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SURVEY AND NEW RESULTS ON BOUNDARY-VALUE
PROBLEMS OF SINGULAR FRACTIONAL DIFFERENTIAL
EQUATIONS WITH IMPULSE EFFECTS

YUJI LIU

ABSTRACT. Firstly we prove existence and uniqueness of solutions of Cauchy
problems of linear fractional differential equations (LFDEs) with two variable
coefficients involving Caputo fractional derivative, Riemann-Liouville deriva-
tive, Caputo type Hadamard derivative and Riemann-Liouville type Hadamard
fractional derivatives with order ¢ € [n — 1,n) by using the iterative method.
Secondly we obtain exact expressions for piecewise continuous solutions of the
linear fractional differential equations with a constant coefficient and a variable
one. These results provide new methods to transform an impulsive fractional
differential equation (IFDE) to a fractional integral equation (FIE). Thirdly,
we propose four classes of boundary value problems of singular fractional dif-
ferential equations with impulse effects. Sufficient conditions are given for the
existence of solutions of these problems. We allow the nonlinearity p(t) f (¢, z)
in fractional differential equations to be singular at t = 0, 1. Finally, we point
out some incorrect formulas of solutions in cited papers. A new Banach space
and the compact properties of subsets are proved. By establishing a new frame-
work to find the solutions for impulsive fractional boundary value problems,
the existence of solutions of three classes boundary value problems of impul-
sive fractional differential equations with multi-term fractional derivatives are

established.
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1. INTRODUCTION

One knows that the fractional derivatives (Riemann-Liouville fractional deriv-
ative, Caputo fractional derivative and Hadamard fractional derivative and other
type see [58]) are actually nonlocal operators because integrals are nonlocal op-
erators. Moreover, calculating time fractional derivatives of a function at some
time requires all the past history and hence fractional derivatives can be used for
modeling systems with memory.

Fractional order differential equations are generalizations of integer order differ-
ential equations. Using fractional order differential equations can help us to reduce
the errors arising from the neglected parameters in modeling real life phenomena.
Fractional differential equations have many applications see [88, Chapter 10], and
books [58, 57, 88, [94].

In recent years, there have been many results obtained on the existence and
uniqueness of solutions of initial value problems or boundary value problems for
nonlinear fractional differential equations, see [25], 27 [74], BT], [85] [86, 93], 108, 125]
[138].

Dynamics of many evolutionary processes from various fields such as population
dynamics, control theory, physics, biology, and medicine. undergo abrupt changes
at certain moments of time like earthquake, harvesting, shock, and so forth. These
perturbations can be well approximated as instantaneous change of states or im-
pulses.These processes are modeled by impulsive differential equations. In 1960,
Milman and Myshkis introduced impulsive differential equations in their paper [82].
Based on their work, several monographs have been published by many authors like
Samoilenko and Perestyuk [95], Lakshmikantham et al. [60], Bainov and Simeonov
[20, 21], Bainov and Covachev [19], and Benchohra et al. [2§].

Fractional differential equations were extended to impulsive fractional differential
equations, since Agarwal and Benchohra published the first paper on the topic [4]
in 2008. Since then many authors [16] [39] 42, [55] [72] €8, [66] [’4] O3, 107, 108,

[124], [73] [71] studied the existence or uniqueness of solutions of impulsive initial



EJDE-2016/296 SURVEY AND NEW RESULTS ON BVPS FOR IFDES 3

or boundary value problems for fractional differential equations. For examples,
impulsive anti-periodic boundary value problems see [B, [6, [4, 69 T01], impulsive
periodic boundary value problems see [105}, 26} [TT5], impulsive initial value problems
see [30} 38|, [83], [8], two-point, three-point or multi-point impulsive boundary value
problems see [12] 47, 116, 136}, 106}, [134], impulsive boundary value problems on
infinite intervals see [I31].

Feckan and Zhou [43] pointed out that the formula of solutions for impulsive
fractional differential equations in [3], [T, 24] 29] is incorrect and gave their cor-
rect formula. In [IT6] TTT], the authors established a general framework to find
the solutions for impulsive fractional boundary value problems and obtained some
sufficient conditions for the existence of the solutions to a kind of impulsive frac-
tional differential equations. In [103], the authors illustrated their comprehension
for the counterexample in [43] and criticized the viewpoint in [43] 116l [111]. Next,
in [44], Feckan et al. expanded for the counterexample in [43] and provided further
explanations in the paper.

In a fractional differential equation, there exist two cases concerning the deriva-
tives: the firs case is D* = D, i.e., the fractional derivative has a single start
point ¢ = 0. The other case is D% = D;;, i.e., the fractional derivative has a
multiple start points ¢t = ¢; (i € N[0, m]). 1

There have been many authors concerning the existence and uniqueness of solu-
tions of boundary value problems of impulsive fractional differential equations with
multiple start points ¢t = ¢; (i € N[0, m]).

Recently, Wang [100] consider the second case in which D® has multiple start
points, i. e., D% = Dtafr. They studied the existence and uniqueness of solutions of

the following initial value problem of the impulsive fractional differential equation
CD?fu(t) = f(tﬂl(t)), le (tiati+1]7 (S N[Oap]v
u9(0) = uj, je€NO,n—1], (1.1)
Aul (t;)] = Lis(u(t;)), i€ N[L,pl, j € N[0,n— 1],

where « € (n — 1,n) with n being a positive integer, CD;’; represents the standard
Caputo fractional derivatives of order «, Nla,b] = {a,a 1 1,...,b} with a,b being
integers, 0 = tg < t1 < -+ < t, < tpy1 =1, Ij; € C(R,R) (« € N[1,p],j €
N[0,n —1]), f:[0,T] x R — R is a continuous function.

Henderson and Ouahab [50] studied the existence of solutions of the following
problems

CD%u(t) = f(t,u(t)), t€ (t;tiy1], i € N[0, p],
u(0) =y, jeN[0,1],
ul (t;)] = Lis(u(t;)), i €N[1,p], j € N[0, 1],
and
CDZf“(t) = f(t,u(t)), te (t,tiz1], i € N[O, p],
ul?(0) = ul?(b), jeN0,1],
ud(t;)] = Li(u(t:), i€N[L,p], j €N[,1],
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where a € (1,2], b > 0, 0 =tg < t1 < -+ <tp <tpy1 =0b, f:[0,0] xR — R,
I;; : R — R are continuous functions. Readers should also refer [104].

Zhao and Gong [132] studied existence of positive solutions of the nonlinear
impulsive fractional differential equation with generalized periodic boundary value
conditions

Lult) = ftut), te 0,71\ {t,....t,),
Ault)] = K(ult). Ae)] = Jate)), i € NLgl, (1.2)
au(0) = Bu(1) =0, ad(0) - Bu'(1) =

where ¢ € (1,2), CD; represents the standard Caputo fractional derivatives of
order ¢, a > (3 > 0,10 =ty < t1 < - < tp < tpr1 = 1, Na,b] = {a,a +
., b} with a, b being integers,I;, J; € C([0,4+00), [0,400)) (¢ € N[1,p], f : [0,1] x
[0,4+00) — [0, 4+00) is a continuous function.
Wang, Ahmad and Zhang [102] studied the existence and uniqueness of solu-
tions of the periodic boundary value problems for nonlinear impulsive fractional
differential equation

t+“(t) f(t,u(®), te (O,T]\{tl,..., b
Au(t;) = Liu(t:), A'(t;) =I7(u(t;)), i€N[L,p], (1.3)
u'(0) + (=) u(T) = bu(T), u(0)+ (- )9 (T) =0,

where a € (1,2), CDtoﬂr represents the standard Caputo fractional derivatives of
order «, 8 = 1,2, NJa, b] ={a,a+1,...,b} with a,b being integers, 0 =ty < t; <
<ty <tpp1 =T, L,I; € CR,R) (i € N[1,p], f:[0,T] xR — R is a continuous
function.
Zou and Feng, Li and Shang [I3] [64] [139] studied the existence of solutions of
the nonlinear boundary value problem of fractional impulsive differential equations

“Dea(t) =wt)f(t,x(t),2'(t), te 0,1\ {tr,...,tp},
=1 ac(ti)), A.I?/(ti) = JZ<.’E(t1)), 1€ N[l,p], (14)
= B’ (0) = gi(z),  aox(1) + B2’ (1) = ga(a),

where a € (1,2), CDtO; represents the standard Caputo fractional derivatives of
order a, a1, s, 1, B2 € R with arag + a8y + asfy # 0, N[a,b] = {a,a+1,...,b}
with a,b being integers, 0 = tg < t; < -+ < t, < tp41 = 1, I;,J; € C(R,R)
(i € N[1,p], f:]0,T] x R? — R is continuous, w : [0,1] — [0, +00) is a continuous
function, g1, g2 : PC(0,1] — R are two continuous functions.
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Liu and Li [71] investigated the existence and uniqueness of solutions for the
nonlinear impulsive fractional differential equations

CD%U(t) = f(t,u®),u'(t),u"(t)), t€ (titita], i € N[O,p],
uw(0) = Mu(T) + 51/0 q1(s,u(s),u'(s),u”(s))ds,

T
W (0) = Aot (T) + & /0 g (s, u(s), 1 (5), 1 (5))ds, (1.5)
u”(0) = A3u”(T) + 53/0 qz(s,u(s),u'(s),u" (s))ds,

Au(ty)] = Ai(u(t;), Au'(t;)] = Bi(u(t:), Au"(t;)] = Ci(u(t)),

for ¢« € N[1,p], where a € (2,3), CDfﬂr represents the standard Caputo fractional
derivatives of order a, N[a,b] = {a,a i 1,...,b} with a,b being integers, 0 = ¢y <
t1 <o <tp,<tpr1 =T, N,& €R (i =1,2,3) are constants, A;, B;,C; € C(R,R)
(i € N[1,p], f:]0,T] x R® — R is continuous.

Recently, in [32], to extend the problem for impulsive differential equation u” (t)—
Au(t) = ft,u(t)),w(0) = w(T) = 0,Au'(t;) = I;(u(t)i)),iN[1, p] to impulsive frac-
tional differential equation, the authors studied the existence and the multiplicity of
solutions for the Dirichlet’s boundary value problem for impulsive fractional order
differential equation

DS (ODg x(t) + a(t)x(t) = Mf(t,2(t), t€][0,T),t#t;, i € N[1,m)],

1.6
ACD;jl(CDS;:c(ti) = pl;i(x(t;)), i€N[1,m], z(0)=2z(T) =0, (1.6)

where @ € (1/2,1], A, > 0 are constants, N[a,b] =: {a,a + 1,...,b] with a <
b, 0 = tg < t; < - <ty <tmy1 =T, f:]0,T] x R — R is a continuous
function, I; : R — R(i € N[1,m]) are continuous functions, “Dg, (or “Dg_) is
the standard left (or right) Caputo fractional derivative of order a, a € C]0,T]
and there exist constants aj,as > 0 such that a1 < a(t) < ag for all ¢ € [0,T],
Azli—y, = lim, .+ x(t) —lim, - z(t) = 2(t]) — z(t;) and z(t;),z(t;) represent
the right and left limits of x(tj at t = t; respectively, a,b, xg a constant with
a+b # 0. One knows that the boundary condition ax(0) 4+ bxz(T) = ¢ becomes
z(0) — 2(T) = %> when a + b = 0, that is so called nonhomogeneous periodic type
boundary condition.

For impulsive fractional differential equations whose derivatives have single start
points t = 0, there has been few papers published. In [91], authors presented a
new method to converting the impulsive fractional differential equation (with the
Caputo fractional derivative) to an equivalent integral equation and established
existence and uniqueness results for some boundary value problems of impulsive
fractional differential equations involving the Caputo fractional derivatives with
single start point. The existence and uniqueness of solutions of the following initial
or boundary value problems were discussed in [91]:

DS x(t) = f(t,z(t), te€ 0,1\ {ts,...,tp},
Ax(t)] = Li(x(t:), Ad'(t)] = Ji(2(t;)), i€ N[Lp],
(

2(0) = zg, 2'(0) = zy;
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“Diia(t) = f(t.a(t), te 01\ {t,... .t}

( o' (t:)] = Ji(x(t:)), i € N[1,p],
2(0) + ¢(x) = xo, 2'(0) = 21;

S+
~—
~
>
~
—~

DY a(t) = ft,at), t€ 0,1\ {t,. ...t}
Ax(t;)] = Li(z(t;)), 1€ N[1,p], ax(0) 4+ bz(1) =0,

DS x(t) = f(t,z(t), t€ 0,1\ {tr,...,tp},
Az(t;)] = Li(z(t:), Aa'(t:)] = Ji(2(t:)), i € N[1,p],
ax(0) — bz'(0) = zg, cx(1) +da'(1) = xq;
and

CDO+x( )= ft,z®), te€ 0,1\ {tr,....tp},
Ax(ty)] = Li(z(t:), Ax'(t)] = Ji(x(t;)), € N[L,p],
2(0) — ax(§) = (1) — bx(n) =0,

where o € (1,2], 8 € (0,1], Dg, is the Caputo fractional derivative with order * and
single start point t =0, f:[0,1] x R = R, I, J; : R — R are continuous functions,
a,b,c,d, g, z1 € R are constants, ¢ : PC(0,1] — R is a functional.

We observed that in the above-mentioned work, the authors all require that the
fractional derivatives are the Caputo type derivatives, the nonlinear term f and
the impulse functions are continuous. It is easy to see that these conditions are
very restrictive and difficult to satisfy in applications. To the author’s knowledge,
there has been no paper published discussed the existence of solutions of boundary
value problems of impulsive fractional differential equations involving other frac-
tional derivatives such as the Riemann-Liouville fractional derivatives, Hadamard
fractional derivatives.

