
the Fisher-KPP equation with nonlocal dispersal

wi(z,t) = d(J, * u — u)(z,t) + bu(z, t)[1 — u(z,?)], (1.3)

which was considered by a number of researchers, see Carr and Chmaj [3], Coville
et al [, 5], Pan [23], Schumacher [29] [30], Yagisita [39] for traveling wave solutions,
and Li et al [I6] for global solutions.

We would like to point out that is the nonlocal dispersal counterpart of the
following classical host-vector model

ug(z,t) = dAu(z,t) — au(x,t) + b[1 — u(z, t)|F x u(x, t), (1.4)

which was presented by Ruan and Xiao [2§] for a disease without immunity in which
the current density of infectious vectors is related to the number of infectious hosts
at earlier times. The reader is referred to [4} [9] for the discussion of the relationship
between nonlocal dispersal operators and random dispersal operators. In fact, for
J compactly supported and 0 < p < 1, we have

+oo 1

(J, % u—u)(z,t) = [ ;J(%) [u(z —y,t) — u(z,t)|dy

—+00
= / J(y)[u(x — py,t) — u(x,t)]dy

1, teo 5, O%u(x,t) 9
= 5P /_Oo J(y)y dyw+0(f’ ).

It is well known, in epidemiology, traveling wave solution and asymptotic speed
of spread (sometimes called spreading speed) are two fundamental mathematical
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tools that have been shown to be useful for the description of the transmission of
the disease. In particular, the spreading speed can help us understand how fast
the disease spreads in a spatial environment [T, 2], 27]. Thus, they are among
the central problems investigated for and and are quite well understood
for (L.4). Ruan and Xiao [28] proved the existence of traveling wave solutions of
(1.4) with some special delay kernels. Combining the comparison method and the
finite time-delay approximation, Zhao and Xiao [42] established the existence of
the spreading speed for the solutions of with initial functions having compact
supports, and showed that the spreading speed coincides with its minimal wave
speed for monotone waves. For the other related results on 7 we can refer the
readers to Huang and Huo [I4], Lv and Wang [I8], Peng and Song [25], Peng et
al [26] and Zhang [40]. It is very necessary to point out that when the habitat is
divided into discrete regions and the population density is measured at one point
(e.g., center) in each region, then is reduced to the system

duy, (t)
dt

= dftn41(t) + un—1(t) — 2un(t)] — aun(t)

+oo
+b[1 fun(t)]/o > Fi(s)un—j(t — s)ds.

JET

(1.5)

Xu and Weng [37] obtained the spreading speed and the strictly monotonic traveling
waves for the system , and confirmed that the spreading speed coincides with
the minimal wave speed for traveling wavefronts.

In addition to the traveling wave solutions and spreading speeds, another impor-
tant issue in epidemic dynamics is the interaction between traveling wave solutions,
which can provide some new transmission forms of the disease. Mathematically, this
phenomenon can be described by a class of global solutions that are defined for all
space and time. In recent years, there were many works devoted to the global so-
lutions for various evolution equations, see e.g., [6, [7, 10, 1T, 12, 13, 15, 17, 22| 16
35),[30] and the references cited therein. More recently, Li et al. [19] established the
global solutions of by the combinations of traveling waves and the spatially
independent solution.

In this article, we mainly focus on the spatial dynamics of nonlocal dispersal
vector disease model , and investigate whether it is consistent with that of
random diffusion equation . Recently, Xu and Xiao [38] have obtained the
existence, nonexistence and uniqueness of the regular traveling wave solutions of
(1.1). To the best of our knowledge, the issues on existence of spreading speed
and global solutions for nonlocal dispersal model have not been addressed.
This is the motivation of the current study. Inspired by [34] [37], we establish
the existence of spreading speed by using the truncating technique associated with
the comparison method and constructing sub-solution. We can also confirm that
the spreading speed coincides with the minimal wave speed of regular traveling
waves of , which has been founded in many reaction-diffusion equations, lattice
differential equations, and integral equations, see, e.g., [20, B1], [33] [42] B34, 37, [41]
and references therein. In the second part of this paper, based on the results of
regular traveling wave solutions in [38], we construct the global solutions of
via the combinations of traveling waves and the spatially independent solution. In
order to establish the global solution, we shall consider the solutions u™(z,t) of a
sequence of initial value problems of (L.I)). However, the convergence of {u"(z,t)}
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is not ensured. Hence, we try to find a convergent subsequence of {u"(z,t)}. Since
the solutions {u"(x,t)} are not smooth enough with respect to x, we have to make
{u™(z,t)} possess a property which is similar to a global Lipschitz condition with
respect to z (see Lemma .

The remaining part of this paper is organized as follows. In Section 2, we obtain
the well-posedness of the solution for the initial value problem of and develop
a comparison principle. In Section 3, the existence of spreading speed for model
(1.1) is established. Section 4 is devoted to constructing the global solutions of
(1.1) and investigating the qualitative properties of them.

2. INITIAL VALUE PROBLEM OF (|L.1)

In this section, we establish the existence, uniqueness of solutions and the com-
parison principle for the initial value problem of (1.1)). Obviously, the initial value

problem of can be written as
ug(x,t) = —(d + db)u(z, t) + Gu](z,t), (z,t) € R X [k, +00), 01
u(z,s) = ¢(z,s), (z,5) €R x (—o0,x], (2.1)

where £ € R is any given constant denoted the initial time and ¢(z,s) € C(R x
(—o0,k],RT) is a given initial function, and G : C(R?[0,K]) — C(R?,RT) is
defined by

Glu)(z,t) = (b — a)u(z, t) + dJ, * u(z,t) + b1 — u(x,t)|F » u(z, t). (2.2)
It is easy to see that (2.1]) is equivalent to the integral equation

t
u(z,t) = e TR g1 k) +/ eI Gy (x, 5)ds, (2.3)

K

(x,t) € R X [k, +00).

Lemma 2.1. G is a nondecreasing operator on C(R2,[0,K]), and for any u €
C(R X [k, +0), [0, K]), we have

0 < Gluj(x,t) < (d+ D)K.

Proof. Suppose that 0 < wu(x,t) < v(z,t) < K for (z,t) € R%. By some simple
computations, we have

Gv](z,t) — Gu](z,t)

+oo
= (b—a)[v(z,t) —u(z,t)] + d[ Jo()v(x —y,t) —u(z —y,t)|dy
+oo +oo
—blv(z,t) — u(x,t)] /0 [ F(y,s)v(z —y,t — s)dyds
“+o0 “+o0
+b[1 — u(z, 1)) /0 /_ F(y, s)[v(z —y,t —s) —u(x —y,t — s)]dyds
+oo +oo

> [(b —a)— b/0 /_Oo F(y,s)v(z —y,t — s)dyds} [v(x,t) —u(z,t))

> [(b —a) —bK /0+00 /_—:O F(y, s)dyds] [v(z,t) —u(z,t)] =0,
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t) > Glu|(z,t) for all (z,t) € R2. Moreover, for any

which implies that G[v](z,
,K]), due to the above nondecreasmg property of G, we

u € C(R x [k,+00),[0
obtain

0 < Glul(z,t) < G[K](=,1)

“+oo “+o0
— (b a)K+dK/ (y)dy + b(1 — K/ F(y, )dyds
=0b-—a)K+dK+b1-—K)K=(d+bK
The proof is complete. ([

Theorem 2.2 (Existence and Uniqueness). For any given initial functions ¢ €
C(R x (—o00,],[0, K]), (2.1) has a unique solution u(x,t;¢) € C(R?, [0, K]).

