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PROPERTIES OF SCHWARZIAN DIFFERENCE EQUATIONS

SHUANG-TING LAN, ZONG-XUAN CHEN

ABSTRACT. We consider the Schwarzian type difference equation
A3 3 /A2 21k
[ fz) _ 7( f(2)> } — R(2),
Af(z) 2V Af(2)
where R(z) is a nonconstant rational function. We study the existence of ratio-

nal solutions and value distribution of transcendental meromorphic solutions
with finite order of the above equation.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we use the basic notions of Nevanlinna’s theory [6],[12]. In addition,
o(f) denotes the order of growth of the meromorphic function f(2); A(f) and A (%)

denote the exponents of convergence of zeros and poles of f(z). Let S(r,w) denote
any quantity satisfying S(r,w) = o(T'(r,w)) for all 7 outside of a set with finite
logarithmic measure. A meromorphic solution w of a difference (or differential)
equation is called admissible if the characteristic function of all coefficients of the
equation are S(r,w). For every n € N, the forward differences A™ f(z) are defined
in the standard way [I1] by

Af(z) = flz+1) = f(2), A™f(2) = A"f(z +1) — A" f(2).

The Schwarzian differential equation

(1.1)
was studied by Ishizaki [7], and obtained some important results. Chen and Li [3]

investigated Schwarzian difference equation, and obtained the following theorem.

Theorem 1.1. Let f(z) be an admissible solution of difference equation
A%f(z) B A%f(2)\2F _ _P(z /)
are 3l | =ren=a0p

such that oo(f) < 1, where k(> 1) is an integer, P(z, f) and Q(z, f) are polynomials
with deg; P(z, f) = p, deg; Q(z, f) = q, d = max{p,q}. Let ai,...,as be s(>2)
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distinct complex constants. Then

. 2k’
Jj=1
In particular, if N(r, f) = S(r, ), then
2 d
L) <2 —.
Jj=1

Set deg; P(2, f) = deg; Q(2, f) = 0 in equation (L.1), then R(z, f) = R(z) is a
small function with respect to f(z). Liao and Ye [I0] studied this type of Schwarzian
differential equation, and obtained the following result.

Theorem 1.2. Let P and @ be polynomials with deg P = p, deg@ = q, and let

R(z) = ggig and k a positive integer. If f(z) is a transcendental meromorphic
solution of equation
111 3 "y 24k
53T -
2\ f
_ p—q+2k
then p— q+ 2k > 0 and the order o(f) = E=52.

In this article, we study a Schwarzian difference equation, and obtain the follow-
ing result.

Theorem 1.3. Let R(z) = ggz; be an irreducible rational function with deg P(z) =

p, deg Q(z) = q. Consider the difference equation
A3 3 /A2 27k
[ f(z) _7( f(Z)> } _ R(2),
Af(z)  2\VAf(2)
where k is a positive integer. Then
(i) every transcendental meromorphic solution f(z) of (1.2)) satisfies o(f) > 1;
if p—q+ 2k >0, then (1.2)) has no rational solutions;
2
(ii) if f(2) is a mereomorphic solution of (1.2) with finite order, terms AAf((ZZ))

3
and AA ]f((zz)) in (1.2) are nonconstant rational functions;
(iii) every transcendental meromorphic solution f(z) with finite order has at

most one Borel exceptional value unless
f(z) = b+ Ro(2)e", (1.3)

where b € C, a € C\ {0} and Ro(z) is a nonzero rational function.
(iv) if p—q+2k > 0,0(f) < 0o, then Af(z) has at most one Borel exceptional
value unless

(1.2)

Af(z) = Ri(2)e”, (1.4)
where a € C, a # i2kyw for any ki € Z, and R1(z) is a nonzero rational
function.

Corollary 1.4. Let f(z) be a finite order meromorphic solution of (1.2)), if p—q+
2k > 0, then f(z), Af(2), A%f(2) and A3f(2) cannot be rational functions, and
M%) oo AN
Af(z) Af(z)

Remark 1.5. Let f(z) be the function in the form (1.3]), then the Schwarzian

difference is an irreducible rational function R(z) = SEZ) with deg P < deg Q.

are monconstant rational functions.




