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EXISTENCE OF WEAK SOLUTIONS FOR THREE-POINT
BOUNDARY-VALUE PROBLEMS OF KIRCHHOFF-TYPE

GHASEM A. AFROUZI, SHAPOUR HEIDARKHANI, SHAHIN MORADI

ABSTRACT. We show the existence of at least one weak solution for a three-
point boundary-value problem of Kirchhoff-type. Our technical approach is
based on variational methods. In addition, an example to illustrate our results
is given.

1. INTRODUCTION

The purpose of this paper is to establish the existence of at least one weak
solution for the three-point boundary-value problem of Kirchhoff-type

b
([ WP ) = F(t @)+ hu(e), € ()
u(a) =0, u(b) = au(n)

where K : [0,400[— R is a continuous function such that there exist positive
numbers m and M with m < K(z) < M for all « > 0, a,b € R with a < b,
f :]a,b] x R — R is an L!'-Carathéodory function, h : R — R is a Lipschitz
continuous function with the Lipschitz constant L > 0, i.e.,

[h(&) — h(&)] < L|& — &
for every &1,&2 € R and h(0) =0, « € R and 7 € (a,b).

Multi-point boundary-value problems of ordinary differential equations play an
important role in applied mathematics, physics and the vibration of cables with
nonuniform weights [34], and as a consequence, have attracted a great deal of
interest over the years. The study of these problems for linear second-order ordinary
differential equations was initiated by Ii’in and Moiseev [22]. Motivated by the
study of Ii’in and Moiseev [22], Gupta [14] studied certain three-point boundary-
value problems for nonlinear ordinary differential equations.

In the past few years, there has been much attention focused on questions of
solutions of three-point boundary-value problems for nonlinear ordinary differential
equations. For background and recent results, we refer the reader to [3, 11l 12| [14]
23, 24, 25, [40], [4T] and the references therein for details. For example, Xu in [41]
by employing the fixed point index method, obtained some multiplicity results
for positive solutions of some singular semi-positone three-point boundary-value
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problem. Sun in [40] by using a fixed point theorem of cone expansion-compression
type due to Krasnosel’skii, established various results on the existence of single
and multiple positive solutions for the nonlinear singular third-order three-point
boundary-value problem

u'(t) = Xa(t)F(t,u(t) =0, 0<t<l,
u(0) =u'(n) =u"(1) =0

with A > 1, n € [1,1) where a(t) is a non-negative continuous function defined on
(0,1) and F : [0,1] x [0,00) — [0,00) is continuous. Du et al. in [II] based upon
Leray-Schauder degree theory, ensured the existence of at least three solutions for
the problem

u’ () + f(tu(t),u'(t) =0, 0<t<]l,
u(0) =0, u(l) = &u(n)

where ¢ > 0, 0 < 7 < 1 such that é&n < 1 and f : [0,1] x R? — R is continuous.
Lin [23] by using variational method and three-critical-point theorem, studied the
existence of at least three solutions for a three-point boundary-value problem

u'(t) + Nf(t,u) =0, telo,1],
u(0) =0, wu(l)=oau(n).

Kirchhoff’s model takes into account the changes in length of the string produced
by transverse vibrations. Similar nonlocal problems also model several physical and
biological systems where u describes a process that depends on the average of itself,
for example, the population density. Problems of Kirchhoff-type have been widely
investigated. We refer the reader to the papers [2] [7, 15 17, 19, 35, 39] and the
references therein. For example in [I7] based on a three critical point theorem, the
existence of an interval of positive real parameters A for which the boundary-value
problem of Kirchhoff-type

