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GROUND STATE SOLUTIONS FOR NON-LOCAL FRACTIONAL
SCHRODINGER EQUATIONS

YANG PU, JIU LIU, CHUN-LEI TANG

ABSTRACT. In this article, we study a time-independent fractional Schrédinger
equation with non-local (regional) diffusion

(=A)gu+ V(z)u = f(z,u) in RV,

where a € (0,1), N > 2a. We establish the existence of a non-negative ground
state solution by variational methods.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Consider the fractional Schrodinger equation
(—A)g‘u +V(x)u= f(z,u) in RY,

ue HY(RY), (1)
where a € (0,1), N > 2a, (—A)9 denotes a non-local (regional) fractional Laplacian
operator with a range of scope determined by the positive function p € C(RY,R™T).

The fractional Schrédinger equation was firstly introduced by Laskin [I]. This
equation was of particular interest in fractional quantum mechanics in the study
of particles on stochastic fields modelled by Lévy processes that give rise to equa-
tions with the fractional Laplacian operator. Recently, the study on problems of
fractional Schrodinger equations has attracted much attention. Some existence and
nonexistence of Dirichlet problem involving the fractional Laplacian on bounded
domains have been established, see [2] [3] and their references. Using the equivalent
definition of the fractional operator, some authors introduced a variational principle
and studied the existence and multiplicity of solutions in RY. Cheng [4] considered
the equation

(—=A)u+V(x)u = [ulP"ru, we H*RY)

with unbounded potential V', he obtained the existence of ground state solution by
a Lagrange multiplier method and the Nehari manifold method. Dipierro, Palatucci
and Valdinoci in [5] proved existence and symmetry results for the solutions. In [6],
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the authors studied the same equation with a more general right-hand side f(z,u).
Secchi [7] provided a generalization of the main result to equations of the form

(=A)u + V(x)u = f(z,u), ue H*RN). (1.2)

The existence of positive solutions was obtained using the Nehari manifold method.

Chang [8] proved the existence of a positive ground state solution of when
f(z,t) is asymptotically linear with respect to t at infinity.

There is another definition of regional fractional Laplacian in [I0] and [I1], the

authors introduced the regional fractional Laplacian operator Ag/ % in an arbitrary

open set G of RY, which is not the one used here. More recently, Felmer and Torres
[12] studied the regional fractional Laplacian equation

52“(—A)ﬁu +u=f(u), ue HYRY),

where a € (0,1), N > 2. The operator (—A)g was defined by

. B u(e +2) —u(@)fe(e+2) —o@)]
/R CA)ulau(z)dr = / ) /B o THae dzd

for all u,v € H*(RY). They showed the existence of a ground state and analyzed
the behavior of the semi-classical solutions as e — 0. Following some ideas in [12],
Felmer and Torres [I3] proved that the ground state level is achieved by a radially
symmetry solution.

Up to now, no results for non-autonomous regional fractional Laplacian equations
with potential have appeared in the literature. In this note, we investigate the
existence of a non-negative ground state solution for such equations.

Throughout this article, we assume the following conditions:

(A1) p € C(RN,R*), there exists a constant py > 0 such that p(z) > po.

(A2) V € C(RN,RY), inf gy V(z) > ¢ > 0, there exists 79 > 0 such that, for

any M > 0,

| llim meas ({z € RY : |z — y| < 7o, V(z) < M}) =0.
y|—o0
(A3) feCRN x RY,R) and lim,_o+ £%8 = 0 uniformly in € RV.
(A4) lim— 4o {;:_tl) = 0 uniformly in z € RV, where 2, = N{J\ga is the fractional
critical exponent.
(A5) limy 4o F(tﬁ’t) = +o0 uniformly in z € RY.
The main results of this article are as follows:
Theorem 1.1. Assume (Al)—(A5) and
(A6) there exists Ty > 0 such that uF(z,t) < f(z,t)t for t > T1, where p > 2 is
a constant.