Proof. For u € C(R?%,[0, K]) and ¢ € C(R x (—o00, k], [0, K]), define a set
S = {u € O(R%,[0, K]) : u(x, s) = ¢(x, s) for (x,s) € R x (—OO,H]}
and an operator
b(x, )e—(@+H)(t=)
Hlu)(z,t) = +f,: e @)= Gu](z, s)ds for (x,t) € R x [k, +00),
¢(x,t) for (z,t) € R x (—o0, K.
According to Lemma [2.1] for any u € S, we have
0 < Hu)(z,t) < Ke @) (44 h)K /t e~ (dHD(t=s)qs — K
Thus, H(S) C S. ”
For 7 > 0, define

I, ={ueCR"R): sup lu(z,t)|e” " < +oo}.
(z,t)ERX[K,+00)

It is clear that ' is a Banach space equipped with the norm

[ull» = sup lu(z, t)]e™,
(@) ERx [, +-00)

and S is a closed subset of T'.
For u,v € S, let w(z,t) = u(z,t) —v(z,t) for (z,t) € R x [k, 400), then one has

|Hul(z,t) — H[v](z, )]

=| / e G2, ) — o], )]dyds|

= ‘ //: e~ (d+b)(t=s) [(b —a)w(z,s) + d/;oo Jo(y)w(x —y,s)dy
— bw(z, s) /0+°° /;OO F(y,u(x —y,s — ¢)dyde
+b[1 —v(x, s)] /+OO /+°° F(y, )w(z —y,s — L)dydLi| ds’

SL —(d+b)(t—s) {( —a)|w(z, s) |+d/Jroo (Y |w(z —y,s)|dy
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+o0 +oo
+ blw(zx, s)| / / F(y,u(x —y,s —v)dyde
0 —oo

+oo +oo
wo [ Pl - ys - oldydrJds,
0 — 00
which leads to
|H[u] (2, t) — H[v](x,t)]e”™"

t —+oo
< / @00 L7 (6~ (e, )] + d/ Jo@)w( -y, s)|dy
“+o0 “+o0 -
+ blw(x, s)| / / Fly,)u(r —y,s — L)dydL}
0 —oo
+oo +o0o
+ b/ / F(y, ) |w(z —y,s — L)|€_T(S_L)€_7Ldydb}d8
0 —oo
t +oo +oo +oo
< / e~ (dHbAn)(E=s) 5 [(b —a)+ d/ Jo(y)dy + bK/ / F(y,)dyde
0 —00

—+oo —+oo -
wo [ [ P ayad full,
0 —o00
1

< mu — e @A) — g+ d + DK + b)||w|,
d—l—3b—2a” H
—_—||w]|-.
~ d+b+T
It then follows that
d—+3b—2a
||H(U) - H(U)Hr < m”w”r

d+3b—2a
dorr

Since lim; 4o =0, we can choose g € (0,1) such that

|H(u) — H@)lls < ollw]l- for large 7.

Thus, H is a contracting map. By Banach contracting mapping theorem, H has a
unique fixed point w in I'; if 7 is sufficiently large, which is the unique solution of
(2.1). The proof is complete. O

To establish the spreading speeds and global solutions, we need the comparison
principle for the initial value problem (2.1)).

Lemma 2.3 (Comparison Principle). Let u(z,t; ¢,,) and v(x,t; ¢, ) be solutions of
the initial value problem with initial value ¢y, ¢, € C(R x (—o0, k], [0, K]),
respectively. If ¢, (x,s) > ¢,(x,s) for all (x,s) € R x (—o0, k], then u(z,t; dy) >
v(z, t; ¢y) for all (z,t) € R

Proof. Let w(z,t) = v(z, t; ) —u(x, t; ¢y,) for all (x,t) € Rx [k, 400). By Theorem
2.2, w(z,t) is continuous and bounded. Define &(t) = sup,cp w(z,t) for any t € R.
Hence, @(t) is continuous on R. We shall show that @(¢) < 0 for all ¢ > k. Assume,
for the sake of contradiction, that this is not true. Then there must exist tg > k
such that @(tg) > 0 and

D(tg)e Mot = supw(t)e Mot > p(f)e Mot f € [k, to), (2.4)
t>0
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where My is a constant satisfying My > 2(b — a) > 0. It follows that there exists
a sequence of points {zy, }nen+ such that w(x,,te) > 0 and lim, 400 w(zp,to) =
@(tp). At the same time, select {t, },en+ as a sequence in [k, o] such that

~Motn — max {w(z,,t)e Mot} (2.5)

W(xp, ty)e
tE[k,to)

Then it follows from (2.4)) that lim, 4 t, = to. Since
w(‘rn7t0)6_MUt0 S CU(-'I;TL,tn)e_MOt" S a](tn)e_MOtn S (D(t())e_MUto,
we have
W(n, to)e™ Moto=t) < y(x,, 1) < @(tg)e Moltotn),

Letting n — 400, we obtain lim,, oo w(Xn, tn) = ©(tg). Then (2.5) implies that
for each n € NT,

N

9 — Mot
< = 0
0< (%{w(a:n,t)e } T

- Mow(xn,tn)).

t=t,— t=tn
Thus, we have
Ow(y,t)
M, s tn S 7‘
ow( ) ot t=t,
(d—l—a) $n, +dJ *W(Z‘natn)
+oo +oo
- bw xna / / ya y7 - S ¢’U)dyd5
0
+oo +oo

+ b[l — U Jﬁn, tn, (bu / / y, xn ya )dde

—(d+ a)w(xn, tn) +dJ, xw(zp, t,) + (b —a)o(t,)

+oo +oo
—|—b/ / F(y,s)w(xy, —y, ty, — s)dyds.
(2.6)

By (2.4), we have @(f) < @(to)e Moo= for { € [k, tg). Letting n — +oo in (2.6),
we obtain

Mo (ty) < (b 2a+b/+oo /+Oo F(y, s)e —MOdeds) (to) < 2(b — a)a(to),

which together with @(tg) > 0 implies that My < 2(b — a). That is a contradiction
and indicates that w(z,t) < 0 for (z,t) € R x [k,+00). Note that w(z,s) =
oz, 8) — pu(x,s) <0 for (z,s) € R x (—o0, k]. Therefore, u(z,t; ¢y) > v(z,t; dy)
for all (x,t) € R? and we complete the proof. (]

Remark 2.4. For the initial value problem ({2.1]) with
Glul(z,t) = (b — a)u(x,t) + dJ, * u(z,t) + bF x u(x, 1),

which is actually the corresponding linearized system, we still can obtain the results
on the existence and uniqueness of solution, and the comparison principle, that is
to say Theorem [2.2] and Lemma [2.3] yet hold.
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3. SPREADING SPEED

In this section, we shall establish the existence of the spreading speed for (|1.1)).
To start with, we give the definition of spreading speed.

Definition 3.1. Assume that u(z,t; ¢) is the solution of with the initial value
¢. We call a number ¢* > 0 the spreading speed of , if the following properties
are valid:
(i) for any ¢ > c*,
limsup u(z,t;¢) = 0; (3.1)
t—+o00,|z|>ct
(ii) for any ¢ € (0,c*),
liminf  w(z,t;¢) > K. (3.2)

t—+oo,|z|<ct

Next, we define

A(N )
—+oo —+o0 —+o0
=c\— d(/ J,(y)e dy — 1) +a— b/ / F(y, s)e "Wre)dyds
e 0 —o0
+o00 +o0 +oo
=c)\— d(/ J(y)e MYdy — 1) +a-— b/ / F(y, s)e "wes)dyds.
—0c0 0 —o00

Note that A(0,¢) = a —b < 0 for all ¢ > 0, A(\,¢) — —o0 as A — A by (J1) and
(F1). Moreover, by a direct calculation, we have, for all A € (0,A) and ¢ > 0,

+oo +oo
94(0,¢) =c+ b/ / F(y, s)esdyds > 0,
O 0 —00
+oo +oo
M =X+ b)\/ / F(y, s)se*/\(““)dyds > 0,
dc 0 —o0
AN ¢ Foo _
78; ) *dpQ/ J(y)y*e vdy

—+oo “+oo
— b/ / F(y,s)(y + cs)?e ) dyds < 0.
0 —o00

Based on the above properties of A(A,c¢), we can get the following conclusion
easily.