—K(/ab o (&) P = Af(e,w), € [aD],
u(a) =u(b) =0

where K : [0, +00[— R is a continuous function, f : [a,b] xR — R is a Carathéodory
function and A > 0, was discussed. Also, in [I9] by using variational meth-
ods and critical point theory, multiplicity results of nontrivial solutions for one-
dimensional fourth-order Kirchhoff-type equations was studied. In recent years,
the existence and multiplicity of stationary higher order problems of Kirchhoff type
(in n-dimensional domains, n > 1) has been studied, via variational methods like
the symmetric mountain pass theorem in [10] and via a three critical point theorem
in [6]. Furthermore, in [4, [5] some evolutionary higher order Kirchhoff problems
were studied, largely concentrate on the qualitative properties of the solutions. In
[28] Molica Bisci and R&dulescu, applying mountain pass results studied the exis-
tence of solutions to nonlocal equations involving the p-Laplacian. More precisely,
they proved the existence of at least one nontrivial weak solution, and under ad-
ditional assumptions, the existence of infinitely many weak solutions. In [26], they
also by using an abstract linking theorem for smooth functionals established a mul-
tiplicity result on the existence of weak solutions for a nonlocal Neumann problem
driven by a nonhomogeneous elliptic differential operator.
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Inspired by the above results, in the present paper, we study the existence of
at least one weak solution for . Precisely, in Theorem we establish the
existence of at least one weak solution for requiring an algebraic condition on
f. Example illustrates Theorem [3.1] Also in Theorem [3.3] a parametric version
of this result is successively discussed in which, for small values of the parameter
and requiring an additional asymptotical behaviour of the potential at zero, the
existence of at least one weak solution is established. We also list some consequences
the main results. As a consequence of Theorem we obtain Theorem for
the autonomous case. Finally, we present Example in which the hypotheses of
Theorem [B.11] are fulfilled.

We refer to the recent monograph by Molica Bisci, Radulescu and Servadei [29]
for related problems concerning the variational analysis of solutions of some classes
of nonlocal problems. For a thorough discussion of this subject we refer the reader
to [9].

2. PRELIMINARY RESULTS

We shall prove the existence of at least one weak solution to the problem (1.1
applying the following version of Ricceri’s variational principle [38, Theorem 2.1]
that we now recall as follows (For a refinement see also [§]):

Theorem 2.1. Let X be a reflexive real Banach space, let &, ¥ : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semicon-
tinuous, strongly continuous and coercive in X and V¥ is sequentially weakly upper
semicontinuous in X. Let Iy be the functional defined as I :== ® — AV, A € R, and
for every r > infx @, let ¢ be the function defined as

(T) L inf SUPyed—1(—oo,r) \I/(U) - \Il(u)
P ued—1(—o00,r) r—®(u) '

Then, for every r > infx ® and every A € (0, ﬁ), the restriction of the functional
I\ to ® (—o0,r) admits a global minimum, which is a critical point (precisely a

local minimum) of I in X.

The above result is related to the celebrated three critical points theorem of Pucci
and Serrin [36] [37]. We refer the interested reader to the papers [1l [13], 16 [I8], 211
277, 30, [31] 32] B3] in which Theorem has been successfully employed to the
existence of at least one nontrivial solution for boundary-value problems.

Here and in the sequel, we take

X =W}?(a,b) == {u e W"%(a,b) : u(a) =0, u(b) = au(n)}.

The space X, equipped with the norm

= ([ wora)”

Let f: [a,b] x R — R be an L!-Carathéodory function, that means:
(a) t+— f(t,x) is measurable for every = € R,
(b) & — f(t, ) is continuous for a.e. t € [a, b],
(c) for every p > 0 there exists a function I, € L'([a,b]) such that

sup |f(t, )] < 1,(t)
lz|<p
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for a.e. t € [a,b].

Corresponding to the functions f, K and h, we introduce the functions F' :
[a,b] x R - R, K : [0,400[— R and H : R — R, defined as follows

F(t,x) = /T f(t,8)dE  for every (t,z) € [a,b] X R,
0
K(z):= /x K (§)d¢ for every x > 0,
0

H(z):= /Ow h(§)d¢  for every xz € R.

We say that a function v € X is a weak solution of (1.1)) if

K(/ab |u/(t)|2dt) /abu’(t)v'(t)dt/abh(u(t))v(t)dt/abf(t,u(t))v(t)dtO

holds for all v € X.
We assume throughout and without further mention, that the following condition
holds:
L(1+]a])*(b—a)®
(H1) m > ===,

Theorem 2.2 (|23] Theorem 3.2]). The set X is a separable and reflezive real
Banach space.

