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FIXED POINT RESULTS FOR GENERALIZED
a-p-CONTRACTIONS IN METRIC-LIKE SPACES AND
APPLICATIONS

HASSEN AYDI, ERDAL KARAPINAR

ABSTRACT. In this article, we introduce the concept of generalized a-1-con-
traction in the context of metric-like spaces and establish some related fixed
point theorems. As consequences, we obtain some known fixed point results
in the literature. Some examples and an application on two-point boundary
value problems for second order differential equation are also considered.

1. INTRODUCTION AND PRELIMINARIES

The notion of metric-like (dislocated) metric spaces was introduced by Hitzler
and Seda [9] in 2000 as a generalization of a metric space. They generalized the
Banach Contraction Principle [5] in such spaces. Metric-like spaces were discov-
ered by Amini-Harandi [4] who established some fixed point results. Very recently,
Karapinar and Salimi [I4] established some fixed point theorems for cyclic con-
tractions in the setting of metric-like spaces. Many other (common) fixed point
results in the context of metric-like (quasi) spaces have been proved, see for exam-
ple [11 2, 14, 15 211, 25 26].

In the sequel, the letters R, Rar and N* will denote the set of real numbers, the set
of nonnegative real numbers and the set of positive integer numbers, respectively.

Definition 1.1 ([4]). Let X be a nonempty set. A function o : X x X — R{ is
said to be a dislocated (metric-like) metric on X if for any x,y, z € X, the following
conditions hold:

(S1) o(z,y) =0(z,2) =0=z =y;

(82> 0'($7y) = a(y,x);
(S3) o(x,2) < o(x,y)+o(y, 2).

The pair (X, o) is then called a dislocated (metric-like) metric space.

Example 1.2. A trivial example of a metric-like space is the pair (Rd, o), where
o Ry x Rf — R{ is defined as o(z,y) = max{z,y}. Here, o is also a partial
metric [16].
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Example 1.3. Take X = R and define the o metric-like as

o(z,y) = et | —|—2|x| + 1yl for all z,y € X.

Notice that o is not a metric. Particularly, if X = Ry, we have o(z,y) = max{z,y}
and so we return to Example But, if X =R, we have o(z,y) # max{z,y}.

As it is well known, a partial metric [16] is a metric-like. The converse is not
true. The following example concerns this statement.

Example 1.4. Take X = {1,2,3} and consider the metric-like o : X x X — R{
given by

9

):75

o(l,1)=0, o(2,2)=1, 0(3,3) = 10

2

3 0(1,2) =0(2,1
(2,3)=0(3,2) = 2, 0(1,3) =0(3,1) = —

o ) =0 ) - 57 g 3 =0 7 - 10'

Since ¢(2,2) # 0, so o is not a metric and since 0(2,2) > o(1,

partial metric.

2), so o is not a

Each metric-like ¢ on X generates a Ty topology 7, on X which has as a base
the family open o-balls {B,(z,e) : * € X,e > 0}, where B,(x,e) = {y € X :
lo(x,y) —o(x,z)| < e}, forall z € X and € > 0.

Observe that a sequence {z,,} in a metric-like space (X, o) converges to a point
x € X, with respect to 7, if and only if o(z, z) = lim,,—,o o (2, Z,,).

Definition 1.5 ([4]). Let (X, o) be a metric-like space.
(a) A sequence {z,} in X is a Cauchy sequence if limy, ;oo 0(Zn, Tm) exists
and is finite.

(b) (X,0) is complete if every Cauchy sequence {x,} in X converges with
respect to 7, to a point x € X; that is,

lim o(z,2,) =o(z,2) = lm o(x,, Tm)-
n— 00 n,m—o0

Definition 1.6 ([4]). Let (X,0) be a metric-like space. A mapping T : (X,0) —
(X, 0) is continuous if for any sequence {z,} in X such that o(z,,z) — o(z,z) as
n — oo, we have o(Tz,,Tz) — o(Tz,Tx) as n — oc.

Lemma 1.7 ([14]). Let (X,0) be a metric-like space. Let {x,} be a sequence in X
such that z,, — x where x € X and o(x,x) = 0. Then, for all y € X, we have

nlin;o o(xn,y) = o(x,y).
Let ¥ be the family of functions ¢ : [0,00) — [0,00) satisfying the following
conditions:
(i) v is nondecreasing;
(il) S35 9" (t) < oo for all t > 0.
Note that if ¥ € ¥, we have ¥ (t) < t for all ¢ > 0.
In 2012, Samet et al [23] introduced the class of a-admissible mappings.