Lemma 3.2. There exist a positive pair (Ay,c*) such that
OA (A, )

Ay, ") =0, 3\

=0.

Furthermore,
(i) if ¢ € (¢*,+00), then A(\, ¢) = 0 has two different real roots Ai(c), Aa(c) with
0 < A(e) < Ak < A2(e) < A< 400 and

Ao {70 Jor Ae Dale) (o)),
T <0 for A€ [0,M(c)) U (Ma(c), V),

(ii) if c € (0,¢*), then A(A,¢) <0 for all X > 0.
In a recent paper, Xu and Xiao [38] studied the regular traveling waves of (|1.1)).
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Lemma 3.3. Assume that (J1) and (F1) hold. Then for ¢ > ¢*, (1.1) has a unique
positive regular traveling wave u(x,t) = U.(x + ct), while it has no regular traveling

wave for ¢ < c*; forc = c*, (L.1) has a positive traveling wave u(z,t) = Ugx(x+c*t),
and all these traveling waves are strictly increasing, and satisfy

lim U.(€) =0, lim U.(§) =K forc>c".
o0 g—-+oo

Furthermore, limg_, o U, (€)e (¢ = 1 and limg_, o, UL(&)e ™18 = Xy (c) for
c>c*.

In the following, we shall show that ¢* is the spreading speed of (L.1). For
convenience, we take the initial time x = 0 in the rest part of this Section. Since

the proof is rather involved, we shall split it into several steps which are formulated
as lemmas.

Lemma 3.4. Assume ¢ > ¢* and ¢ € C(R x (—00,0],[0, K]). Then the following
statements hold:
(i) if imsup,_, . <o ®(,8)e™ " < 400 for A > Xi(c), then
lim suptﬂﬂx”rgf; u(z,t; 9) = 0;
(ii) if imsup, | o s<o @(,5)eM < 00 for A > Ai(c), then
lim Supt—>+oo,z20;u(x7 t;¢) = 0.

Proof. (i) Define a sequence {u(™ (z,t)},en as
u™ (z,t) = Hu™Y)(x,t) for (z,t) € R?,
with

¢(x,0) for (z,t) € R x (0,400).

By an argument similar to that of Theorem we can obtain that u(”)(m,t) €
C(R2, [0, K1) and lim,, , oo u™ (2, t) = u(z,t) for (x,t) € R x [0, 4+00) is a solution
of .

For any ¢ > ¢*, take ¢1 € (c*,¢). Since limsup,_, ., <o ®(x,s)e " < +oo,
combining the fact u(®)(z,t) € [0, K] for all (x,t) € R?, we can choose M > 0 such
that

u® (z,t) = {c/)(a:,t) for (z,t) € R x (—00,0],

ul® (z, t)e@ralth <O (g He ™ * < M for (z,t) € R?. (3.3)
Without loss of generality, we assume that A € (A1(c), \s), then choose suitable
c1 € (¢*,¢) such that A(\,¢;) = 0. For (z,t) € R x (0,400), by the definition of
uM(z,t) and ([3.3), we obtain
u® (z, t)e Matelth

t
_ efxmclt){u(m(x, Fe—(@+D)t 4 / o~ (d+b)(1—5) [(b — a)u® (g, )
0

+oo
+ d/ J,(y)ul®(z -y, s)ds

— 00

+0[1 — u@(z, )] /0+°<> /_;OO F(y, )u(z —y,s — L)dydL] ds}

t
< e—(d+b+)\cl)t{u(0) (%t)e—m +/ pld+b+Aer)s [(b— a)u(o) (xvs)e—)\(w-&-cls)
0
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+oo
" d/ To(y)ul ( =y, s)e ATyt e 2dy 4 b1 — u(® (2, 5)]

— 00

—+oo —+oo
X / / F(y, L)U(O)({E —vy,8— L)ef)‘(mfy+cl(Sﬂ))ef)‘(?ﬁc”)dydL} ds}
0 —o00

t —+oo
< Mef(d+b+>\c1)t{1+/ old+b+rer)s [(b—a)+d/ Jp(y)e’Aydy

0 —o00

—+oo +oo
+ b/ F(y, L)efA(erc“)dydL] ds}
0 —

oo

M 7(d+b+)\c1)t{1 N eld+b+ie)t _ | {(b ) N d/+oo ; ( ) g
= Me ——|(b—a e
d+b+Aex Y Y

—0o0

+oo +oo
+ b/ F(y, L)Bi)\(erClL)dydb} }
0 _

oo
e(d+b+/\c1)t -1

d + b + )\Cl
Note that for (z,t) € R x (—o0, 0],

- Me’(der*’\cl)t{l + [b Fentd— A, cl)} } — M.

u(l)(x’t)e—/\(ﬁmlt\) — ¢(x7t)e—/\(w+01lt\) <M.
An induction argument yields
u™ (z,t)e N@Helt) < M for (z,t) € R2.
Letting n — 400, we have u(z,t)e~*@+elt) < M. Hence, when < —ct, we have
0 <u(z,t) < Meretalt) < pre=AMe—edt 0 a5t — +oo0.

Thus, we have imsup,_, | o <o u(®,t;¢) = 0, if limsup, _, ., ;<o ¢(, s)e M <
+oo for A > Aq(c).

(ii) By a similar discussion as (i), we can prove imsup,_, | o, ;>0 u(2,t;¢) = 0,
if limsup, | o <o (7, 5)e* < +00 for A > A1(c). We omit the details here and
the proof is then complete. ([

From the statements (i) and (ii) of Lemma [3.4] we obtain that holds. In
order to prove , we shall take the truncating approach to develop a comparison
principle and to construct a suitable sub-solution of (2.3). This method is first
used by Aronson and Weinberger [IJ, 2] and Dikemann [8] for partial differential
equations. Recently, Weng et al. [34], Xu and Weng [37] apply this method to
delay lattice equations.

For any T > 0 and ¢ € C(R?,[0, K]), define

Elo|(z,t,T) = /OT e~ [T G[p] (2, t — s)ds for (z,t) € R x [T, +00), (3.4)

where G is defined by (2.2).

Lemma 3.5 (Comparison Principle). Let ¢ € C(R?, [0, K]) be such that for any
t>1T, suppp(x,t) ={z € R:p(x,t) #0 for all t € [T,t]} is bounded and

Elo)(z,t,T) > @(x,t) for all (z,t) € R x (T, +00). (3.5)
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If there exists to > 0 such that the solution u(x,t) of (2.3) satisfies u(z,t9) > 0
and u(z,tg +t) > p(x,t) for all (x,t) € R x (—o0,T], then
u(z,to +1) > o(x,t)  for (z,t) € R (3.6)
Proof. Define t = sup{t > T : u(z,to +t) > @(x,t) for all z € R}. We shall show
that £ = +00. Otherwise, if < 400, then there exists a sequence {(2n,tn)bnent
such that (a) x, € suppp(-,t,); (b) t, — & as n — +oo; (c) 0 < u(xp,to +
tn) < ¢(zn,t,). By the boundedness of supp p(x,t), we can obtain that {x, },en+
contains a converge subsequence {Z,, }ren+ such that {z,,} — & as n — +o00. By
(a) and (c), & € supp (-, 1) and
i, to 1) < (2, ) (3.1
On the other hand, since ¢ > T, ty > 0, by (2.3), (3.5) and the definition of ,
one has

