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GLOBAL REGULARITY FOR GENERALIZED HALL
MAGNETO-HYDRODYNAMICS SYSTEMS

RENHUI WAN

Abstract. In this article, we consider the tridimensional generalized Hall

magneto-hydrodynamics (Hall-MHD) system, with (−∆)αu and (−∆)βb. For

α ≥ 5/4, β ≥ 7/4, we obtain the global regularity of classical solutions. For
0 < α < 5/4 and 1/2 < β < 7/4, with small data, the system also possesses

global classical solutions. In addition, for the standard Hall-MHD system,
α = β = 1, by adding a suitable condition, we give a positive answer to the

open question in [3]. At last, we study the regularity criterions of generalized

Hall-MHD system. In particular, we prove the regularity criterion in terms of
horizontal gradient ∇hu,∇hb for 1 < α < 5/4, 5/4 ≤ β < 7/4.

1. Introduction

The tridimensional incompressible generalized Hall-MHD system is governed by

∂tu+ u · ∇u+ (−∆)αu+∇p = b · ∇b,

∂tb+ u · ∇b− b · ∇u+ (−∆)βb = −∇× (J × b),
div u = div b = 0,

u(0, x) = u0(x), b(0, x) = b0(x),

(1.1)

where t ≥ 0, x ∈ R3, p, u, b stand for scalar pressure, velocity vector and magnetic
field vector, respectively, J = ∇ × b is the current density, u0(x), b0(x) are the
initial velocity and magnetic field, α, β ≥ 0 are constants and (−∆)α is defined by

̂(−∆)αf(ξ) = |ξ|2αf̂(ξ),

and we denote (−∆)1/2 by Λ. For α = β = 1, the system reduces to the standard
Hall-MHD system, which can be obtained from kinetic models (cf. [1]). Hall-
MHD is required in many physics problem, such as magnetic reconnection [5], star
formation [6]. In [2], for α = 0, β = 1, local classical solutions were obtained
and Beale-Kato-Majda type blow-up criterion was also established. In [3], for α =
β = 1, some blow up criterions and small data results on global existence were
established.
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Recently, Chae, Wan and Wu [4] considered the generalized Hall-MHD (1.1), and
obtained the local well-posedness for α = 0 (without velocity diffusion), β > 1/2.
So it is natural to ask a question:

Can the global classical solutions of (1.1) be obtained with some
conditions on (α, β)?

One of the main goals is to give a positive answer to the question. Some related
work about generalized Navier-Stokes equations and generalized MHD equations
can be seen [11, 12, 13, 14, 15, 16]. Our first result is stated as follows.

Theorem 1.1. Let T > 0, α ≥ 5/4, β ≥ 7/4. Let (u0, b0) ∈ Hs(R3), s > 5/2
satisfying div u0 = div b0 = 0. Then (1.1) has a unique global classical solution
(u, b) such that

(u, b) ∈ L∞([0, T ];Hs(R3)).

Remark 1.2. The space Hs(R3) can be equipped with the norm

‖f‖Hs = ‖f‖L2 + ‖f‖Ḣs ,

where
‖f‖2

Ḣs
=
∑
j∈Z

22js‖∆jf‖2L2 .

More details can be seen in section 2.

Remark 1.3. If b = 0, (1.1) reduces to the generlized Navier-Stokes equations.
Under the scaling transformation ul = l2α−1u(l2αt, lx), pl = l4α−2p(l2αt, lx), for
α ≥ 5

4 , it is well-known that the generalized Navier-Stokes equations is critical and
subcritical, which can lead the global regular solutions. We refer to [11] and [12].
If u = 0, (1.1) reduces to the following simple Hall problem

∂tb+ (−∆)βb = ∇× ((∇× b)× b), (1.2)

which is scaling invariance under bl = l2β−2b(l2βt, lx). The corresponding energy is

E(bl) = ess supl2βt ‖bl‖2L2 +
∫ t

0

‖Λβbl‖2L2dτ

= l4β−7
{

ess supt ‖b‖2L2 +
∫ t

0

‖Λβb‖2L2dτ
}

= l4β−7E(b).

This implies that the simple Hall problem (1.2) is critical system for β = 7/4
and subcritical system with β > 7/4. As generalized Navier-Stokes equations, the
condition on (α, β) seems optimal.

In addition, with small initial data, we can obtain the global small classical
solution for α ∈ (0, 5/4) and β ∈ (1/2, 7/4).

Theorem 1.4. Let u0, b0, s be as Theorem 1.1. Let α ∈ (0, 5/4), β ∈ (1/2, 7/4),
and if

‖u0‖Hs + ‖b0‖Hs < ε, (1.3)

where ε is sufficient small, then there exists a unique global classical solution (u, b)
of (1.1).

Remark 1.5. For α = β = 1, this work was proved in [2], which can be considered
a special case in Theorem 1.4.
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For α = β = 1, the authors in [3] improved the condition (1.3) by only assuming
that

‖u0‖Ḣ3/2 + ‖b0‖Ḣ3/2 < ε or ‖u0‖Ḃ1/2
2,1

+ ‖b0‖Ḃ3/2
2,1

< ε, (1.4)

where
‖f‖Ḃs2,1 =

∑
j∈Z

2js‖∆jf‖L2

(For more details see section 2.), ε is sufficient small. And they also gave an open
question, whether the condition

‖u0‖Ḣ1/2 + ‖b0‖Ḣ3/2 < ε (1.5)

can lead the the desired result? Motivated by these, we give a theorem as follows.

Theorem 1.6. Let u0, b0, s be as Theorem 1.1. Let α = β = 1. If (u0, b0) satisfies
(1.5), with an additional condition, for all t ≥ 0,

‖b(t)‖L∞ ≤ C0 < 2, (1.6)

then there exists a unique global classical solution (u, b) of (1.1).

Remark 1.7. It seems that the condition (1.6) is too strong due to global assump-
tion. However, we find that (1.4) can be propagated to any t, which lead to the
global small of ‖b(t)‖Ḣ3/2 or ‖b(t)‖

Ḃ
3/2
2,1

, while (1.6) fails. In addition, Ḃ3/2
2,1 ↪→ L∞,

and we do not need sufficient small of ‖b(t)‖L∞ , which seems to make (1.5) and
(1.6) weaker than the second condition of (1.4) in some sense.