Definition 1.8. [23] For a nonempty set X, letT : X — X and o : X x X — [0, 00)
be given mappings. We say that T is a-admissible if for all x,y € X, we have

oz, y) > 1= a(Tz,Ty) > 1. (1.1)
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The notion of o — ¥-contractive mappings is also defined in the following way.

Definition 1.9 ([23]). Let (X, d) be a metric space and T : X — X be a given
mapping. We say that T is a a— 1) contractive mapping if there exist two functions
a:X x X —[0,00) and ¢ € ¥ such that

a(z,y)d(Tz, Ty) < Y(d(z,y)), for all z,y € X. (1.2)

Many authors have proved fixed point results for generalized contractions using
the function «, see for instance [3, 6, [7, [13]. Now, we state in the following definition
a generalization of the notion of o — 1 contractive mappings in the context of a
metric-like space.

Definition 1.10. Let (X,0) be a metric-like space and T : X — X be a given
mapping. We say that T is a generalized o — ¢ contractive mapping of type A if
there exist two functions a: X x X — [0,00) and ¢ € ¥ such that

a(z,y)o(Tx, Ty) < p(M(z,y)), foralx,yc X, (1.3)

where

M(z,y) = max{o(z,y),0(x,Tz),o(y, Ty), o(z,Ty) Ia(y, T'z) }. (1.4)

Our aim in this article is to provide some fixed point results for variant gener-
alized a — 1 contractive mappings in the setting of metric-like spaces. We support
our obtained theorems by some concrete examples and an application.

2. MAIN RESULTS
Our first fixed point result read as follows.
Theorem 2.1. Let (X,0) be a complete metric-like space and T : X — X be a
generalized o — 1 contractive mapping of type A. Suppose that
(i) T is a-admissible;
(i) there exists xg € X such that a(xg, Txg) > 1;
(iii) T is continuous.
Then there exists a u € X such that o(u,u) = 0. Assume in addition that
(H1) If o(x,x) =0 for some x € X, then a(x,x) > 1.
Then such u is a fized point of T, that is, Tu = u.
Proof. By assumption (ii), there exists a point xg € X such that a(zg,Txo) > 1.
We define a sequence {z,} in X by z,+1 = Tz, = T""xq for all n > 0. Suppose

that z,, = xp,+1 for some ng. So the proof is completed since u = xp, = Tpy41 =
Tz,, = Tu. Consequently, throughout the proof, we assume that

Ty F# Tpyp  for all n. (2.1)
Observe that
a(xg, 1) = oz, Txo) > 1= a(Txe, Tx1) = a(zy,22) > 1,
since T' is a-admissible. By repeating the process above, we derive that

(T, Tpy1) > 1, foralln=0,1,.... (2.2)
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Step 1: We shall prove that
lim o(xn, 2pt1) = 0. (2.3)

Combining (|1.3]) and we find that
O'(In, JCn+1) = O'(T.In_1, Tzn) < a(xn—la mn)U(Txn—la T-Tn) < 77[}(]\4(9377,—1a In)),
(2.4)
for all n > 1, where
M(mn—la xn)

U(.fl?n_l, T.In) + O'(l'n, T:Z:n—l)

1 }

- maX{U(xn—la xn)7 U(xn—la Txn—l): 0'(337“ Txn)y

O'(xnfla xn+1) + J(xn7 xn) }

= max{0(Tn—1,%n), 0(Tn—1,Tn), 0(Tn, Tnt1), 1

— 3
< max{o(zn_1,n), 0 (Tn, Tni1), oy 1,xn)4;l o(a:n,xn+1)}

= max{o(zpn_1,2Zn), 0(Tn, Tni1)}-
(2.5)
If for some n, max{o(xn_1,%n),0(Tn, Tnt1)} = 0(Tn, Tnt1)(7# 0), then and
turn into

O—(xnaanrl) S 1p(]\4(xnfla$n)) S w(U(ﬁmenH)) < U(xn7xn+1)7

which is a contradiction. Hence, max{o(zp_1,Zn),0(Tn, Tnst1)} = o(Tp_1,z,) for
all n € N* and (2.4) becomes

0 (X, Tnt1) < Y(o(Tp_1,2,)) foralln>1. (2.6)
This yields
o(xp, Tny1) < 0(Tp—1,2,) foralln>1. (2.7)
By , we find that
o(Tpn, Tnt1) < Y (o(xg,21)), foralln e N. (2.8)

By the properties of 1, we have
lim o(xn,p41) = 0.

n—00

Step 2: We shall prove that {z,} is a Cauchy sequence. First, by using (S3) and
(2.8)
U(l’n, $n+k) < O’(l’n, xn+1) + U(anrla mn+2) +...+ U($n+k71, xn+k)
n+k—1

< Y Wolanm))