Then has a non-negative ground state solution.
Theorem 1.2. Assume (A1)—(A5) and
(AT) @ is increasing on (0, 00).
Then has a mon-negative ground state solution.
Theorem 1.3. Assume that (A1)—(A5) and
(A8) There exist b >0 and v > 2 such that limsup,_, | Fla.t) < b;

=
(A9) liminf, .4 w >n >0, where 0 > 2= (v — 2).
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Then (1.1) has a non-negative ground state solution.

Remark 1.4. Note that we impose the subcritical growth condition by a general
condition (A4). Also note that (A6), (A7) and (A9) almost cover all types of
superquadratic conditions.

When p = +o0, the regional fractional operator becomes a common fractional
operator, our results are also new under the assumptions on f. Moreover, we can
find a positive ground state solution by the strong maximum principle [I4].

2. PRELIMINARIES

Firstly we give some basic notation. The fractional Sobolev space of order a on
RY is defined by

2
RN L3(RN): / / ()| dx d
( ) {u 6 ]RN RN |.'L' - |N+2a v y < OO}’

endowed with the norm

2 1/2
[ / / [ul@) W) 4 4y / updr)
RN JRN |~”U— |N+2D‘ RN

In this article, we consider the space

2
E —{uEL2 RN / / m+z]\)]+2a(x)\ dz dx
RN JB(0,p(x)) |Z|

+ /RN V(@)|u(z)2dz < oo},

equipped with the inner product

(x4 2) —u@)][v(z + 2) — v(z)]
u U /]RN / B(0,p(x)) |Z|N+2a de
_|_

V(x)u(z)v(z)d

]RN
and the norm

u(x + z) — u(x)|? / 5 \1/2
ul| = dzdx + V(x)|u(x)|*dx .
= (L L [ V@u)iz)

We denote by | - ||, the usual LP-norm. We define
* () = max{#u(z),0}.

Obviously, u € E implies that u™, u~ € E.
Let I : E — R be the functional defined by

I(u) = %Hu”2 - /RN F(z,u")dx (2.1)

with F(z,t) being the primitive of f(z,t).
Next, we give some lemmas that play important roles in proving our main results.

u

Lemma 2.1. Suppose (A1) and (A2) hold. Then there exists a constant Cy > 0
such that

[ull3, < Collull*.
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Proof. From [0, Theorem 6.5], there exists C' > 0 such that

ju(e + =) — u(z)
g, <c [ [ MR e

As in the proof of [12, Proposition 2.1], we have

u(@ + z) — u(x)[?
C’/RN /RN |z|N+2°‘ dzdx
=C / / [uz +2) — u(@)P? dz dx
RN B(Opo) || N2
(z +2) —u(z)?
Lol o )
u(r + 2) — u(w)]? 20|51
c/ / dzde + 227
RN Opo) || N2 apg® el

u(x + 2) — u()|? 20|51 9
< C/ / dzdr+ ———— V(z)|u(z)|*dz
BN JB(0,p0) |Z|N+2a ap2a ( )l ( |

0 RN

< Collull?,
_ 2018™ 1 .
where Cy = max{C, W}' This completes the proof. O
0

Lemma 2.2. Suppose (A1)—(A2) hold, and that there exists a constant K > 0 such
that

ully < Klful,
where 2 < q < 2%. Then the embedding E — L4(RY) is continuous for 2 < q < 2,
and E — L; (RYN) is compact for 2 < s < 2%,
Proof. When g = 2, by the definition of || - ||, there exists C; > 0 such that

[ull2 < Cifu].
When ¢ = 2}, using Lemma 2.1} we obtain
1/2

l[ullz;, < Co™lul-

When 2 < g < 27, according to the Holder inequality and Lemma we obtain

q—2 25-4
ulle < (/ lu szx) (/ |u|2da:) K
RN RN

(q *2)2 (q—2)2%, 2(23-9) 2(2% —q
< CFFE D ) T 0 R ) R
< C3llull?,

where
(¢—2)2% 22} -9

% + 1/q
Co = (002‘2&*2) c ) :
Let K = max{Cé/27ChC’2}, we have
ully < Klluf

for 2 < ¢ < 2%. Therefore, the embedding E — L4(RY) is continuous for 2 < q <
2% and E — Lj (R") is compact for 2 < s < 2.