. to+t .
u(®, to + 1) = u(i, to)e™ (@O to+D) 4 / el == Qy) (&, 5)ds

to
>/ e(d+0)(s= t)G [u](&, s+ to)ds
0
/e_(d+b)sG (&, 4 to — s)ds
0
T
/0

e[S Qlu) (2,1 + to — s)ds

=

which contradicts 1) Hence, t = +0o0 and we complete the proof. O

Define the multivariate function

T
K.(h,T,1,X,\) = / e~ (dFb+Ac)s a)+d / y)e Mdy

+h/ / F(y,¢) y+c‘)dydL}ds

_ o= (d+b+A0)T

X
= fb-a)+d [ J(y)evd

+h/ / (y,0)e e M y“L)dydL}

Lemma 3.6. For any ¢ € (0,c¢*), there exists T >0, h € (0,b),1>0 and X >0
such that
Ko(h,T,1,X,\) >1 for AeR. (3.8)

Proof. Obviously, when A > 0, for any 7' > 0, h € (0,b), ] > 0 and X > 0, we
obtain

X _
d [Zy Jp(y)e dy

>
K.(h,T,1,X,\) > e

[1 _ e—(d+b+)\c)T]
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X _
_ dfy 7, Ay 4 eky)dy[ - (ahbeAaT)
d —|— b+ Ac
u[l _ e*(derJr)\c)T]
d+b+ A )
Since
X
dfOp—/\ydy _ o= dHbEX) Ty dfo Tp(y)yedy _
(I—e )= lim = +o0,
Aﬁ+oo d+b+ A Atoo c
we obtain

lim K.(h,T,l,X,\) =400
A—+o0

Then by the continuity of K.(h,T,l, X,)\), we can choose A\g > 0, Tp > 0, Iy > 0,
Xo > 0 and by € (0,b) such that
Kc(h,T,LX, A) >1 for A > )\07 T >1T, > lo,X > Xo, h e (bo,b)

If (3.8)) is not true, then there exist sequences {hy }nen+, {Tntnent, {ln}nen+,
{Xn}n€N+7 {)‘n}nEN+ satisfying h, — b, T, — +o0, l, — 400, X, — +00 as
n — 400 and A, € [0, Ag) such that

Kc(hnyTnalnaXn;)\n> < 1. (39)

Since A, € [0,)g) is bounded, we can choose a subsequence {\,,} such that
limg— 400 An, = A € [0,X0]. According to (ii) of Lemma (3.2, A()\,¢) < 0 for
€ (0,c¢*). Then by a direct calculation, we have
Kc(hnaTn;lanna)\n)
1 — e—(d+b+2n0)Tn

Xn
T A bt e “hﬂ”+d/ Toy)evdy

+ hy / / F(y,t)e (y+”)dydb}

- - _ *A’l/ - —X(y+et)
d+b+)\c{(b a)+d[me() derb/O [wF(y,L)e dydL}

_d+b+Ae— AN )
B d+b+ e

which contradicts to (3.9). Hence, K.(h,T,l,X,X) > 1 for A > 0. On the other
hand, for A < 0, by L'Hospital’s rule, we have

>1 asn— +oo,

1 — e~ (d+b+Ac) X Ay
lim K.(h,T,,X,\)= lim —MmM —d
ym K(h,T,},X,2) = lim d+b+ A d/o Toly)edy

X
= )\lim [Te*(‘”b*)‘c)Td/ J,(y)e M dy
——00 0
X (&
dfo Jp( )\ydy[ (d+b+Xe)T _
c
By a similar discussion with A > 0, we can obtain K.(h,T,l,X,\) > 1 for A < 0.
The proof is complete. O

]} = +00.
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Define a function with two parameters w € R and 3 > 0 as

e “sin(pz), x €10, 5],

0, z€R\[0,7]. (3.10)

f(x’w7/3):{

Lemma 3.7. Assume that ¢ € (0,c¢*). Then there exist T > 0,1 > 0, X > 0,
Bo >0, h € (0,b) and a continuous function @ = w(B) defined on [0, By] such that

/T ~(d+b)s [(b a)f(z+ cs) +d/ Jo(y) f(z +y + cs)dy
(3.11)
Jrh// x+y+cs+CL)dydL]ds>f() for x € R,

where f(x) = f(z,w(5), B).

Proof. Define the function
b'e

T
L()\) :/ e~ (d+b)s [(b ) 7/\cs+d/ Jp(y)efk(ercs)dy

-X

+h / / Ayres+er) dydb]d

If X is a real number, then by Lemma [3.6] we have
L) = Ko(h, T,1, X, \) > 1.
If X\ is a complex number w + i3, then
L(w+1if) = Re{L(w +if)} + t Im{L(w + i) },

where

Re{L(w+i8)} = / ~(@492 [ — a)e=* cos(Bes)

+d / To(y)e™" @) cos[B(y + cs)]dy

+h / / w(y+es+er) cos[ﬂ(erchrCL)]dydL} ds,
Im{L(w +if)} = /O e~ (d+)s [(b—a)e wes gin(Bes)

+ d/X Jp(y)e™ W) sin[B(y + cs)ldy

+ h/ / wlytested) gin[B(y + s + CL)]dydL] ds.

For A € R, direct computation leads to
X

T
L//(/\) :/ e*(der)S |:(b — a)(cs)Qe*)\CS + d/ Jp(y)(y + 68)267/\(y+cs)dy
: o (3.12)

I X
+ h/ / F(y,)(y+ecs+ CL)QefA(erCSJFCL)dydL} ds > 0.
0 J-x
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Combining the fact that limjy— 4o L(A) = 400, it follows that L(A) can achieve
its minimum, say at A = wg. Thus

L' (wg) = 0. (3.13)
Now we define the function

_ [Im{L(w+i8)}/8 for B0,
(w,f) = {L’(w) for g =0.

By (3.12) and (3.13)), we have g(wp,0) = L'(wp) = 0 and W = L"(wp) > 0.
Hence, the implicit function theorem implies that there exists a #; and a continuous
function w = w(p) defined on [0, 8] with w(0) = wy such that g(w(B),5) = 0 for
B €10, 51]. Hence,

Im{L(w(B) +iB8)} =0 for B €0, ] (3.14)
Since L(wp) > 1, we can choose (2 € (0, 1) sufficiently small so that
Re{L(w(B) +1i0)} > 1 for B € [0, ] (3.15)

Let 0 < B < By := min{ﬁg,m}. Then for |y| < X, s € (0,T), ¢ € (0,1),
x € 0, 7/3], we have

2
—B< X<x+y+cs<x+y+cs+cc<ﬁ+X+c (T+1) < %

Since sin(8z) < 0 for z € [-3,0] U [3, Fﬂ] from and (3.15), for z € | » 5l

we have

T
/ e~ (d+b)s [(b flx+es) + d/ T+ y+cs)dy
+h// x—i—y—l—cs—f—a)dydb}d
= / —(d+b)s [(b — a)e” PP E+es) gin[B(x 4 ¢s)]
0

X
+ d/ Jp(y)efw(ﬁ)(x+y+cs) sin[B(z + y + ¢s)]dy
e

+ h/ / F(y,)e” PP atytested) gin[B(z 4+ y 4 ¢s + c)]dyde| ds
0 J-x

T
= e_m(ﬁ)””{ / e~ (d+b)s [(b — a)e_“?(mcs sin[B(x + ¢s)]

0

X
+ d/ J,(y)e PP WFes) sin[3(x 4 y + es)]dy

+ h/ / F(y,)e PP rested gin[B(z + y + s + CL)]dydl,} ds}

= e "% sin(Bz) Re{ L(w(B) +i8)} — e~ *!)* cos(Bx) Im{L(w(B) + iB)}
> e "B gin(Bz) = f(x).
The proof is complete. O
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Consider the family of functions
R(z,w,3,7) := max f(z +n,w, B)
nz—x

Mf for x < v+ pu, (316)
= fl@—vwp) fory+p<az<y+j,
0 foerry-f-%

where My = My(w, ) = max{f(z,w,B3) : € [0, %]} and pu = p(w,B) is the
maximum point of My. Now we give a lemma which in fact provides a sub-solution

of (2.3).