+o0o
< Z YP(o(xp,21)) = 0 asn — oo.
p=n

Thus, by the symmetry of o, we obtain
lim o(zp,2m)=0. (2.10)

n,m— oo
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We conclude that {x,} is a Cauchy sequence in (X, o). Since (X, o) is complete,
there exists u € X such that

lim o(xn,u) =o(u,u) = lim o(x,,z,) =0. (2.11)
Since T is continuous, from (2.11)) we obtain that
lim o(zpy1,Tu) = lim o(Tx,, Tu) = o(Tu, Tu), (2.12)
On the other hand, by (2.11) and Lemma
lim o(xni1,Tu) = o(u, Tu). (2.13)

Comparing and (2.13), we get o(u, Tu) = o(Tw, Tu). By (L.3),
a(u,u)o(Tu, Tu) < (M (u,u)),
where
M (u,u) = max{o(u,u),o(u, Tu),o(u, Tu), o(u, Tu) 1— o (u, Tu)}
= max{0,0(u,Tu)} = o(u, Tu).
From hypothesis (H1) and the fact that o(u,u) = 0, we have a(u,u) > 1. Therefore,

by (L.3)
o(u, Tu) < a(u,u)o(u, Tu) < (o(u, Tu)),
which holds unless o(u, Tu) = 0, that is Tu = u. So w is a fixed point of T'. O

Theorem [2.1|remains true if we replace the continuity hypothesis by the following
property:
If {x,} is a sequence in X such that a(z,,2,4+1) > 1 for all n and
T, — x € X as n — oo, then there exists a subsequence {z,,)} of
{xn} such that a(z,x),z) > 1 for all k.

This statement is given as follows.

Theorem 2.2. Let (X,d) be a complete metric-like space and T : X — X be a
generalized o — 1 contractive mapping of type A. Suppose that
(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1;
(iil) if {xn} is a sequence in X such that a(zp,xny1) > 1 for all n and x, —
r € X asn — oo, then there exists a subsequence {T, )} of {xn} such that
a(Tn(ky, ) > 1 for all k.
Then, there exists u € X such that Tu = u.

Proof. Following the proof of Theorem [2.1] we know that the sequence {x,,} defined
by x,+1 = Ty, for all n > 0 is Cauchy in (X, o) and converges to some u € X.

Also, (2.11))) holds, so
lim o ()41, Tu) = o(u, Tu). (2.14)

k—oo
We shall show that Tw = u. Suppose, on the contrary, that Tu # u, i.e, o(Tu,u) >
0. From and condition (iii), there exists a subsequence {z,,)} of {x,} such
that o(xy,(k),u) > 1 for all k.
By applying , we obtain

o (Tpy1, Tu) < al@npy, W) (Txp ), Tu) < (M (T4, w)) (2.15)
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where
M(xn(k) ) u)

0(3711(1@); Tu) + O'(U, T:)Sn(k)) }
4

o (k) Tu) + o (U, Ty (k)41)

4 g

= max{o(Tn(k), ), 0 (Tp (), TTr(k)), 0 (u, Tu),

= max{a(xn(k)7 u)a U(mn(k)v mn(k)+l)7 O'(U, Tu)7

(2.16)
By and , we have
klin()lo M (2 k), u) = o(u, Tu). (2.17)
Letting k — oo in (2.15))
o(u, Tu) < Y(o(u, Tu)) < o(u, Tu), (2.18)
which is a contradiction. Hence, we obtain that u is a fixed point of T, that is,
Tu = u. (I

Definition 2.3. Let (X,0) be a metric-like space and T : X — X be a given
mapping. We say that T is a generalized a — 1) contractive mapping of type B if
there exist two functions a: X x X — [0,00) and ¢ € ¥ such that

a(z,y)o(Tz, Ty) < (Mo(z,y)), for all z,y € X, (2.19)

where
My(z,y) = max{o(z,y),o(z,Tx),0(y, Ty)}. (2.20)

Theorem 2.4. Let (X,d) be a complete metric-like space and T : X — X be a
generalized o — ¢ contractive mapping of type B. Suppose that
(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) T is continuous.
Then there exists a uw € X such that o(u,uw) = 0. If in addition (H1) holds, then
such u is a fized point of T, that is, Tu = u.

Proof. Along the lines of the proof of Theorem 2.1 we get the desired result. Be-
cause of the analogy, we skip the details of the proof. O

Theorem 2.5. Let (X,d) be a complete metric-like space and T : X — X be a
generalized oo — 1 contractive mapping of type B. Suppose that
(i) T is a-admissible;
(i) there exists xg € X such that a(xg, Txg) > 1;
(iil) if {xn} is a sequence in X such that a(zp,xny1) > 1 for all n and x, —
r € X asn — oo, then there exists a subsequence {T, )} of {xn} such that
a(Tnky, ) > 1 for all k.
Then, there exists u € X such that Tu = u.