In this paper, we study the existence of solutions of four classes of impulsive
boundary value problems of singular fractional differential equations. The first
class is the impulsive Dirichlet type integral boundary value problem

RLDP 2(t) — Ma(t) = p(t) f(t, (1), ae., t € (ti,tiy], i € N[O, m],

Tim () / )Gl 2o, )= [V HG s, (17
1im(t—t) x(t) = I(t;, z(t;)), ARLDO+ x(ty) = J(ts, x(t;)),

t—>t
for i € N[1, m], where

(1LA1) 1 < <2, XeR, RLDg + is the Riemann-Liouville fractional derivative of
order (3,

(1.A2) m is a positive integer, 0 = tg < t1 < to < -+ < bty < tmy1 = 1,
N[a,b] = {a,a+ 1,a+2,...,a+ n} with a,b being integers and a < b,

(1.A3) ¢,4 :(0,1) — R are measurable functions,

(1.A4) p : (0,1) — R is continuous and there exist numbers k& > —1 and | €
max{—f3, —2 — k, 0] such that |p(t)| < t¥(1 —¢)! for all ¢ € (0, 1),

(1.A5) f,G, H defined on (0, 1] x R are impulsive II-Carathéodory functions, I, J :
{t; : i € N[1,m]} x R — R is a discrete II-Carathéodory functions.
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The second class is the impulsive mixed type integral boundary value problem

D0+x( )= Xx(t) =pt)f(t,x(t)), ae.,teE (t;tiy1], i € N[0, m],

i () / oGl el (1) = [ W o), (1)
Ax(t;) = I(t;, (L)), A2 () = J(t,x(t;)), i€ N[1,m],

where

(LLA6) 1 < B < 2, A € R, CD{; is the Caputo fractional derivative of order 3,
m, t;, N|a, b] satisfies (1.A2), ¢, : (0,1) — R satisfy (1.A3),

(1.A7) p: (0,1) — R is continuous and there exist numbers £k > 1 — § and | €
max{—03, —3 — k,0] such that |p(t)| < t*(1 —¢)! for all ¢ € (0,1),

(1.A8) f,G, H defined on (0, 1] x R are impulsive I-Carathéodory functions, I, J :
{t; : i € N[1,m]} x R — R are discrete I-Carathéodory functions.

We emphasize that much work on fractional boundary value problems involves
either Riemann-Liouville or Caputo type fractional differential equations see [, 9]
10, [6]. Another kind of fractional derivatives that appears side by side to Riemann-
Liouville and Caputo derivatives in the literature is the fractional derivative due
to Hadamard introduced in 1892 [48], which differs from the preceding ones in
the sense that the kernel of the integral (in the definition of Hadamard derivative)
contains logarithmic function of arbitrary exponent. Recent studies can be seen in
133, 34, 35].

Thirdly we study the following impulsive periodic type integral boundary value
problems of singular fractional differential systems

RLHD1+J)( )= Ax(t) =p(t)f(t,x(t)), a.e.,teE (t;,tit1], i € N[O, m],

lim (logt)? Pz / o(s z(s))ds,

t—1+
. RLH RLH (1‘9)
Tim P DI (1) — P DY () = / {5V H (s,2(s))ds,
lim (logt —logt;)* Pa(t) = I(ti,x(t;)), AFFEDI'a(t)) = J(t;, x(t:)),

t%tj’

for i € N[1, m], where

(1.LA9) 1< B <2, A eR, RLHDlﬂJr is the Hadamard fractional derivative of order

B,

(1.A10) m is a positive integer, 1 = to < t1 < ta < -+ < by < ty1 = e,
@,% : (1,e) — R are measurable functions, p : (1,€) — R is continuous and
satisfies [p(t)] < (logt)*(1 — logt)!) with & > —1,1 <0, 2+ k +1 > 0,
Nla,b] = {a,a+ 1,a+ 2,...,a + n} with a,b being integers and a < b,

(1.A11) f,G, H defined on (1, €] X R are impulsive ITI-Carathéodory functions, I, J :
{t; : 1 € N[1,m]} x R — R are discrete III-Carathéodory functions.
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Finally we study the following impulsive Neumann type integral boundary value
problems of singular fractional differential systems

CHDHx() )\J;() p(t)f(t,z(t)), ae.,te€ (ti,tir1], i€ N[0, m],

|t1/¢> o(5))ds,

)= = /,¢ z(s))ds, (1.10)

tlggw(t) ) = It a(ts),
im0 L) - (t%)x(t)‘t:ti = It 2(t)),

for i € N[1, m], where

(1LA12) 1< <2, A €R, CHDﬁ is the Caputo type Hadamard fractional deriva-
tive of order B, (t4)'z(t) = ta'(t),

(1.A13) m,t;,N[a,b] satisfy (1.A10), ¢,% : (1,e) — R are measurable functions,
p: (1,e) — R is continuous and satisfies |p(t)| < (logt)*(1 — logt)!) with
k>-1,1<0,8+k+1>0,

(1.A14) f,G, H defined on (1,e] x R are impulsive I-Carathéodory functions, I, J :
{t; : i € N[1,m]} x R — R are discrete I-Carathéodory functions.

A function z : (0,1] — R is called a solution of BVP (or of BVP (1.8)) if
2|, 4,5, = 0,1, 5 € N[0, m]) is continuous, the limits below exist

lim (t — ;)2 Px(t),i € N[O,m], (or lim x(t)i € N[0, m])
t—t} t—tF

i i

and z satisfies ([1.7)) (or (1.8)).
A function z : (1,e] — R is called a solution of BVP (1.9) (or of BVP (1.10))) if

. ti411(@ € N[0, m]) is continuous, the limits below exist

lim (log ;)z_ﬁx(t),i e N[0,m], (or lim z(t),7 € N[0, m])

t—t} i t—t}

and z satisfies (L.9) (or (1.10)).

To obtain solutions of a boundary value problem of fractional differential equa-
tions, we firstly define a Banach space X, then we transform the boundary value
problem into a integral equation and define a nonlinear operator 7' on X by using
the integral equation obtained, finally, we prove that T has fixed point in X. The
fixed points are just solutions of the boundary value problem. Three difficulties
occur in known papers: one is how to transform the boundary value problem into a
integral equation; the other one is how to define and prove a Banach space and the
completely continuous property of the nonlinear operator defined; the third one is
to choose a suitable fixed point theorem and impose suitable growth conditions on
functions to get the fixed points of the operator.

To the best of the authors knowledge, no one has studied the existence of strong
weak or weak solutions of BVPs 7. This paper fills this gap. Another
purpose of this paper is to illustrate the similarity and difference of these three kinds
of fractional differential equations. We obtain results on the existence of at least
one solution for BVPs 7. For simplicity we only consider the left-sided
operators here. The right-sided operators can be treated similarly. For clarity and
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brevity, we restrict our attention to BVPs with one impulse, the difference between
the theory of one or an arbitrary number of impulses is quite similar.

The remainder of this paper is organized as follows: in Section 2, we present
related definitions. In Section 3 some preliminary results are given (one purpose
is to establish existence and uniqueness of continuous solutions of linear fractional
differential equations (Subsection 3.1), the second purpose is to get exact expres-
sion of piecewise continuous solutions of the linear fractional differential equations
with a constant coefficient and a variable force term (Subsection 3.2), the third
purpose is to prove preliminary results for establishing existence results of solu-
tions of fin Subsections 3.3, 3.4, 3.5 and 3.6, respectively), we transform
them into corresponding integral equations and define completely continuous non-
linear operators. In Sections 4, the main theorems and their proof are given (we
establish existence results for solutions of BVP 7. In Section 5, we preset
applications of theorems obtained in Subsection 3.2, the solvability of multi-point
boundary value problem, Sturm-Liouville boundary value problem and anti-periodic
boundary value problem for fractional differential equations with impulse effects are
discussed, respectively. In Section 6, some mistakes happened in cited papers are
showed. Corrected expressions of solutions are given. Finally, in Section 7, we sur-
vey some examples and applications of fractional differential equations in various
fields: population dynamics, control theory, physics, biology, medicine.

2. RELATED DEFINITIONS

For convenience of the readers, we firstly present the necessary definitions from
the fractional calculus theory. These definitions and results can be found in [58]
88, [94].

Let the Gamma function, Beta function and the classical Mittag-LefHler special
function be

—+00 1
INa) = / e %dx, B(p,q) = / P71 — )9 da,
0 0

+o0o k
T
E = _—
50(7) kzzo T(ok + o)

respectively for & > 0, p > 0, ¢ > 0, 6 > 0, 0 > 0. We note that E;ss(z) > 0
for all x € R and E;s(z) is strictly increasing in x. Then for z > 0 we have

E(g,g(—x) < E(;’g(()) = ﬁ < E(s’g(l‘).

Definition 2.1 ([58]). Let ¢ € R. The Riemann-Liouville fractional integral of
order o > 0 of a function g : (¢,00) — R is

1 t
I%g(t) = —— [ (t—5)*"'g(s)d
20l0) = gy [ =" ale)ds,
provided that the right-hand side exists.

Definition 2.2 ([58]). Let ¢ € R. The Riemann-Liouville fractional derivative of
order o > 0 of a function g : (¢, +00) — R is

Ldm [ g(s)
RL N«
D )= ——— —d
9 = v =5y @ / (t — s)a—nt1®®
where a < n < a+ 1, i.e., n = [a], provided that the right-hand side exists.
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Definition 2.3 ([58]). Let ¢ € R. The Caputo fractional derivative of order oz > 0
of a function g : (¢, +o0) — R is

1 b9

C na

D t) = d
c9(t) F(n—a)/c (t — s)a—ntl %

where a < n < a+ 1, i.e., n = [a], provided that the right-hand side exists.

Definition 2.4 ([58]). Let ¢ > 0. The Hadamard fractional integral of order & > 0
of a function g : [¢,+00) — R is

1 t t ds
Hra a—1
I t) = —— log — —
c+g() F( )/C(Ogs) 9(8)87
provided that the right-hand side exists.

Definition 2.5 ([58]). Let ¢ > 0. The Hadamard fractional derivative of order
a > 0 of a function g : [¢, +00) — R is

1 d. [* b1 ds
m(t%) /c(log;) g(s)—,

RLH DS (1) = :
where o <n < a+ 1, i.e.,, n = [«], provided that the right-hand side exists.

Definition 2.6 ([53]). Let ¢ > 0. The Caputo type Hadamard fractional derivative
of order a@ > 0 of a function g : [¢, +00) — R is

1 d ds

@ _ ! t n—a—1 n
CHD g(t) = m/c (log ;) (Sg) g9(s) 3

where a <n < a+ 1, i.e, n = [«], provided that the right-hand side exists.

Definition 2.7. We call F' : U™ (¢;,ti41) X R — R an impulsive I-Carathéodory
function if it satisfies
(i) t — F(t,u) is measurable on (¢;,t;+1) (¢ € N[0, m]) for any u € R,
(ii) w — F(t,u) are continuous on R for almost all ¢t € (¢;,t,11) (i € N[0, m]),
(iii) for each r > 0 there exists M, > 0 such that
|F(t7u)| SMrth (tiati+1),|u‘ <r, ZEN[O,T)’L]

Definition 2.8. We call F': U ,(t;,t;41) X R — R an impulsive II-Carathéodory
=0
function if it satisfies
i) t — F(t,(t—t;)?2u) is measurable on (t;,t;41) (i € N[0, m]) for any u € R,
+
(ii) u — F(t,(t — t;)’2u) are continuous on R for almost all ¢ € (t;,t;11)
(i € N[0, m]),
(iii) for each r > 0 there exists M, > 0 such that
|F(t, (t — )7 2u)| < My t € (ti,tiv1), Jul <r, i€ N[0,m].

Definition 2.9. We call F' : U (t;, t;+1) X R — R an impulsive I1I-Carathéodory
function if it satisfies
(i) t — F(t,(log %)B*QU) is measurable on (¢;,ti+1) (i € N[0,m]) for any
u € R,
(ii) u — F(t, (log %)B*QU) are continuous on R for all ¢t € (¢;,¢;41) (4 € N[0, m]),
(iii) for each r > 0 there exists M, > 0 such that

t
|F(t7 (1Og ;)B*QUH S M’f‘at € (tiati+1)7 ‘u| S T, (S N[O’m}
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Definition 2.10. We call I : {t; : i € N[1,m]} x R — R a discrete I-Carathéodory
function if it satisfies

(i) w— I(t;,u) (i € N[1,m]) are continuous on R,
(ii) for each r > 0 there exists M, > 0 such that |I(¢;,u)| < M,,|u| < r for
i € N[1,m)].
Definition 2.11. We call I : {¢; : i € N[1,m]} x R — R a discrete II-Carathéodory
function if it satisfies
(i) w — I(t;, (t; —t;_1)?2u) (i € N[1,m]) are continuous on R,
(ii) for each r > 0 there exists M, > 0 such that |I(¢;, (ti—tf:lzu)| < My, lu| <7
for i € N[1,m].
Definition 2.12. Wecall I : {¢; : i € N[1,m]} xR — R a discrete I1I-Carathéodory
function if it satisfies
(i) u — I(t;, (logt; —logt;_1)%~"u) (i € N[1,m]) are continuous on R,
(ii) for each r > 0 there exists M, > 0 such that |I(t1, (log tfil)fafnu)\ <
M., lu| <r for i € N[1,m].
Definition 2.13 ([79]). Let F and F' be Banach spaces. A operator T': E — F' is

called a completely continuous operator if 7" is continuous and maps any bounded
set into relatively compact set.