EJDE-2015/199 SCHWARZIAN DIFFERENCE EQUATIONS 3

Proof. Suppose that f(z) has the form (1.3]). Since Ry(z) is a rational function, we
see Ro(z) satisfies
Ro(2 + )

—1, z—o00,j=123. 1.5
Ro(2) J (1.5)

By , we have
Af(z) = e**(e"Ro(z + 1) — Ro(2));
A?f(2) = e (e Ro(z + 2) — 2e"Ro(z + 1) + Ro(2));
A3 f(2) = e** (3" Ro(z + 3) — 3" Ry (2 4 2) + 3e“Ro(z + 1) — Ry (2)).
Combining these with , we have
A3f(z) €3 Ro(z+3) —3e**Ro(z + 2) + 3e“Ro(z + 1) — Ro(2)

Af(z) e®*Ro(z 4+ 1) — Ro(2)
BaRo(t3) _ g 24 Ro(42) aRo(z+1)
Ro(2) 3e Ro(z) +3e Ro(2) 1 (1.6)
a Ro(Z+1) -1 :
Ro(z)
3a __ 2a a __
¢ 3e“* + 3e 1:(6(1_1)27 2 oo,
et —1
and
A%f(z)  €*Ro(z+2) —2¢*Ro(z + 1) + Ro(z)
Af(z) e*Ro(z+ 1) — Ry(2)
2(1 Ro(2+2) a Ro(2+1)
Ro) 20 TRo) T w7
a Ro(2+1)
TR !
2a a
el ey L
ev —1
Thus,

A3f(z) 3 A2f(z) 2 a 2 3 a 2 1 a 2
Af(2) _’(Af(z)) @175 — ) =5l - )T 200 (18

By , and Ry(z) begin a rational function, we see that
_[A%f(2) 3 A% (2)\HE
R(z) = [Af( ) **<Af(z)) ]

is a rational function. Denote R(z) = SE g, where P(z) and Q(z) are prime poly-

nomials. By (|1.8)), we see

_P(») _ A3f(z) 2k
R(Z)’Q(z)*[Af()*i( )H 6*1) » 200
If e* # 1, then deg P = deg@; if e* = 1, then degP < deg@. So, degP <
deg Q. O

Remark 1.6. Checking the proof of Theorem (iv), we see that for f(z) a

function such that Af(z) in the form (1.4), then the Schwarzian difference satisfies
A%f(2) §<A2f(Z))2 _ 2tz 12) §62a(R1(2+ 1))2 LBz 1
Af(z) Af(z) Ri(z) 2 Ry(2) Ri(z) 2

Examples (1.7 and [I.§| below show that the condition “p—g+2k > 0” in Theorem
(i) cannot be omitted.
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Example 1.7. Consider the Schwarzian type difference equation
A’f(z) 3 Af(2)\2 6
Af(z) 5( Af(z) ) T2+ 1)

where k =1, p =0, ¢ = 2, and p— ¢+ 2k = 0. This equation has a rational solution

f1(z) = 22, and a transcendental meromorphic solution fo(z) = €?2™* + 22,

Example 1.8. Consider the Schwarzian type difference equation

A3f(z) B A% f(2)\2 —6

Af(z) 5( Af(2) ) (2 +3)(2+2)2’
where k=1, p=0, ¢ =3, and p — ¢+ 2k = —1 < 0. This equation has a rational
solution f1(z) = 1, and a transcendental meromorphic solution fy(z) = €™ + 1.

Example 1.9. The function f(z) = ze(°83)% satisfies Schwarzian type difference
equation

A3f(2) 3 (AQf(z:))2 _ —82% — 48z — 108
Af(z) 2\ Af(2) (22 + 3)2

We see o(f) = 1 and f(z) has finitely many zeros and poles. It shows the result of

Theorem (iii) is precise.