We omit the proof because of the similarity to Theorem

Definition 2.6. Let (X,0) be a metric-like space and T' : X — X be a given
mapping. We say that T is a a — v contractive mapping if there exist two functions
a:X x X —[0,00) and ¢ € ¥ such that

a(z,y)o(Tz, Ty) < Y(o(x,y)), forall z,y€ X, (2.21)
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Theorem 2.7. Let (X,d) be a complete metric-like space and T : X — X be a
a — 1 contractive mapping. Suppose that

(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) T is continuous.
Then there exists a u € X such that o(u,u) = 0. If in addition (H1) holds, then
such u is a fized point of T, that is, Tu = u.
The above theorem is a simple consequence of Theorem [2.1

Theorem 2.8. Let (X,d) be a complete metric-like space and T : X — X be a
a — P contractive mapping. Suppose that
(i) T is a-admissible;
(i) there exists kg € X such that a(xg, Txg) > 1;
(iil) of {xn} is a sequence in X such that a(zp,xni1) > 1 for all n and x, —
r € X asn — oo, then there exists a subsequence {T, )} of {xn} such that
a(Tpky, ) > 1 for all k.
Then, there exists u € X such that Tu = u.

The above theorem follows from Theorem

3. CONSEQUENCES OF THE MAIN RESULTS

In the following, we present some illustrated consequences of our obtained results
given by Theorem 2.1 and Theorem

3.1. Standard fixed point results in metric-like spaces.

Corollary 3.1. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(T, Ty) < $(M(z,9)) for all 2,y € X
where M (x,y) is defined by (1.4). Then, T has a fized point.

To prove the above corollary it suffices to take a(x,y) = 1 in Theorem

Corollary 3.2. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(Tx, Ty) < AM(x,y) foralz,yeX
where X € [0,1). Then, T has a fixed point.

Proof. To prove the above corollary it suffices to take ¢(t) = At in Corollary[3.1] O

Corollary 3.3. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(Tz, Ty) < Y(Mo(z,y)) foralz,ye X
where My(z,y) is defined by . Then, T has a fized point.

To prove the above corollary it suffices to take a(z,y) = 1 in Theorem |2.4

Corollary 3.4. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(Tx,Ty) < AMo(z,y) foralz,yeX
where X\ € [0,1). Then, T has a fized point.
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To prove the above corollary it suffices to take () = At in Corollary

Corollary 3.5. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(Tz,Ty) < ¢(o(z,y)) forallz,yeX.
Then, T has a fized point.

To prove the above corollary it suffices to take a(x,y) = 1 in Theorem [2.8

Corollary 3.6. Let (X,0) be a complete metric-like space and T : X — X be such
that

o(Tz, Ty) < Ao(z,y) foralz,yeX
where X € [0,1). Then, T has a fized point.

To prove the above corollary it suffices to take () = At in Corollary

3.2. Standard fixed point results in partial metric spaces. The partial met-
ric spaces were introduced by Matthews [16] as a part of the study of denotational
semantics of data for networks.

Definition 3.7 ([I6]). A partial metric on a nonempty set X is a function p :
X x X — [0,+00) such that for all ,y,2 € X:

(P1) & =y < pl(z,z) = p(z,y) = p(y,y),

(P2) p(z,z) < p(z,y),

(P3) p(z,y) = p(y, x),

(P4) p(xv y) < p(l‘, Z) + p(z, y) - p(Z, Z)
A partial metric space is a pair (X,p) such that X is a nonempty set and p is a
partial metric on X.

If p is a partial metric on X, then the function d,, : X x X — Rg given by
dp(x7y) = 2p($»y) _p(xax) _p(yay)v (31)

is a metric on X.
Lemma 3.8. Let (X,p) be a partial metric space. Then, (a) {x,} is a Cauchy

sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, d,),
(b) X is complete if and only if the metric space (X,d,) is complete.

Corollary 3.9. Let (X,0) be a complete partial space and T : (X,p) — (X,p) be
such that

a(z,y)p(Tz, Ty) < P(N(z,y)) foralz,yeX
where N (z,y) is defined as

N(z,y) = max{p(z,y),p(z, Tz),p(y, Ty), p(z, Ty) JQFP(% Tx) N

Suppose that
(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) T is continuous.
Then there exists a u € X such that p(u,u) = 0. If in addition (H1) holds, then
such u is a fized point of T, that is, Tu = u.
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Proof. Tt suffices to replace the metric-like o in Theorem [2.1] by the partial metric
p which itself a metric-like. Note that we considered in N(z,y) the fourth term
%ﬂy’m instead of %’W due to the inequality p(x,z) < p(z,y). Its
proof is evident. ([l

Similar to Corollary from Theorem [2.2] we deduce the following result.