For α = β = 1, the authors in [3] also establish some regularity criterions
involving u and ∇b. Since the presence of Hall-term ∇× ((∇× b)× b), we find that

(u, b) ∈ L∞(0, T ;H1(R3)) ∩ L2(0, T ;H2(R3))

can not ensure the regularity criterion established in [3]. Therefore, unlike MHD
system, establishing the regularity criterion in terms of horizontal gradient ∇hu
and ∇hb seems formidable and interesting. But for system (1.1) with 1 < α < 5/4,
5/4 ≤ β < 7/4, we can achieve this goal. We have the following theorems, where
Theorem 1.8 can be considered as a component of the proof of Theorem 1.10.

Theorem 1.8. Let T > 0, α ∈ (1, 5/4), β ∈ (1, 7/4). Let u0, b0, s be as Theorem
1.1 and (u, b) be the local classical solution to (1.1). If∫ T

0

‖u‖q1Lp1 + ‖∇b‖q2Lp2dt <∞ (1.7)

for

3
p1

+
2α
q1
≤ min

{
2α− 1, (1− α

β
)

3
p1

+ (2− 1
β

)α
}
,

p1 ∈ (
3

2β − 1
,

3
β − 1

] ∩ (
3

2α− 1
,

3
α− 1

],

3
p2

+
2β
q2
≤ 2β − 1, p2 ∈ (

3
2β − 1

,
3

β − 1
],

then (u, b) remains regular in [0, T ].
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Remark 1.9. For 1 < α = β < 5/4, the condition of index reduce to
3
p1

+
2α
q1
≤ 2α− 1 and

3
p2

+
2α
q2
≤ 2β − 1,

which is scaling invariance under the transformation in Remark 1.3. We can also
establish the regularity criterion in terms of ∇u and ∇b, that is∫ T

0

‖∇u‖q1Lp1 + ‖∇b‖q2Lp2dτ <∞

for
3
p1

+
2α
q1
≤ min

{
2α, (1− α

β
)

3
p1

+ 2α
}
, max

{ 3
2α
,

3
2β
}
< p1 ≤ ∞

3
p2

+
2β
q2
≤ 2β − 1, p2 ∈

( 3
2β − 1

,
3

β − 1
]
.

The proof is similar to the previous proofs.

Theorem 1.10. Let T > 0, α ∈ (1, 5/4), β ∈ [5/4, 7
4 ). Let u0, b0, s be as Theorem

1.1 and (u, b) be the local classical solution to (1.1). If∫ T

0

‖∇hu‖q1Lp1 + ‖∇hb‖q2Lp2dt <∞ (1.8)

for
3
p1

+
2α
q1
≤ 2α,

3
2α

< p1 ≤ ∞,

3
p2

+
2β
q2
≤ 2β − 1,

3
2β − 1

< p2 ≤
3
α
,

then (u, b) remains regular in [0, T ].

Remark 1.11. We do not know whether the regularity criterion (1.8) can be
established for α ∈ (1, 5

4 ), β ∈ (1, 5
4 ), since we only observe that

u ∈ L∞(0, T ;H1(R3)) ∩ L2(0, T ;Hα+1(R3)),

b ∈ L∞(0, T ;H1(R3)) ∩ L2(0, T ;Hβ+1(R3))

can lead to (1.7) for α ∈ (1, 5/4), β ∈ [5/4, 7/4).

This article is organized as follows. In section 2, we give some notation and
preliminaries. In the third section, we prove Theorem 1.1. In the fourth section, we
give the proof of Theorem 1.4. In the fifth section, we give the proof of Theorem
1.6. We prove Theorem 1.8 in the following section. At the last section, we prove
and Theorem 1.10.

2. Preliminaries

Let B = {ξ ∈ Rd, |ξ| ≤ 4
3} and C = {ξ ∈ Rd : 3/4 ≤ |ξ| ≤ 8/3}. Choose two

nonnegative smooth radial function χ, ϕ supported, respectively, in B and C such
that

χ(ξ) +
∑
j≥0

ϕ(2−jξ) = 1, ξ ∈ Rd,

∑
j∈Z

ϕ(2−jξ) = 1, ξ ∈ Rd \ {0}.
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We denote ϕj = ϕ(2−jξ), h = F−1ϕ and h̃ = F−1χ, where F−1 stands for the
inverse Fourier transform. Then the dyadic blocks ∆j and Sj can be defined as
follows

∆jf = ϕ(2−jD)f = 2jd
∫

Rd
h(2jy)f(x− y)dy,

Sjf =
∑
k≤j−1

∆kf = χ(2−jD)f = 2jd
∫

Rd
h̃(2jy)f(x− y)dy.

Formally, ∆j = Sj−Sj−1 is a frequency projection to annulus {C12j ≤ |ξ| ≤ C22j},
and Sj is a frequency projection to the ball {|ξ| ≤ C2j}. One can easily verify that
with our choice of ϕ,

∆j∆kf = 0 if |j − k| ≥ 2 and ∆j(Sk−1f∆kf) = 0 if |j − k| ≥ 5.

With the introduction of ∆j and Sj , let us recall the definition of the Besov space.
Let s ∈ R, (p, q) ∈ [1,∞]2, the homogeneous space Ḃsp,q is defined by

Ḃsp,q = {f ∈ S′ : ‖f‖Ḃsp,q <∞},

where

‖f‖Ḃsp,q =

{(∑
j∈Z 2sjq‖∆jf‖qLp

)1/q
, for 1 ≤ q <∞,

supj∈Z 2sj‖∆jf‖Lp , for q =∞,
and S′ denotes the dual space of

S = {f ∈ S(Rd) : ∂αf̂(0) = 0 : ∀α ∈ Ndmulti-index}
and can be identified by the quotient space of S ′/P with the polynomials space P.

We also provide the definition for the inhomogeneous Besov space. For s > 0,
and (p, q) ∈ [1,∞]2, the inhomogeneous Besov space Bsp,q can be defined as follows

Bsp,q = {f ∈ S ′(Rd) : ‖f‖Bsp,q <∞},
where

‖f‖Bsp,q = ‖f‖Lp + ‖f‖Ḃsp,q .
Additionally, when p = q = 2, the Besov space and Sobolev space are equivalence;
that is

Ḣs ≈ Ḃs2,2, Hs ≈ Bs2,2.
Bernstein’s inequalities are useful in this paper, so that we give it in the following
proposition.