Lemma 3.8. Assume that ¢ € (0,¢*). Then there exist T > 0, 8 > 0, w € R,
A >0 and §y > 0 such that for any t > T and § € (0, ),

B (2,1, T) > Sp(a, 1), (3.17)
where E is defined by (3.4) and p(z,t) = R(|z|,w, 3, A+ ct) for (z,t) € R2.

Proof. According to Lemma we can choose T > 0, 1 > 0, X > 0, 3y > 0,
h € (0,b) and a function w = w(B) defined on [0, ] such that (3.11) holds.
Note b(1 — u) > h for u € (0,1 — h/b). Take A = 2X + ¢*I and choose dy €

(0, min{1, &= bM ). Suppose that ¢ € (0,dy) and ¢ > T. Then
E[dp)(x,t,T)
—+oo
=5 [ @m0t -9 +d [ e -t - oy
+oo +oo
+ b1 = dp(x,t — s)] /0 [m F(y,)p(x —y,t —s— L)dydL] ds (3.18)
T b'e
o A R Rl AU CRR Y
0 -X

—|—h/l /X F(y,)p(x —y,t —s— L)dydb}ds.
0 J-x
We now consider the following four cases.
Case 1. |z|<A4+pu+ct—T-1)—-X,s€[0,T],t€1[0,1], |yl < X. In this case,
e —y| <A+pu+ct—-T-1)<A+p+clt—s—1t) <A+ pu+c(t—s).
It then follows from (3.18)), Lemma [3.6) and the definition of ¢(z,t) that
E¢l(z,t,T)
_ e (d+b)T
>6Mf[(b—a —I—d/ dy+h// F(y,t dydL —air
= M K.(h,T,1, X,0)
> My > dp(x,t).
Case 2. A+p+c(t—T-1)—-X <z <A+ 5+ ct. With the evenness of J,(+)
and F(-,¢), by Lemma we have

T
E[6o)(z,t,T) > (5/0 e~ (d+0)s [(b —a) max  f(|z|+n)

n>—A—c(t—s)
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d —
+ /_XJp(y)nz_gl_az%t_s)f(lw yl +mn)dy

+h// F(y,¢ max r —y|+ n)dyde|ds
] (v )nz*A*C(FH)f(I yl+n)dy

T
= 5/ e~ (d+b)s [(b —a) _max flea+cs+n)
0

n>—A—ct

X
+d/ Jo(y) max f(z—y+ecs+n)dy
n>—A—ct

—A—c

_ 5/ —(d+b)s [(b a) >max flea+cs+n)

n>—A—ct

+h/ / _max tf(ac—y—i—cs—i—ca—l—n)dydL}ds

—|—d/ max f(x—l—y—!—cs—l—n)dy

+h/ / _max ,tf(x—i—y—l—cs—l—a—i—n)dydb}ds

>0 max f(x—i—n)
n>—A—
SR 0,6, A+ ct) = ().

Case 3. —(A+ §+ct) < —(A+p+e(t—T-1)— X). In this case,

T
Elo¢](z,t,T) 25/ 6_(d+b)s{(b—a) max f(|z] +es+n)
0 n>—A—ct
X
+d/ Jo(y) max - (|33 —yl+cs+n)dy
n>—A—

+h/ / max (|a?—y\ +CS+CL+’I])dydL}dS
_ —(a+b)s [ (g
5/0 e [(b a)nzrgiﬁgctf(lwl +es+n)

v [ a0) e floa sy os )y
n>—A—ct

—l—h// _max f(—x+y+cs+c¢+n)dyd¢}ds

>
0 Jmax f(= x+77)

=0 e, fllal +) = ol ).

Case 4. |z[ = A+ § + ct. By (3.16), we have ¢(z,t) = 0. Hence, (3.17) holds
naturally.

From the above discussion, we obtain (3.17)) and the proof is complete. (]
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Lemma 3.9. Define a recursive sequence {U™ (z,t,1, X)}nen by
Ut (1, X)

t
= e + —a € t*S + o x tis
/ (d+b)s [(d b—a) U™ (2t — 5,1, X) +b[l — U™ (2t —s,1, X)]

0
l X
// U™ (z—y,t —s—1,1,X)dyde|ds  forz e R, t > 0;
0 —-X

X

and
U™ (z,t,1,X)=0 forzeR, t<0,
with
Uz, t,1,X) € [0,K) for (z,t) € R2
Then for any € > 0, there exist t(¢) > 0, I(€) > 0, X(€) > 0 and N(¢) € Nt such
that
U™ (z,t,1,X)> K —e fort>n(t(e)+1), 1 >1(e), X > X(e), n> N(e).

Proof. Since U (z,t,1,X) € [0, K) and 1 —e~ (@0t € (0,1) for ¢ > 0, an induction
argument implies that U™ (x,¢,1, X) € (0,K) for all (z,t) € R x (0,+00) and
n € N*. Noting that b(1—v)v > av for v € (0, K), (d+b—a)v+b(1—v)v > (d+b)v
for v € (0, K). Taking any € € (0, K), we obtain
) (d+b—a)v+b1—-v)
i f{
(d+bv
Furthermore, by choosing £(¢) € (0,1), we can obtain
E@[d+b—aw+bl—v)v] > (d+by forve (0,K —e€. (3.19)
Define a sequence {g, }nen as follows:
_ &)
Qn—i-l — d+ b
Then the following statements hold:
(a> If 0 < gn < K —¢, then g1 > gn;
(b) If go > K — ¢, then gni1 > $9[d+b—a+b(l— K +e)](K —¢) > K — ¢,
since h(v) = [d+ b — a + b(1 — v)]v is increasing in v € [0, K).
Next, we shall show that ¢, > K — € for large n. In fact, if not, then we can
obtain that ¢, < K — € for all n € N. By (a), {¢n}nen is monotone increasing and
bounded, hence lim,,—, ;o ¢, < +00 exists and denoted by g, then we have
£(e)
=——=[d+b— b(1 —
¢= g pld+b—at+bd—qlg,
which contradicts to (3.19). Hence there exists N(e) > 0 such that g, > K — € for
all n > N(e). B B
By (F1), we can choose t(e) > 0, l(¢) > 0 and X (e) > 0 sufficiently large such
that

:VG(O,Kfe]}>1.

qo =U(O)(x,t,l,X), [d4+b—a+b(1—qn)gn. (3.20)

_ (&) rX(e)
(1 — e—(d+b)t(e)) / / F(y,t)dyde > £(e).
0 —X(e)

For any [ > I(¢), X > X (¢), if U™ (x,t,1, X) > g, for some n and all t > n(t(e)+1),
then for all t > (n + 1)(#(e) + ), we can obtain

)
Ut (1, X)
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t(e) l(e) pX(e)
> / e~ (@3 [(d +b—a)+b[1l— g / / F(y, L)dydL:| an
0 X (€)

1— —(d+b)t(s) l(e X(e)
= — 1—
— [(d+b a) +b(1 — g / / o dydL}
> 20 (01 h— a) £ 5(1 - g))an = g

By ([3:20), U© (2,t,1, X) = qo, then induction leads to
U(n)(l’,t,l,X) Z qn > K - €,
for I > i(e), X > X(¢), n > N(e) and t > n(t(e) + ). The proof is complete. O

