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STRUCTURE AND ASYMPTOTIC EXPANSION OF
EIGENVALUES OF AN INTEGRAL-TYPE NONLOCAL
PROBLEM

ZHONG-CHENG ZHOU, FANG-FANG LIAO

ABSTRACT. We study the structure of eigenvalues of second-order differential
equations with nonlocal integral boundary conditions. Moreover, we consider
the asymptotic expansion of the eigenvalues and the corresponding eigenfunc-
tions, which shows that the eigenfunctions form a Riesz basis for L2([0, 1], R).

1. INTRODUCTION

In recent years, many researchers studied different kinds of nonlocal boundary-
value problems of ordinary differential equations, and in particular focused on the
existence and multiplicity of nontrivial solutions for nonlinear nonlocal problems,
see for example, [Bl 8, [12] [15] 16, 19] for multi-point boundary-value problems and
[1, B, @, [10, 20] for general nonlocal boundary-value problems.

However, the study on the eigenvalue theory of the corresponding nonlocal linear
problems appears to just start. Ma and O’Regan [16] constructed all real eigenvalues
of the problem

—y”(:v) = )\y(l‘), x € (07 1),

- (1.1)
y(0) =0, y(1)=> arylm),
k=1
where m € N, a = (a1, , ) € R satisfying the nondegeneracy condition

22121 |Oék,| <1 a‘ndn: (7717"' 7nm) €A™ = {(7717 7nm) 6Rm10<771 <. <
Nm < 1} are taken as rational. We note that the eigenvalues of can be analyzed
using elementary method because all solutions of can be found explicitly.
However, even for , as far as we know, the first complete eigenvalue theory
was proved in [4]. In particular, Gao, Sun and Zhang completely characterized
the structure of eigenvalues of for all o € R and n € A™. Moreover, they
gave the complete structure of eigenvalues of general multi-point boundary-value
problem

=y (x) + q(x)y(z) = My(z), =€ (0,1),

Y0) =0, y(1) =3 awylm), (12
k=1
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where ¢ € L'([0,1],R) and o € R, € A™. Note that problems and
are non-symmetry problems. It was proved in [4] that may admit complex
eigenvalues and has always a sequence of real eigenvalues tending to infinity.

We will extend the above results to the general nonlocal integral boundary-value
problem

=y () + q(x)y(x) = My(z), =€ (0,1),

y@=mym=émm@m

where ¢ € L'([0,1],R) and k € C?%([0,1],R). We will show that the eigenvalues
of the problem have the similar structure to those of . In fact, problem
(1.3) can be considered as a version of with continuous boundary condition
)

The set of all eigenvalues of is denoted by X7 € C, which is called the
spectrum of operator A, where the linear operator A : D(A)(C L*([0,1],R)) —
L?([0,1],R) is defined by

(1.3)

Aly) = —y"(z) + q(2)y(x)
with )
D) = {y € H2(0.1) :9(0) = 0. y(1) = [ k(a)y(a)dr}.
When g = 0, Equation becomes
—y"(z) = \y(z), = €(0,1),

1
y@:mymzlmmmm

We can define a linear operator Ag : D(Ap)(C L?([0,1],R)) — L3([0,1],R) by
Ao(y) = =y (2), (1.5)

(1.4)

with
1
D(Ao) = {y € H*([0,1],R) : y(0) = 0, y(1) :/0 k(x)y(z)dz}
and a bounded perturbation linear operator
(Boy)(z) = q(z)y(z), (1.6)

on L'(]0,1],R). The eigenvalues of are exact the eigenvalues of the operator
Ag, which can be analyzed using elementary method. However, as far as we know,
even for this simple case, the spectrum theory is incomplete in the literature.