Proposition 2.1. Let α ≥ 0. Let 1 ≤ p ≤ q ≤ ∞.
(1) If f satisfies

supp f̂ ⊂ {ξ ∈ Rd : |ξ| ≤ K2j},
for some integer j and a constant K > 0, then

‖(−∆)αf‖Lq(Rd) ≤ C1 22αj+jd( 1
p−

1
q )‖f‖Lp(Rd).

(2) If f satisfies

supp f̂ ⊂ {ξ ∈ Rd : K12j ≤ |ξ| ≤ K22j}
for some integer j and constants 0 < K1 ≤ K2, then

C122αj‖f‖Lq(Rd) ≤ ‖(−∆)αf‖Lq(Rd) ≤ C2 22αj+jd( 1
p−

1
q )‖f‖Lp(Rd),

where C1 and C2 are constants depending on α, p and q only.



6 R. WAN EJDE-2015/179

For more details about Besov space such as some useful embedding relations, we
refer to [7, 8]. Thanks to the Proposition 2.1, we can see that ∀ s > 0,

‖f‖Hs ≈ ‖f‖L2 + (
∑
j≥0

22js‖∆jf‖2L2)1/2, (2.1)

which will be frequently used in our proof.

Proposition 2.2 ([10]). Let 1 ≤ p1, p2 ≤ ∞, σ > 0, d
pi
− σi > 0(i = 1, 2) and

assume that σ − σ2 + d
p2
> 0. Then the following inequality holds

(∑
j∈Z

22jσ‖[f,∆j ] · ∇g‖22
)1/2

≤ C
(
‖∇f‖Ḃσ1p1,∞‖g‖Ḃσ−σ1+ d

p1
2,2

+ ‖∇g‖Ḃσ2p2,∞‖f‖Ḃσ−σ2+ d
p2

2,2

)
.

(2.2)

3. Proof of Theorem 1.1

From [4], one can see that the local well-posedness of (1.1) holds for α ≥ 0, β >
1/2. So we only need establish the global regularity, i.e. for all 0 ≤ t ≤ T ,

‖u(t)‖Hs + ‖b(t)‖Hs ≤ C(s, T, ‖u0‖Hs , ‖u0‖Hs).

At first, we give the energy estimate. Taking inner product with (u, b), integrating
by parts and integrating in time [0, t],

‖(u(t), b(t)‖2L2 + 2
∫ t

0

‖Λαu‖2L2dτ + 2
∫ t

0

‖Λβb‖2L2dτ ≤ ‖(u0, b0)‖2L2 . (3.1)

Then we establish the Hs estimate. Applying the operator ∆q to (1.1), taking the
inner product with (∆qu,∆qb), by cancelation property, integrating by parts, we
obtain

1
2
d

dt
(‖∆qu‖2L2 + ‖∆qb‖2L2) + ‖Λα∆qu‖2L2 + ‖Λβ∆qb‖2L2

= −
∫

R3
[∆q, u · ∇]u ·∆qu+

∫
R3

[∆q, b · ∇]b ·∆qu−
∫

R3
[∆q, u · ∇]b ·∆qb

+
∫

R3
[∆q, b · ∇]u ·∆qb+

∫
R3

[∆q, b×]J ·∆qJ

≤ ‖[∆q, u · ∇]u‖L2‖∆qu‖L2 + ‖[∆q, b · ∇]b‖L2‖∆qu‖L2

+ ‖[∆q, u · ∇]b‖L2‖∆qb‖L2 + ‖[∆q, b · ∇]u‖L2‖∆qb‖L2

+ ‖[∆q, b×]J‖L2‖∆qJ‖L2

= L1(t) + L2(t) + L3(t) + L4(t) + L5(t).

(3.2)
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By the paraproduct decomposition, Hölder’s inequality, commutator estimate [7,
page. 110], and Bernstein’s inequality,

|L1(t)| ≤
∑
|k−q|≤4

‖∆q(Sk−1u · ∇∆ku)− Sk−1u · ∇∆q∆ku‖L2‖∆qu‖L2

+
∑
|k−q|≤4

‖∆q(∆ku · ∇Sk−1u)−∆ku · ∇∆qSk−1u‖L2‖∆qu‖L2

+
∑
k≥q−3

‖∆q(∆̃ku · ∇∆ku)− ∆̃ku · ∇∆q∆ku‖L2‖∆qu‖L2

≤ C‖∇Sq−1u‖L∞‖∆qu‖2L2 + C‖∆qu‖L2

∑
k≥q−3

‖∇∆ku‖L∞‖∆̃ku‖L2 ,

(3.3)

where ∆̃k = ∆k−1 + ∆k + ∆k+1. Similarly,

|L2(t)| ≤ C‖∇Sq−1b‖L∞‖∆qb‖L2‖∆qu‖L2 + C‖∆qu‖L2

∑
k≥q−3

‖∇∆kb‖L∞‖∆̃kb‖L2 ,

|L3(t)| ≤ C‖∇Sq−1u‖L∞‖∆qb‖2L2 + ‖∇Sq−1b‖L∞‖∆qu‖L2‖∆qb‖L2

+ C‖∆qb‖L2

∑
k≥q−3

‖∇∆kb‖L∞‖∆̃ku‖L2 ,

|L4(t)| ≤ C‖∇Sq−1b‖L∞‖∆qu‖L2‖∆qb‖L2 + ‖∇Sq−1u‖L∞‖∆qb‖2L2

+ C‖∆qb‖L2

∑
k≥q−3

‖∇∆ku‖L∞‖∆̃kb‖L2 ,

|L5(t)| ≤ C2q‖∇Sq−1b‖L∞‖∆qb‖2L2 + C2q‖∆qb‖L2

∑
k≥q−3

‖∇∆kb‖L∞‖∆̃kb‖L2 .

Multiplying 22sq and taking the summation over q ≥ 0 in (3.2),

1
2
d

dt

{∑
q≥0

22sq(‖∆qu‖2L2 + ‖∆qb‖2L2)
}

+
∑
q≥0

22(s+α)q‖∆qu‖2L2 +
∑
q≥0

22(s+β)q‖∆qb‖2L2

≤
∑
q≥0

22sq(L1(t) + · · ·+ L5(t)).

(3.4)

By (3.3), we have∑
q≥0

22sq|L1(t)| ≤ C
∑
q≥0

22sq‖∇Sq−1u‖L∞‖∆qu‖2L2

+ C
∑
q≥0

22sq‖∆qu‖L2

∑
k≥q−3

‖∇∆ku‖L∞‖∆̃ku‖L2

= L11(t) + L12(t).