Corollary 3.10. Let (X,0) be a complete partial space and T : (X,p) — (X,p) be
such that

alz,y)p(Tz, Ty) < Y(N(x,y)) foralzx,ye X.
Suppose that
(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) of {xn} is a sequence in X such that oz, Tpy1) > 1 for all n and z, —
x € X asn — oo, then there exists a subsequence {, )} of {xn} such that
a(Tnmy,x) > 1 for all k.
Then, there exists u € X such that Tu = u.

Remark 3.11. It is clear that one can easily state the analog of Theorem [2.4]
Theorem [2.5] Theorem [2.7 and Theorem [2.8]in the setting of partial metric spaces.

3.3. Fixed point results with a partial order. The study of the existence of
fixed points on metric spaces endowed with a partial order can be considered as one
of the very interesting improvements in the field of fixed point theory. This trend
was initiated by Turinici [24] in 1986, but it became one of the core research subject
after the publications of Ran and Reurings in [20] and Nieto and Rodriguez-Lépez
[17).

Definition 3.12. Let (X, <) be a partially ordered set and T : X — X be a given
mapping. We say that T is nondecreasing with respect to < if

zye X, x y="Tzx < Ty.

Definition 3.13. Let (X, <) be a partially ordered set. A sequence {z,} C X is
said to be nondecreasing with respect to = if x,, < x,41 for all n.

Definition 3.14. Let (X, =) be a partially ordered set and o be a metric-like on
X. We say that (X, =,0) is reqular if for every nondecreasing sequence {x,} C X
such that x, — x € X asn — oo, there exists a subsequence {Tpy)} of {xn} such
that ) = x for all k.

Corollary 3.15. Let (X, =) be a partially ordered set and o be a metric-like on
X such that (X,0) is complete. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that there exists a function ¥ € U such that

o(Txz, Ty) < p(M(z,y)),
for all x,y € X with x > y. Suppose also that the following conditions hold:

(i) there exists vg € X such that xg < Txo;
(ii) (T is continuous and the property (H) holds) or (X, =<, o) is regular).

Then, T has a fized point.
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Proof. Define the mapping o : X x X — [0,00) by

(2.9) 1 ife<yorz>y,
alz,y) = .
Y 0 otherwise.

Clearly, T is a generalized o — 1) contractive mapping of type A; that is,
a(z,y)o(Tz, Ty) < b(M(z,y)),

for all z,y € X. From condition (i), we have a(xg,Txo) > 1. Moreover, for all
z,y € X, from the monotone property of T, we have

alz,y) 2 1l=zr-yorx3y=Tae=Tyor Te X Ty = o(Tz,Ty) > 1.

Thus, T is a-admissible. Now, if T is continuous and the hypothesis (H1) holds, the
existence of a fixed point follows from Theorem Suppose now that (X, <, d)
is regular. Let {z,} be a sequence in X such that a(x,,x,+1) > 1 for all n and
x, — x € X as n — 0o. From the regularity hypothesis, there exists a subsequence
{znw)} of {z,} such that z, ) < « for all k. This implies from the definition of
a that a(z,x),x) > 1 for all k. In this case, the existence of a fixed point follows
from Theorem 2.2 O

Remark 3.16. Notice that we may obtain the analog of Theorem Theorem
Theorem Theorem and the results of Subsection [3.1] and Subsection
B:2in the setting of partially ordered metric-like spaces.

3.4. Fixed point results for cyclic contractions. Kirk, Srinivasan and Veera-
mani [I2] proved very interesting generalizations of the Banach Contraction Map-
ping Principle by introducing a cyclic contraction. This remarkable paper [12] has
been appreciated by many several researchers (see, for example, [10] 1T} I8} 19, 22]
and the related reference therein). In this subsection, we derive some fixed point
theorems for cyclic contractive mappings in the setting of metric-like spaces.

Corollary 3.17. Let {A;}?_, be nonempty closed subsets of a complete metric-like
space (X,0) and T : Y — Y be a given mapping, where Y = A; U As. Suppose that
the following conditions hold:

(I) T(Al) Q A2 and T(AQ) g Al;'
(I1) there exists a function v € U such that
o(Tz, Ty) < v(M(z,y)), for all (z,y) € Ay x As.
Then T has a fixed point that belongs to A1 N As.
Proof. Since A; and As are closed subsets of the complete metric-like space (X, o),
then (Y, o) is complete. Define the mapping «: Y x Y — [0, 00) by

alz,y) = L if (z,y) € (A1 x A2) U (A2 x Ay),
Y 0 otherwise.