2. PRELIMINARIES

Lemma 2.1 ([2]). Let f(z) be a meromorphic function of finite order o and let n
be a nonzero complex constant. Then for each £(0 < e < 1), we have

m(n f(;(;n)) +m(r7 f(i(i)n)) — 0@+,

Lemma 2.2 ([2]). Let f(z) be a meromorphic function with order o = o(f),o < oo,
and let n be a fized nonzero complex number, then for each € > 0,

T(r, f(z+m) = T(r, f(2)) + O(r7~"*¢) + O(log ).

Lemma 2.3 ([4, Theorem 1.8.1], [9]). Let ¢ € C\ {0} and f(z) be a finite order
meromorphic function with two finite Borel exceptional values a and b. Then for
every n € NT,

T(r,A"f)=(n+1)T(r, )+ S(r, f)
unless f(z) and c satisfy
S pdeC\{0),
mde = i2kym for some ky € Z and m € {1,2,...,n}.

Remark 2.4. Checking the proof of Lemma2.3] we point out that when ¢ € C\ {0}
and f(z) is a finite order meromorphic function with two finite Borel exceptional
values, for every n € N1 if ¢, 2¢, ..., nc are not periods of f(z), then

T(r,A"f) = (n+1)T(r, ) + S(r, f)-

Lemma 2.5 ([1]). Let f(2) be a function transcendental and meromorphic in the
plane which satisfies
T(r.f)

fz)=b+

lim inf =0.
r—00 r

Then Af and Af/f are both transcendental.
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Lemma 2.6. Suppose that f(z) = H(z)e**, where a # 0 is a constant, H(z2) is a

transcendental meromorphic function with o(H) < 1. Then Af{g) 1s transcendental.

Proof. Substituting f(z) = H(z)e** into A7) e see that

f(z) 2
Af(z)  f(z+1)— f(2)  H(z+1)e®=+Y — H(z)e
fz) f(2) B H(z)e®
o aAH(Z) a
=e i) +e*—1.
From the fact o(H) < 1, we see that
limsupM =o(H)<1.
00 logr

Then for large enough r, choose € = I_GT(H) > 0, we have

logT(r,H) < (0(H) +¢)logr;

that is,
T(r,H) < roH)+e,
Thus,
lim inf (r, H) < lim inf pr e =liminf r"D+e= —liminfr—° = 0. (2.2)

7—00 T T—00 T 7T— 00 700

So, H(z) is a transcendental meromorphic function which satisfies (2.2]). From
Lemma we see A}ﬁg) is transcendental. By (2.1)), Af{S) is transcendentgl
too.

Lemma 2.7 ([4, Lemma 5.2.2]). Let f(z) be a transcendental meromorphic function
with o(f) < 1, and let g1(2) and g2(z)(Z£ 0) be polynomials, ¢1, ca (c1 # c2) be
constants. Then

h(z) = g2(2) f(z + c2) + g1(2) f (2 + 1)
is transcendental.

Lemma 2.8 ([Bl §]). Let w be a transcendental meromorphic solution with finite
order of difference equation
P(z,w) =0,

where P(z,w) is a difference polynomial in w(z). If P(z,a) £ 0 for a meromorphic
function a, where a is a small function with respect to w, then

1
w—a
Remark 2.9. Ishizaki [7, Remark 1] pointed out that if P(z,w) and Q(z,w) are
mutually prime, there exist polynomials of w, U(z,w) and V(z,w) such that

Ulz,w)P(z,w) + V(z,w)Q(z,w) = 5(2),

where s(z) and coefficients of U(z,w) and V(z,w) are small functions with respect
to w(z).

) = S(r,w).

m(r,
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Lemma 2.10. Let R(z) be a nonconstant rational function. Suppose that f(z) is
a transcendental meromorphic solution of equation (1.2) with finite order, then in

(1.2), terms A:Jf((zz)) and A:f((zz)) are both nonconstant rational functions.