For the estimate of L11(t). Using Bernstein’s inequality, Hölder’s inequality and
Young’s inequality,

|L11(t)| ≤ C
∑
q≥0

22sq‖∆qu‖2L2

∑
m≤q−2

25m/2‖∆mu‖L2
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≤ C
∑
q≥0

2(s+α)q‖∆qu‖L22(s−α)q‖∆qu‖L2

∑
m≤q−2

25m/2‖∆mu‖L2

≤ 1
8
‖Λαu‖2

Ḣs
+ C

∑
q≥0

22(s−α)q‖∆qu‖2L2

( ∑
m≤q−2

25m/2‖∆mu‖L2

)2

︸ ︷︷ ︸
L111

,

where

|L111| = C
∑
q≥0

22sq‖∆qu‖2L2

( ∑
m≤q−2

2
5
2m−αq‖∆mu‖L2

)2

= C
∑
q≥0

22sq‖∆qu‖2L2

( ∑
m≤−2

2
5
2m−αq‖∆mu‖L2

+
∑

−1≤m≤q−2

2( 5
2−α)m−αq‖Λα∆mu‖L2

)2

≤ C
∑
q≥0

22sq‖∆qu‖2L2

( ∑
m≤−2

25m/2‖u‖L2

+
∑

−1≤m≤q−2

2α(m−q)2( 5
2−2α)m‖Λαu‖L2

)2

≤ C(‖u‖2L2 + ‖Λαu‖2L2)‖u‖2Hs .

Thus, we obtain

|L11(t)| ≤ C(‖u‖2L2 + ‖Λαu‖2L2)‖u‖2Hs +
1
8
‖Λαu‖2

Ḣs
.

Similarly,

|L12(t)|

≤ C
∑
q≥0

22sq‖∆qu‖L2

∑
k≥q−3

‖∆ku‖L225k/2‖∆̃ku‖L2

≤ C
(∑
p≥0

22sq‖∆qu‖2L2

)1/2{∑
q≥0

22sq(
∑
k≥q−3

‖∆̃ku‖L22k( 5
2−α)‖Λα∆ku‖L2)2

}1/2

≤ C‖Λαu‖L2‖u‖Hs
{∑
q≥0

22sq(
∑
k≥q−3

2k( 5
2−2α)‖∆̃kΛαu‖L2)2

}1/2

≤ C‖Λαu‖L2‖u‖Hs
{∑
q≥0

22sq(
∑
k≥q−3

‖∆̃kΛαu‖L2)2
}1/2

≤ C‖Λαu‖L2‖u‖Hs‖u‖Ḣs+α

≤ C‖Λαu‖2L2‖u‖2Hs +
1
8
‖u‖2

Ḣs+α
,

here we have used Young’s inequality for series for the fifth inequality; that is,{∑
q≥0

22sq(
∑
k≥q−3

‖∆̃kΛαu‖L2)2
}1/2

≤
{∑
q∈Z

(
∑
k≥q−3

2s(q−k)2sk‖∆̃kΛαu‖L2)2
}1/2

≤ C‖2−sk1k≥−3‖l1(Z)‖2sk‖∆̃kΛαu‖L2‖l2(Z)

≤ C‖u‖Ḣs+α .
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Collecting the estimates above, we have∑
q≥0

22sq|L1(t)| ≤ C(‖u‖2L2 + ‖Λαu‖2L2)‖u‖2Hs +
1
4
‖Λαu‖2Hs .

Similarly, ∑
q≥0

22sq|L2(t)| ≤ C(‖b‖2L2 + ‖Λβb‖2L2)‖b‖2Hs +
1
4
‖Λαu‖2Hs ,

∑
q≥0

22sq|L3(t)| ≤ C(‖(u, b)‖2L2 + ‖(Λαu,Λβb)‖2L2)‖b‖2Hs +
1
4
‖(Λαu,Λβb)‖2Hs ,

∑
q≥0

22sq|L4(t)| ≤ C(‖(u, b)‖2L2 + ‖(Λαu,Λβb)‖2L2)‖b‖2Hs +
1
4
‖(Λαu,Λβb)‖2Hs .

Now, we estimate the last term.∑
q≥0

22sq|L5(t)| ≤ C
∑
q≥0

2(2s+1)q‖∆qb‖2L2

∑
m≤q−2

‖∇∆mb‖L∞

+ C
∑
q≥0

2(2s+1)q‖∆qb‖L2

∑
k≥q−3

‖∇∆kb‖L∞‖∆̃kb‖L2

= L51(t) + L52(t).

Similar to the estimate of L11(t), we have

|L51(t)|

≤ C
∑
q≥0

2(s+β)q‖∆qb‖L22(s+1−β)q‖∆qb‖L2

∑
m≤q−2

25m/2‖∆mb‖L2

≤ 1
8

∑
q≥0

22(s+β)q‖∆qb‖2L2 + C
∑
q≥0

22(s+1−β)q‖∆qb‖2L2

( ∑
m≤q−2

25m/2‖∆mb‖L2

)2

︸ ︷︷ ︸
L511

,

where

|L511| ≤ C
∑
q≥0

22sq‖∆qb‖2L2

( ∑
m≤−2

2(1−β)q25m/2‖∆mb‖L2

+
∑

−1≤m≤q−2

2(1−β)q2( 5
2−β)m‖Λβ∆mb‖L2

)2

≤ C
∑
q≥0

22sq‖∆qb‖2L2

∑
(
∑
m≤−2

25m/2‖b‖L2

+
∑

−1≤m≤q−2

2(1−β)(q−m)2( 7
2−2β)m‖Λβ∆mb‖L2

)2

≤ C(‖b‖2L2 + ‖Λβb‖2L2)
∑
q≥0

22sq‖∆qb‖2L2

≤ C(‖b‖2L2 + ‖Λβb‖2L2)‖b‖2Hs .