Theorem 3.10. Suppose that ¢(x,s) € C(R x (—o00,0],[0, K]) and supp ¢ = {z €
R: ¢(z,s) # 0 for s <0} is compact. Then for any c € (0,c¢*), we have

liminf wu(z,t;¢) > K. (3.21)

t——o0,|z|<ct

Proof. Let ¢q € (0,c*), by Lemma there exist T >0, >0, w e R, A > 0 and
dp > 0 such that for any ¢t > T and ¢ € (0, dp),

E[o¢)(z,t,T) = dp(, 1),

where p(x,t) = R(|z|,w, 3, A + cat) for (z,t) € R%

Since supp ¢ is compact, by , there exists to > 0 such that u(z,¢; ¢) > 0 for
(z,t) € R X [to, +00). In the following, we denote u(z,t; @) by u(x,t) for simplicity.
Then we choose d; € (0,dp) sufficiently small such that

01g < K and wu(z,t+1ty) > dhe(x,t) for (z,t) € supp p(x,T) X (—o0, T,

where ¢ is defined in Lemma and supp ¢(z,T) is bounded from Lemma
Hence, by Lemma [3.5

u(z,to +1t) > de(x,t) for (z,t) € supp(x,T) x R.
Then combining the definition of ¢(z,t), we have
u(z,to+1t) > 61 My for |z| < A+cot+p, t €R. (3.22)

By (2.3)), we have

t+to
u(z,t 4 to) > / e—(d+b)(t+to—S)G[u] (z,5)ds
0

¢ X
> / e~ (d+b)s [(b a)u(z,t +tog —s) + d/ Jo(y)u(z —y,t+to — s)dy (3.23)
-X
+b[1 —u(z,t +to — s)] // x—y,t—kto—s—L)dydL}ds

Put U (z, t, l,X) = 61 My and define UM (x,t,1,X) as Lemma By induction

and using ) and (| -7 we obtain

u(x,t+to) > U™ (2,t,1,X) for x| < A+ cot +p—nX, t >0. (3.24)
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Then from Lemma (3.9 and (3.24), for any e > 0, there exist i(e) > 0, I() >
X(e) and N(e) € N+ such that u(z,t) > K —e for t > to+ n(t(e) + 1
lz] < A+ ea(t —to) + . — N(e) X (e). Since ¢z > ¢, we define

1

Cy — C

) and

t = max {to + n(f(e) + 1),

(N(e)X(€) + cato — A — )}

Then by (3.24)), we obtain
u(z,t) > K —e fort >t |z| < ct.
Hence, with the arbitrariness of €, we have

liminf w(z,t;¢) > K

t——o0,|z|<ct

The proof is complete. O

Remark 3.11. Combining Lemma[3.4] Theorem and Definition we obtain
that c¢* is the spreading speed of model (1.1). From Lemma ¢* is uniquely
determined by the system

OA(N ¢)
o\
In fact, comparing with Theorem 3.2 of Xu and Xiao [38], we know that the spread-
ing speed ¢* coincides with the minimal wave speed of monotone regular traveling
waves for model . By Lemma we know that ¢* depends on the nonlocal
dispersal distance p and dispersal rate d. Moreover, using the evenness of J, we

can obtain that

Al €) =0, — 0. (3.25)

de* A [y PAY _ emPA)d
c f0+oo +i)(e c )Jdy >0 for p >0,
dp A + DA, [ [T sF (y, s)em A= wtets)dyds
+oo Y
* J(y)e ¥dy — 1
de” _ Joo J0) Y >0 for d > 0,

dd A, 4+ DA [ [T 5F(y, s)e M He ) dyds

which indicates that the stronger the diffusive ability of the infectious host is, the
greater the speed at which the disease spreads.

4. GLOBAL SOLUTIONS
In this section, we have another two assumptions on the kernel functions J and
F:
(J2) There exists a positive constant M; > 0 such that

+oo
/ |J(y + h) — J(y)|dy < Myh for all h > 0.

—00

(F2) There exists a positive constant My > 0 such that
—+o0 +oo
/ / F(y+h,s) — F(y,s)|dyds < Mah for all h > 0.

Remark 4.1. The conditions (J2) and (F2) are used to prove Lemma [£.4] which
imply the sequence of solutions of Cauchy problem are equicontinuous in . In
fact, if J' € L'(R), F}(y,s) € L'(R x [0,+00)), then (J2) and (F2) hold naturally
(see [16, [32])). In other words, (J2) and (F2) are relatively weak.
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4.1. Existence of spatially independent solutions. In this subsection, we con-
sider the corresponding spatially independent equation of (|1.1)):

u +oo
ddit) = —au(t) + b[1 — u(t)] /0 f(s)u(t — s)ds, (4.1)

where f(s) = fj;o F(y, s)dy. Define

+oo
AN = +a- b/ f(s)e *4ds.
0

Obviously, A(0) =a—b < 0, A(+00) = +o0, and A'(A) =1 +bf0+oo sf(s)e™**ds >
0. Combining these facts, we can conclude that A(A\) = 0 admits one and only one
real root A* such that A(A) < 0 for 0 < A < A* and A(A) > 0 for A > A*.

Theorem 4.2. Assume that (F1) holds. Then (4.1) admits a heteroclinic solution
O(t) satisfying

O(+00) =K, O(t) < Ke ', Jim Ot)e Nt =K, ©(t)>0 forteR,
where \* is the unique positive real root of A(X) = 0.

Proof. Note that (4.1) is similar to [19, (1.2)] with f(s) = X;ezF;(s). Following
the same process with the proof of [19, Lemma 1.1], we can prove this theorem
easily and so we omit the details here. O

4.2. Existence and qualitative properties of global solutions. In this subsec-
tion, we shall derive the global solutions by combining the traveling wave solutions
and the spatially independent solution of .

For any n € N, ¢1,¢0 > ¢*, 71,7%,73 € R, and x1,x2,x3 € {0,1} satisfying
X1+ X2 + X3 = 2, denote

¢"(z,s) = max{x1Ue, (z + c15 + 711), X2Ue, (=2 + c25 + 72), x3O(s + 13)}  (4.2)
for (z,s) € R x (—o0, —n] and
u(z,t) = max{x1Ue, (z + c1t + 71), X2Uc, (=T + cat +72), x3O(t +73)}  (4.3)
for (x,t) € R% For (z,t) € R?, define
I (2,t) = x1Ue, (z + c1t + 71) + x2Be, e (ea)(—zteattya) X3K6)\*(t+’Y3)’
(2, t) = 1B, eAr(e) (@ +erttyn) + x2Us, (=2 + cot + 2) +X3K6A*(t+vs)’
Ty (1) = x1 Be, M EDEHALT) Ly B eMi(e)(otestin) 4y 0t + ),

where B,, = inf{B > 0 : B > U, (£)e 1 (%)¢ for any ¢ € R} and ¢; > ¢* with
i =1,2. Obviously, by Lemmawe have B, > limg_, o, U, (€)e M ()¢ = 1.

Let u™(x,t) be the unique solution of the Cauchy problem with initial
value ¢"(z,s) with (x,s) € R x (—o0o,—n]. Note that u™(x,t) < u"*!(z,t) for
(z,t) € R x [-n,+00) by (2.3). Now we give the following estimates of u"(x,t) for
(x,t) € R X [—n, 400).

Lemma 4.3. Suppose that both (J1) and (F1) hold. Then u™(z,t) satisfies that
u(e,t) < w(e,t) < min{ K, T (2,6), (2, 1), T, 1)}
for all (z,t) € R x [—n, +00).
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Proof. According to Theorem [2.2] and Lemma we have u(z,t) < u"(z,t) < K
for all (x,t) € R x [-n, 4+00). Then we only need to illustrate

u™(z,t) < min{ll; (z,t), Da(z, t), 3(z,t)}, 2 €R, t > —n. (4.4)

Here, we only prove u™(z,t) < IIj(z,t) for all x € R and t > —n. The other
cases can also be treated in a similar way. We first assume that y; = 1. Set

W™(z,t) =u"(z,t) —Us(x+cit+7) forzeR, t>—n.