The following lemma is needed in the proof of our main result.
Lemma 2.3 (|20, Lemma 2.3]). For all u € X, we have
(1+ \Oél)v

ma u(0)] < “Jul (21)
3. MAIN RESULTS
Our main result reads as follows.
Theorem 3.1. Assume that
. )2 L2+ ja)b-a) o)

>0 f SUp|, < F'(t, z)dt dm — L(1 + |a])*(b — a)?
Then, problem (1.1) admits at least one weak solution in X.

Proof. Our goal is to apply Theorem to (L.1)). We define the functionals ®, ¥
for every u € X, as follows

®(w) = ) - [ Ha (32)

. / Pt u(t)dt, (3.3)

and we put I(u) = ®(u) — ¥(u) for every u € X. Let us show that the functionals
® and ¥ satisfy the required conditions in Theorem It is well known that ¥ is
a differentiable functional whose differential at the point u € X is

b
v):/ ft,u(t))v(t)dt
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for every v € X, as well as is sequentially weakly upper semicontinuous. Moreover,
since m < K(s) < M for all s € [0, +o0[, from (3.2) we have
(4m — L(1 + |a])%(b — a)?) (4M + L(1 + |a])?(b — a)?)
8 8

for all w € X and bearing (H1) in mind, it follows that lim,|— o ®(u) = +o0,
namely ® is coercive. Moreover, ® is continuously differentiable whose differential
at the point v € X is

&' (u)(v) K(/ab |u/(t)|2dt) /abu’(t)v'(t)dt/ab hu(t))v(t)dt

for every v € X. Furthermore, @ is sequentially weakly lower semicontinuous.
Therefore, we see that the regularity assumptions on ® and ¥, as requested in
Theorem [2.1] are verified. Note that the critical points of the functional I are the
solutions of the problem . We now look on the existence of a critical point of
the functional I in X. The condition ensures that there exists 4 > 0 such that

¥ 2(1 + |a])*(b—a)
J? supyycs F(t,2)dt ~ Am— L1+ |a)*(b—a)*’

[ul* < ®(u) < ull* (3.4)

(3.5)

Choose
~dm— L1+ |a))?(b—a)? _,

2(1+ |a])?(b — a)
Bearing in mind relation (2.1)), we see that

_ 2r(1+ |a|)2(b—a)
& (—00,r) = {u € X; ® c {ue Xl < }
( OO7T) {UE ) (U)<T}_ u < ,HU” = \/4m—L(1+O[|)2(b_CL)2
C {ue X;lu| <7},
and it follows that
b b
U(u) < sup / F(t,u(t))dt §/ sup F(t,z)dt
uweP—1(—oo,r) Ja a |z|<H
for every u € X such that ®(u) < r. Then
b
sup P(u) S/ sup F(t,x)dt.
d(u)<r a |z|<Hy

By simple calculations and from the definition of o(r), since 0 € ®~1(—o0,r) and
®(0) = ¥(0) = 0, one has

(SUPyep-1(—c0,n Y(v)) — ¥(u)

= 1 f
e(r) UG‘P*IE%*OOW) r— ®(u)
Supveéfl(—oo,r) \IJ(U)
- r
b
2(1+Ja))?(b—a) [, supj <y F(t,2)dt
~ 4dm — L(1 4+ |a])?(b — a)? ~2 '

At this point, we observe that

() < — 204100 —a) _Jysupygs F(tx)dt
A= A L [a])2(0 - a)? 52 ’
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Consequently, from (3.5) and (3.6) one has ¢(r) < 1. Hence, since 1 € (0, ﬁ),

applying Theorem the functional I admits at least one critical point (local
minima) @ € ®~!(—oo,r). The proof is complete. O
Now we present an example in which the hypotheses of Theorem [3.1]are satisfied.

Example 3.2. Consider the problem
1
([ WOPd)a (0 = fw) +hw), e 0.0,
0
u

0) =0, u(l) = Ju(3)

where K (z) = 2 + arctan(@) for all z € R,

s

F(@) = 13 + )

and h(z) = sin(z) for every x € R. By the expression of f we have

1 2 x
F(x)zﬁ(x +e" —1)
for every z € R. By simple calculations, we obtain m = 1. Since
72 50

SUp —————— > -,
¥>0 SUP|; < F(2) = 39

we observe that all assumptions of Theorem [3.1] are fulfilled. Hence, Theorem
implies that problem (3.7]), admits at least one weak solution in VVl1 ’2(07 1).