So we have

|L51(t)| ≤ 1
8
‖b‖2

Ḣs+β
+ C(‖b‖2L2 + ‖Λβb‖2L2)‖b‖2Hs .
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Similar to the estimate of L12(t), we have

|L52(t)| ≤ C
∑
q≥0

2sq‖∆qb‖L22(s+1)q
∑
k≥q−3

‖∇∆qb‖L∞‖∆̃kb‖L2

≤ C
(∑
q≥0

22sq‖∆qb‖2L2

)1/2{∑
q≥0

22(s+1)q(
∑
k≥q−3

‖∇∆kb‖L∞‖∆̃kb‖L2)2
}1/2

≤ C‖b‖Hs
{∑
q≥0

22(s+1)q
( ∑
k≥q−3

2k( 5
2−β)‖Λβ∆kb‖L22−kβ‖Λβ∆̃kb‖L2

)2}1/2

≤ C‖b‖Hs
{∑
q≥0

22(s+1)q(
∑
k≥q−3

2−k2k( 7
2−2β)‖Λβ∆kb‖L2‖Λβb‖L2)2

}1/2

≤ C‖Λβb‖L2‖b‖Hs
{∑
q≥0

(
∑
k≥q−3

2(s+1)(q−k)2ks‖Λβ∆kb‖L2)2
}1/2

≤ C‖Λβb‖L2‖b‖Hs‖b‖Ḣs+β ≤ C‖Λ
βb‖2L2‖b‖2Hs +

1
8
‖b‖2

Ḣs+β
,

here we have used Young’s inequality for the fifth inequality. Therefore,∑
q≥0

22sq|L5(t)| ≤ C(‖Λβb‖2L2 + ‖b‖2L2)‖b‖2Hs +
1
4
‖Λβb‖2

Ḣs
.

Collecting the estimate above in (3.2), integrating in [0, t], together with (3.1) and
(2.1) yields

‖u(t)‖2Hs + ‖b(t)‖2Hs +
∫ t

0

‖Λαu(τ)‖2Hsdτ +
∫ t

0

‖Λβb(τ)‖2Hsdτ

≤ C(‖(Λαu,Λβb)‖2L2 + ‖(u, b)‖2L2)(‖u‖2Hs + ‖b‖2Hs) + ‖u0‖2Hs + ‖b0‖2Hs .

Applying Gronwall’s lemma, with (3.1), for 0 ≤ t ≤ T ,

‖u(t)‖2Hs + ‖b(t)‖2Hs +
∫ t

0

‖Λαu(τ)‖2Hsdτ +
∫ t

0

‖Λβb(τ)‖2Hsdτ

≤ (‖u0‖2Hs + ‖b0‖2Hs) exp
{
C

∫ t

0

(‖(Λαu,Λβb)‖2L2 + ‖(u, b)‖2L2)dτ
}

≤ (‖u0‖2Hs + ‖b0‖2Hs) exp
(
C‖(u0, b0)‖2L2(1 + T )

)
.

This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.4

As in the proof of Theorem 1.1, we only need to show the global regularity. Since
‖u‖Hs = ‖u‖L2 + ‖u‖Ḣs , we obtain

‖u(t)‖2Hs + ‖b(t)‖2Hs + 2
∫ t

0

‖Λαu(τ)‖2Hsdτ + 2
∫ t

0

‖Λβb(τ)‖2Hsdτ

≤ ‖(u0, b0)‖2Hs + C

∫ t

0

‖(∇u,∇b)‖L∞‖(u, b)‖2Ḣsdτ + 2
∫ t

0

‖∇b‖L∞‖b‖2
Ḣs+

1
2
dτ

≤ ‖(u0, b0)‖2Hs + C

∫ t

0

‖(u, b)‖Hs(‖Λαu‖2Hs + ‖Λβb‖2Hs)dτ.
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A similar estimate can be found in [4]. Choosing ε so small that ‖(u0, b0)‖2Hs < 1
2C2 ,

which implies that C‖(u0, b0)‖Hs < 1. Suppose there exists a first time T ?, such
that

‖u(T ?)‖2Hs + ‖b(T ?)‖2Hs ≥
1

2C2
. (4.1)

This leads to

‖u(T ?)‖2Hs + ‖u(T ?)‖2Hs +
∫ T?

0

‖Λαu(t)‖2Hs + ‖Λβb(t)‖2Hsdt ≤ ‖(u0, b0)‖2Hs <
1

2C2
,

which contradicts (4.1). Hence, for all t ≥ 0, we get global small solution satisfying

‖u(t)‖2Hs + ‖b(t)‖2Hs +
∫ t

0

‖Λαu(τ)‖2Hsdτ +
∫ t

0

‖Λβb(τ)‖2Hsdτ ≤ ‖(u0, b0)‖2Hs .

This concludes the proof of Theorem 1.4.

5. Proof of Theorem 1.6

It suffices to establish the following, for all t ≥ 0,∫ t

0

‖u‖2
Ḣ3/2 + ‖∇b‖2

Ḣ3/2dτ <∞,

since [3] provided the blow up criterion in the BMO space and Ḣ3/2 ↪→ BMO [7].
As the operation in section 3, we obtain

1
2
d

dt
(‖∆qu‖2L2 + ‖∆qb‖2L2) + ‖∇∆qu‖2L2 + ‖∇∆qb‖2L2

= −
∫

R3
[∆q, u · ∇]u ·∆qu+

∫
R3

[∆q, b · ∇]b ·∆qu−
∫

R3
[∆q, u · ∇]b ·∆qb

−
∫

R3
[∆q, b · ∇]u ·∆qb+

∫
R3

[∆q, b×]J ·∆qJ

≤ ‖[∆q, u · ∇]u‖L2‖∆qu‖L2 + ‖[∆q, b · ∇]b‖L2‖∆qu‖L2

+ ‖[∆q, u · ∇]b‖L2‖∆qb‖L2 + ‖[∆q, b · ∇]u‖L2‖∆qb‖L2

+ ‖[∆q, b×]J‖L2‖∆qJ‖L2

= IL1(t) + · · ·+ IL5(t).

(5.1)

Multiplying (5.1) by 2q and summing over q ∈ Z,

1
2
d

dt
(‖u‖2

Ḣ1/2 + ‖b‖2
Ḣ1/2) + ‖∇u‖2

Ḣ1/2 + ‖∇b‖2
Ḣ1/2 ≤

∑
q∈Z

2q|IL1(t) + · · ·+ IL5(t)|.

(5.2)
By Hölder’s inequality and choosing σ = σi = 1

2 , pi = 2, i = 1, 2 in (2.2),∑
q∈Z

2q|IL1(t)| ≤
(∑
q∈Z

2q‖[∆q, u] · ∇u‖2L2

)1/2

‖u‖Ḣ1/2 ≤ C‖u‖Ḣ1/2‖u‖2Ḣ3/2 .