Proof. Set G(z) = AftztD) Then G(z) is a meromorphic function with finite order,

Af(z)
and
Af(z+1) = GR)AS(2),
Af(z+2)=G(z+1)Af(z+1) =Gz + 1)G(2)Af(2).
Hence,
A?f(2) = Af(2 +1) = Af(2) = (G(2) — AS(2), (2.3)
and
() = A2ATE) = A +2) < ATGHDHANG)
= (G(z + 1)G(2) — 2G(2) + 1)Af(2). '
From ,
_[A%(z) 3 A% (2)\HE
R(z) = [Af(z) _§(Af(z)) ]
is a nonconstant rational function, then
APf(z) 3 (Af(2)\?
Af(2) _§< Af(z))
is also a nonconstant rational function. Denote
APf(z) B A%f(2)\2 _
Af(s) 2 Af(2) ) = el (2:5)
where Ry (z) is a nonconstant rational function.
It follows from f that
G(z+1)G(z) —2G(2) + 1 — g(G(z) —1)? = Ry(2); (2.6)
that is,
Olzt1) = gGQ(z)—G(z)JrRz(ZH; @)

G(2)
Since Ry (z) is a nonconstant rational function, by (2.6), G(z) cannot be a constant.
Suppose that G(z) is transcendental. We see that

3 13 - 1
iG (2) — G(2) + Ra(2) + 3 + (_iG(Z) +1)G(z) = Ra(2) + 3

Together with Remark 3G2(z) — G(2) + R2(2) + 3 and G(z) are irreducible.
Applying Valiron-Mohon’ko Theorem to (2.7)), we have
T(r,G(z+1)) = 2T(r, G(2)) + 5(r, G),

which contradicts Lemma[2.2} So, G(z) is a nonconstant rational function. By (2.3)

2 3
and (2.4]), we see that AA ){c ((zz)) and AA )f((zz)) are nonconstant rational functions. O
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3. PROOFS OF THEOREMS

Proof of Theorem[1.3 (i) Suppose that f(z) is a transcendental meromorphic so-
lution of equation with o(f) < 1. Lemma [2.5] shows g(z) = Af(z) is tran-
scendental with o(g) < 1. Again by Lemma [2.5] we see A:Jf((zz)) = A;ég) is also
transcendental, which contradicts with Lemma [2.10} Thus, o(f) > 1.

Next, we prove that if f(z) is a rational solution of equation , then p — ¢+

2k < 0. Set g(z) = Af(z). By (L.2)), we see
A%(z) 3 (Mgt
[ g(z) 2( g(z) ) } = R(z). (3.1)
Thus, g(z) is a rational solution of equation
A’g(z) _ §<A9(z)
9(z) 2\ g(2)

2
) = Ra(2),
9()N7(2) 5 (Ag(2))? = Ra(2)g(2), (32)

where Ry(z) is some rational function such that R5(2) = R(z). Since R(z) =
AzP~1(1+4 o(1)), where A is some nonzero constant, then

Ry(2) = B2"% (14 0(1)), (3.3)

where B is some nonzero constant.
Suppose that

9(z) = h(z) +

where h(z),m(z) and n(z) are polynomials with degh(z) = I(> 0), degm(z) = m,
degn(z) = n with m < n. Denote

w2 (3.4)

h(z) =coz' +---+¢, mz)=apz™+ -+ am, n(z)=0bpz" +---+b,, (3.5)

where ¢, ...,c, ag, ..., am, b, ..., b, are constants, with ag # 0 and by # 0.
We divide this proof into the following three cases.

Case 1. [ > 0. By and (3.5), when z is large enough, g(z) can be written as
g(2) = co2 (1 + o(1)). (3.6)
Hence,
Ag(z) = lcpz (1 +0(1)), A2g(z) =1(1 — 1)cez'72(1 + o(1)). (3.7)
Substituting , , in , we obtain