O
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Lemma 2.3. Suppose (A1)—(A2) hold. Then E — L(RY) is compact for any
2<qg<2.

Proof. First, we show that E — L?(RY) is compact. Let {u,} C E with {u,}
bounded in E. Then u, — u weakly in E, by Lemma which implies that
u, — u strongly in L2 (RYM).

Set 0, = ||unll2, we may suppose that there is a subsequence of {u,} and § € R
such that 6,, — 6. For any bounded domain  in RY, we have

/ lu|?dz = lim [tp|?dz < lim |2 dx = 62,
Q n—oo /o n—oo JpN

so [lull <4

Let Q4 := {z € B§|V(z) > M}, Qy := {z € B§|V(z) < M}. On the basis of

Q4, we obtain
V U ||?
Ql RN M

Let {y;} be a sequence satisfying R C Ui:1 B(y;,10) and each point z is contained
in at most 2V such balls B(y;,70). By the Holder inequality, we choose a positive
constant s € (1, 2—”) such that
[, |?dx < / |y, |2 dx
/ " Z Q2NB(y:,70) !
o 1/s 1
(o o) (]
i— Q2NB(yi,ro) Q
Define
w(z + 2) — u(x)|?
el = [ [ e s o gz
B(yiro) JBOp@)NBwir) ]
v V)P
B(y“ro)
Using proof similar to the one of Lemmas [2.1] and [2.2] there exists C' > 0 such that
1 1
(f wnde) < ([ )" < Cllunlg,
Q2NB(yi,T0) B(yi,ro)
Now, we can estimate

1dx>17

2NB(Yi,70)

/ un Pz <37 Cllunllby, 2y meas(Qa N B(yi, o)) ™+ < 28 Cepllu,|?,

2 i=1
where ep = sup,, meas (22 N B(yi,ro))k%. Note that {u,} is bounded in E, for

llun H2
M

M large enough, we have — 0. Since (A2) holds, for R large enough, we
obtain ez — 0. It is easy to check that, given any ¢ > 0, for sufficiently large R

and M,
[ twaPde= [ unPde s [ e <
)3 Q Qo

Jul2 = / 2z + / Jul2dz
Br 3

and
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> lim |t |2 d

= lim (/ |un|2dx—/ |un|2dx>

>62 —¢.

It means that & < ||ul|z. Therefore, § = ||u||2 and it implies that £ — L?(R") is
compact.

Next, we prove that E «— L¢(RY) is compact for 2 < ¢ < 2%. Let r € (0,1) be
such that ¢ = 2r 4+ 2%(1 — r). Using the Holder inequality again, we have

2 (1—
lan = ullg < fun = w3 — wll3z "
Since {u,, —u} is bounded in E, then u,, —u — 0, by Lemma there exists C > 0
such that |lu, — u||§3(177“) < C. Thus,
= ulls — 0.

Here, we can make a result of the proof of Lemma O

Lemma 2.4. Under the assumptions of Theorem[I.1] hold, the functional I satisfies
the (Ce). condition for ¢ > 0.

Proof. Assume that {u,} C F is a (Ce). sequence for ¢ > 0,
I(up) — ¢, (14 |lup]) I (un) — 0 asn — .

For any ¢ € E, we obtain that

, [tn (x4 2) — up (z)||p(z + 2) — @(x)]
() dzd
(u /]RN /Bmp(x)) || rze - (2.2)
+ [ V@l |dx—/ (@ w)p(w)dz =0
and
(1)) = gl = [ 7oyt da =0, 23)

First we claim that {u,} is bounded in E. In fact, if not, we may assume by the
contradiction that there exists a subsequence of {u,} (still denoted by {u,}) with
lun|| — +o0, and we set

Un,

[[unll
Clearly, {w,} is bounded in E. Going if necessary to a subsequence of {w,}, we
can assume that

Wy =

w, — w weakly in F,
w, — w strongly in LY(RY) (2 <q<27),
w, —w ae. xRV,

Similarly, we denote

L g
w,, = ,
[l
then
wi — wt  weakly in E,
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w — wh  strongly in LY(RY) (2 <q<27),
wi —wht ae reRY.