Similarly, ∑
q∈Z

2q|IL2(t)| ≤ C‖u‖Ḣ1/2‖b‖2Ḣ3/2 ,∑
q∈Z

2q|IL3(t)| ≤ C‖u‖Ḣ1/2(‖u‖2
Ḣ3/2 + ‖b‖2

Ḣ3/2),
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q∈Z

2q|IL4(t)| ≤ C‖u‖Ḣ1/2(‖u‖2
Ḣ3/2 + ‖b‖2

Ḣ3/2),
∑
q∈Z

2q|IL5(t)| ≤ C‖b‖3
Ḣ3/2 .

Plugging the inequalities above in (5.1), we have

1
2
d

dt
‖(u, b)‖2

Ḣ1/2 + ‖∇u‖2
Ḣ1/2 + ‖∇b‖2

Ḣ1/2

≤ C(‖(u, b)‖Ḣ1/2 + ‖b‖Ḣ3/2)(‖u‖2
Ḣ3/2 + ‖b‖2

Ḣ3/2).
(5.3)

Next, we give the Ḣ3/2 estimate of b. With a similar process, we obtain

1
2
d

dt
‖∆qb‖2L2 + ‖∇∆qb‖2L2

=
∫

R3
[∆q, b · ∇]u ·∆qb+

∫
R3
b · ∇∆qu ·∆qb

−
∫

R3
[∆q, u · ∇]b ·∆qb+

∫
R3

[∆q, b×]J ·∆qJ

≤ ‖[∆q, b · ∇]u‖L2‖∆qb‖L2 + ‖b · ∇∆qu‖L2‖∆qb‖L2

+ ‖[∆q, u · ∇]b‖L2‖∆qb‖L2 + ‖[∆q, b×]J‖L2‖∆qJ‖L2

= K1(t) + · · ·+K5(t).

Multiplying 23q and summing over q ∈ Z,

1
2
d

dt
‖b‖2

Ḣ3/2 + ‖b‖2
Ḣ5/2 ≤

∑
q∈Z

23q|K1(t) + · · ·+K5(t)|. (5.4)

By Hölder’s inequality and choosing σ = σi = 1
2 , pi = 2, i = 1, 2 in (2.2),∑

q∈Z
23q|K1(t)| =

∑
q∈Z

23q‖[∆q, b · ∇]u‖L2‖∆qb‖L2

≤
(∑
q∈Z

2q‖[∆q, b · ∇]u‖2L2

)1/2

‖b‖Ḣ5/2

≤ C‖b‖Ḣ3/2(‖u‖2
Ḣ3/2 + ‖b‖2

Ḣ5/2).

Similarly, ∑
q∈Z

23q|K3(t)| ≤ C‖b‖Ḣ3/2(‖b‖2
Ḣ5/2 + ‖u‖2

Ḣ3/2).

By Hölder’s inequality and choosing σ = 3/2, σi = 1
2 , pi = 2, i = 1, 2 in (2.2), then∑

q∈Z
23q|K4(t)| ≤

(∑
q∈Z

23q‖[∆q, b×]J‖2L2

)1/2

‖J‖Ḣ3/2 ≤ C‖b‖Ḣ3/2‖b‖2Ḣ5/2 .

Using Hölder’s inequality and condition (1.6),∑
q∈Z

23q|K2(t)| ≤
(∑
q∈Z

2q‖b · ∇∆qu‖2L2

)1/2

‖b‖Ḣ5/2

≤ ‖b‖L∞‖u‖Ḣ3/2‖b‖Ḣ5/2

≤ C0

2
(‖u‖2

Ḣ3/2 + ‖b‖2
Ḣ5/2).
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Plugging the inequalities above in (5.4), combining with (5.3) and integrating the
resulting inequality in [0, t] gives

‖(u(t), b(t))‖2
Ḣ1/2 + ‖b(t)‖2

Ḣ3/2 + (2− C0)
∫ t

0

‖(u(τ), b(τ))‖2
Ḣ3/2 + ‖b(τ)‖2

Ḣ5/2dτ

≤ C
∫ t

0

(‖(u(τ), b(τ))‖Ḣ1/2 + ‖b(τ)‖Ḣ3/2)(‖(u(τ), b(τ))‖2
Ḣ3/2 + ‖b(τ)‖2

Ḣ5/2)dτ

+ ‖(u0, b0)‖2
Ḣ1/2 + ‖b0‖2Ḣ3/2 .

Choose ε so small that 3(‖u0‖2Ḣ1/2 +‖b0‖2Ḣ1/2 +‖b0‖2Ḣ3/2) < ( 2−C0
4C )2, which implies

C
(
‖u0‖Ḣ1/2 + ‖b0‖Ḣ1/2 + ‖b0‖Ḣ3/2

)
<

2− C0

4
.

Suppose there exists a first time T ? such that

3
(
‖u(T ?)‖2

Ḣ1/2 + ‖b(T ?)‖2
Ḣ1/2 + ‖b(T ?)‖2

Ḣ3/2

)
≥
(2− C0

4C
)2
,

which can easily get a contradiction. Hence, for all t ≥ 0, we obtain

‖(u(t), b(t))‖2
Ḣ1/2 + ‖b(t)‖2

Ḣ3/2 + (2− C0)
∫ t

0

‖(u(τ), b(τ))‖2
Ḣ3/2 + ‖b(τ)‖2

Ḣ5/2dτ

≤ ‖(u0, b0)‖2
Ḣ1/2 + ‖b0‖2Ḣ3/2 .

This completes the proof of Theorem 1.6.

6. Proof of Theorem 1.8

Our proof contains two steps, H1 estimates and Hs estimates.
Step 1: H1 Estimates. Using a similar procedure as in [3], we have

1
2
d

dt
(‖∇u‖2L2 + ‖∇b‖2L2) + ‖∇Λαu‖2L2 + ‖∇Λβb‖2L2

= −
∫

R3
∇(u · ∇u) · ∇u dx+

∫
R3
∇(b · ∇b) · ∇u dx+

∫
R3
∇(b · ∇u) · ∇b dx

−
∫

R3
∇(u · ∇b) · ∇b dx−

∫
R3
∇(J × b) · ∇J dx

= I1(t) + · · ·+ I5(t).