For some special functions ¢ and k, we can adopt the backstepping method (which
comes from Krstic) to obtain the existence and explicit expression of eigenvalues via
transferring it into well-known eigenvalue problem, see [I3] and related references.
Such similar method can be used to prove Theorem [3.6] for some special functions
q and k. However, for general function pair ¢ and k, this method does not work.
One motivation of this paper is to develop a method for general functions ¢ and
k. The results of can be used to study the existence of nonlinear differential
equations with integral boundary condition. Besides, the stabilization controller
design of heat equation by backstepping method strongly depends on the complete
spectrum analysis for the problem , which is another important motivation of
this paper.
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Basically, eigenvalues of are zeros of some entire functions. To study the
distributions of eigenvalues, we will consider as a perturbation of . To
obtain the existence of infinitely many real eigenvalues as in Theorem some
properties of almost periodic functions [16, [I7] will be used. To pass the results
of (1.4) to those with general potentials ¢, many techniques will be exploited.
Moreover, some basic estimates for fundamental solutions of play an important
role.

This article is organized as follows. In Section 2, we will give some detailed
analysis on problem . In Section 3, after developing some basic estimates, we
will prove Theorems|[3.6|and [3.7} In Section 4, we will give the asymptotic expansion
for the eigenvalues and eigenfunctions of . In Section 5, we will prove the
existence of eigenvalues for and corresponding eigenfunctions forming Riesz
basis for L2([0,1], R).

2. STRUCTURE OF EIGENVALUES OF THE ZERO POTENTIAL

In this section, we first consider the spectrum for , which has the zero
potential. Let us use 22 to denote the set of all eigenvalues of .

Let A € C, the complex solutions of satisfying y(0) = 0 are y(z) = ¢Sy (),
where ¢ € C and

sinvVAz <X k
Sx(x) == f ZQ(kj—)l)Ak 21 e [0, 1]

Notice that Sy(x) is an entire function of A € C. Define C)\(l‘) := cos(V/\x) and

sin sm :1:
Mo(A) := Sx(1) f/ kE(x)Sx(x)dx = . (2.1)
0
Then A € X9 if and only if A satisfies
My(N) = 0.

We recall some properties of almost periodic functions which will be used later. We
refer the readers to [2] for more information on almost periodic functions. Suppose
that f : R — R is a bounded continuous function. We say that f is almost periodic
if for any £ > 0, there exists [. > 0 such that for any a € R, there exists b € [a, a+1.]
such that [[f(- +b) — f(:)|]lre < e. If f: R — R is an almost periodic function,
then for any A € R, we have
inf  f(u) = inf f(u), sup f(u) =sup f(u).
u€[A,00) u€R u€[A,00) u€R

Moreover, if f is non-zero and f = limp_ 4o % foT f(u)du = 0, then f is oscillatory
as u — +oo. In particular, f(u) has a sequence of positive zeros tending to +oo.

Lemma 2.1. If k € C?([0,1],R), then X{ NR = {\,} which satisfies
A <A < >‘n§"'7 hrf An = +00.

Proof. Let us first consider possible positive eigenvalues A = a? of (1.4), where
a > 0. By equation (|1.4)), we have

F(a) :=sina — /0 k(x)sin(ax)dz =0
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It is easy to check the function F(«) is a non-zero, almost periodic function and
has mean value zero. Therefore, F'(«) has many positive zeros tending to +oo, and
hence Eg contains a sequence of positive eigenvalues tending to +oo.

Next, we consider possible negative eigenvalues A = —a? of , where a > 0.
By the first equality of and , we have

1
F(a) :=sinha — /0 k(x) sinh(az)dx = 0. (2.2)

One has

lim F( )

=1
a—+oo sinh «

)

notice that F (o) is analytic in a, thus F(a) = 0 has at most finitely many positive
solutions. Hence Y9 contains at most finitely many negative eigenvalues.

Because both F'(a) = 0 and F(a) = 0 have only isolated solutions, the above
two cases show that the result holds. g

Next we show that X? contains only real eigenvalues if fol k?(z)dz < 1.