Suppose that n — 1 < a < n. The following Banach spaces are used:
Let a < b be constants. C(a,b] denotes the set of continuous functions on (a, b]
with lim;_, .+ x(t) existing, and the norm
[zl = sup [z(t)].
t€(a,b]
Let a < b be constants. Cy,_,(a,b] the set of continuous functions on (a,b] with
limy 4+ (t — a)"~“z(t) existing, the norm |[|z[|,—a = sup,e(qp(t — )"~ [2(t)].
Let 0 < a < b. LC,_,(a,b] denote the set of all continuous functions on (a, b]
with the limit lim; .+ (log £)"~“x(t) existing, and the norm
t n—o
[zl = sup (log —)""*|z(t)].
t€(a,b] a
For a positive integer m let N[0, m] = {0,1,2,...,m}, with 0 =ty < t; < --- <
tm < tm+1 = 1. The following Banach spaces are also used in this paper:
PpCna(0,1] ={z:(0,1] > R: a;|(w € Cp_o(tistiv1] - i € N[0O,m]}

it1)
with the norm

zll = llzllpcn o = max{ sup  (t—1t;)" " |x(t)] i€ N[O,m}}.
te(tiytist]
PrnC(0,1] ={z: (0,1] = R: 2|, +,,,] € C(ti; tig1] : @ € N[O, m]}
with the norm
2]l = llzllp,,c0,1 = maX{ sup  |z(t)]:ie N[O.m]}.
te(ts,tit1]

For a positive integer m let N[0, m] = {0,1,2,...,m}, with 1 = ¢y <t; <--- <
ty < tm+y1 = e. We also use the Banach spaces

LPyCra(l,e] = {x ‘(Le] = R:z C(ts, tisa], i € N[0, m],

(tistiv1] <
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t
and lim (log ; )" %x(t) exist for i € N[O,m]}

t—>t %

with the norm

tin— .
lall = lalp,c, . =max{ sup (log=)"""|e(®)].i € N0, m]}.
tE(ts tita] 123

P,C(1,e] = {x (I,e] = R:x

with the norm

S C(ti,ti+1], 1€ N[Om}}

(tistita]

lall = llallp,c = max{ sup |a(t)],i € N[o,m]}.
te(tstiq1]

3. PRELIMINARIES

In this section, we present some preliminary results that can be used in next
sections for obtain solutions of (|1.7)—(1.10).

3.1. Basic theory for linear fractional differential equations. Lakshmikan-
tham et al. [61] 62 [63], 59] investigated the basic theory of initial value problems
for fractional differential equations involving Riemann-Liouville differential opera-
tors of order g € (0,1). The existence and uniqueness of solutions of the following
initial value problems of fractional differential equations were discussed under the
assumption that f € C.[0,1]. We will establish existence and uniqueness results
for these problems under more weaker assumptions see (3.A1)—(3.A4) below.
Suppose that n —1 < a <n and n; € R(j € N[0,n —1]), F,A:(0,1) — R and
B,G : (1,e) — R are continuous functions. We consider the following four classes of
initial value problems of non-homogeneous linear fractional differential equations:

“Dgx(t) = Atz (t) + F(t), ae. te(0,1),

G) () — o . B (3.1)
tli}(I)lJr z (t) =N J € N[Oa n 1}7
RLDe x(t) = A(t)z(t) + F(t), ae. t€(0,1),
. — Min
1 n—aoa —
Jm 70 = sy (3.2)
tg%ﬁ RLD0+ m(t) =M J€ N[].,TL - 1]a
RLEDe 2(t) = B(t)z(t) + G(t), ae. t € (1,e),
. _ U
lim (log )"~ (t) = —— "
tir{1+( ogt)" e (t) Ma—n+1)’ (3.3)
[Jim FEEDE () = nj, G €N[Ln—1],
CHpe x(t) = Bt)z(t) + G(t), ae. t€ (1,e),
(3.4)

d
1 t— t) =mn,,5 € N[O,n —1].
i (¢ 2(8) =y, 5 € N[0,n — 1]
where (t-£)iz(t) = tM for j =2,3,....
To obtain solutions of , we need the following assumptions:
(3.A1) there exist constants k; > —a+n — 1, I; < 0 with /; > max{—«o, —a —
ki}(i =1,2), Mgy > 0 and Mg > 0 such that |A(t)] < Mat*1 (1 —t)4 and
|F(t)] < Mpt*2(1 —t)2 for all t € (0,1).
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Choose the Picard function sequence as

n—1

ooty = YL te o),
j=0 77
| it =) T s .
@(t)—j_o j, +/0 Fa @01 + Flds, 1€ (©.1]i=12,....

Claim 1. ¢; € C[0, 1].

Proof. One sees ¢¢ € C[0,1]. Then
t (t—s)ot
|| Rt + Fesas

< / w[MA\gbo(sﬂskl (1—8)1 + Mps*2(1 — s)2]ds
0

I(a)
_ S Oerll 1 t (t _ S)Or‘rlgfl
<M —————sMds + Mp | 5P
ol [ s [

1 _
1— a+li—1
L
0 [0
1 atls—1
1— U)) +l2
M toz+k72+l2/ ( k2d
A 0o T

- M ta+k1+l1
A||¢0|| F(Ol) F(a)

—0 ast—0T.

It follows that ¢; is continuous on (0,1] and lim;_, o+ ¢1(¢) exists. So ¢ € C[0, 1].
By mathematical induction, we can prove that ¢; € C[0,1]. O

Claim 2. {¢;} is convergent uniformly on [0, 1].

Proof. For t € [0, 1] we have

|d1 (t) — do(t)]
_ S a 1
= / el [AGs)0(s) + F(s)lds|
<MA||¢0||/ FSO); : 1(1—5)l1d5—|—]\4p/0 (t}(s())é;l_lsh(l—s)l?ds
- )aJrll 1 L t (tis)a+l2*1 ,
<MA||¢0||/ ? sP d5+MF/O Tsk ds

- M ta+k1+l1
A||¢0|| F(Ol) F(Oé)

So
lp2(t) — p1(t)]

= ti(t_s)a_l s s) — s)|ds
= | [ A ) = (sl
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t a—1
(t S) k l tkq+l B(CV + ll,kl + 1)
< 71\1 1 1 _ 1 \1 @ 1+

B(a+ o, by + 1)
M a+tko+lo )
+ FS I‘(a)

ath-1 B(a+11,k +1)
< M2 (t—s) ga+2ki+l 1, ~1
> ||¢0|| A/ F( ) F(Oé)
t 11—1
(t —s)oth x B(a+ 13,k + 1)
MiM a+tki+ka+lo
T F/ T I(a)
1l ||M2t2°‘+2k1+2l1 Bla+l,ki+1)Bla+li,a+2k +1;+1)
oA T(a) T(a)
B(a+la,ke+1)Bla+l,a+ ki + ks +13+1)
MM t2a+k1+k2+ll+lz ’ ’
A T(a) I(a)

)ds

ds

ds

Now suppose that

19 (t) — @j—1(t)]
j—1 . . .
i Bla+l,ia+ (i + 1)k +ily + 1)

< M] t]a+yk1+jl1 ’
< l¢oll M g I a)

b M A it G- Dkt G-+ B+ D, ke +1)

! T(a)
XﬁB(a+ll,ia+ik1 ko4 (i— D)y + 1+ 1)
- - () ‘

Then we have
|6541(8) — @5 (1))
=1 [ A0 6) - 6y-a (s

tfal I Bla+1y.i Dk il 41
S/ (F(SC%))MA<||¢0||M]3JQ+]M+MH thior G Db+l
0

P I'(a)
b M M pgiet G- Dtk G-t Bt D0 Fa +1)
! I(a)
j—1 . ) .
« B(a + 11,1 + 1k + ko + (l — 1)[1 + 1o + 1))8k1(1 _ S)lldS
i=1 F(Oé)

=Y

j—1
(t —s)oth=t oiknit 17 Bla+ i dac+ (i 4 Dk + il + 1)
< | 122 um ( M sietikitah T
< |} g Malleolnis = I(a)
M M piet G- Dkt G- D+, Bl by by 1)
4 I'(a)
j—1 . . .
B —1 DY .
« (41, i +iky + ko + (3 Y+ 1o+ ))sklds
I.ZI I'(a)
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j ‘ . .
; Dot (i ; Bla+,ia+ (1 4+ 1)k +il + 1
< ol MGV G DRG] (a+h é(a) Yk + il +1)
=0
MO MG Dttt +1: B +Fl(2074])€2 +1)
Bla+ i+ ik + ko + (1 — 1)l +1a+ 1)
I(e)

X

J

i=1

Using mathematical induction, for every ¢ = 1,2,... we obtain
|Giv1(t) — ¢4(0)]
i

< ”(bO”MAJrlt( +1)a+(i+1)k1+(i+1)l1 H ( lg(a) ) )

3=0
4 M Mt (FHDat ik bks il 4 B(a+ 1,k +1)
I'(a)

<1 B(a+ i, ja+jki + ke + (=Dl + 1o +1)
()

j=1

i1 17 Bl + L, ja+ (G + Dky 4 jl + 1)
< ool M T

u I(a)

+ M\ Mp

B(a+12,ky+1) ﬁB(oz+ll,joz+jk1+k2+(j—1)11+l2+1)
M) 4 T(a) ’

for t € [0,1]. Consider

+oo +oo i . . .

i B(a+l,ia+ (i + 1)k +ily +1)
Zui = Z ||¢0||MA+1 H I(‘(Oz) ) s
i=1 i=1 i=0

400 +o0
; B(Ot—|—127k2+1)
P = MYM
S

y li[ B(a+ 11, ja+ jki+ ke + (j— 1)1 + 1o+ 1)
, I'(«)
j=1
One sees that for sufficiently large n with § € (0, %),
Uil _ o B(a+11, i+ Da+ (i + 1)k + (i + 1))
w I'(«)

1
= MA/ (1 _ x)a-‘rh—lx(i-‘rl)(x-‘r(i-',—l)kl+(i+1)l1dx
0

) 1
< MA/ (1 _ x)oz-‘rll—1x(i+1)a+(i+1)k1+(’i+1)lldx + MA/ (1 _ .Z')a+l1_1d$
0 0

My

6a+l1
o+ ll

é
< MA/ (1 —x)o‘+ll—1d£5(i+1)a+(i+1)k1+(¢+1)11 n
0

< Ma 6(i+1)a+(i+1)k1+(i+1)l1+ Ma Foth
o+ a+1l

15
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It is easy to see that for any € > 0 there exists § € (0, 3) such that %‘2‘15”‘“1 <3.
For this 4, there exists an integer N > 0 sufficiently large such that

ﬂg(i+1)a+(i+1)k1+(i+1)ll < £

a+ 1
forall i > N. So 0 < % < §+ 5§ = ¢eforall i > N. It follows that
lim; oo wit1/u; = 0. Then Zj:f u; converges. Similarly we obtain Zj_:of v;

converges. Hence

Po(t) +[P1(t) — o (t)] + [2(t) — 1 (D) + -+ + [¢s(t) — dia ()] + ..., t€]0,1]

is uniformly convergent. Then {¢;(¢)} is convergent uniformly on [0, 1]. O

Claim 3. ¢(t) = lim;_, o ¢;(t) defined on [0, 1] is a unique continuous solution of
the integral equation

n—1

2(t) = % %a) /O (t — ) [A(s)a(s) + F(s)lds, te[0,1].  (3.5)
=07

Proof. From ¢(t) = lim;_, ; » ¢;(t) and the uniformly convergence, we see that ¢(t)
is continuous on [0, 1]. From
)afl

t(p_ )l t_ g
[ oo+ Feas - [

A0 (s) + F(s)lds

t _ e)a—1
< Malldp-1— ¢q71H/O @F(Z)é)skl(l —s)lds
Bla+1,k +1
< Mallgp-1 — ‘qu—lHtaJrlel = F(loé)l )
B I,k 1
< Mall¢p-1 — g1 (a +F(1(;)1 +1) — 0 asp,q— +oo,
we have
o) = lm_o,(t)
n—1 j t a—1
L nt? (t—1s)
= il}+moo [j_O # + /o W[A(S)@—l(s) + F(S)]ds}
n—1 ; t 1
n;t! . (t—s)*
= # + i_l}_rgloo (o) [A(s)pi—1(s) + F(s)]ds

=0

n—1 j t _s a—1
_ M+/ C=" 1 A(s) lim is(s) + F(s)]ds
0

j=0 ‘]' F(a) i—~400
_Sm 9T as) + F(s)lds
= +/0 (o) [A(s)¢(s) + F(s)]ds.