By a direct calculation, we obtain

0 n

=d(J, « W" —W")(x,t) + bF » W"(z, 1)

+oo +oo
+bUc1(9C+01t+’Yl)/ / F(y78)UCI(.’E—y—|—Cl(t—S) +71)dyd8
0 —o00

+oo +o0
— bu"(m,t)/ / F(y,s)u™(z —y,t —s)dyds, z€R, t> —n.
0 —o0

Since u"(x,t) > wu(x,t) > U (x + c1t + 71) for any (z,t) € R x [—n,+00), we
have W™ (z,t) > 0 for all (z,t) € R X [-n,+00). In addition, by the translation
invariance, we obtain u™(z —y,t —s) > U, (x —y+c1(t —s)+ 1) for any z, y € R,
t > —n and s > 0. Thus, for all (z,t) € R x [-n, 4+00),

0
SN, 0) < (T, W W), 1)+ OF W, 1), (4.5)
Let 9(z,t) = yoBe,eM () (mateat+r2) g KA (t473)  Then we can easily verify
that ¥(z,t) satisfies
9
ot
O(z,5) = xoBeye (D oteastnn) 4y geA (+19) g e Rt < —n.

W, t) = d(J, x 9 —9)(x,t) — ad(x,t) + bF x Iz, 1), (4.6)
By the definition of ¢™(z, s), combining Lemma and Theorem [4.2) we obtain

W(z,s) = ¢"(x,8) = Ue, (x + c15 +711) < x2Ue, (=2 + c25 +72) + x30(s + 73)

< XQBczeAl(cz)(*m+czs+’yz) + X3Ke>\*(s+’y3) =9(x,s), zER, s<—n.
Then through Remark [2:4] we have
W™ (2, 1) < X2 Be,eM (D (7Fe2t42) oy A (0433) - e R, ¢ > —n.

Hence, we obtain
u(w,t) < Uy (2 + crt +71) + X23626A1(Cz)(—w+02t+72) + y3KeN (ts) = I, (z,1),

for all (z,t) € R x [-n, +00).

For x1 = 0, using the fact that x1 + x2 + x3 > 2, we have x2 = x3 = 1. That is
u"(x,t) < Bgye(e2)(mateatinz) 4 geA (t495) the conclusion holds obviously and
so we complete the proof. ([l

Next, we need to provide some a priori estimates uniform in n of u”(x,t), which
allow us to pass to the limit as n — 4o00. From Lemma we can get that
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|U!| < M. Then by (4.2), we know that ¢"(x, s) is globally Lipschitz in z and
there exists a positive constant C' which is independent of n such that

|p" (21, 8) — ¢" (22, 8)| < Clry — 2| for all 21,22 € R and s < —n.

Lemma 4.4. Suppose that (J1)-(J2), (F1)-(F2) hold. Let u™(x,t) be the unique so-
lution of the Cauchy problem with initial value ™ € C(R x (—o0, —n], [0, K]).
Then there exist positive constants C; > 0 (i = 1,2, 3,4) which are independent of
n such that for any v € R and t > —n,

ug' (z, )] < C1, - Juf (2, £+ h) — uif (2, )] < Cah, (4.7)
[u™(x + h,t) —u™(z,t)| < Csh, |uf(x+h,t) —up(z,t)] < Cih (4.8)
for any h > 0.

Proof. From (€2.1)), and applying Theorem[2.2]and Lemma|2.1] we obtain |u}'(z,t)| <
2(d+b)K := (4 for any (x,t) € R x (—n, +00) easily. For any h > 0, by (L.1) , we
have

|u?(x,t + h) - u?(m,t)\

—+oo
+oo “+oo
+b/ / F(x—y,s)‘u”(y,t—l—h—s)—u”(y,t—s)’dyds
0 —o00

+oo +oo
”(;mt—i—h)/ / F(z —y,s)u™(y,t + h — s)dyds

+oo +oo
—u” xt/ / Flxz—y,s)u "(y,t—s)dyds‘
<2(d+b)(2d+a+b)Kh

+oo  ptoo
+ blu"(x,t + h) —u”(m,t)|/ / Fz —y,s)u"(y,t + h — s)dyds
0 —o0o

+oo +oo
+bu"(x,t)/ / F(z —y,s)[u"(y,t + h —s) —u"(y,t — s)|dyds
0 —oo

< [2(d +b)(2d 4 a + b) K + 4b(d + b) K?]h := Cyh,

for any x € R and ¢ > —n.
We now consider (£.8). Let w"(z,t) = u™(z + h,t) — u"(x,t). Then by [2.I)), we
have
wy' (z, 1)

+oo
—d / oy + h) — Tyl (2 — 3, t)dy
d+a+b/+oo/+oo (y,s)u"(x + h —y, )dyds)w”(x,t)

+oo +oo
—|—b/ / F(y+h,s) — F(y, s)Ju"(z —y,t — s)dyds

(4.9)

+oo +oo
—bu"( a:t/ / F(y+h,s)— F(y, s)u™(z — y,t — s)dyds.
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By (J2) and (F2),

+o0
/ oy + B) — Ty (z — g, t)dy < 20

h,

+oo +o<>
/ / Y+ h,s) — F(y,9)lu"(z — y,t — s)dyds < K Myh.

Now, let v(t) be the solution of the Cauchy problem
V' (t) = —(d+b)u(t) + (dK M, /p +bK My + bK*Ms)h, t> —n,

4.10
v(—n) = Ch. (4.10)
Then
2
0< ’U(t) _ e—(d+b)(t+7z)0h + (dKM1/p +bKMs + bK Mg)h (1 B e—(d+b)(t+n))
d+b
dKM;i/p+ bK My + bK?M,

§(C+ =5 )h::Cgh.

From (£.9)), we know w"(z,t) satisfies
wi(z,t) < —(d+b)w"(x,t) + (AK My /p + bK My + bK?My)h, t > —n,
w"(z, —n) = u"(z + h,—n) —u"(z,—n) < Ch.
Then the comparison method of ODE implies that for any x € R and ¢ > —n,
[u™(x + h,t) —u™(z,t)| = |w"(z,1)] <v(t) < Csh.
Moreover, for x € R and ¢ > —n, we have

|ui (z + h,t) — uy (z,1)]

\ /+OO (+ ) — L)z — g, t)dy — (d + a)[u" (@ + h, t) — u"(z, )]
+b/+°°/+oo (y+ hys) — Fly, )lu™(@ — .t — s)dyds

b (@ + By ) — u(x, ) /ﬂo/ﬂo (o $)u™ (2 + b — g, — 5)dyds

~ bun xt/m/ﬁo (y+ hys) — Fy, )" (z —y, t — s)dyds
<d/+OO|J (y+ h) — Jy@)lu™(@ — v, )dy + (d + a)lu™(z + b, t) — u"(z,1)]
+b/+oo/+°o (y+ Ry s) — Fly, s)lu™(@ — .t — s)dyds

bl (@ + by t) — u” (2, ) /;oo /_:o Fly, s)u"(z + h — y, t — s)dyds

+oo +oo
bz, ) / / F(y+ hys) — Fly, )" (z — y,t — s)dyds
0 —00

+(d+ a)Cs + bK My + bECs + bKQMg)h = Cyh.