Lemma 2.2. Assume k € C?([0,1],R) satisfying fol k*(z)dz < 1. Then XY con-

2
tains only real eigenvalues. Moreover, 22 C (%, +00).

Proof. Suppose that A = w? € X9, where w = u + iv, u,v € R. We would assert
that v = 0 under the assumption. Otherwise, assume that v # 0. We have

1
sinw — / k(x) sin(wz)dz = 0.
0

Note that the following elementary equalities hold for any u,v € R,

sin(u + 4v) = sinucoshv + icosusinhv, |sin(u + iv)|*> = sin® u + sinh®v. (2.3)

Then

1
sinucoshv = / k(z) sin(ux) cosh(vz)dz,
0

1
cosusinhv = / k(x) cos(ux) sinh(vz)dx.
0

It follows from Holder inequality that
1 =sin®u + cos® u (2.4)

h( h 2
/ E(x) sin(ux) COb (ve) / k(x) cos(ux) bm (Ux)dx) (2.5)

“coshv sinh v

</0 k2(;v)d:r/01 cos2(ux)dx+/0 k*(x )dm/o sin? (ux)da (2.6)
_/Olkz(z)dx, (2.7)

which is a contradiction. Thus v = 0. On the other hand,

Mo(0) =1 — /01 ck(z)de > 1 — (/01 k2(x)dx)1/2 >0, (2.8)
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hence we have XY € (0, +00). Finally, for any u € (0, 5], by the Holder inequality,
we know function F'(u) satisfies

1
F(u) =sinu — /0 k(z) sin(ux)dx
> sinu—/o |k(x)| sin(ux)dx

1
> sinwu —/ |k(x)|dx sinu > 0.
0

Therefore, we obtain that 39 € (%2, +00). O
3. STRUCTURE OF EIGENVALUES OF NON-ZERO POTENTIALS
Given q € L'((0,1),R) and complex parameter A € C, the fundamental solutions
of (1.3)) are denoted by y.,, (x, A, ¢), m = 1,2, which are solutions satisfying the initial
values
y1(0,X,0) = y5(0, A, q) =1, #1(0, A, q) = y2(0, A, q) = 0. (3.1)
Notice that y,,(z, A, ¢) are entire functions of A € C, To study ([1.3]), we introduce

1
M, = 11N )~ [ k@l A aide, AeC. (32)
0
We use X} to denote the set of all eigenvalues of (1.3). Then A € X} if and only if
M,(M\) =0.

We will need the following basic estimates, whose proofs are much similar to
those of [4, Lemma 3.1, Lemma 3.2, Lemma 3.3, Lemma 3.4]. Here we only state
them without their proofs.

Lemma 3.1. If 8 € (0,1), one has
|sin(u+4dv)| 1

I- ol T2
eR,|v|—+ exp (v
|'sin B(u + v)] —0
VER,|v|—+00 exp "U‘ N

uniformly in u € R.

Lemma 3.2. There exists a constant c(k) > 0 and a sequence a,, of increasing
positive numbers such that a, — +oo and (—=1)"F(a,) > c(k), where F(u) :=
sinu — fol k(z) sin(ux)dzx.

Lemma 3.3. Given ¢ € L'((0,1),R) and complex parameter X € C. Then the
following inequalities hold for all x € [0,1],

1
z, )\, q) — Ox(2)] € — exp(|Im VA|z + 170.21)-
ly1(z, A, q) — Cx(2)| N p(| |z + [lgll10,2))

[y2(2, X, q) = Sx(@)] < == exp(| Im VA2 + [la] £ 10,))-

1
Al
i (2, X, q) — CA(@)| < llgll exp(| Tm VA|z + ||l £1{0,4))-

(s A q) — Si(x)| < 14

VAl

exp(| Im VX |z + [|ql| £10,47)-
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Lemma 3.4. The following estimate holds for My(X),

M, (N) = Mo(N)| < %exp(\ muw|), w:=vAeC. (3.4)

where

1
B = exp(lalron) + expllalzoion) | h(o)lda.
0

Lemma 3.5. One has My(\) # 0 on R. Consequently, there exists A\g € R such
that Ao does not belong to 7.