We note that Theorem [3.1| can be exploited showing the existence of at least one
solution for the following parametric version of (|1.1)),

b
—K(/a ()Pt ) (1) = AP (£ () + h(u(t)). ¢ € (a.b),
u(a) =0, u(d) = au(n)

where X is a positive parameter. More precisely, we have the following existence
result.

(3.8)

Theorem 3.3. For every A small enough, more precisely,

_ 20n N2 2
\ (074m L(1+ |a))(b—a) v

sup ,
2(1+Jal)*(b—a) 450 f; SUp|, < F(t, z)dt

problem (3.8) admits at least one weak solution uy € X.

Proof. Fix A as in the conclusion. Take ® and ¥ as given in the proof of Theorem
and put Iy(u) = ®(u) — AV(u) for every u € X. Let us pick
4m — L(1 2(b—a)? 2
0< A< m21(+|g|l( 9 sup — 7 .
(L+]a)?(b—a) 550 J, sup|, <, F(t, x)dt

Hence, there exists 4 > 0 such that
20+ ol —a) _ 7
_ 2(p — )2 b :
4m — L(1 + |a])?(b — a) J, supj <5 F(t, x)dt
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Choose
_4m—L(1+ la))2(b—a)? ,
201+ a2 (b - a) '

With the same notation as in the proof of Theorem one has

< SUPyed—1(—oo,r) \I/(U)

o(r) < "
20+ o]’ (b —a) Juswbu<s Pt 0)dt 1
~ 4dm— L1+ |a])?(b — a)? 72 A

Hence, since A € (0, ﬁ), Theorem [2.1| ensures that the functional I, admits at

least one critical point (local minima) uy € ®~!(—oo,r) and since the critical
points of the functional I are the solutions of the problem (3.8)) we have the
conclusion. |

Remark 3.4. In Theorem [3.3] we looked for the critical points of the functional I
naturally associated with the problem . We note that, in general, I can be
unbounded from the following in X. Indeed, for example, when f(t,&) = 1+[£[72¢
for (¢,€) € [a,b] x R with v > 2, for any fixed v € X\{0} and ¢ € R, we obtain

b
I(wu) = ®(u) — )\/ F(t,wu(t))dt
_ 2 (M 4 L(L+ Jal— a)?)
- 8

— —00

LY
lull* = Aclullr — A;IIUHL

as . — +o0o. Hence, we can not use direct minimization to find critical points of
the functional I.

Remark 3.5. For a fixed ¥ > 0 let
7 20 +]a)’(b—a)
fab SUp|,|<5 F'(t, z)dt 4m — L(1 + |a)?(b — a)?

Then the result of Theorem holds with ||ux|lcc < 7 where uy is the ensured
weak solution in X.

Remark 3.6. If in Theorem the function f(¢,€) > 0 for every t € [a,b] and
¢ € R, then the condition ([3.1) assumes the simpler form

¥ 21+ Ja])(b - a)
sup — > 5 5
S T yde  Am— L1+ |a)2(b — a)

Moreover, if the assumption

(3.9)

s 1 2(1 + ja)*(b - a)
L R e dm— L+ a2 - o)

is satisfied, then condition (3.9) automatically holds.

Remark 3.7. If in Theorem[3.3] f(¢,0) # 0 for all ¢ € [a, b], then the ensured weak
solution is obviously non-trivial. On the other hand, the non-triviality of the weak
solution can be achieved also in the case f(¢,0) = 0 for a.e. t € [a, b] requiring the
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extra condition at zero, that is there are a non-empty open set D C [a,b] and a set
B C D of positive Lebesgue measure such that

essinficp F(t,€)

limsup ——————2% = o0, (3.10)
£—0+t ‘5'2
infyep F(t
liminf S5 P60 (3.11)
-0+ iy
Indeed, let 0 < XA < A\* where
o Am L0 o)~ a)? ¥

20+ 1P —a) 550 [Psupp e, F(t2)dt
Then, there exists 4 > 0 such that
5 20 +fapPb—a) 7 .
4m — L(1 + |a)?(b — a)? f: SUP|yj<5 F(t, x)dt

Let @ and ¥ be as given in (3.2)) and (3.3)), respectively. Due to Theorem 2.1

for every A € (0, ) there exists a critical point of Iy = ® — AU such that uy €
4m—L(1+|a|)?(b—a)?