From (II) and the definition of «, we can write

a(z, y)d(Tz, Ty) < b(M(z,y)),
for all z,y € Y. Thus T is a generalized a — 1 contractive mapping of type A. Let
(z,y) €Y x Y such that a(z,y) > 1.
If (x,y) € A1 x Ay, from (I), (T'z, Ty) € A2 x A1, which implies that a(Txz, Ty) >
1.
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If (x,y) € Ay x Ay, from (I), (T'z, Ty) € A1 x A2, which implies that a(Tz, Ty) >
1.

Hence, in all cases, we conclude that a(T'z,Ty) > 1 which yields that that T is
a-admissible.

Notice also that, from (I), for any a € A;, we have (a,Ta) € A; x Ay, which
implies that a(a,Ta) > 1.

Now, let {x,} be a sequence in X such that a(z,,z,+1) > 1 for all n and
Ty, — x € X as n — oo. This implies from the definition of « that

(Z'n, an_t,_l) S (A1 X Ag) U (A2 X Al), for all n.
Since (A1 x A2) U (Ag x A7) is a closed set with respect to the metric-like o, we get

that
(a:,a:) S (Al X AQ) U (A2 X Al),

which implies that z € A; N As. Thus we get immediately from the definition of «
that a(z,,z) > 1 for all n.

Now, all the hypotheses of Theorem are satisfied and T has a fixed point in
Y. O

Note that Corollary is a generalization of [I4] Corollary 1.10].

4. EXAMPLES
We present the following two concrete examples to support our results.

Example 4.1. Consider X = {0,1,2}. Take the metric-like o : X x X — RZ
defined by

0(0,0) =0(1,1) =0, 0(2,2) = 2%7
2 3
0(0,2) =0(2,0) = 5’ 0(1,2) =0(2,1) = 5
(0, 1) = o(1,0) = %

Note that ¢(2,2) # 0, so ¢ is not a metric and ¢(2,2) > ¢(0,2), so ¢ is not a
partial metric. Clearly, (X, o) is a complete metric-like space. Given T': X — X
as T0=T1=0 and T2 = 1. Take 9(t) = 5t/6 for each ¢ > 0. Define the mapping

a: X x X —[0,00) by
1 ifzx=0,
a(x,y):{

0 otherwise.

First, let 2,y € X such that a(x,y) > 1. By the definition of «, this implies that
2 = 0 and since T0 = 0, so a(Tz, Ty) = 1 for each y € X, that is, T' is a-admissible.
We distinguish two cases:

Case 1: If (z =0 and y =0) or (x =0 and y = 1), we have

a(Tx, Ty)o(Tx, Ty) = o(Tx, Ty) = 0.
Case 2: If x = 0 and y = 2, we have
1 5
a(Tz, Ty)o(Tx,Ty) = o(Tz,Ty) = 0(0,1) = 5= 60(2’ 1)
=(o(y, Ty))
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< P(M(z,y))

where M (z,y) is defined by (1.4). It is also obvious that hypothesis (iii) of Theorem
is satisfied. Thus, we map apply Theorem and so T has a fixed point, which
isu=0.

Example 4.2. Let X = [0, o0) be endowed with the metric-like o given as o(z,y) =
max{x,y}. Define the mapping T': X — X by

T 1a? if x €10,1],
:Z: ol
3r — 1 otherwise.

Consider 1 : [0,00) — [0, 00) defined by

L2 ifo<t<1,
-}

5 otherwise.

Obviously, ¢ € ¥. Consider a: X x X — [0,00) as

(2.9) 1 ifz,ye]0,1],
alz,y) = ]
4 0 otherwise.

First, let 2,y € X such that a(z,y) > 1, so z,y € [0, 1]. In this case,
1 1
Tz, Ty) = a(52%, 59°) = 1;
that is, T is a-admissible. Here we also have

1 1
Tz, Ty)o(Tz, Ty) = o(Tx, Ty) = o(=x?,

( 57 59°)
(¥ (2),1(y)) = max(y(z), ¥(y))
(max(z,y)) = ¢(o(z,y))
(M(z,y)).

Note that hypothesis (iii) of Theorem ﬂ is also satisfied. Applying Theorem
T has a fixed point in X, which is u = 0.

a
G
G

IA

5. APPLICATIONS

Here, we consider the following two-point boundary-value problem for the second-
order differential equation

d*x
*ﬁ - f(t7x(t))a te [07 1} (5.1)
z(0) =z(1) =0,
where f :[0,1] x R — R is a continuous function. Recall that the Green’s function
associated to (5.1]) is
t(1 — if0<t<s<l1
Glt,s) = {17 s) HOSi<s< (5.2)
s(1—t) if0<s<t<l1.