Next we claim that w # 0. Otherwise, if w = 0, we know that w," — 0 strongly in
L3(RYN). By (f1), for each € > 0, there exists Ty > 0 such that

|f (@, )t] < et?,
for 0 < t < Ty. Through the continuity of f, there exists C' > 0 such that

|f(z,0)t]| < C < %tz
0

for Ty <t < Ti. Hence, we have

C
|f(z,t)t] < ﬁtz (2.4)
0
for 0 <t <Tj and
C
0

for 0 <t <Tj. By (A6), it is easy to see that
1
for ¢ > Ty. Combining (2.4]) and (2.5)), we have
1 1 1.C
—f(@, )t — F(z,t) > — (5 — =) =g t?
1 2 Ty
for all (z,t) € RV x R*. Under the definition of {u,}, we see that

I(un) - i<1’<un>,un>

-t (s b
=c—on(1).

It follows from the preceding step and (2.6) that
I(un) — %<Il(un), Un)

0= lim
n—o0 [lunl?
1 1 F"I;7u'r-; -1 xa“i u'r-t
= —— —— lim ( ) ”2( ) dx
2 p n—ooo N ||un||
1 1 1 1. C +)2
_7777G77%3MH/ W) g,
2 o 2 pl T oo Jy jun
1 1 1 1. C .
> 57" (5 - *)ﬁ lim w3
14 po Ly n—oe
1 1
> - =
<570

Note that p > 2, this is a contradiction, so w # 0.
Since {uy} is (Ce). sequence, by (2.2]), we know that

(I (un )y uy ) < () [, || < I (un) [ || — O
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Then w;, = % — 0, which implies that w™ = 0 for a.e. x € RY. We set

h(s) = s"F(x. é),

then
_ t tyt _ t t\t
h'(s) = ps' ' F (z, ;) — st f(z, ;);2 = st 1(uF(x, ;) — f(=, ;);)
By (A5), we can find a T, > 0 such that
inf  F(x,t) > 0.

t>Ts, z€RN
Denote T' = max{Ty, T>}. For s € [1, %], by (f4), we have
t t.t
Flz,5) - flz, HL <.
pF@, )~ @, Y <
Hence, h/(s) < 0 and h(1) > h(%). This implies
1
F(z,t) > WF(x,T)t“ (2.7)
1
for all (z,t) € (RYV,RT), where
1
o inf  F(x,t). (2.8)

- ﬁ t=T,x€RN
In accordance with that
F(x,t) > cott
for all (x,t) € (RV,R*). Then, one has
[z, )t > peot”
for all (z,t) € RY x RT. Related to (2.3, we obtain
(" (un), un) 1 CTY

- — [ L2 g 6 (D).
[ | lunll#=2 Jon flun !

Therefore, we know

(@, vy Jugy

0= lim " dx

n—oo Jgy  [lun|*
> Tim picol|wy |7
n—oo

> pucollu [ > 0.
However, this is a contradiction. So our assumption ||u,|| — 400 is false, and that
is to say, {u,} is bounded in E.

Since {uy} is bounded in E, there exists C; > 0 such that
[unll < Cr.
Moreover, there exists C; > 0 such that
[un — ull2s, < Ca.
By the reflexivity of E, there exists a subsequence of {u,} (which we also denote
by {un}) and u € E such that
U, = u weakly in F,

2.9
U, — u strongly in LY(RY) (2 < q<2%). (2:9)
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At the same time,
(I'(up),up —uy — 0,  (I'(u),un, —u) — 0.

Hence, we have

(I'(un) = 1" (), up — u)

=l =l = [ (FGouf) = Sl (= utde =0,

Q
By (A3), (A4) and f € C(RY x R*, R), for € > 0, there exists C. > 0 such that
flax,t) < Cot + et?a1 (2.11)

for all (x,t) € RN x RT. By (2.11)) and the Holder inequality, we have

Facud )t~ w)da] < [ 15 un — ulds
RN

(2.10)

‘RN

< / (Cs|u,f||un — u| + eluf P u, — u|) dx
RN

2 —1

o
*
2(1

< Cellunllallun = ull2 + eflun llun — ull2;

[e"

< C.KCy|un — ully + K%L 710y,
Related to (2.9)), we obtain

Fla,up) (g —u')dw — 0.