2(1+]al)?(b—a)
mum of the restriction of I to ®~!(—o0,r)). We will prove that the function uy
cannot be trivial. Let us show that

~%. In particular, uy is a global mini-

&~ 1(—o0,ry) where ry =

: W(u)
lim sup
lul -0+ B (u)

Owing to the assumptions (3.10)) and (3.11]), we can consider a sequence {¢,} C R
converging to zero and two constants o, k (with & > 0) such that
. essinfiep F(t, &)
lim
n—-+o00 |§n|2
essinfiep F(t,€) > l¢[?

= +o00. (3.12)

= +OO7

for every £ € [0,0]. We consider a set G C B of positive measure and a function
v € X such that

(1) v(¢t) €[0,1] for every t € [a, b],
(2) v(t) =1 for every t € G,
(3) v(t) =0 for every z € [a,b] \ D.
Hence, for a fixed M > 0 we consider a real positive number n with
nmeas(G) + ”fp\g lu(t)|2dt
4M+L(1+|Sa\)2(b—a)2 [ v]2 '

Then, there is ng € N such that £, < ¢ and

essinfiep F(t,£,) > n|é.|?
for every n > ng. Now, for every n > ng, by considering the properties of the
function v (that is 0 < &,v(t) < o for n large enough), by (3.4), one has

U(Ev) Jo F(t,&n)dt + fD\g F(t, &no(t))dt
P (&nv) a P (&nv)
nmeas(G) + £ [ g lu(t)|2dt
4M+L(1+|8a\)2(b7a)2 ”UHQ
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Since M can be arbitrarily large, we obtain

lim \Ij(gnv)
n—0oo (I)(gnv)

from which (3.12)) clearly follows. So, there exists a sequence {w,} C X strongly
converging to zero such that, for n large enough, w, € ®~!(—oc,r) and

I(wy,) = ®(wy) — A¥(w,) < 0.

= ~‘—QO7

Since uy is a global minimum of the restriction of I, to ®~!(—o0,r), we obtain
I(uy) <0, (3.13)
so that w) is not trivial.

Remark 3.8. By using (3.13]), without difficulty we observe that the map

(0, )\*) SA— IX(U)\) (314)
is negative. Also, one has
lim |juy| =0.
A—0t

Indeed, taking into account the fact that ® is coercive and for every A € (0, \*)
the solution uy € ®~!(—o0,r), one has that there exists a positive constant L such
that ||ux|| < L for every A € (0, \*). After that, it is easy to see that there exists a
positive constant N such that

b
| [ @) td] < N < VL (3.15)

for every A € (0, A*). Since uy is a critical point of I, we have I} (ux)(v) = 0 for
every v € X and every A € (0, \*). In particular I} (u)(ux) = 0, that is,

b
Fun)) = [ @0 (3.16)

for every A € (0, A*). Then, since

L(1+ |a])?(b - a)?
4
by considering (3.16), it follows that

2(h — )2 b
_ L(1+ |04|4)l (b ) )HU)\HQ < /\/a f(t,U)\(t))U)\(t)dt (317)

for any A € (0, \*). Letting A — 0T, by (3.17) together with (3.15) we obtain

I =0.
Jim flux]f =0

0<(m-— Muall® < @' (ux)(un),

0<(m

Then, we have obviously the desired conclusion. At last, we have to show that the
map
A= I)\ (u)\)

is strictly decreasing in (0, A*). For our goal we see that for any u € X, one has

In(u) = A(@ - \Il(u)>. (3.18)