Let X = C(I)(I =[0,1]) be the space of all continuous functions defined on I. We
consider on X, the metric-like o given by

o(2,y) = |z = Ylloo + [[2]loc + [[yllcc  for all z,y € X,
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where [|ul|oo = max;epo,1y [u(t)| for each u € X.
Note that o is also a partial metric on X and since
dU('T7y) = 20($,y) - J(.’E, (E) - G(yvy) = 2”CE - y||007

so by Lemma (X, 0) is complete since the metric space (X, |- ||oo) is complete.
It is well known that € C?(I) is a solution of (5.1]) is equivalent to that
x € X = C(I) is a solution of the integral equation

2(t) = /0 G(t, 5)f(s,(s))ds, forallt I, (5.3)

Theorem 5.1. Suppose the following conditions hold:

e there exists a continuous function p: I — RS‘ such that

f(s,a) = f(s,b)] < 8p(s)|a—bl,

for each s € I and a,b € R;
e there exists a continuous function q: I — R such that

f(s,a)] < 84q(s)|al,
for each s € I and a € R;
o sup,c;p(s) =M1 < 3;
o sup,c;q(s) =X < &
Then problem [5.1] has a solution u € X = C(I,R).

Proof. Consider the mapping T : X — X defined by

1
Tx(t):/o G(t,s)f(s,z(s))ds.

for all z € X and ¢t € I. Then, problem (5.1)) is equivalent to finding u € X that is
a fixed point of T'.
Now, let z,y € X. We have

|Tx(t) — Ty(t)| = |/0 G(t,s)f(&x(s))ds—/o G(t, s)f(s,y(s))ds]|
1
< / Gt 9)| (5. 2()) — f(5.5(s))] ds
0
<8 / G(t, 5)p(s) |x(s) — y(s)| ds

1
< 8M |z — ylloo sup/ G(t,s)ds
tel Jo
=iz = Yl oo
In the above equality, we used that for each ¢t € I, we have fol G(t,s)ds = —L + L,
and so sup,c; fol G(t,s)ds = . Therefore,
1Tz — Tylloo < Mllz = ylloo- (5.4)

Again, we have

T(t)| = | / G(t, 5)f (s, 2(s))ds]
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1
< / G(t,s)|f(s,z(s))|ds
0
1
<8 / G(t,5)q(s) 2(s)| ds
0

1
< 8)\2||a:\|oosup/ G(t,s)ds
tel Jo

< Aof| oo
Thus
[T2]lo0 < Agll[|oo- (5.5)
Proceeding similarly,
1Tylloo < A2l[ylloo- (5.6)

Take A = A1 4+ 2X2. Under assumptions in Theorem we have A < 1. Summing
to , we find
o(Tx,Ty) = Tz = Tylloc + [ T[|oc + | Tyll
S Mz = ylloo + Aallzlloo + A2l[ylo
< (M4 22) (12 = Ylloo + [[2]loe + [[9lloc)
= Mo(z,y) < AM(x,y).

So all hypotheses of Corollary are satisfied, and so T has a fixed point u € X,
that is, the problem (5.1 has a solution u € C?(I). O

Conclusion. All fixed point results presented in this article are also valid for met-
ric spaces. Consequently, our results extend and unify several results from the
literature.

REFERENCES

[1] C. T. Aage, J. N. Salunke; Some results of fixzed point theorem in dislocated quasi metric
space. Bull. Marathadawa Math. Soc. 9 (2008),1-5 .

[2] C.T. Aage, J. N. Salunke; The results of fixzed points in dislocated and dislocated quasi metric
space. Appl. Math. Sci. 2 (2008), 2941-2948.

[3] M. U. Ali, T. Kamran; On (a*,)-contractive multi-valued mappings, Fixed Point Theory
Appl. 2013, 2013:137.

[4] Amini A. Harandi; Metric-like spaces, partial metric spaces and fized points. Fixed Point
Theory Appl. 2012 (2012), 204.

[5] S. Banach; Sur les opérations dans les ensembles abstraits et leur application auz équations
intégrales, Fund. Math. 3, (1922), 133-181.

[6] H. Aydi, M. Jellali, E. Karapinar; Common fized points for gemeralized a-implicit con-
tractions in partial metric spaces: Consequences and application, RACSAM, (2014), Doi:
10.1007/s13398-014-0187-1.

[7] H. Aydi, M. Jellali, E. Karapinar; On fized point results for ac-implicit contractions in quasi-

metric spaces and consequences, Accepted in Nonlinear Analysis: Modelling and Control,

(2014).