RN
Consequently,
(f ) = Flau®)) (uf —ut )z — 0.
RN
By (2.10)), we have |lu, — u||*> — 0. So we derive that u,, — u strongly in E, we
conclude that the (Ce). condition is satisfied. O

Lemma 2.5. Under the assumptions of Theorem[I.3, the functional I satisfies the
(Ce). condition for ¢ > 0.

Proof. Assume that {u,} C E is a (Ce), sequence for ¢ > 0,
I(un) = ¢, (14 |lun|)I'(un) =0 (n— o0).

We first claim that the sequence {u,} is bounded in E. Otherwise, there is a

subsequence, again denoted by {u,}, such that ||u,| — +o00 as n — co. Set

Up, L out
wy = .
[[n |

Clearly, {w,} is bounded in E. Going if necessary to a subsequence of {w,}, we

can assume that

Wy = 7
Tl

wy, — w weakly in F,
w, — w strongly in LY(RY) (2 <q<27),
w, —w ae. xRV,

Then we claim that w # 0. Otherwise, if w = 0, we obtain w, — 0 strongly in
LI(RM). Since I(tu,)(t € [0,1]) is continuous, there exist ¢,, € [0, 1] such that

I(thuy) = I(tuy,).
(tnun) Jnax, (tun)
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For t,, € (0,1), we have

(T (bt i) = [[Emtin|2 — /RN Fla b Yt da = tn%h:tnl(tun) 0.
It is obvious for t,, = 0, we obtain
(I' (tpun), tnun) = 0.
When t,, = 1, we obtain
(I'(tnun), tnun) = (I'(up), up) — 0.

Hence, we have
(T (bt ), i) = [[fmtin] |2 — / F@ tau et dz — 0 (2.12)
RN

for ¢, € [0,1]. Set
VUp = 2m1/2wn

for each m > 0. By (2.11)), we have
C €

F(z.t) < =542
(.0 < 5+ 5

e

*

t2e (2.13)

for all (z,t) € RN x R*. Since v, — 0 strongly in L?(R") and v,, is bounded in
FE, we come to a conclusion that

F(z,v)dx — 0.

RN
It is apparently showed that % (0,1) for n large enough, so
I(tpuy) > I(v,) = 2m — F(z,v}) >m.

]RN
Then we have I(t,u,) — 400. Denote H(x,t) = f(x,t)t — 2F(x,t), it follows
H(z,u)dr =21 (uy) — (I'(un), un) — 2c. (2.14)
RN
Assume 0 < s1 < s9, by (f5), we have

H(x,s2) — H(x,s1)

- 2[% (f(z,82)82 — f(x,81)81) — (F(x,82) — F(m,sl))]

2/: (f(xs,;Q) B f(f]’”))vdv+2/T:1 (f(l',SQ) - f(m’sl))vdv

S9 S1

+T§(f(xysz) B f(wysl)) > 0.

52 51
Thus, we have

H(z,u})dr > H(z, t,ul)dx
RN RN

=21 (tpun) — (I'(tpun), thun) — +o0.
This contradicts (2.14)), so w # 0. Since {uy} is (Ce). sequence, we know that
(I (un)y ) < () [, | < (1 (un) [ || — O
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Thus, w,, = HZ:LH — 0, which implies that w~ = 0 for a.e. € RY. Then we set

Qo = {z e RV w(z) =0}, Q ={zcR¥w(z)>0}.
By (A5) and the Fatou Lemma, we have
+ +
lim inf/ Mwidz > / lim inf Mwidm — +o00.
o Q

2 2
n—oo uz , noo Uy,

In the meantime, by (A5), there exists Ty > 0, such that
F(x,t)
12
for t > Ty. By the continuity of F', there exists C; > 0 such that
|F(z, t)] < Cy
for 0 < t < Ty. Combining the preceding two inequalities, there exists Cy > 0 such
that
F + F . F(z,
(x32u7z)w721d$ — / (x,u;)dl‘—f—/ (xzun)
Qo Uusn Qo (0<uy, (2)<TpH) HunH Qo (un (z)>To) Uy