10 G. A. AFROUZI, S. HEIDARKHANI, S. MORADI EJDE-2016/234

Now, let us fix 0 < A1 < A2 < A* and let uy, be the global minimum of the
functional I, restricted to ®(—oo, ) for i = 1,2. Also, set

my, = (M — \I/(uAl)) = inf (M - \I'(v))

i vEP—1(—o0,r) i

for every i = 1,2. Clearly, (3.14) together with (3.18) and the positivity of A imply
that

my; <0 fori=1,2. (3.19)
Moreover
my, < my,, (3.20)

because 0 < A1 < Ag. Then, by (3.18))-(3.20)) and again by the fact that 0 < A; < Ao,
we obtain that

Iy, (ur,) = Aamy, < domy, < Aimy, = Iy, (uy,),

so that the map A — I (uy) is strictly decreasing in A € (0, A*). The arbitrariness
of A < \* shows that X — I, (uy) is strictly decreasing in (0, A*).

Remark 3.9. If f is non-negative then the solution ensured in Theorem [3.3] is
non-negative. Indeed, let u, be a non-trivial weak solution of the problem ,
then w, is non-negative. Arguing by a contradiction, assume that the set A = {t €
[a,b]; u.(t) < 0} is non-empty and of positive measure. Put 9(t) = min{u.(¢),0}.
Using this fact that u, also is a solution of , so for every v € X we have

b b b b
K(/ |u;(t)|2dt) / o (1) (1) dt —/ h(u, (£))5(t)dt — )\/ F(t,un (£)8(t)dt = 0
and by choosing v = u, and since f is non-negative, we have

0 (m— ZOEIDTO 0y e,

gK(/A|u;(t)|2dt)/A|ufk(t)|2dt/Ah(u*(t))u*(t)dt
—AAf(t,u*(t))u*(t)dtg 0

L(1+|a])*(b—a)®
4

since m > , we have [|u.||% < 0 which contradicts fact that u, is a
non-trivial solution. Hence, u, is positive.

Remark 3.10. We observe that Theorem B.3] is a bifurcation result in the sense
that the pair (0,0) belongs to the closure of the set

{(ux, A) € X x (0,400) : uy is a non-trivial weak solution of (3.8))}
in X x R. Indeed, by Theorem [3.3] we have that
luxll =0 as A —0.

Hence, there exist two sequences {u;} in X and {\;} in R" (here u; = uy,) such
that A\; — 0% and [Ju;|| — 0, as j — +oco. Moreover, we emphasis that due to the
fact that the map

(0,A%) 2 A= In(ua)
is strictly decreasing, for every A1, A € (0, A*), with Ay # Aa, the solutions uy, and
uy, ensured by Theorem are different.
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When f does not depend on ¢, we obtain the following consequence of Theorem
1.

Theorem 3.11. Let f : R — R be a non-negative continuous function. Put F(x) =
Jo f(&)dE for all x € R. Assume that

lim F(g)

= 400
g—o+ &2

Then, for each

_( Am— L faP— a2
AcA= (0’ 21+ |a|)2(b—a)?2 >0 F(’Y))7

the problem
/|u )Pt )" (t) = Af(u(t)) + h(u(t)), t € [a.b)]
( ) =0, u(b) = auln)

admits at least one positive weak solution uy € X such that

lim ||ux]| =0
A—0t

and the real function

A — KHU)\” /H’U,)\ dt /F(’U,)\( ))dt

s megative and strictly decreasing in A.
We conclude this paper by giving an example that illustrates Theorem |3.11
Example 3.12. We consider the problem

-K 1u’t2dtu"t: u) + h(u), te(0,1),
([ woPa)u® = sw+nw. e .

where
K(z) = 1+z—[x], [z] %s even,
1+ |z —[z+1]|, [z]isodd,
where [z] is the integer part of z,
2z

and h(z) = 1 — cos(z) for every = € R. By the expression of f we have
F(z) =24+ ¢® +In(1 +2?) - 1.

Direct calculations give m = 1 and sup, % = 1. Then all conditions in The-
orem are satisfied. Hence, for each A\ € (O, %), problem (3.21) admits at least

one positive weak solution in uy € W,"?(0,1) such that limy_q+ |Juy|| = 0 and the

real function
1

1
A — %f((”m”?)f/o (uk(t)fsin(u,\(t)))dtf/ (U3 (t)+e>® +1In(1+u3 (t))—1) dt

0
is negative and strictly decreasing in (0,5/8).
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