Then ¢ is a continuous solution of (3.5]) defined on [0, 1].
Suppose that ¢ defined on [0, 1] is also a solution of (3.5). Then

n—1 i t I —s a—1
P(t) = JZ:;) % —l—/o (Fw)é)[A(s)w(s) + F(s)]ds, te(0,1].
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We need to prove that ¢(t) = 1(t) on [0, 1]. Then
() = ¢o(t)]
=1 [ S A + sl

B(OZ-’-lhkl—‘rl) k B(a+12,k2—|—1)
Mttt 2412
M) o F T(a)

< || go|| Mot Frrth

Furthermore,

9 (#) ()I

— / A($)b(s) — dols)ds]

Bla+!l,ki+1)Bla+l,a+2k +1; +1)

I(«) I'(«)

B(a+la, ke +1)Bla+l,a+k +ka+ 12+ 1)
() () '

< ||¢O||Mit2a+2kl+2ll

+ MAMFt2a+k1 +Eko+l1+12

Now suppose that

7j—1

B(O{ + 1y, i + (Z + 1)](31 + il + 1)

(1) — dj-1(8)] < [[ol ML+t T

=0 F(a)

M et G- Dk ke G- Bla b, ke 1)
. I()
xﬁB(aJrll,iaJrikl+k2+(i71)ll+l2+1)
. () '

Then
[(t) — ;)]

- ‘ /Ot @;((2?_1‘4(3)[1/’(5) - ¢j71(8)]d8’

j . . .
j Dot (i ; Bla+h,ia+ @+ 1)k +ily +1
< [[go|| MEF 4G+ Da+ DRG0 T (a+h 1£(a) ki + il +1)

=0
B(Ot + 127 kg + 1)
I(a)

y HB(a+l1,ia+ik1+k2+(i—1)ll+lg+1)
I'(a) '

+ MZ‘MFt(j+1)Oz+jk1+k2+jl1+l2

i=1

Hence,
[(t) — ¢4(1)]

< H¢ HMH—l (z+1)a+(z+1)k1+(z+1)ll H B(a + lla]a + (](‘i’)l)kl +jl1 + 1)
I'(«

7=0
B(Oé +lo, ko + 1)
I'(a)

+ MAMFt(i"rl)a'i‘ikl+k2+il1+12
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y ﬁ Bla+,ja+jki+ke+ (-1l +1+1)

o)

i : B(a+ 1, ja+ (5 + 1)k + 5l + 1)
< llgoll M5 T

i I(a)
- B(a+ly ks +1) 1 Bla+1i,ja+ jk+ke+ (G — Dl + 1o+ 1)
MM
M=oy 1l I(a)
for i =1,2,.... Similarly we have

B(a+ 1y, ja+ (5 + Dk + 5l +1)
[(a)

lim || M5
1——+00 0
j=

=0,
(a +lo, ko + 1)

li MiM

zJErHOO AT ()

li[ B(a+1y,ja+ jky + ke + (G — Dy + 1+ 1)
I'(a)

=0.
j=1

Then lim; 1 oo ¢;(t) = 1(t) uniformly on [0,1]. Then ¢(¢) = (t). Then (3.5) has
a unique solution ¢. The proof is complete. (Il

Theorem 3.1. Suppose that (3.A1) holds. Then x is a solution of IVP (3.1) if
and only if x is a solution of the integral equation (3.5)).

Proof. Suppose that x is a solution of (3.1). Then lim; .o+ z(t) =n and ||z]| =7 <
+oo. From (3.A1), we have for ¢ € (0,1)

‘ /0 oot [A(3)$(5)+F(5)]ds’

a—n—i—l
Lot —s)e
<ol [ e s+ [ e
t t— g)a—n
: / ((a —Sv)z +1) [Mars™ (1 = s)" + Mps*(1 - 5)"]ds
< /t (=) [Mars™ (1 — )" + Mps2(1 —t)!2]ds by Sow
Fa—n+1) ‘
- M ( llt0t+k1 n+1/1 (1 kld
- ar 0 F(a—n+1w v
1
+ Mp(1 — t)lzgothentl ; F —n+1 wkzdw

Bla—n+1,k +1)
['(a)
)lztoHrsznJrlB(a —n+1ky+1)

[(a)

— MAT( t)llta+k1 —n+1

+ Mp(1—t
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Sot— ft L= 1 A(s)a(s) + F(s)]ds is defined on (0,1). k; > —a+n— 1 implies

0 I'(a—n+1)
that
t — t _
. (t_s)a n . (t—S)a n
1 — A ds=1 ——F(s)ds = 0. .
B o AR =l |y MO =0 39)

Furthermore, for t1,t5 € (0,1) with ¢; < ¢ we have
(  (ty - 5)!

31 t] — S)a—l
’ /O W[A(s)x(s) + F(s)]ds — /0 W[A(s)x(s) + F(s)]ds
t2 — s a—1
< [T A + Folds

a)

t —1 -1
L tl —s)“ — t2 —s)¢
+/O ( ) F(ag ) ||A(s)x(s) + F(s)|ds
to (t2 _ S)afl
< Myr / 2 M1 —s)hds
), w0
tq (tl _ S)a—l _ (t2 _ s)a—l
+/ skl — s)llds}
[(a)
0
ta _ Na—1
+ Mp [/ (t2 F(Zz)) sk2(1 — s)l2ds
ty
) M C Rt
+/ s%2 (1 — s)l2ds]
I'(a)
0
ta _ atii—1
< MAT|:/ %Sklds
t I'(a)
t1 t; —s)e 1 — (¢, — g)@ L
Iy UE EECER
0
ta (t2 _ S)a+l271 5
2
+MF[/tl T T s"2ds
+ /t1 = 9™~ (ty = 9)* %2 (ty — s)l"‘ds}
0 [(a)
1 a+l1—1
(1 —w)~th k
= Myr tg““‘”l/ —wYdw
ty _ atii—1 ty _ atli—1
+/ 7@1 ) sk1ds —/ —(tz ) sklds}
0 ['(a) 0 ['(a)
1 1— a+lo—1
T
t1 _ atla—1 ty _ Jatla—1
+/ 7@1 ) sk ds 7/ —(tQ ) s’”ds]
0 ['(a) 0 [(a)
1 1— w)a+l1—1 1 (1 _ w)(x+l1—1
= Mar t““““l/ A -w wkldw—i—taJrlel/ L wMdw
{ 2 u I(«) ! 0 ')

1 —
_ potkith /t2 (1- 7w)a+l1 1wkl dw}
2 0 I'(a)
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1 lo—1
1 — w)otie
+ Mp [tg+k2+l2[ #wk’zdw
1

1 la—1 7 atla—1
1 —w)oth 2 (1 —w)>th
gt / (1= w)' A r) whedw — ¢ / g b s du]
0 0

(a) ()
1 a+l1—1
o a+ki+lq (1—-w) k1
= MA’I“[tz /Ll T w dw
t2
B(a+1y,k +1) (1 —w)ath -t
ta+k1 +i ta+k1+ll ’ o ta-i'kl +11 14 ]
+ | 1 2 | F(oz) 2 n F(a) w
to
1 la—1
1—w)*th
M [ta+k2+l2 / ( kzd
R W Tl W
]
B(a+ Iy, ky +1) (1 —w)otl-t
ta+7€2+lz _toé+k2+lz ’ taJrszrlz/ 24 :|
+ | 1 2 | F(Oé) 2 ¢ F(O[) w

— 0 ast1—>t2.

Sot — ft (b=e)2 [A(s)x(s) + F(s)]ds is continuous on (0, 1], by defining

T(a)

/0 (t}(‘z;t_[A(s)x(s) + F(s)]ds‘ = lim m[/l(s)m(s) + F(s)]ds.

t=0 t—o0+Jy T(a)

We have 1§, “ Dy, x(t) = Ig, [A(t)z(t) + F(t)]. So

(t )
A i As)a(e) + Fls)ds

6+ [AW®)2(t) + F(1)] = I © D a(t)

— t(t_s)a ' 1 Ss—wfo‘x(”)w w)ds
A f (g J, =)

(interchange the order of integration)

- m/{) / (t—s5)*"1(s - w)n_a_ldsm(n)( )dw using % =u
= ; ' — )1 ! — ) yne-l u:z:(") w)dw
I'a)T'(n — ) /0 (t—w) /0 (1~ u) d (w)d
(using B(a, 1 — o) = IW)
- _ﬁ /0 (t =" e (w)dw
1 ‘ t o
— (n_l)! [(t_u)nflx(nfl)(wﬂo_’_(n_ 1)A (t—u) 21,( U(w)dw

n—1 1 t 2 (n—1
:_(T?— 1)!+ (n_g)!/o (t—u) a )(w)dw
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n—1 n—1

=- "—H/ o(s)ds = x(t) — Y B
= 0 =0

Then z € C(0,1] is a solution of (3.5).

On the other hand, if = is a solution of . From Cases 1, 2 and 3, we have
z € C(0,1] and lim,_ g+ 20 () = n;(j € N[0,n — 1]). So z € C[0,1]. Furthermore,
from we have

1 t
= F(’[’L—O{)/O (t — S)niaill'(n) (S)dS
: /t n—a—1 = 77ij
= [ (t—s :
I'(n—a) Jy ( ) <j:0 4!

* (s —w) ! (n)
+/0 T(a) [A(w)x(w) +F(w)]dw) ds

_ 7“”1_ 3 /Ot(t - s)nal(/os (s _rzua))al [A(w)z(w) + F(w)]dw) ™ s

_ 1 ! — s n—a—1 1
_F(n—a)/o(t ) INa—n+1)

< ( /0 (5 — ) [A(w)w(w) + Fw)dw) ds

- INa —171 +1)T'(n +11 —a) [/0 (¢ =8

X (/Os(s —w)* "A(w)z(w) + F(w)]dw)lds}/

1 1

el | 6w + Pl

+(n—a) /Ot(t _ gyno-t /Os(s —w) [ A(w)a(w) + F(w)] duw ds]

T —1n ey F(nl— ) [/O (t =)

X / (5 — ) [A(w)z(w) + F(w)] dwds}' by (B-6)
0

pcErEsrery ey 1A A B
x [A(w)z(w) + F(w)]dw}/

by changing the order of integration

- 1 1_ a) [/Ot /01(1 —u)"" O T duA(w) 2 (w) + F(w)]dw]’
u)

FNa—n+1)T(n

s
(because ; =



22 Y. LIU EJDE-2016/296

t ’
= [ [ 1Atw)etw) + Fu)du]
by using B(n —a,a—n+1)=T(n—a)l'(a —n+1) = At)z(t) + F(t) in the last
equality. So x € C[0, 1] is a solution of (3.1). The proof is complete. a

Theorem 3.2. Suppose that (3.A1) holds. Then (3.1) has a unique solution. If
there exists constants ke > —a+n—1, ly <0 with ls > max{—a, —a—ka}, Mp >0
such that |F(t)| < Mptk2(1 —t)!2 for all t € (0,1), then the following problem

Dy a(t) = Me(t) + F(t), a.e., t€(0,1],

. Dy — o B (3.7)
tlil(%m (t)=mn;, jeN[0,n-1]
has a unique solution
n—1 t
x(t) = anEwH(Ata)thr/ (t—5)* "By o(Mt—s)*)F(s)ds, te(0,1]. (3.8)
7=0 0

Proof. (i) From Claims 1, 2 and 3, Theorem implies that has a unique
solution.

(ii) From the assumption and A(t) = A, it is easy to see that (3.A1) holds with
k1 =11 = 0 and ko, I mentioned. Thus has a unique solution. From the
Picard function sequence we have

bi(t)
et G SN S G Gl
=Y e [ oo+ [P

LN ) e o T AN M Cht ) G
-3t [ (%75 4 | Sy st

b [ O paa)as + [ R s

o [F(t—s)t (% (s —u)*t |
A [) F(a) /O F(a) ¢z—2(u) duds

t(t_s)a—l S(s_u)a—l o) duds t(t_s)a—l \ds
[ S | SR P s [

n—1 ‘tj n—1 ) ) 1 )
= L+ Z L >t [ (1 —w)* ! dw
— !
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- -1
7t 5 t(’+J A2 t .-
jz:(:) T = (o +j +1) + I'(20) /0 (t—u) Pi—a(u)du
K t _ a—1
+ A /0 (t u)2a71F(u)du + /0 (tr(‘z)F(s)ds

I'(2a)
_ Z_: 1i( 1 N At )4 A2
= TP 0a+j+1)  T(a+i+1) " T(2a

) / (= 02 gy (u)du

! a1 Alt—s)” 1
+/0(t—s) ( T'(20) +F(a))F(S)d8

i—1

AV pX t P
an Z Ua+j+1))+l_‘(ia)/0 (t_u) ¢0(u>du

v= O

a—1 : U(t B S)
+/ (t =) (Z:(:) T(o T 1)a) T8

i—1 AV )\i n—1
—_ t] pantj
an 1;) Ua+j+1))+l“(ia—|—j+l)jz::0m

+/ t—sale VF(s)ds

i—1

Z (ZF va:fjv_yl )JF/O (ts)al(ZM)F(s)ds

v=0
n—1 t
J @ a—1 o
=S T () + / (t— ) B (At — 5)*)F(s)ds,
§=0 0

as m — +o0o. Then 2(t) = lim;_, 4« ¢;(¢) is a unique solution of (3.7). So x satisfies
(3.8). The proof is complete. O

To obtain solutions of (3.2]), we need the following assumption:

(3.A2) There exist constants k; > —1, [; < 0 with [ > max{—«a,—a — k1 }, lo >
max{—a, —n—ko}, Ma >0 and Mp > 0 such that |A(t)] < MatF (1 —t)1
and |F(t)| < MptF2(1 —t)2 for all ¢ € (0,1).

We choose Picard function sequence as
- U
v a—v
= —Ft*7", te€(0,1],
Z MNa—v+1) (0.1]
v=1

_ - v a—v K (t 7 3)(171 )
t) = Z mt +/0 W[A(s)gbz_l(s) + F(s)]ds,

v=1
fort € (0,1],:1=1,2,....
Claim 1. ¢; € C,,_,[0, 1].
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Proof. Tt is easy to see that ¢g € C),—_[0,1]. We have

t (t _ S)a—l
/0 W[A(S)%(s) + F(s)]ds
— S)afl

n—ao ¢ (t k1 —s llsafn Snfoz S S
<o [ (1 ) s g (9

tn—a

tt— )1
+ MFtn_a‘/O (F(Oé))skl(l — S)ll

t a+li—1 t a+lo—1
_ (t—s)th k1 — _ / (t —s)ate=t |
St" « ~— T s 4+ Mpt" T ~— s"2(s
"¢°"/0 () g o I(a)

Bla+l,a+k —n+1) B(a+ s, ke +1)
’ M tn+k2+l2 ’
I(a) T I(a)

Then t — fg “}2}371 [A(s)pn—1(s) + F(s)]ds is convergent on (0, 1] and

= [[gofjteFht

i n-a ti(t_s)Ohl s s s)lds =
Jim o= [ [A(5)6,1(5) + F(s)ds = 0.