The proof is complete. O
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Theorem 4.5. Assume that (J1)-(J2), (F1)-(F2) hold. Then for any ci,co > c*,
71,72,73 € R, and x1, X2, X3 € {0,1} satisfying x1 + x2 + x3 > 2, there exists an

global solution w(x,t) 1= Ucy cy.v1 72,751 .x2.x5 (&> 1) of (L.1) such that
max{x1U, (z + c1t + 1), x2Ue, (=2 + cat +72), x30(t +73)} (4.11)
< wu(z,t) < min {K, Ty (x,t), Ma(x,t), Oz(z,t)}  for (z,t) € R '

Furthermore, the global solution has the following properties: (i) us(x,t) > 0 for
any (z,t) € R? and u(z,t) — K ast — +oo uniformly in x.
(ii) If x3 =0, then

, lim sup |u(z,t) — U, (z 4+ 1t +m)| =0, (4.12)
—T >0
lim sup|u(x,t) — Ue, (—2 + cat +72)| = 0. (4.13)

t—— 00 £<0
(iil) If x1 = 1, then lim,—, o sup,syu(x,t) = K for any feR.
(iv) If x2 = 1, then lim,—, oo sup;>yu(w,t) = K for any feR.
(v) For any |z| < Xo with any Xo € RT, u(z,t) = O(ec1e2A)t) g5t — —o0,
where

min{c1 A1 (e1), a1 (e2), A}, if (xa, x2, x3) = (1,1,1);

w _ Jmin{eidi(er), e2M1(e2)}s if (x1,x2,x3) = (1,1,0);
M) = tmingeov ), ), i (oo xs) = (1,0,1);
min{CQ/\l(CQ),A }, Zf (X17X27X3) - (03 171)'

(vi) u(z,t) is nondecreasing with respect to v;, i = 1,2,3 for each pair of (z,t) €
R%.  Moreover, u(x,t) converges to K as v1 — +oo (or as vo — oo, or as
v3 — +00) uniformly for any (x,t) € R x [t,+00) for any t € R.

Proof. By Lemma we have
w(x,t) < u"(x,t) < min{K, I (z,t), a(x, t), M3(x, t) },

for any x € R and ¢t > —n. By the priori estimates in Lemma[4.4] the Arzela-Ascoli
Theorem implies that there exists a subsequence {u™* (z, )} of {u™(x,t)} such that
u™ (x,t) converges to a function u(x,t) uniformly in (z,t) € R X [—ng,+00) as
k — +oo. Following the fact that u"(z,t) < u"*(xz,t) for (z,t) € R x [-n, +00),
we have lim,, oo u"(2,t) = u(x,t) for any (x,t) € R%. Clearly, u(x,t) is an global

solution of (1.1)) satisfying (4.11)).

Next we shall illustrate the properties (i)-(vi) of u(z,t). We firstly prove (i). For
any ¢ > 0 .2 € R and t < —n, since both U.(-) and ©(-) are strictly increasing, we
have

9" (z,s)
<max{x1U¢ (x +c1(s+ 1) +71), X2Uer (—x + ca(s + 1) +72), x3O(s + ¢ +73) }
=¢"(z,s+1).
Then by Lemma we obtain
u"(z,t; 9" (,-)) < u"(z, 0" (2, + 1)),

for € R and t > —n. On the other hand, for any + > 0, z € R and s < —n, one
has

P (x5 1) Su(2,5+ 10" (2, -)).
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Hence, using Lemma [2.3] again, we obtain
u(x, b ¢ (@, ) < ut(z bt (a0 ¢n (e, ) = u (Tt + o (a),

which indicates that u™(z,t; " (z,-)) is increasing in t € [—n,+o0) for each z € R
by the arbitrariness of ¢ > 0. Since u(z,t) = lim,, ;o u"(z,t) for any (z,t) € R?
we obtain that u(x,t) > 0 for any (x,t) € R2. In addition, for any (z,t) € R?, we
have

u(x,t) = d(J, * up — ug)(z,t) — aug(z, t) — bug(x, t)F * u(z,t)
+b[1 — u(z, t)|F x ug(x,t)
(d+a+bF *u(z,t))u(z,t)
(d+a+bK)u(z,t) = —(d + b)ug(z, t).
By using ODE theory, we obtain
w(x,t) > w(x,r)e”@HE for ¢ > rand z € R, (4.14)

Zi
2_

where 7 € R is fixed. Suppose that there exists a point (zg,t9) € R? such that
ug(xzo,to) = 0, then from , we have u;(zo,t) = 0 for t < tg, which indicts
that lim;,_ o u(zo,t) = u(zo,to) > 0. However, we know lim; ,_ u(xo,t) = 0 by
([@.11)), which leads to a contradiction. Hence, u;(x,t) > 0 for any (z,t) € R?. The
second part of (i) can be derived by (£.1I). Thus, we complete the proof of (i).
Now we verify (ii). When x3 = 0, then x; = x2 = 1. For z > 0 and ¢t € R, by

(4.11)), we have

0 < u(z,t) — U, (x4 cit +71) < Be etrlezatestin) < g ehile)let+z) _,

as t — —oo, which leads to (4.12)). We can also get (4.13) by a similar proof.
For (iii), when x; = 1, by (4.11)), we have

Ue, (x + 1t +71) <ulx,t) < K.

From Lemma we have lim, o U, (x+c1t+7v) = K for t > £ with any £ € R.
Then lim, . o sup,~;u(z,t) = K for any { € R and we complete the proof of (iii).
The argument for (iv) is similar as that for (iii).

For (v), we only illustrate the case of (x1,x2,x3) = (1,0,1) and the other cases
can be illustrated similarly. When (x1, x2, x3) = (1,0, 1), without loss of generality,
we assume that c; A (c1) < A*. By , we have

InaX{UC1 (x + it + fyl)efc1/\1(c1)t, @(t + 73)6761)\1(51#}

< u(x, t)errr(en)t (4.15)

< min{Ke~M 0t T (2 4), Th(x,t), Ty(z,t)}
for (x,t) € R?, where

Hll (1'7 t) = [Ucl (CE +cit+ ’Yl) + Ke,\* (t+73)]efcl)\1(cl)t’

H'Q(:c,t) — [301e>\1(c1)(m+c1t+w1) + Ke**(HVS)]e*Cl)‘l(Cl)t?

Hé(x,t) — [Bc1 eM(er)(@+ert+y1) + @(t + 73)]6—61)\1((31)15.
For each € R, and as t — —oo, by Lemma [3.3] and Theorem [4.2] one has

Ucl (SL’ +C1t+’71)6_C1/\1(C1)t N e)\1(01)(x+’~/1)7

Ot + vz)e” M = Q(t 4 3)e N ()N merdale)t ATy
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1T (z, 1) — eMel@tmn)
ng(x,t) — Bclex\1(c1)(w+v1) > 6>\1(C1)(93+V1)’
Hé(x,t) — BcleAl(m)(m—o—vl) > etlen)(@+y1)

Furthermore, by (4.15)) we obtain
u(z, t)e M)t prale)(@tn) gt oo,

which indicates that u(x,t) = O(ec1 A1) as t — —oo for any |z| < X, with
any Xo € RT. This completes the proof of (v).

Finally, we shall prove (vi). By Lemma and Theorem 4.2, we know that both
U.(:) and O(-) are strictly increasing and U,, (+00) = U, (+00) = ©(400) = K.
Then combining the proof of we can derive (vi). The proof is complete. O

Remark 4.6. The global solutions of derived in Theorem reveal some
new transmission forms of the disease. For example, from (i)-(iv) of Theorem 4.5
we can obtain that the global solution behaves like a traveling wave of which
travels from the right and another traveling wave of which travels from the left.
Specifically, this global solution tends to K as t — 400, and when ¢ — —oo, this
global solution tends to Ue, (x4c1t+71) on « > 0 while it tends to U, (—z+cat+72)
on z <0.
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