A. Tsufati; Fized point theorem in dislocated quasi metric spaces. Appl. Math. Sci. 4 (2010),

217-223.

[9] P. Hitzler, A. K. Seda; Dislocated topologies. J. Electr. Engin. 51, 3:7, 2000.
[10] E. Karapinar; Fized point theory for cyclic weak ¢-contraction, Appl. Math. Lett. 24 (6)
(2011), 822-825.

[11] E. Karapinar, K. Sadaranagni; Fized point theory for cyclic (¢-1 )-contractions, Fixed Point

Theory Appl. 2011, 2011:69.

8



EJDE-2015/133 FIXED POINT RESULTS IN METRIC-LIKE SPACES 15

(12]
(13]
14]
[15]

[16]

(17)
(18]
(19]
20]

(21]

W. A. Kirk, P. S. Srinivasan, P. Veeramani; Fized points for mappings satisfying cyclical
contractive conditions, Fixed Point Theory. 4(1) (2003), 79-89.

E. Karapinar, B. Samet; Generalized a-1p-contractive type mappings and related fized point
theorems with applications, Abstr. Appl. Anal., 2012 (2012) Article id: 79348

E. Karapmnar, P. Salimi; Dislocated metric space to metric spaces with some fized point
theorems, Fixed Point Theory Appl. 2013, 2013:222.

M. Kohli, R. Shrivastava, M. Sharma; Some results on fized point theorems in dislocated
quasi metric space. Int. J. Theoret. Appl. Sci. 2 (2010), 27-28.

S. G. Matthews; Partial metric topology, in Proceedings of the 8th Summer Conference on
General Topology and Applications, vol. 728, pp. 183-197, Annals of the New York Academy
of Sciences, 1994.

J.J . Nieto, R. Rodriguez-Lépez; Contractive Mapping Theorems in Partially Ordered Sets
and Applications to Ordinary Differential Equations. Order. 22 (2005), 223-239.

M. Pacurar, I. A. Rus; Fized point theory for cyclic p-contractions, Nonlinear Anal. 72 (2010),
1181-1187.

M. A. Petric; Some results concerning cyclical contractive mappings, General Mathematics.
18 (4) (2010), 213-226.

A. C. M. Ran, M. C. B. Reurings; A fized point theorem in partially ordered sets and some
applications to matriz equations, Proc. Amer. Math. Soc. 132 (2003), 1435-1443.

Y. Ren, J. Li, Y. Yu; Common fized point theorems for nonlinear contractive mappings in
dislocated metric spaces, Abstract and Applied Analysis Volume 2013, Article ID 483059, 5

pages.

[22] I. A. Rus; Cyclic representations and fized points, Ann. T. Popoviciu, Seminar Funct. Eq.

Approx. Convexity 3 (2005), 171-178.

[23] B. Samet, C. Vetro, P. Vetro; Fized point theorems for a-y-contractive type mappings, Non-

linear Anal. 75 (2012), 2154-2165.

[24] M. Turinici; Abstract comparison principles and multivariable Gronwall-Bellman inequalities,

J. Math. Anal. Appl. 117 (1986), 100-127.

[25] Z. M. Zeyada, G. H. Hassan, M. A. Ahmad; A generalization of fized point theorem due to

Hitzler and Seda in dislocated quasi metric space. Arab. J. Sci. Eng. 31 (2005), 111-114.

[26] K. Zoto, E. Houxha, A. Isufati; Some new results in dislocated and dislocated quasi metric

space. Appl. Math. Sci. 6 (2012), 3519-3526.

HASSEN AYDI

DaMMAM UNIVERSITY, DEPARTEMENT OF MATHEMATICS, COLLEGE OF EDUCATION OF JUBAIL,
P.O. 12020, INDUSTRIAL JUBAIL 31961, SAUDI ARABIA

E-mail address: hmaydi@uod.edu.sa

ERDAL KARAPINAR

ATILIM UNIVERSITY, DEPARTMENT OF MATHEMATICS, 06836, INCEK, ANKARA, TURKEY.
NONLINEAR ANALYSIS AND APPLIED MATHEMATICS RESEARCH GROUP (NAAM), KING ABDULAZIZ
UNIVERSITY, 21589, JEDDAH, SAUDI ARABIA

E-mail address: erdalkarapinar@yahoo.com, ekarapinar@atilim.edu.tr



	1. Introduction and preliminaries
	2. Main results
	3. Consequences of the main results
	3.1. Standard fixed point results in metric-like spaces
	3.2. Standard fixed point results in partial metric spaces
	3.3. Fixed point results with a partial order
	3.4. Fixed point results for cyclic contractions

	4. Examples
	5. Applications
	Conclusion

	References