(6.1)

By integrate by parts, Hölder’s inequality, interpolation inequality and Young’s
inequality, let θ1 = 3−(α−1)p1

αp1
, we obtain

|I1(t)| ≤ |
∫

R3
(u · ∇)u ·∆u dx|

≤ ‖u‖Lp1 ‖∇u‖
L

6p1
(1+2α)p1−6

‖∆u‖
L

6
5−2α

≤ ‖u‖Lp1 ‖∇u‖1−θ1L2 ‖∇Λαu‖1+θ1
L2

≤ C‖u‖
2αp1

(2α−1)p1−3

Lp1 ‖∇u‖2L2 +
1
8
‖∇Λαu‖2L2 .

By cancelation property,∫
R3

(b · ∇)∂ib · ∂iu dx+
∫

R3
(b · ∇)∂iu · ∂ib dx = 0,
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integrate by parts, Hölder inequality and Young’s inequality,

|I2(t) + I3(t)| =
∣∣∣ ∫

R3
(b · ∇)∂ib · ∂iu dx+

∫
R3

(∂ib · ∇)b · ∂iu dx

+
∫

R3
(b · ∇)∂iu · ∂ib dx+

∫
R3

(∂ib · ∇)u · ∂ib dx
∣∣∣

=
∣∣∣ ∫

R3
(∂ib · ∇)b · ∂iu dx+

∫
R3

(∂ib · ∇)u · ∂ib dx
∣∣∣

≤
∫

R3
|u||∇b||∇2b| dx

≤ C‖u‖
2βp1

(2β−1)p1−3

Lp1 ‖∇b|2L2 +
1
8
‖∇Λβb|2L2 .

Similarly,

|I4(t)| ≤ C‖u‖
2βp1

(2β−1)p1−3

Lp1 ‖∇b‖2L2 +
1
8
‖∇Λβb|2L2 ,

|I5(t)| =
∫

R3
|∇b||∇b||∇2b| ≤ C‖∇b‖

2βp2
(2β−1)p2−3

Lp2 ‖∇b‖2L2 +
1
8
‖∇Λβb|2L2 ,

where it would be used ∫
R3

[(∇J)× b] · (∇J) dx = 0.

Collecting the inequalities above in (6.1), together with energy estimate, integrating
in time and by Gronwall’s lemma yields that

‖u‖2H1 + ‖b‖2H1 +
∫ t

0

‖Λαu‖2H1dτ +
∫ t

0

‖Λβb‖2H1dτ

≤ ‖(u0, b0)‖2H1 exp
{
C

∫ t

0

(‖u‖
2αp1

(2α−1)p1−3

Lp1 + ‖u‖
2βp1

(2β−1)p1−3

Lp1 + ‖∇b‖
2βp2

(2β−1)p2−3

Lp2 )dτ
}
.

(6.2)
Step 2: Hs Estimates. Applying the operator Λs to (1.1), taking the inner
product with (Λsu,Λsb), with energy estimate, we have

1
2
d

dt
(‖u‖2Hs + ‖b‖2Hs) + ‖Λαu‖2Hs + ‖Λβb‖2Hs

= −
∫

R3
Λs(u · ∇)u · Λsu dx+

∫
R3

Λs(b · ∇)b · Λsu dx+
∫

R3
Λs(b · ∇)u · Λsb dx

−
∫

R3
Λs(u · ∇)b · Λsb dx−

∫
R3

Λs((∇× b)× b) · Λs(∇× b)dx

= II1(t) + · · ·+ II5(t).
(6.3)

Using Hölder’s inequality and Young’s inequality,

|II1(t)| ≤ ‖Λs+1−α(u⊗ u)‖L2‖Λs+αu‖L2

≤ C‖u‖L∞‖u‖Hs+1−α‖Λαu‖Hs

≤ C‖u‖2L∞‖u‖2Hs +
1
8
‖Λαu‖2Hs .
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Similarly,

|II2(t)| ≤ C‖b‖2L∞‖b‖2Hs +
1
8
‖Λαu‖2Hs ,

|II3(t), II4(t)| ≤ C(‖u‖2L∞ + ‖b‖2L∞)(‖u‖2Hs + ‖b‖2Hs) +
1
8
‖Λβb‖2Hs .

For the estimate of II5(t), let θ2 = 3−(β−1)p2
βp2

, then

|II5(t)| ≤ ‖Λs[(∇× b)× b]− [Λs(∇× b)]× b‖
L

6
2β+1
‖∇Λsb‖

L
6

5−2β

≤ C‖∇b‖Lp2 ‖Λsb‖
L

6p2
(1+2β)p2−6

‖Λβb‖Hs

≤ C‖∇b‖Lp2‖Λsb‖1−θ2L2 ‖Λβb‖1+θ2
Hs

≤ C‖∇b‖
2βp2

(2β−1)p2−3

Lp2 ‖Λsb‖2L2 +
1
8
‖Λβb‖2L2 .

Plugging the estimate above in (6.3), applying Gronwall’s lemma, we have

‖u‖2Hs + ‖b‖2Hs +
∫ t

0

‖Λαu‖2Hsdτ +
∫ t

0

‖Λβb‖2Hsdτ

≤ ‖(u0, b0)‖2Hs exp{C exp
∫ t

0

(‖(u, b)‖2L∞ + ‖∇b‖
2βp2

(2β−1)p2−3

Lp2 )dτ}.

Combining the interpolation

‖u‖L∞ ≤ C‖u‖
1− 1

2α
H1 ‖∇Λαu‖

1
2α
L2 , ‖b‖L∞ ≤ C‖b‖

1− 1
2β

H1 ‖∇Λβb‖
1
2β

L2

with (1.7) and (6.2) yields the desired results. This completes the proof of Theorem
1.8.

7. Proof of Theorem 1.10

Using similar operation as the proof of Theorem 1.8, we obtain
1
2
d

dt
(‖∇u‖2L2 + ‖∇b‖2L2) + ‖∆u‖2L2 + ‖∆b‖2L2

=
3∑

i,j,k=1

∫
R3
∂k(ui∂iuj)∂kuj +

3∑
i,j,k=1

∫
R3
∂k(bi∂ibj)∂kuj

+
3∑

i,j,k=1

∫
R3
∂k(bi∂iuj)∂kbj −

3∑
i,j,k=1

∫
R3
∂k(ui∂ibj)∂kbj

−
3∑
i=1

∫
R3
∂i(J × b) · ∂iJ

= III1(t) + · · ·+ III5(t).