We see that ¢1 € C,—,[0,1]. By mathematical induction, we can prove that ¢, €
Cn—al0,1]. O

Claim 2. {t — t""“¢;(t)} converges uniformly on [0, 1].
Proof. As in Case 1, for t € [0, 1] we have
" P1(t) — o ()]
t a—1
_ (t—9)
- | / ey A)o0(s) + F(s)lds

Bla+lh,a+k —n+1) tn+k2+l2B(a+lg7k2+1)

< ta+k1+l1
= Hd)OH F(O() + F(Oé)
So
"% pa(t) — #1(t)]
bt — g)ed
—1 [ S Ao e) - n(s)as
t _ Na—1
come [Ty g
0
Bla+l,a+k —n+1) B(a+12,ky+1)
a+ki+1; ’ n+ko+la )
X (||¢o||s Ta) + s T(a) )ds
t a+li—1
_ (t—s)*tht o iona, , Bla+l,a+k —n+1)
<M tn (03 a—n 1 1
t a+l;—1
_ (t —s)>th k Bla+ls,ka+1)
MaMath— a+ 1+k2+lzd
A / M) T T
Bla+11,2a—n+2ky+11 +1)Bla+li,a+k —n+1)
- M 2a+2kq+2101 ) ’

Bla+l,a+ki+ka+1la+1)Bla+ls,ky+1)

MaM tfx+n+k1+ll+k2+l2
A ) I(a)
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Furthermore,

"3 (t) — ¢>2( )I

= | [ A oats) - on(o)es|
_ a—1
S e /0 (t]f‘(i.)é)MASkl (1 _ 8)l1safn (MA||Q50||52Q+2k1+2l1
Bla+h,2a—n+2k+lL1+1)Bla+l,a+k —n+1)
8 T(a) Ta)

+ MAMFS(X-‘rn-‘rkl +li+ka+l1s

Bla+l,a+k +ks+1ls+1)Bla+l, ke +1)

I'(a) I'(a)
t tis)a‘i’ll*l i i
S M2 ¢ tnfoz/ ( Sda7n+dk1+2l1d5
e e
" Bla+h,2a—n+2k+hL+1)Bla+l,a+k —n+1)
I'(a) I'(a)
_ S)a+l1—1

+ M2 Mpt"™® /t (t—s)* 7 s
AT o D(a)

Bla+lh,a+ki+k+l+1)Bla+lyky+1)
X
['(a) ['(a)
B(a+11,3a —n+ 3k + 2l -‘rl)
['(a)
Bla+,2a—n+2ki+11+1)Bla+l,a+k —n+1)
[(a) ['(a)
(20t 2k 20+t B(a+ 11,20+ 2k1 + 11 + ko + 12+ 1)
[(a)
o B(a+ll,a+/€1+/€2+12+1)B(a+12,k‘2+1)
[(a) [(a)

20042k 11 +ko+12 ds

_ Mi|‘¢0Ht3a+3k1+3ll

+ MAMp

Similarly by the mathematical induction, for every ¢ = 1,2,... we obtain

" @i(t) — di-1(1)]

< Mot tikitis Bla+l,a+ki —n+1)

[(a)
1:[ (a+l,G+Da+ G+ 1Dk + 5l —n+1)
o ()
: . : B lo, k 1
+ M:Zl_lMpt(l_l)a+n+(z_1)kl+(Z_1)l1+k2+l2 (Oé +1—\(26’k)2 + )
'1:[ (@+1,(+ Do+ G+ Dk +jh+ ke +1+1)

I'(a)

Bla+l,a+k —n+1)

25

)ds
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Bla+h,i+Da+ G+ 1Dk +5l1 —n+1)
')

B(a+ o, ks + 1)
I(a)

j=0

+ M Mg

H a+117<a+1>a+(F(a)>k1+ﬂl+k2+lz+1), teo,1.

Similarly we can prove that both

“+oo
Bla+l,a+k —n+1)
D ui= ZMAH%H

['(a)
1:[ (a+1,(j+Da+ (j+ ki +jli —n+1)
o ['(a) ’
—+oo
B(a+127k‘2+1)
Z”“; A

f[ (a+l,G+Da+ G+ Dk +jl+k+1+1)
e IN())

are convergent. Hence,

"o (t) +1" T [P1(t) — Po ()] 1" P2 (t) — P ()] +- - -+ [di(t) — Pi—1 ()] +

for t € [0, 1], is uniformly convergent. Then {t — "~ %¢;(t)} is convergent uniformly
n (0,1]. O

Claim 3. ¢(t) = t* " lim; 400 " *¢;(t) defined on (0,1] is a unique continuous
solution of the integral equation

z(t) = 1;1 ﬁta_”—i—/o (t}(so)[;l_[zﬁl(ts)az:(‘s)—i-F(s)}ds7 t € (0,1]. (3.9)

Proof. By lim;_ 4o t" %@;(t) = t""*¢(t) and the uniformly convergence, we see
¢(t) is continuous on (0, 1]. From

bt —s)at
,/0 W[A(S)(bpfl(s) + F(s)]ds

tn—a

ft—s)Tt
/0 (o) [A(3)g-1(5) + F(s)]ds|

< Ma|dp_1 — dgr |t /t (t—s)* kl(l _ s)llso‘_nds
> AllPp—-1 q—1 0 F(Oé)

t a+l;—1

- (t—s) th +hi—

<M = _ tﬂ [0 A A © 1 nd
< Mall¢p-1 — g1l /0 O s

Bla+h,a+k —n+1)
<M - _ ta+k1+l1 ’
= A||¢P 1 ¢q 1” F(a)

Bla+li,a+k —n+1)

< MA||¢Z7*1 - ¢Q*1|| F(Ol)
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— 0 uniformly as p,q — 400,
we know that
o(t) =" lim " “¢;(t)
11— 00

n

_4ja—n s n—a Ud a—v
= i [
wa [N (=9
e [ (A (o) + Fo)lds]
=)

=) ———t*""+ lim ——A(s
; MNa—-—v+1) i—too Jy  T(a)

_ )a—l

=3 e+ “F(‘;)[A(sm<s> + F(s))ds.

Then ¢ is a continuous solution of (3.9) defined on (0, 1].
Suppose that ¢ defined on (0, 1] is also a solution of (3.9). Then
n t -1
My _ (t—s)*
B st A — A F(s)ld te|0,1].
T ) gy AGG) + FOlds, e o

v=1

We need to prove that ¢(t) = ¢(t) on (0, 1]. Then
Y (t) = do(t)]
:tn—a;jﬁ (t}{Z;L4®)w(Q—+FKstd

B(O[+ll,0l+k1 —n—|—1) +tn+k2+l2B(a+12’k2+l)
INGY) I(c)

< [lpfgettth

Furthermore, we have

() — o1 (1)

=" ti(t_syl_l s s) — s)|ds
=] [ At - s

< My gof2eiran Blathn2a—n+ 2k + L+ )Bla+batk —n+ 1)

I'(a) [(a)
Moy M@ +nha i+ Bla+l,a+k +ky+1la+1)Bla+ls ke +1)
a T(a) T(a)

Using mathematical induction, we have

() — gia (8]

_J"ﬂ/ “”a A)(s) — dia(s)]ds]

Bla+li,a+k —n+1)
')

ZBlatl, G4+ Dat+ G+ 1)k il —n+1

Xl;[ ( 1, (7 +1) +F((Joj)_) +7h +1)

< MA||¢O||tia+ik1+il1
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M M Dot Gk (- D B(a+1ls,ky +1)

()
Bl Yot G Dk )
| M)
=0
. Bla+h,a+k —n+1
< My oo | PR S
YT B+0, G+ Dat (+ Dk +jli—n+1)
I (o)
. B(a+ls,ke + 1
+ M My ( 1“(204)2 )
i—9 . . -
(I B+ G+ Dot G+ Dk +ihthatbtl) | o

I'a)

Hence,

; B l ki —
tniaW(t)*@—l(t)'SM}A”Q%H (OZJr 1,0+ K1 n+1)

[(e)
y 1:[2 B(a+ U, (j+ Do+ (j + Dkt +jl —n+1)
i Do)
- B(a+ s,k +1)
MYyt M :
e (Y
y 1:[2 B+, (j+ Do+ (j+ Dki + jly + ko + 1o + 1)
I(e) ’
7=0
for i = 1,2,.... Similarly we have lim; o t" %¢;(t) = t"~ % (t) uniformly on
(0,1]. Then ¢(t) = () on (0,1]. Then (3.9) has a unique solution ¢. The proof is
complete. (Il

Theorem 3.3. Suppose that (3.A2) holds. Then x € C,_4(0,1] is a solution of
IVP ((3.2) if and only if x € C,,—(0,1] is a solution of the integral equation (3.9).

Proof. Suppose that © € C,_,(0,1] is a solution of (3.2). Then t — t" *z(t)is
continuous on (0,1] by defining t"~%*x(t)|;=0 = limy_,o+ t" “z(t) and |jz|]| = r <
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+00. So from % = u, we obtain

S

li _ n—a—1 d
Jim, ; (s —w) x(w)dw
= lim (5 —w)" " M x (w) dw
s—0t Jo
- 1 n—a,, o n—a—1 w "
T (5)/0 S Y (3.10)

by mean value theorem with £ € (0, s)

1
= lim " “x (5)/0 (1 —w)" " du

s—0+t
n
=" Bm-a,a-n+1).
o —n 1) (n—a,a—n+1)
From (3.A2), we have snmlarly to Case 1 that
- "’/ [A(s )x(s)+F(s)]ds|

n—« t_S)al a—n n—o
= e / Foay— A5 a(s) + F(s)Jds

a—1
<gnTe / %[M rs® s (1 — s) 4 Mpsh2(1 — 5)"2]ds
0

()
< M ytotith Bla+l,a+k —n+1) © Mpgnthetls B(a+ 1, ke +1)
I'(a) ()
Sot — "7 f] (t}?f; [A(s)x(s) + F(s)]ds is defined on (0,1] and
i 0= [ LI 4 sga(e) + Plsilas =0 .11
t—0+ o F(a) S)x(s s)ldas = 0. .

-1

Furthermore, we have similarly to Theorem that ¢ — fo F(a) [A(s)x(s) +

F(s)]ds is continuous on (0,1]. So t — "~ O‘fo F(a) 1[A( Yz (s) + F(s)]ds is
continuous on [0, 1] by defining

noa tw s)x(s s)|ds
oo [ i AG)es) + Pl

= lim t"_o‘/o u;‘i[A(s)x(s)—i—F(s)]ds

t—0+

t=0

We have I, *EDg, a(t) = Ig, [A(t)z(t) + F(t)]. So

[ o) + Fisyas
= 3 AWr(0) + PO = 1" Dt
/ T Sa (nl_ ) (/OS(S = )" aw)dw) ™ Jds
e e ] )
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Fla—v+1)

T T - a>r<(1x ol /0 (t = 5)77r( /0509 — W) aw)dw) ds|

n—1
—Tla-v+1)
1 t

= F e ¢ () e et
+(a—n+1) /Ot(t — )2 /Os(s — W) L (w) dwds}l

n—1

s _ .
— e A 3.10
;F i (using (E10)

B LR
F(afn+1

a—v

IN(e 7’U+1)

v=1
! 1
_ 1—w ozn n—a-1g d
L(n—a)l'(a—(n—1)) // wa(w )w}

n

/)7 aA—vypx—n
- S E—— t
z:lF(a—v+1)

v=

MH

n

= 2(t) — 221 ﬁta—“.

v=

Then x € Cp,—»(0,1] is a solution of (3.9).
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On the other hand, if € C,,_,(0,1] is a solution of (3.9). Then (3.10) implies

lim;_,o+ "2 (t) = m Furthermore, we have

" Dg(t) = gy (. (¢ syotas)ds)

n—«

e (S
o [ O et + Fojan)as)
- F(nl— a) (; I'(a _777; +1) /0 (t—s)" 1" ds

t o s (S _ u)a—l (n)
+ /0 (t — s)r—o-! /0 Sy AW + Fw) duds)

n

- F(nl— a) (Zl ey /0 (1 =)t dw
/ / yr—a-1(8 F(“OB; " ds[A(w)z(u) + F(u)]du) "
- F(n —a) ( “T(a - + 1)tnv/0 (1 =)™t dw

¢ 1
—|—/ (t —u)”_l/ (1—w)" " 1w [A(u)z(u) —|—F(u)]du>
0 0 I(a )
= A(t)x(t) + F().
So z € Cp—a(0,1] is a solution of IVP(B.2)). The proof is complete. 0

Theorem 3.4. Suppose that (3.A2) holds. Then (3.2) has a unique solution. If
A(t) = X and there exists constants ko > —1, lo < 0 with lo > max{—«a, —n — ko}
and Mp > 0 such that |F(t)] < Mpt*2(1 —t)!2 for all t € (0,1), then the problem

RLDo x(t) = Ax(t) + F(t), a.e. t € (0,1],

(n)

3 n—o _ In
tl_l>r(1)1+ et (t) = MNa—n+1)’ (3.12)
lim RLD0+ x():n_% ]EN[lvn_l]

t—0+

has a unique solution
n t
2(t) =Y 0t "Baa-vr1 (M) + / (t — ) "B\t — 8)*)F(s)ds, (3.13)
v=1 0

fort € (0,1].