>1

2
w;,dz

meas (Qo(0 < uy ()

T uall?
S T())) +/ widm > —CQ.
Qo
Dividing (2.1)) with |ju,||?, we have
I(uy,) 1 F(z,ub), o
= - — —_— dx = 0,(1).
Tunl? =2 7 o ug () = onll)

Hence, we obtain

+
1 on(1) = / L(x’u”)widfc
RN

2 u?
+ +
= / 7F(x,2un ) widx + 7F<x’2un)widx — 400.
Qg u’rL Ql un

It is easy to see that it is a contradiction. So {u,} is bounded in E.
By the standard processes similar to Lemma we know that u,, — u strongly
in E. This completes the proof. (I

Lemma 2.6. Under the assumptions of Theorem[I.3, the functional I satisfies the
(Ce). condition for ¢ > 0.

Proof. Assume that {u,} C E is a (Ce). sequence for ¢ > 0,
I(up) — ¢, (14 |lunl)I'(un) — 0 as n — oo.

We argue that the sequence {u,} is bounded in E. Otherwise, there is a subse-
quence, again denoted by {u,}, such that ||u,| — 400 as n — oco. By (fs), we see
that, there exists R; > 0 such that

flz, )t < vbt” (2.15)
for t > R;. By (A9), for 0 < § < 1, there exists Ry > 0 such that
flz, )t — 2F(z,t) > (n — 0)t° (2.16)
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for t > Ro. Set T = max{R;, Ro}, let
O ={zeRY tu, () >T}, Q={rcRY:0<u,(zx)<T}.
Moreover, by the continuity of f and F, there exists C7 > 0 such that
‘ / (f(z,un)up — 2F (z,uy)) da:‘ < (.
Qo
Since {u,} C E is a (Ce). sequence, we obtain

2c+o0,(1) = /RN (f (@, uh)ut = 2F(z,u))) do

> [ (f)un — 2F (@ u))ds — O,
Q
Thus,
/ (f(x,upn)uy — 2F (2, uy))de < 2¢+ Cy + 0, (1).
Q

It follows from (2.16) that there exists C2 > 0 such that

/ ugdr < Cs.
(951

Using the continuity of f again, there exists C's > 0 such that
‘ f(z, un)undﬂc‘ < Cs.
Qo
Through the definition of {u,}, it reaches

ol = o) = [ flavuyutda

= fz,up)updx + f(z,up)updx
(o) Q2

< f(z,up)updx + Cs.
(951

From ([2.15)), we obtain
/ flx,up)uyde < I/b/ urde.
Ql Ql

Then, we will consider two cases.

Case 1. ¢ > v, there exists ¢ € (0,1) such that L = 1=t 4+ L By the Holder
inequality,

/Qlu;dacg (/Qlufldx)(lj)y(/muidx)t;

L tv tv
<Cy 7 K un|l™

Case 2. 0 < v, there exists t € (0,1) such that % = % + % By the Hoélder
inequality,

(1—t)v oN tr(N—2a)
v N-2a 2N

/ uy dx S(/ u%d:ﬂ) (/ Unp da:)

1951 Q Q
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1—t)v

a-1
<Cy 7 Kfun|™
Hence, one has
t
[un]® = 0n(1) < C5 + VbCz TR |

It is easily observed that o > %(V— 2) is equivalent to tv < 2, it is easy to concluce
that the assumption is false. So {u,} is bounded in E.