(7.1)

Integrating by parts, and using∫
R3

ui∂i∂kuj∂kuj dx = 0,

we can rewrite III1(t) as

III1(t) = −
3∑

i,j,k=1

∫
R3
∂kui∂iuj∂kuj
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= −
2∑
i=1

3∑
j,k=1

∫
R3
∂kui∂iuj∂kuj −

2∑
k=1

3∑
j=1

∫
R3
∂ku3∂3uj∂kuj

+
3∑
j=1

∫
R3

(∂1u1 + ∂2u2)∂3uj∂3uj .

Similarly,

III2(t) + III3(t)

=
3∑

i,j,k=1

∫
R3
∂kbi∂ibj∂kuj +

3∑
i,j,k=1

∫
R3
∂kbi∂iuj∂kbj

=
2∑
k=1

3∑
i,j=1

∫
R3
∂kbi∂ibj∂kuj +

2∑
i=1

3∑
j=1

∫
R3
∂3bi∂ibj∂3uj

+
2∑
i=1

3∑
j=1

∫
R3
∂3bi∂iuj∂3bj −

3∑
j=1

∫
R3

(∂1b1 + ∂2b2)(∂3bj∂3uj + ∂3uj∂3bj),

III4(t) = −
3∑

i,j,k=1

∫
R3
∂kui∂ibj∂kbj

=
2∑
k=1

3∑
i,j=1

∫
R3
∂kui∂ibj∂kbj +

2∑
i=1

3∑
j=1

∫
R3
∂3ui∂ibj∂3bj

+
3∑
j=1

∫
R3

(∂1u1 + ∂2u2)∂3bj∂3bj .

Using the cancelation property as before,

III5(t) = −
3∑
i=1

∫
R3
{∂i((∇× b)× b) · ∂i(∇× b)− (∂i(∇× b)× b) · ∂i(∇× b)}

= −
2∑
i=1

∫
R3

(∇× b)× ∂ib · ∂i(∇× b)−
∫

R3
(∇× b)× ∂3b · ∂3(∇× b)︸ ︷︷ ︸

III51

,

where

III51 = −
∫

R3
{∂3b3(∂3b1 − ∂1b3)− ∂3b2(∂1b2 − ∂2b1)}∂3(∂2b3 − ∂3b2)

−
∫

R3
{∂3b1(∂1b2 − ∂2b1)− ∂3b3(∂2b3 − ∂3b2)}∂3(∂3b1 − ∂1b3)

−
∫

R3
{∂3b2(∂2b3 − ∂3b2)− ∂3b1(∂3b1 − ∂1b3)}∂3(∂1b2 − ∂2b2).
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Therefore, we can easily obtain the estimates

|III1(t)| ≤ C
∫

R3
|∇hu||∇u|2dx,

|III2(t) + III3(t)| ≤ C
∫

R3
|∇hu||∇b|2dx+

∫
R3
|∇hb||∇b||∇u|dx︸ ︷︷ ︸

Ξ

,

|III4(t)| ≤ C
∫

R3
|∇hu||∇b|2dx+

∫
R3
|∇hb||∇b|2dx,

|III5(t)| ≤ C
∫

R3
|∇hb||∇b||∆b|dx.

(7.2)

Using Hölder’s inequality, interpolation inequality and Young’s inequality, let θ3 =
3

2p1α
,

|III1(t)| ≤ C‖∇hu‖Lp1‖∇u‖2(1−θ3)
L2 ‖∇Λαu‖2θ3L2

≤ C‖∇hu‖
1

1−θ3
Lp1 ‖∇u‖

2
L2 +

1
8
‖∇Λαu‖2L2

= C‖∇hu‖
2p1α

2p1α−3

Lp1 ‖∇u‖2L2 +
1
8
‖∇Λαu‖2L2 .

For the estimate of the second term, let θ4 = 6−2p2α
2βp2

, we have

Ξ ≤ ‖∇hb‖Lp2‖∇b‖
L

6p2
(3+2α)p2−6

‖∇u‖
L

6
3−2α

≤ ‖∇hb‖Lp2‖∇b‖1−θ4L2 ‖∇Λβb‖θ4L2‖∇Λαu‖L2

≤ C‖∇hb‖
2

1−θ4
Lp2 ‖∇b‖

2
L2 +

1
8
‖(∇Λαu,∇Λαb‖2L2

≤ C‖∇hb‖
2p2β

(α+β)p2−3

Lp2 ‖∇b‖2L2 +
1
8
‖(∇Λαu,∇Λαb‖2L2 .

Thus,

|III2(t) + III3(t)| ≤ C(‖∇hu‖
2p1β

2p1β−3

Lp1 + ‖∇hb‖
2p2β

(α+β)p2−3

Lp2 )‖∇b‖2L2

+
1
8

(‖∇Λαu‖2L2 + ‖∇Λβb‖2L2).

Similarly,

|III4(t)| ≤ C(‖∇hu‖
2p1β

2p1β−3

Lp1 + ‖∇hb‖
2p2β

2p2β−3

Lp2 )‖∇b‖2L2 +
1
4
‖∇Λβb‖2L2 ,

|III5(t)| ≤ C‖∇hb‖
2βp2

(2β−1)p2−3

Lp2 ‖∇b‖2L2 +
1
8
‖∇Λβb‖2L2 .

Plugging the inequalities above in (7.1), integrating in [0, t], with energy estimate,

‖(u, b)‖2H1 +
∫ t

0

‖Λαu‖2H1dτ +
∫ t

0

‖Λβb‖2H1dτ

≤ C
∫ t

0

(‖∇hb‖
2βp2

(2β−1)p2−3

Lp2 + ‖∇hu‖
2p1α

2p1α−3

Lp1 + ‖∇hu‖
2p1β

2p1β−3

Lp1

+ ‖∇hb‖
2p2β

(α+β)p2−3

Lp2 + ‖∇hb‖
2p2β

2p2β−3

Lp2 )‖(u, b)‖2H1 + ‖(u0, b0)‖2H1 .
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Thanks to Gronwall’s lemma, with assumption (1.8), we obtain

‖(u, b)‖2H1 +
∫ T

0

‖Λαu‖2H1dt+
∫ T

0

‖Λβb‖2H1dt <∞,

which implies that

sup
0≤t≤T

‖u‖L3 <∞,
∫ T

0

‖∇b‖
β
β−1

L3 dt <∞.

Combining with regularity criterion (1.8) can lead the desired result. So we com-
plete the proof of Theorem 1.10.
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