Proof. (i) From Claims 1, 2 and 3, and Theorem we see that has a unique
solution.

(ii) From the assumption and A(t) = A, one sees that (3.A2) holds with k; =
Iy = 0 and ks, l> mentioned. Thus has a unique solution. From the Picard
function sequence we have

¢i(t)
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- a—v t_s)al p t(t_s)ail s)ds
> o [ s+ [ p

a—v ! (tis)ai Us a—v
Zf(a—v—l—lt Jr)\/o ') (;F(a—v—l—l)s

v=

—

S (s —u) ! * (s —u)* !
+ A ; o) ————¢i—2(u)du + /0 WF(u)du) ds
t t _ s)(x 1
+/O F(a) —————F(s)ds

i v o v_’_/\i /t (t_S)a_lsa—vds
oz—v—|—1 = I« —U—|—1) ')

// F( SF(UOB; 1d5¢i—2(ﬂ)du

S)a 1 _ u)a—l t (t _ S)a—l
+>\/ / o) F(a) dsF(u)du+/0 WF(s)ds

n

v a—v v 2a—v
;r(awﬂ) + ;r(zawﬂ)

t —u 2a—1 t —u 2a—1
+ )\2/0 (tr(;a)qbi_g(u)dqu)\/o %F(u)du

bt —s) !
/0 WF(s)ds

— - a—v 1 At® 9 (t_u)Qa 1
_vz::lnvt (F(O‘*”+1)+F(2a7v+1))+)‘ /0 W@ »(u)du

<
—

+
>/

+

! —s a—1 )‘(t — s)a 1 s)ds
+/O<t o + L) F(s)d

I'(2cr) ()
— - a—v — )\jtaj : t (t _ u)iafl
_;mt (;F(ja—&—oz—v—i—l))—’_)\ /0 Wﬁbo(u)du
A )
+/O (t— s) (j_o ST 1>a)>F(s)ds
- a— v : )\jtaj t _ a 1 i1 )\] )(x]
vzzl " Zo Ja+a—v+1>)+/o(t (ﬁml)))”s”s

tha YEaa_vr1(AMY) + /O(t—s)“‘lEa,a(A(t—s)o‘)F(s)ds.

Then we obtain z(t) = lim;_ 4 @;(¢) is a unique solution of (3.12)). Then x satisfies
(3.13)). The proof is complete. (Il

To obtain solutions of (3.3]), we need the following assumption:
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(3.A3) There exist constants k; > —1, [; < 0 with [ > max{—«a,—a — k1 }, lo >
max{—a, —n—ks}, Mp > 0 and Mg > 0 such that | B(t)| < Mp(logt)* (1—
logt)!* and |G(t)| < Mg(logt)*2(1 —logt)'= for all t € (1,e).

We choose Picard function sequence as

= vdﬁ(logt)a—v’ e (e,
(bi(t) = ;ﬁ(logt)a v ﬁ/l (logé)a—l[B(S)(bi_l( )+G( )}Cis

c€(le,i=1,2....

Claim 1. ¢; € LC,,_»(1,€].

Proof. We have ¢y € LC,,_,[1, €] and

t

ds

(log£)"=*| [ (log £)* " [B(s)go(s) + G(5)]

1
t
—« ta7 a—n 1 1
< (logt)"~* [*(1og $)* [ M| (og 5)° " log )" (1 - log
1

+ Mg (log s)F2(1 — log s)l"’} %

t
n—o t « — « —nds
< (logt) MB||¢0||/ (log g) il (log s) R 5
1

t t ds
+ (logt)" " *Mg / (log 7)°‘+l2*1(10g s)k2 —
1 S

= Mp|¢ol|(logt)* ™M+ B(a + i, a + ki —n +1)
+ Mg(logt)" M0 B(a+ Iy, ko +1) = 0 ast — 0%,

we know that ¢ — ﬁ flt(log LYa=1[B(s)po(s) + G(s)] % is continuous on (1,e] and

lim; g+ (log t)"~*@1 (t) exists. Then ¢y € LC,,—4[1, €]. By mathematical induction,
we can show ¢; € LC,,_4[1,€]. O

Claim 2. {t — (logt)"~%¢;(t)} is convergent uniformly on [1,¢e].
Proof. As above, for t € [1, e] we have

(gt 10~ vl
S(log )"~ a|/ (o5 1"~ [B(s)d0(s) + Gl 2|

= F(la) (log )™~ /1 (log z) [Héf’OHMB(lOg 5)* 7R (] —log s)h

+ Mg (log s)*2(1 — log s)l"’} %

Bla+l,a+k —n+1)

< ]\41’:3’||¢0||(10gt)a—‘rkl—i_l1 F(a)
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nthatis Bl + b2, ko +1)

+ M¢(logt) ()

So

(log )"~ (t) — 61(0)
oozt ay/ (105 £ ) B(s) 61 (s ad
1

(o
< (Mallo] log sy PO 2R )
B(a+ ke + 1))§
I'«)
B(a+ 11,20+ 2k +1; —n+1)
F(a)

=

R / (log 1)1 M (log )P+

1

—

+ Mg (log s)”+k2+l2
s

< ||po|| M3 (log t)?oF2k+2h

Bla+l,a+k —n+1)
I(a)

Bla+li,a+k +ka+1l2+1)

+ MBMGaOg t)a+n+k1+ll+k2+12 F(a)

B(Oé —+ lg, kQ + ].)
[(c)

Then
(log )"~ *|p3(t) — pa2(t)

1 n—ao ! tafl
= Ty oat)" | [ oz )" B(s)oa(s) (s

1
I'«)
X (H%HMEQ;(log s)tnt2hit2h

<

t
(logt)™~* int! (log g)“Hl_lMB(log g)ta-n

Bla+h,a+2k +1;+1)
I'(a)

Ba+l,a+k —n+1)
()
B(a+1l,n+ ki + ke + 1o +1)B(a+l2,k2+1))§

() I'(e)
B(a+11,3a+3k +2l1 —n+1)
I(c)
" Bla+,2a+2k+l1 —n+1)Bla+l,a+k —n+1)
INGY) I'()
Bla+11,2a+ 2k + 11 + ks + 15+ 1)
[(e)

+ MBMG(log s)2n+k1+l1+k2+lz

S

IN

l|po|| M3 (log t)3at3ki+3h

+ M%MG (log t)2a+n+2k1 +2l1+ka+12

Bla+h,a+ki+ka+1la+1)Bla+lsky+1)
I'(a) I'(a)
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Furthermore,

(logt)"™*[¢a(t) — ¢3(1)]

t
ey llozt) =] [ o8 1) B)loals) — da(els
(10?(1))3—(1 /j(log é)a-i_ll_lMB(lOg S)kl—i-a—n (”(bO”M%(lOg S)a+2n+3k1+3l1

N Bla+l,a+n+3ki+21+1)Bla+l,a+ 2k +1; +1)
I'(a) I'(a)
Bla+l,a+k —n+1) 9 3
) M2 MA(1 n+4-2k1+201 +ka+12
F(Oé) + B G( Ogs)

<

" Bla+,2n+2k +1li + ko +12+1)
I'(a)
" Bla+l,n+ki+ka+la+1)Bla+ly, ks +1)

ds
I'a) I'a) ) s

s
o B(a+ll,4a+4k1+3l1—n+l)
< ||¢0||Mé(10gt)4 Hakiah F(Oé)
" Bla+1,3a+3ki +2l; —n+1)Bla+ 11,20+ 2k +1; —n+1)
() I'(«)
B(a+1, 01:(+ ;fl —n+1) 4 M3 M (log £33k +3l bk s
a

% B(a+ll,3a+3k1—|—2ll+k2+l2—|—1)B(a+ll,2a+2k1+ll+k2+lg+1)

INGY) I'(a)
" Bla+lh,a+k +ke+1la+1)Bla+1ls ks +1)

I(a) I(a)

Similarly by mathematical induction, for every ¢ =1,2,... we obtain

(log )"~ *|¢i(t) — di—1(t)]

: ik i, Bla+ 1,0+ ky —n+1)
< i ia+iky+ilq )
< 100l log 1 o)

y ﬁB(a+l1a(j+l)a+(j+1)k1 il —n+1)
: I'(a)

j=

N N o B(a+ o, ks + 1)
M’L lM 1 t (7, 1)a+n+(1 1)k71+(l 1)l1+k2+l2 )
+ B G( 0g ) F(O[)

T Blatbugn ik + (= Db+ ks 1+ 1)
I(a)

;, Bla+l,a+k —n+1)
< lléollAh o
1

Ba+l,+)a+(G+Dk+jli —n+1
XH(+(J )F((]a))lj )

<.
Il
i

N

<
—
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B(OZ =+ 1271€2 + ].)

M1,
e MO )
y p B(a—i—ll,jn—i—jkl—l—(j—1)l1+k2+lg+1)7 fe (L.
. ()
j=1
Similarly we can prove that both
“+o0o
B(a+l,a+k —n+1)
Zul Z ||¢0||MB F(O[)
= =1
y ﬁB(a+ll,(j+l)a—|—(j+1)k1 +il—n+1)
| I(a) ’
j=1
+oo
m— B(a—l—lg,k‘g-‘rl)
sz =2 My~ Mg I'(a)
=1
><i FB(a+l, jn+ gk + (G — Dl + ke + 1+ 1)
j=1 T

converge. Hence,

(log )" “¢o(t) + (log )"~ *[¢1(t) — do(t)] + - - + (log #)" " *[di(t) — Pi—1(t)] +
for t € (1, €] converges uniformly. Then {t — (logt)"~*¢;(t)} converges uniformly

n [1,e]. O

Claim 3. ¢(t) = (logt)* " lim;, 400 (logt)"~*¢;(t) defined on [1,€] is a unique
continuous solution of the integral equation

n

)= 32 ey 1080+ iy [ g O B6)(6) + GO,
(3.14)

for t € (1,¢].

Proof. From lim;_ 1 (logt)"~%¢;(t) = (logt)" *¢(t) and the uniformly conver-
gence, we see that ¢(t) is continuous on [1,e]. From
o ¢ by ds
(o) [ {108 D) 1A p-1(5) + P9 T
¢ b ds
— [ o B0 () + G

n—o k t @ — a—nds
< My 6p1 = G105 )" [ (log 1y (logs)* (logs)
1

t
—« t « — a 7nds
< Mp|lpp—1 — ¢g_1]/(logt)" /(log;) Tl (log s) -
1

< Mpl|¢p-1 — ¢q-1(|(log t)n+k1+llB(a +l,a+ k)
< Mpllgp—1 — pg1||Bla+1l,a+ ki —n+1)
— 0 uniformly as p,q — 400,
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we know that
o(t) = (logt)*™" Z_Liinoo(log " %,(t)
= 1 o a-v
N leinoo sz_:l MNa—v+1) (log?)
1 t ta1 ds
+ e [ Goa D) B0 () + G T
-y ey lost)” " + lim t(lo by 1 1B(5)6s-1(5) + Gls) 2
_vzll—‘a—v—i—l) & i——400 gS i-1 S
- a—v 1 ! t a—1 dS
=3 ey os ) + r [ (ow D B0 + Gl S

—

v=

Then ¢ is a continuous solution of (3.14) defined on (1, e].
Suppose that 1) defined on (1, €] is also a solution of (3.14]). Then

a—v 1 ! tOé—l dS
Zr g+ s [ 0w D) Blo)w(s) + G T

for t € (1, e]. We need to prove that ¢(t) = ¢(¢) on (1,e]. Then
(log )"~ *[4(t) — ¢o(t)]

t

o 1)1 B(s)(s) + G|

= (logt)" ™

B(a+l,a+k —n+1)
I'(a)

B(a+12,ke 4+ 1)

I(a)

< Mp||¢ol|(log t)*Hrrth

+ M (log )" he+a
Furthermore,
gttt -
= (log1)"~ ] / (1o 1)~ B(s)[w(5) — ()] 2

Bla+1,20+2k +1; —n+1)

< quouMéaog tyect sk o)

B l ki — 1
(a+l,a+k —n+ )+MBMG(IOgt)a+n+k1+l1+k2+lz

I'(a)
" Bla+h,a+ki+ka+lo+1)Bla+ls,ky+1)
[(a) [(a)

By mathematical induction, we obtain
(log )~ “W() Gi-1(t)]
= tog = s] [ o ) B 0(s) — s (5|

B(a+l1,a+k1 —n+1)
['(a)

< || || M5 (log t)ietikatih

37
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— Bla+1,G+Da+ G+ 1)k +jli —n+1)
I )

M1 M (log £) =D nH =Dk +(i= Dl +ho-tla Bla+1lp,ky+1)
B

[(a)

XﬁB(oz+ll,jn—|—j/€1+(j—1)ll+k2+lg+1)

= [(a)

; Bla+l,a+k —n+1)

Svab()”‘]u-B ( L F(a)l
XﬁB(a+l1,(j+1)a—|—(j+1)k1+jl1—n—|—1)

- INEY)

. 1) in+ j i — 1)1 1
MM (Oé+l2,k2+ H Bla+l,jn+jki+ (G-l +ka+12+1)

INE) ’

fort € (1,e],i=1,2,.... Similarly we have lim;_, 1 o, (log t)"~“¢;(t) = (log )"~ *)(t)
uniformly on (1,e]. Then ¢(t) = ¥(¢) on (1,e]. Then (3.14) has a unique solution
¢. The proof is complete. U

Theorem 3.5. Suppose that (3.A3) holds. Then z is a solution of VP (3.3)) if
and only if x € LC,—(1,€] is a solution of the integral equation .