Proof. Otherwise, we have M,(X) = 0, Notice that

F
Mo(u?) = i“), u> 0. (3.5)
Let A = a? in Lemma we have
F(ay) 9 B
—| = | M, < —.
| = ol <

Hence, lim,—, 4 o0 |F(ay)] < limy,— 400 a@ = 0, which contradicts Lemma O

Theorem 3.6. If g € L'([0,1],R) and k € C?([0,1],R), then X% is composed of a
sequence A, = {A\n(q)} € C which satisfies

Red; <Rely <---Rel, <---, lim Rel, = +oc.

n—-+o0o

Proof. By Lemma there exists A\g € R such that A\ ¢ X7, which implies that
the problem
—y"(2) + q(@)y(x) — Aoy(z) =0, 2 €(0,1),

y(0) =0, y(1) = / k(o)y(z)dz

has only the trivial solution y = 0.
Let Go(z,u) be the Green function of (3.6). Then A € X if and only if A # Ag

and
—y"(x) + (q(x) = Xo)y(z) = (A = Ao)y(z),

1
w(0) =0, (1) = [ K@yl dz,
0
has a nontrivial solution y. In other words, A € ¥ if and only if the equation
y=(A—Xo)Lgy
has a non-trivial solution y, where
1
Lyy(z) == / Go(z,2)(q(2) — Mo)y(2)dz.
0

Since L, is a compact linear operator, one sees that this happens when and only
when

(3.6)

(3.7)

N €o(Ly) CC,

where o(Lg) is the spectrum of L,. Hence X} consists of a sequence of eigenvalues
which can accumulate only at infinity.
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For A € C, denote
A=w?, w=VA=u+iv, uveER.
Suppose that A € Xf and A # 0. Then My(\) = 0 and Lemma imply that

ljgexpuvo > M, (\) — Mo(N)| = [Mo()|

sinw — fol k(z) sin(wx)dx‘

w
- |sin(u + iv)| — fol |k(z) sin(u + iv)x|da§.
- |w]

We conclude that all non-zero eigenvalues \ € X} satisfy

. . 1 . .
|sin(u + )| — [y |k(z)sin(u 4 iv)z|dx -3

3.8
ol e < (33)
Let us derive some sequences from estimate (3.8)) for A € 3.
Case 1: Since |w| > |v|, it follows from the uniform limits in (3.3]) that
. . 1 . .
sin(u 4 w)| — k(z)sin(u + iv)z|dx
ol ) i singu g il

Jo]=] Im w|—-+o00 exp [v]
Thus, there exists a constant h > 0 such that
AeX! — w=vVI€ H,:={weC:|Imuw| < h}. (3.10)
The horizontal strip Hy, of it in the w-plane is transformed to the half-plane P, in
the A-plane:
Yl c P :={AeC:Re)>r},
where r := —h2.
Case 2: Let 7 > —h?, next we assert that
SIN{AeC:ReA<7}=XIN{A€C:—h®> < ReA <7}
contains at most finitely many eigenvalues. Otherwise, suppose that
YIN{AeC:—h? <Re) <7} (3.11)

contains infinitely many A,, n € N. Since M,(A) = 0 has only isolated solutions,
we have necessarily | Im A, | — +oo. by denoting /), = u,, + iv,, one has

—h? <u — 02 <7, 2un|jva| — +o0.
In particular, |v,| — +00, Now estimate (3.8]) reads

| sin(uy, + ivy,)| < fol |k(x) sin(uy, + iv,)z|dz

+o(1), asn— oco.

exp |vn| exp vy |
This is impossible because the estimate in (3.3). Combining Cases 1 and 2, we
know that X7 can be listed as in Theorem O