3(lcozl71)2(l +0(1)) = Bz"F 222 (1 4 o(1));

co2' 11 — 1)coz 72(1 + o(1)) — 3

that is,
l P—a
—(5 +1)1c32* 72 (1 + 0(1)) = Bz"F ¢z (1 + o(1)),
from which it follows

pP—4q
20—2="——=+2L
A +
So,p—q+2k=0.
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Case 2. | =0, ¢g # 0. By (3.4) and (3.5), when z is large enough, g(z) can be
written as
m(z)

n(z)
By calculation and m < n, we see that
n(z)n(z 4+ 1) = bZz*"(1 + o(1)),
m(z + D)n(z) — m(2)n(z + 1) = (m — n)aghoz™ ™ (1 + o(1)).

g(z) =co+ = o+ o(1). (3.8)

Thus,
Ag(z) = m(z + 1):((;))“?2?(';))”(2 ) =(m— n)%szm_"_l(l +o(1)). (3.9
Again by calculations, we have
A2g(z) = (m —n)(m —n — 1)=2zm=""2(1 4 o(1)). (3.10)

by
Submitting ((3.3] . in (3.2)), since 2(m—n—1) < m—n—2 < 0, we have

BZT(COJro(l)):co(mfn)(mfnfl)bz 22 (1 4 0(1))

=5 (m =) o)

:co(m—n)(m—n—l)bs 22 (1 4 0(1)).

Hence, p —q =k(m —n —2) = k(m —n) — 2k < —2k. That is, p — ¢ + 2k < 0.

Case 3.l =0, ¢g = 0. Because m < n, we see that

m(z) ap
= =—2"""(1 1 3.11
o(z) = T = o T (L o(). (3.11)
We also obtain (3.9) and (3.10) - Substituting (3.3] . - ) into , we have
_ —92 2 p—q
%(m - n)%z2m_2"_2(1 +o0(1))=BzF %zZm_Q”(l +o0(1)). (3.12)
0 0

If n# m+2, by (3.12),
zm—zn—zzp—;qﬂzm—%);

thus, p — g+ 2k = 0.

If n=m+2, by (3.12),
pP—q
2m—2n—2>T+(2m—2n),

thus, p — g + 2k < 0.

By the above Cases 1-3, we see if ((1.2]) has a rational solution f(z), then p—q+
2k < 0.

(ii) By Lemma we see that Theorem (ii) holds.

(iii) Set G(z) = %((ZZ)). Lemma [2.10| shows G(z) is a nonconstant rational

function. Then

A2f(2) = G(2)Af(2), (3.13)
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By (1.2), we easily see Af(z) # 0, that is f(z+ 1) # f(z). Assert that f(z + 2) #
f(2). Otherwise,

A?F(2) = f(z+2) = 2f(z+ 1)+ f(2) = 2f(2) — 2f (2 + 1) = —2Af(2).

Together with (3.13)),
) _

Af(z) 7
which contradicts with the fact G(z) is a nonconstant rational function.

If f(2) has two finite Borel exceptional values, by f(z+2) £ f(z), f(z+1) Z f(2)
and Remark we have

T(r,A%f) =3T(r, f)+ S(r, ), T(r,Af) =2T(r, )+ S(r, f).
On the other hand, (3.13) shows that
T(r,A%f) = T(r,Af) + O(logr).

The last two equalities follows T'(r, f) = S(r, f). It is a contradiction. So, f(z)
cannot have two finite Borel exceptional values.
Suppose that f(z) has two Borel exceptional values b € C and co. By Hadamard’s
factorization theory, f(z) takes the form
f(2) = b+ Ro(2)e"?, (3.14)

where Ry(z) is a meromorphic function, and h(z) is a polynomial such that

G(2)

o(Ro) = max {A(f — b),A@)} < degh.
Thus,
Af(z) = (Ro(z +1)eh(=+HD=h(z) _ Ro(z)) M@ = Ry (2)eh®), (3.15)
where Ry (2) = Ro(z + 1)t =) — Ry(2). Obviously,

o(Ry) = U(Ro(z 4 1)ehTD=h(=) _ Ro(z)) < max{o(Rp),degh — 1} < degh.
(3.16)
From (3.15) and (3.16), we see that o(Af) = o(f), and Af(z) has two Borel
exceptional values 0 and oco. Substituting Af(z) = Ry (z)e"*) into (3.13)), we have
Ry(z 4 1)ehGTD=hE) = R (2)(G(2) + 1). (3.17)