Proof. Suppose that z is a solution of (3.3). Then t — (logt)"~*xz(t)is continuous
on (1, e] by defining (log t)"~*x(t)|t=1 = lim;_,1+ (log )" “x(¢) and ||z|| = r < +o0.
So

s s dw
li 1 n—a—1
S—l>1+ 1 (Og’LU) x(w) w
s s dw
= 1 n—a—1 1 a—n 1 n—ao
Jim [ 1og 2 log ) log ) a(w)

dw

- Slir?+(log§)"—ax(€)/l (IOg%)n_a_l(log w)“_";

(by the mean value theorem with & € (1,s))

1
1
= SIE%(Ing) (f)/o (1—u)"" 14 "du (because I(Z)ggzs =u)
U
= —F-B(n- — 1).
Fa—nt1) (n—a,a—n+1)

and for v € N[1,n — 1] we have

: d n—uv ) i n—a—1 dﬁ
o[ o2t )
=T'(n—v—(a—w)) lim RLHDg‘f”ac(t) =T'(n—a)n,.

t—1t

From (3.A3), we have

(og6)"*| [ og 1) [B(s)a(s) + o)) |
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t
< (logt)" ™ / (log 2)“—1[M3r<log 5)*" " (log 5)" (1 — log 5)"
1

ds

+ Mg (log S)kz (1—1log s)b]
S
t
t d
< (log t)n_aMBT/ (log ;)a—Hl_l(]Og S)or‘rkl—n?s
1

t t ds
+ (logt)”’“Mc/ (log =)+~ (log 5)" —
1
= Mpr(logt)* ™ 1 B(a + 11, k1 + a) + Mg (logt)" ™ T B(a + o, ks + 1).
So t — (logt)"® [{(log £)*[B(s)z(s) + G(s)] % is defined on (1,¢] and
ds

t—1+

39

lim (log £)"~© /1 (log é)o‘_l[B(s)x(s) +G6) T =0, (3.15)

Furthermore, similarly to Theoremwe have t — flt(log Lya=1[B(s)z(s)+G(s)]|L
is continuous on (1,e]. So t — (logt)"™* ff(logé)o‘*l[B(s)x(s) + G(s)]% is con-

tinuous on [1, e] by defining

(log t)"*“/l (log é)o‘*l[B(s)x(s) + G(s)]%\tzl =0. (3.16)

We have 710, BEH Do 2(t) = HI1 [B(t)z(t) + G(t)]. So

1 t tyo1 ds
m/1 (10g;) [B(s)z(s) + G(s)] 3

= I B(O(0) + GW)] = I K D ()

= i | Gos ([ om 2yt )
- T . (og Lyeta syt / (log 2y () )]
0 e Lo 5 s ([ tog 2yt )|

=) [ (og Lyr-2(s- Ly [ t0g 2y=etatuy 1) %]

w w/ s
1 dw

- = 1 o a—1 im Si n—1 ° o infafll,w
~ Tyl Jim (0" (log 2y atw)

t—1t w w

Mo T J, (085 e ([ tes g e )

m a—1 1 1 ! t a—2 d n—1
T i vy & prpy /1 (log )" (s55)

< ([ o 2yetaw) 20

w w S

1

+
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B P TS L
B —T(a-v & FNa—n+2)T(n—a)

X t(log E)C‘*"+1 S(log i)*o‘ac(w)d—wBig)’ds I
1 $ 1 w w

— Z S U (logt)*~" + ! t
MNa—v+1) IF'n—a)l'(a—n+2)
t s s dw
1 - afnJrl/ 1 2 \n—a—1 Ot
x [(1og )7 [ og ) ()
dw dsy’
wos

ta—nn) ol Mo 2ymetatw

n

|
—

= — M (logt)er 4 ! t
N T(a—v+1) & I'n—a)l'(a—n+2)
dw

v
1 1 ta n+1/ 1 n—a—1
x | 1im (log?) (log =)~ (w) =

t—1t

a—n+1// log )" (log — )"O‘ 1dsx(w)d—w

S w

n—1

1
F'(n—a)l'(a—n+ 2)

(]

(logt)*™" +

N + 1)

Mn
MNa—n+1)

afnJrl// (1 —w)* """t duz(w )dw]

= 721711(&_”4_1)(10&{0

Then x € LC,,_4 (1, €] is a solution of (3.14).

On the other hand, if z is a solution of , Cases 1, 2, 3 and im-
ply lim; i+ (logt)"~*z(t) = W Then z € LCy—o(1,¢]. Furthermore, by
Definition 28] we have

RLHD

1

X B(n —a,a—n+ 1)(logt)> "+

—

1ra(t)

1 d n i t n—o— 771/ a—v
- F(n—a)(ta) [/1 (log;) 1(; F(a—v—l—l)(bgs)

+ ﬁ 1s(log g)afl[A(w)w(w) + F(w)]%) %}
= F(nl— @) I'(a _m; 1) (t%)"/l (log é)niail(log S)aﬂ’%
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L# in tOEn—a—l Soia—l w)z(w wd—wﬁ
YOI CEATL /lﬂg ) /lﬂg )" [B(w)a(w) + G(w)]

s w w s
1 = v d - ! —a—1, a—
— nl tn v 1_ n—o (03 'Ud
F(n—oz)vz:F( —v—|—1)(dt)(0g) /0( w) v v

+ r(la)w(tjt>" /1 <1og§>"’°“1 /:Oog‘s)“l[B(w)x(w) W)

1 1 d bt b o1 5.q_1ds dw
— (¢t — og — —_—

X

[Bw)a(w) + G(w)]-—~
1 d., [t t dw

= ——(t=)" | (log—)""'[B

Fr )" | Gom D Blw)ew) + Glu)
= B(t)z(t) + G(t).
So xz € LC,_4(1, €] is a solution of IVP(3.3). The proof is complete. O
Theorem 3.6. Suppose that (3.A3) holds. Then (3.14]) has a unique solution. If
B(t) = X\ and there exists constants ko > —1, lo < 0 with ly > max{—«a, —n — ka}
and Mg > 0 such that |G(t)| < MgtF2(1 — t)!2 for all t € (1,¢), then following

problem
RLEDY 2(t) = Xa(t) + G(t), a.e., te (1,¢],

. n—a _ "n
Jim (log#)"™x(t) = Ta—nt1) (3.17)
tlir{1+ REEDX I 2(t) =n;, j€N[1,n—1]

has a unique solution

2(t) = nu(logt)* "Eq,a—vi1(A(logt)®)
v=1 (3.18)
bt t ds
+ [ og Dy B a(Mlog GO T, e (Lel
1 u u s
Proof. (i) From Claims 1, 2 and 3, has a unique solution.
(ii) From the assumption and B(t) = A, one sees that (3.A3) holds with k1 =
l1 = 0 and ks, I mentioned in assumption. Thus has a unique solution. From
the Picard function sequence we obtain

¢i()
= a—uv 1 ‘ a—1 dS
;Fa—v+1) (log?) +)\@/1(10g ) bia(s)—
1 ¢ og 1ya-1 ds
+ a7 [ Ge G0

ds

= T a—v - U 1 K 3 a—1 a—v
= ——— (logt A log — 1 —
;F(a—vﬂ)(og) i ;F(a—wl)F(a)/l(ogs) (log )™
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U LS S SR IP

1 1 ! tcx—l ° foz—l dﬁ@ L to tcxl dS
+ i e [ Gee ) [a%w qus+n®[“gﬁ G(s)%

n

s a—v . D] 1 2—v
S N E—(] 1
Uzzlr(a—vﬂ)(ogt) +/\ZI‘a—v+1)I‘(a)(Ogt)

/h—)“‘”m+v .//bg ) gy or ) S o)

u

// log ) (tog =)™ 1dsG(“)T+r(1a)/lt(logz)"‘ L(s )Cis

n n

T a—v T 2a0—v
= logt ———(logt
;r(a—vﬂ)(og) +A;r(2 o 1) loe?)

' 2a—1 du
T

L ! 0 E 2a—1 U dj 1 t og - a—1 dS
+I‘(2a)/1(lgu) G( )u +F(a)/(1 3) G()s
- a—v 1 )\(log t) )\2 t t w1 du

B ;m(logt) (F(a —v+1) * (20 —v+ 1)) + I'(2a) /1 (log 5)2 pi—2(u)—

+ /1t(10g %)a—l (F(ga) (log %)a + F(la))G(s)dss

M (log t)7e A du
)+t

¢ t ta—1
— I'(jat+a—-v+1) (i) /1 (IOgE) ¢o(u)?

N (logt)ie
ZF(]O(+CI—1J+1))

by tia ds
m(log ) )G(S)?
=3 u(l0g ) B v (Mlogt)?) + /1 (log £ )* B, 0 (A(log %)Q)G(s)ﬁ

5
v=1

Then x(t) = lim; 1 o, ¢;(t) is the unique solution of (3.17). x is just as in (3.18]).
The proof is complete. O

To obtain solutions of (3.4]), we need the following assumption:
(3.A4) there exist constants k; > —a+n —1, [; <0 with {; > max{—a, —a — k; },
Mp > 0 and Mg > 0 such that |B(t)] < Mg(logt)*1 (1 — logt)% and
|G(t)] < Mg(logt)*2(1 —logt)! for all t € (1,¢).
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We choose the Picard function sequence as

bo(0) = 3 Log ), te (1.
im0
66)= 3 Blogt) + i [ log ) (B6)or-a () + G,

=0
fort e (l,e],i=1,2,....
Claim 1. ¢; € C(1,¢].

Proof. On sees that ¢g € C[1,¢]. From

|/1og )* M B(s)¢o(s |

/1 (105 1)~ [Ml|6oll(105.5)*1 (1 ~log )"

/—\

d
+ Mg (log s)*2(1 — log 5)12]?S
bt
< My 6ol [ (1og )" (logs)** (1 ~ log )"
1

t
4
JrMC;/ (log -)*~*(log s)**(1 — log s)'2 —
1 S

= Mp||¢o|(logt)* ™ T B(a + 11, k1 + 1) + Mg (logt)* ™ 2T 2B(a + Iy, kg + 1)
—0 ast— 1T,

we obtain that lim,_, 1+ ¢1(s) exists and ¢, is continuous on (1, e]. Then ¢y € CI1,€].
By mathematical induction, we see that ¢; € C[1,e]. O

Claim 2. ¢; converges uniformly on [1,e].

Proof. For t € [1, e] we have

[61(t) — do(t)]

:‘ﬁ/l(logé) U[B(s)g0(s) !
< r(lco/ <1og§>“*[MB||¢o||<log 5111~ log )" + Maf(log 5)**(1 — log5)"|

1 ¢ t ds 1 b ds
< M 1 Yo+l —1 1 ky 22 M, / 1 “ya+la—1 1 ko
< llonl Moy [ (lom D loga) 4 Mogrs [ (1o 1)+ log 5+
atk4t, Bla+ 1k +1)

INGY
a+k2+l2B(a+l2,k2+1)

[(a)

= |lpol| Mz (logt)

+ Mc(logt)
So
|p2(t) — ¢1(2)]
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1 ¢ tia1 ds
= Iy /| e D) Bs)n (o) — an(o)) 5 |
1 ! t a—1 kl l1
< m (log ;) Mp(log s)™ (1 — log s)
1
B(Oé+l1 kl —+ 1)
Mr(1 a+ki+1y )
x (6ol M5 (log ) F
B(a+1l2,ky + 1)\ ds
M 1 a+ko+ls ’ —
+ Mc(log s) T(a) )5
1 t t _ B(O&—Fll k?1—|—1)d3
< M2 1 e a+l1—1 1 a+2k,+14 ) bt
< Faylnlih [ (lom e log F e
bt B(a+ g,k +1)ds
MrM~ < log —)eti—1(] a+kit+kotlo 2, 2 i
+ MpMg < s [ (1og 271 log ) F s
B(a+l1,k1+1)B(Oé+ll70[+2k1+ll+1)
||¢0|| B(Og ) F(Oé) F(Oé)
B(a+13,ke + 1)
MnrM~(1 2a+k1+ka+11+12 )
“ Bla+lh,a+ki+ka+1la+1)
I'(a) ’
and
[93(t) — da(t)]

N toio‘*l S s) — Sﬁ
_ r(a)/1“ g )" B(s)[éa(s) — d1(s)) |

< E/l (logz)a_lMB(logs)kl(l — logs)l1

Bla+1li,ki+1)Bla+l,a+2k +1; +1
« (Jonlr tog sy s B Z Rt D BloEhu ot 2l £ D
B(Ol+lg,k2+1)
I'(a)
XB(OK+ll,a+k1+k2+l2+1))ﬁ
I'(a)

+ MBMG(log s)2a+k1+k2+l1+lz

S
1
I'(a)
Bla+l,a+2k +1;+1)ds

I'(a) s

t
F(a) / (logz)a—‘rll—l(log8)20{+2k1+k2+l1+l2
1

B(a+l2,k2+1)B(a+ll,a+k1+k2+12+1)§
I'(a) I'(a) s
Bla+1l,ki+1)Bla+li,a+2k +1; +1)
— M3 1 t 3a+3k1+3l1 ) 3
H(ZSOH B( 0og ) F(O&) F(Oé)

< lboll M3

oot , B(a+ 11,k +1)
1 - a+l1711 2a+3ky 4211 1, ~1
[ 108 57 o) e

1
+ M3 Mg
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B(a + l1,20[ + 3]€1 + 2l1 + 1)

I(c)
B(a+l2, ke +1)Bla+li,a+k + ks +1l2+1)
MQM 1 t 3a+2k1+ko+201 412 ) 9
+Mphotios ! (o) (o)
" Bla+11,20+ 2k + ks + 11 + 12+ 1)

['(a)
|pa(t) — p3(t)]
1 ¢ t d
0 | o D Bls (o) — a(e) T
[ gollME [ Uiadi—1 3otk 431, Bla+ 11,k +1)
F(Oé) /1 (log ;) + (IOg S) + + F(a)
Bla+l,a+2k +11+1)B(a+11,2a+ 3k + 20, + 1) ds
[(a) [(a) s
M3 Mg

t
t

(log 7)a+l171(10g S)3a+3k1+k2+2l1+l2
I'(a) /1 s

Bla+ ke +1)Bla+li,a+ ki +ka+13+1)
() ()
" B(a+l1,2a+2k1+k2+ll+lg+1)@
T'(@) s
< 6ol M (log £yte+ak+ii B(a —|-Fl(10,[/)€1 +1)B(a+ l17aF—|Ej)/€1 + 1 +1)
B(a+11,2a+ 3k +21 +1)ds B+ 11,3 + 4k + 311 + 1)
I'(«) s ')
M3 Mg (log t)yto-+ 3k Hha+301 +1z B(a+12, k2 +1)
I'(a)
y Bla+l,a+ki+ky+l+1)Bla+li,2a+2k + ko + 1 +12+1)
I'(a) I'(a)
o B(a+11,3a+3k; + ko + 2l + 13+ 1)
() '

+

_|_

Similarly by mathematical induction, for every ¢ = 1,2,... we obtain

|pi(t) — di1(t)]
i1

< ||¢ol| M (log t)ietikitil H
j=0

Bla+l,jo+ (j+ ki +jh +1
I()

: . / i— ( lo, ko 1)
+ M; 1M log t)** (i—Dk1+ko+(i—1)l1+12 a—+lg,
5 Mc(logt) B = +

1—1 . . .