Theorem 3.7. If ¢ € L*([0,1],R) and k € C?([0,1],R), then SINR = {\, =
A(q)} which satisfies
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Proof. We need to only consider the positive eigenvalues of (1.3). Let A = a2 in
Lemma according to (3.5), we have

My (02) — Mo(a2)| = [My(a2) -

Vn € N. (3.12)

Since a,, — +o00, w.l.o,g, we can assume that a, > % for all n € N; therefore,

B k
anMy(a2) ~ Fla) < 2 < @ e
an
by using Lemma we conclude that (—1)"M,(aZ) > 0,Vn € N. Hence My(X) =0
has at least one positive solution A, in each interval (a2,aZ,),n € N. Combining

with Theorem we have 37 NR consists of a sequence of real eigenvalues tending
to 400, hence X} NR can be listed as in Theorem O

4. ASYMPTOTIC EXPANSION AND RIESZ BASIS

Above we have discussed the structure of eigenvalues of . In this section,
we give the quantity asymptotic estimate for eigenvalues and eigenfunctions of
(1.4) and . Moreover, we will show the eigenfunctions forms Resis basis of
L?([0,1],IR). We first make some preparations for the main theory.

Definition 4.1. A sequence {e,}3° C L?([0,1],R) is called a basis in L?([0, 1], R)
if for any g € L?([0,1],IR) there exists a unique sequence {a, }3° of real numbers
such that g = Y07 | ane, in L*([0,1],R). A basis {e,}° in L?([0,1],R) is called
a Riesz basis when the series Y ° | ane,, with real coefficients a,, converges in

L2([0,1],R) if and only if >.°7 | a2 < cc.

n=1"n

The following Theorem is very useful in checking the Riesz basis for the gener-
alized eigenfunctions of Ajg.

Theorem 4.2 ([0 [7]). Let T be a densely defined discrete operator, that is (A —
T)~' is compact for some X in a Hilbert space H with {z,}1°° being a Riesz basis

for H. If there are an N > 0 and a sequence of generalized eigenvector {xn}ﬁ‘fl
of T such that

(o)
Z 25, = 2n]|* < o0,
n=N+1
then
(i) There are an M > N and generalized eigenvectors {xno}! of T such that
{zno )T U{zn} ) forms a Riesz basis for H.
(ii) Let {zno ) U{zn} 375 be eigenvalues {0} of T. Theno(T) = {on}{*,
in which o, is counted according to its algebraic multiplicity.
(iii) If there is an Cy > 0 such that o, # oy, for all n,m > Cy, then there is an
Ny > Cy such that all o,,,n > Ny are algebraically simple.

Lemma 4.3. The eigenvalues of (1.4) have the asymptotic expansion

A = 0277 4 2(k(0) — k(1)) + 0(%).
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Proof. According to Theorems [3.6] and we know that (1.4) has a sequence of
eigenvalues. In fact, the eigenvalues A, of (1.4]) satisfy

sin /A, = /01 k(z) sin \/ Apz da (4.1)
]‘ !
=— (k(l) cos /A — k(0) — /0 E'(x) cos \/Emdx) (4.2)

—

5

Therefore,

VAn = nm + O( L ). (4.3)

At the same time, we know that

sin /A, = O( ! ),

An

=

5

cos VA, =1—0(

).

2

Taking them into (4.1f), we have

1 k(0) k(1) 1

0 = — O(—).
SV Y, SR, S

Hence, by (4.3)), we have

S = = W+O(l)’ (4.5)

we can obtain
1
A = n27? +2(k(0) — k(1)) + O(=), (4.6)
which completes the proof. O

Lemma 4.4. Let {\,}3° be the eigenvalues of operator Ag. Then the corresponding
eigenfunctions {y, }3° have the asymptotic expressions

1
yn(x) = sinnre + O(ﬁ)
Moreover, the generalized eigenfunctions of Ao forms a Riesz basis of L*([0,1],R).