If degh > 2, then o(e"(*+1)="2)) = degh — 1 > 1. By (8.17) and Lemma for
any given € > 0, we have
)

’ Ry (Z + 1)

= O(r*(F)=14e) L O(logr),
which yields degh — 1 < o(R1) — 1 + &. Letting ¢ — 0, we have degh < o(R1),
which contradicts with (3.16]). Hence, if degh > 2, then f(z) has at most one Borel
exceptional value.
If degh = 1, then F(z) = Af(z) = Ri(2)e®*, where a € C\ {0}. If Ri(2) is
2

transcendental with o(R;) < 1, by Lemma we see G(z) = AAff((ZZ)) = A;Eg)
is also transcendental. This contradicts with the fact G(z) is a rational function.

m(r, e"FT=hE)) < m( ) +m(r,G(z) +1)
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Therefore, R;(z) is a rational function. Combining this with (3.14) and (3.15)), we
have

f(z) =b+ Ro(z)e** (3.18)
and
Ri(z) = e*Ro(z + 1) — Ry(2),

where o(Ry) < 1. If Ry(z) is transcendental, by Lemma we see eRo(z + 1) —
Ry(z) is transcendental, which contradicts with Ry (z) = e®Rp(z + 1) — Rp(2) is a
rational function. Hence, Ry(2) is a rational function.

(iv) Suppose that f(z) is a meromorphic solution of equation , then g(z) =
Af(z) is a meromorphic solution of equation (3.1)). Checking the proof of (i), we
see if g(z) is a rational solution of (3.1, then p — ¢+ 2k < 0. Since p — ¢+ 2k > 0,
we know Af(z) is transcendental. still hold. By (B.13), set

P(z,Af) := A%f(2) — G(2)Af(2) = 0.

Since G(z) is a nonconstant rational function, then for any given a € C\ {0}, we
have P(z,a) = —aG(z) # 0. Together with Lemma , we have m/(r, ﬁ) =
S(r,Af). Thus, 6(a, Af) = 0. By this and the proof of (iii), we see taht Af(z) has
at most one Borel exceptional value 0 or oo unless

Af(z) = Ri(z)e** (3.19)

where a € C\{0}, R1(z) is a nonzero rational function. Now we prove that a # i2k 7
for any k1 € Z. We see R;(z) satisfies

Bt 0 R+l
Rl(Z) Rl(z) ’

By (3.19)), we have
A?f(z) = A(Af(2)) = e*(e"Ri(z + 1) — Ri(2)),
A3f(2) = A*(Af(2)) = e®(e** Ry(2 + 2) — 2¢*Ry (2 + 1) + Ry (2)).
From 7, we deduce that
A%f(2) §(A2f(Z))2
2

1, z — 0. (3.20)

(3.21)

Af(2) Af(2)

oaaBi(242) 3 5 Rz 1N Ri(z+1) 1
- Rl(Z) 26 ( R1<Z) ) te Rl(z) 2
—>€2a—§€2a+€a—%Z—%(ea—l)Q, Z — 00.

Combining this with (1.2]), we have

A3f(z 3 A2f(2)\ 27k
[AJ{((Z)) N 5( AJ{((Z))> ] = R(z) -
If e* =1, by , we have
A?f(2) = e AR (2), A%f(2) = e"*A%R;(2).
Combining this with and 7 we obtain
[A?’f(z) §<A2f(z)>2}k _ {AQRl(z) 3 (ARl(z))Q]k

Af(z)  2VAf(2) Ra(2)

E

(=D

2k

R1 (Z) 2
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Hence, R;(z) is a rational solution of the equation
A? 3/A 29k
[ 9(2) _ 7( g(z)) ] = R(2). (3.22)
g9(z) 2\ g(2)
By the conclusion of (i), we see if p — ¢ + 2k > 0, equation (3.22)) has no rational
solutions. It is a contradiction. Thus, e® # 1. So, a # i2k;7 for any k; € Z. O
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