Since (A3) and (A4) hold, we know that u, — u strongly in F by the standard
processes similar to Lemma[2.4] So I satisfies the (Ce). condition. O

Lemma 2.7. Assume that (A1l)—(A4) hold. Then I salisfies the the following
conditions:

(1) There exist 0 > 0, £ > 0 such that I(u) > &€ > 0 for allu € E with ||u]] = 6;
(2) There exists e € E with ||e|]| > 0 such that I(e) <O0.
Proof. (1) By (A3), (A4) and f € C(RN x RT,R), for 0 < & < 54, there exists
C. > 0 such that
f(x, )t < et? 4+ C.t?a (2.17)
for all (z,t) € RY x R*. This implies that

F(z,t) = /01 f(z, st)tds
1

< / (63152 + 0532?1*%23) ds (2.18)
0

Sy Cop
2" T2

[e3

for all (z,t) € RNV x R*. Pay attention to the definition of I given in (2.1, it follows

from ([2.18) and Lemma that

1
1) = gl = [ Pty

<

1 e *
> Ljup? - / Swhde— [ Shyhda
2 ]RN 2 ]RN 2?; ( )
N 2.19
C.K?2%
> (1—aK2) Juf? — G

2
272 [l

\%

2
(1
4
Set
2% \=m==
0=(—55-)" ".
(805 K2 )
Taking |lu|| = 6, it follows from (2.19)) that
1
I(u) > §92 > 0,

then (1) is proved.
(2) By (A5), for any M > 0, there exists a Ty > 0 such that

F(x,t) > Mt*> >0
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for all ¢ > Ty. By the continuity of F', there exists C' > 0 such that
F(x,t) > Mt* = C

for all (z,t) € RN x RT. We choose ¢ € C°(RY) with ¢ > 0, |l¢|| = 1 and
supp(y¢) C B(0, R) for some R > 0. we have that for MfB(o R) ©idx > 1/2.
For t > 0 large enough, it follows from (A5) that F(x,tp) > 0. Hence,

t2
It9) = SllP - [ Flatoldo
RN
t2
< — —/ F(z,tp)dx
2 B(0,R)

1
< t2(§ M <p2dx) +C|B(0, R)|.
B(0,R)

Choosing |le|| = ||tp|| > p, we have I(e) < 0, then (2) is proved. O

3. PROOF OF MAIN RESULTS

Proof of Theorem[1.1. By Lemmas and it is easy to obtain a nontrivial
critical point ug of I by the mountain pass theorem, which implies that

— inf I -1
c= ilér max I(y (v()) = I(uo),

where I' = {y € C([0,1], E),v(0) = 0,7(1) = e} and I(ug) > 6 > 0. Let
N ={u e E\{0}: I'(u) = 0},

since ug € N, N # (. Then we claim that I is bound from below on A, moreover,
there exists d > 0 such that I(u) > d for every u € N. If not, there exists a
sequence {u, } C N such that

1
I(u,) < —, VneNt.
n
Using (2.18)), we know that

1 1
- > I(uy) > 3 (1 —5K2) Hun||2 —

*

C.K?
2*

«

lun |

Since u, € N, I'(u,,) = 0, it follows from (2.17) that

llun||? = / f(z ul)ufde < e K2 ||ug||? + Co K2 ||uy %> (3.1)
Thus,
1 1 1
- Z - ) (1- K2 n 2
2> (5 500K ]
By the definition of ¢ < 5 Kz, we obtain
1 2
= > (1= ) |ua*
s (1 o)

Since 2 < 27, it is easy to see that |lu,| — 0. From (3.I) and & < 5%, we know

1 « .
||UnH2 < §||“n||2 + CEKZQHUnHzaa
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so there exists C' such that ||u,|| > C. It is a contradiction. Hence, there exists
c1 > 0 such that

c1 = inf I(u).
! ueN ( )

Clearly, ¢; < c¢. Let {v,} C N be a minimizing sequence for ¢1, so {v,} is a
(Ce)., sequence. By Lemma {vn} is bounded in E and it has a convergence
subsequence {v,} such that v, — ug in E. Since us € N, we know that

<I(u2)7u5> = _HUEH2 =0,
therefore, usy is a non-negative ground state solution. d

Proof of Theorem[I.3, Since the (Ce). condition is satisfied by Lemma 2.5 and the
mountain geometrical structure is proved by Lemma So we can get a ground
state solution by using the same method as that of Theorem [I.1 [

Proof of Theorem[1.3. Since the (Ce),. condition is satisfied by Lemma and the
mountain geometrical structure is proved by Lemma So we can get a ground
state solution by using the same method as that of Theorem O
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