Proof. According to (1.4) and Lemma [4.3] for ), its corresponding eigenfunction
has the asymptotic form

1
Yn(z) = sin / Az = sinnwx + O(ﬁ) (4.7
Next, we show that Y | fol |sin(v/Anz) — sin(nmz)|2dz < 4+o0. In fact,
1
1
/ |sin(v/Apx) — sin(nrz)|?de < C - O(ﬁ>
0

by the eigenvalue expansion, where C'is a constant number large enough. Therefore,

oo 01
Z/ |sin(y/A\px) — sin(nmz)|2de < +oc.
n=170

By Theorem [£.2] we know that the generalized eigenfunctions of A forms a Riesz
basis of L?([0, 1], R), which completes the proof. O
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For obtaining the asymptotic expansion for the eigenvalue of X, we show the
relationship between ©¢ and X9. Intuitively, for the problem (1.4) and (L.3), if ¢
is a constant, we know X} is a constant translation of ¥ In fact, if ¢ is not a
constant, we also know the asymptotic expansion for X} in terms of 22, which is
borrowed from the paper [7].

Definition 4.5. A linear operator 4 in a Hilbert space H is called discrete-type(or
[D]-class for short), if there are Riesz basis {¢, }3° of H, complex series {\,, }$° and
an integer N > 0 such that
(i) limy— oo |An| = 00, A # A @as n,m > N.
(11) Agdn = Apon, n > N.
(iii) Ag[p1, P2, , dN] C (1,02, ,dn] and Ag has spectrum {\,}} in
[P1,¢2, -+ ,¢n], where [¢1,da2, -+, ¢n] is the linear subspace spanned by
{n 31

Lemma [£.4]show that Ao defined in (L.5) is a [D]-class. The following result can
be concluded from the proof of a more general result in [I4] (see also [11] and [I§]).

Theorem 4.6 ([14]). Suppose that Ag is of [D]-class satisfying conditions of def-
inition in a Hilbert space H. Let d,, := ming4y, |A, — Am| and assume that
ZZ;N d,* < oo. Then for any linear bounded perturbation operator By on H,
there are constants C,L > 0, an integer M > 0, and eigenpairs {fin, ¥n}3y of
Ao + By such that

(1) |n —An] < C,¥n > M.

(ii) [|[n — ¢nll < Ld,t, n > M, and hence 5 [|[tn — ¢nll* < oo.

n 7

We use Theorem for Ag, By, where Ajg is defined by (1.5]), and operator By
is a perturbation of Ap, such that A = Ay + By, we can obtain the following result

for A.

Theorem 4.7. Suppose that k € C%([0,1],R), ¢ € L' ([0,1],R), {pin,¥n}5° are
eigenpairs of operator A, {\,,yn}5° are eigenpairs of operator Ag. Then the fol-
lowing results hold.

(i) A= Ay + By is [D]-class.
(ii) The eigenvalue of Ao + By have asymptotic expansion
tn = An +O(1), n— +oo.
(iii) The corresponding eigenfunctions {¢n(z)} of A have the asymptotic expan-
ston
Yn(@) = yn(z) + en(z), n— +00, (4.8)
where ||enllL2(0,1),1) = O(%). Moreover,

Z ||wn - ynH%?(QJ) < oQ. (49)
n=M

where yn(+) s the eigenfunctions of (1.4)). Moreover, the generalized eigen-
functions of A forms a Riesz basis of L*([0,1],R).

Proof. Obviously, (ii), and can be obtained according to Theorem [4.6
Next, we prove that the generalized eigenfunctions of A form a Riesz basis of
L?([0,1],R). Combined (4.9) with Theorem 4.2] we know that the generalized
eigenfunctions of A forms a Riesz basis of L?([0,1],R). Meanwhile, in terms of
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the definition and Theorem [3.6] we know (i) also holds, which completes the
proof. ([
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