B l ki +k Dy 4+l +1
XH (a+1ja+jki+ke+ (G — 1)l +1a+1)
Jj=1

I'(a)

i1 . ) .
i B(a+h,ja+ G+ 1k +jl1+1
<llgoll M5 ]

u [(a)
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+ M5 Mg

B(a+l2,k2+1 11[ (a+Lja+jki+ke+ (G-l +12+1)
e [(a) ’

for ¢ € [1,¢]. Similarly we can prove that both

+o00 +o00
. Blatlaks 1)
_ i—1 )
Z’U,i—ZMB MG F(a)
=1
y ﬁ Bla+1,ja+jki+ko+ (G — Dl + 1o+ 1)
I'(a) 7
j=1
+oo +oo
B lo, k 1
Z’Ui =) My 'Mg lo +F27 2+ 1)
=1 i=1 (CY)
y S Blat 1l jot ik + ka4 (G — D+l +1)
et I'(a)

are convergent. Hence,

Go(t) + [#1(t) — do(D)] + [P2(t) — d1(B)] + -+ + [¢i(t) — i1 ()] + ..., t€ [l e

is uniformly convergent. Then {¢;(¢)} is convergent uniformly on [1,e]. O

Claim 3. ¢(t) = lim;_,  ¢;(t) defined on (1, €] is a unique continuous solution of
the integral equation

n—1 t s
o) = Y- Bogty + o [ o Dy B(9)a() + Gl

S

Proof. From lim;_, o ¢;(t) = ¢(t) and the uniformly convergence, we see that ¢(t)
is continuous on [1,€]. From

S

O al Sﬁ—tot
[ o 18600106 + G0 [ tog B0 1) + G612

t
b
< Malloyp-1 = 4| [ (log 1y log )" (1~ og )"
1

’ Uiatti—1 ke 4
< Mgll¢p—1 — ¢pg-1l| | (log g) (log s)™ —
1

B(Oé“rlhk’l + 1)

<M L= _ 1 ta+l€1+ll
< Mp||¢p-1 — ¢q-1](logt) (o)

Bla+1l,k +1
< Mallp-1 = ggoa 2T

— 0 uniformly as p,q — 400,

we know that

o(t) = 1131& #i(t)
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_ ) .
Z logt —l—i/ﬂogE - dS
1

Fay /, Gog )" IB(s)o(s) +G()] T

Then ¢ is a continuous solution of (3.1)) defined on (1, ¢].
Suppose that ¢ defined on (1, e] is also a solution of (3.1]). Then

47

2 1ogt I’(loz)/l (log é)afl[B(s)qb(s) + G(s)]%,t € (1,¢.
We need to prove that ¢(t) = 1(t) o
(¢ ) o (t)]

a ds
ol [ oty Bs)onts) + G2
B(a+ 11,k +1) B(a+ g, ka +1)
< ||ol| Mp (log t)*HHi+h ’ Mg (logt)*thattz ’
= ||¢0|| B(Og ) F(Oé) + G( 0og ) F(CM)
Furthermore,

[9(t) — or(1)]

_ 7|/ L B(s) — bo(s)] 2

B(a+l,ki+1)Bla+l,a+2k +1;+1)
< M2 1 t 2k 421142 ’ )
= ||¢0|| B( 0og ) F(Oé) F(Oé)
B(Oé+lg k2+1)B(a+l1 a+k1+k2+12+1)
MeM~(log t 2a+k1+ka+11+12 ) ’
+ Mp G( 0g ) F(Oé) F(O&)
By mathematical induction, we obtain

|(t) — ¢i-1(t)]

ds
|/ log ) LB(s)[¢(s) — ¢m—2(8)]?|
i—1 . ) .
) T Bla+l,ja+ (j+ 1)k + 75011 +1
< H(bOHMl (10g t)la‘+1k1+1ll
’ 1'1;[0 I'(«)
. ) . - B(Oé + o, ko + 1)
M? 1M logt it (i—1)k1+ka+(i—1)l1+12 ,
+ B G( og ) F(a)
v ﬁ Bla+l,ja+jki+ka+ (- Dl +1a+1)
e (o)

n (0,1]. Now we have

i—l
i B(a+ 1, ja+ G+ Dk + 45l +1
j=0

, B lo, k 1
+MZB—1MG (Oé+ 2y 2+)

Bla+,ja+jki+ka+ (-1l +1la+1)
I'(«a)

o) |

7

for t € [1,€]. Similarly we have lim; .o ¢;(t) = 9 (¢) uniformly on [1,e]. Then
¢(t) =

¥(t) on (1,e]. Then (3.1) has a unique solution ¢. The proof is complete. [
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Theorem 3.7. Suppose that (3.A4) holds. Then x € C(1,¢] is a solution of IVP
(3.4) if and only if x € C(1,€] is a solution of the integral equation (3.1]).

Proof. Suppose that z € C(1,¢] is a solution of (3.4)). Then ¢t — =(t) is continuous
on [1, €] by defining z(t)|;=1 = lim;_ 1+ z(¢) and ||z|| = r < 400. One can see that

t
[ o 5y og )" (1 < tog
1 S

t

t ds log s
< 1 o+l —1 1 ki 22 b —
< /1 (ogs) (log s) S (because Tog 1 w)

1
= (logt)athkith / (1 —w)>Th=tykrdy
0

1
< (log t)+hi+1 / (1 — w)e+Hi—Tyh gy,
0

= (logt)* P B(a+ 11,k +1).
From (3.A4), for ¢ € (1, e] we have

|/1oga1 (9)a(s) + G T

/ (log - )"‘ 1[MBr(logs)kl(l —logs)l1 +Mg(logs)k2(1 —logs)b]%
1

t
t
< Mar [ (log 1y log )" (1 - log8)*
1 S

t
+ M [ (og £)* log )" (1 - log )"
1
= Mpr(logt)* M ThB(a + 1y, k1 4+ 1) + Mg (logt)* Rt 2B(a + 1y, ko + 1).
Sot — ff(log Lye=1[B(s)z(s) + G(s)]% is defined on (1, €] and
. K tia1 ds
lim [ (log—)*""[B(s)z(s) + G(s)]— = 0. (3.19)

t—1+ Jq 5 s

Furthermore, similarly to Theoremwe havet — flt(log Lye=1[B(s)z(s)+G(s)| L

is continuous on (1,e]. Sot — flt(log Lya=1[B(s)z(s) + G(s)]“ is continuous on
[1, e] by defining

/1 (log é)a_l[B(s)x(s) + G(s)]%t:1 =0. (3.20)
One sees that
/ (log é)“_l(log 5)_0‘% = / (1—w)* tu=%u =T(1 - a)T(a),
w 0

log t—log w

because L&s=logw _ By Deﬁmtlon and 71 CH D x(t) = 12 [B(t)z(t) +
G(t)] We have

t ds

b tofo‘*1 s)x(s s)]—
i | or D A (s) + P9

= "1 [B(t)x(t) + G(1)]
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Ao CH D 2(t)

L 1 “r tya—1 S n—a—lds d n dw
T T Th—a)l, (log;) (loga) f(w%) z(w)—

1 1

_ /jaog;)“d[(w;i)“w(wﬂ
- 11)'(1 g%)" 1[(wdfu)" tz(w)] [}
e /lt(lo L2 dcfﬂ)” o )]%U
- (:n:i)! (logt)" ™" + - 2)! /lt(log W [(w%)n_lgc(w)] %w
- j_j (: (log )"~ J+/1t "(w)dw
_ :fg" (log t)?

Then x € C(1,€] is a solution of (3.1]).

49

On the other hand, if z € C(1,¢] is a solution of (3.1), then (3.19) implies

lim; .1+ (t) = no. Furthermore, for ¢ € (1,e) we have
d
[ tos Ly iB1e(s) + G112
/ (log — ) "[Mpr(log s)kl(l —log s)l1 + Mg (log 5)’“2(1 —log s)lz]ﬁ
1 8
bt
< MBr/ (log —)*""(log s)kl(l — logt)l1
1 S
t t
+ Mg / (log =) " (log s)l€2 (1 —1log t)lQ—
1 S
ds

¢
t
= Mpr(1 —logt)® / (log —)* "(log s)" —=
1 S

t
t
+Mg(1—logt)l2/ (1og;)°‘*"(logs)k"’—
1

= Mpr(1 —logt) (logt)* """ 1B(a—n+ 1,k +1)

+ Mg(1 —logt)2(logt)* " 1B(a —n+1,ky +1) -0 ast— 1T,
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t
1 ! t n—a—1 d n — 15 7
m/l(log;) (Sg) (Zﬁ(logs)

1 3 S a—1
+ a7 [ or D Bt + G T)

1 g tonoet, Ao =1 ;ds
- = / (og 555" 3~ B log sy

1 1

+ T . fog Lyt (s / (o )" Bluye(w) + G ) &
- o Ta ) (og Lyt (s [ tog 2Bt + 6] )
i [ s e e ([ o D 2Bt + 6w )

F(la) T _1a - l)t[/lt(log )"_a(/ls(log Zyo=1 Bu)(u) + G(u)]%)’ds}/

log n a— 1 log )a n
S

I
r(la)r / / " ail“a*”d“w(“’)x(w)*G“"”ﬂ,
B(t)a

(t) +
z € C(1, €] is a solution of (3.4). The proof is complete.

Theorem 3.8. Suppose that (3.A4) holds. Then (3.4) has a unique solution. If

B(t

CHpo 2(t) = Aa(t) + G(t), ae te€ (1,6,

d.;
lim (t—)’ =7 | € -1
t11+(t t) z(t)=mn;, je€N[0,n—1]

) = X and there exists constants ko > —a+n—1, lo < 0 with Iy > max{—«, —a—
ko} and Mg > 0 such that |G(t)| < Mgt*2(1—t)"2 for allt € (1,€), then the problem

(3.21)
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has a unique solution

n—1
2(t) = > n;(logt)Ea j1(A(logt)*)
j=0 (3.22)
¢ t ds
+/ (108 £)* B o (Mlog t — Tog5)")G(s) =, € (1,e].
1
Proof. From Claims 1, 2 and 3, Theorem 3.7 has a unique solution. From the
assumption and A(t) = A, one sees that (3.A4) holds with k; = I3 = 0 and ks, s
mentioned. Thus has a unique solution. From the Picard function sequence
we obtain

i(t)
_ j_: Sllogt)’ + Aﬁ /lt(log 7)a—1¢i,1(s)% i ﬁ /:(log a1y )%
= j_: j%(logt)f i n:;”' 1t(log Lyoa1(10g 57
iohy A AT e
+ Fa T (log £y [ oo S s (og Lyr16(5) %
= : T (log 1)/ + F(Aa) g jplog ) /01(1 w)* Ml duw
+ F(la)l"()\a) /lt /ut(log 2)“’1(log z)wl%G(u)%‘ - ﬁ /lt(log é)aflc(s)%
- :: F(j’h 5 (log t)? +;§ T i”jJ+ N (log £)+7
+ ﬁﬁ /lt(log %)2“‘1 /01(1 - w)a—lwa—ldwgbi,Q(u)%“
+ F(la)r(Aa) /lt(log 5)2“1 /01(1 - w)“*lw“*dwa(u)%“
+ i [ s Dt ®
) st (5 a4 )+ o [ s Sy

K 1, A\(logtlog s)* 1 ds
+/1 (logg)a_ ( : ﬁ(gaf : + F(a))G(S)?
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n—1

1—1 i ¢
Y(logt)ve A t 1 du
(logt)’ log —)™¢ —
=2 mloet? (i o D+ p [ (0w D ()

Jj=

+/1 (10g§)a—1(z Wt—bw)g(s)ﬁ

= I'((v+1)a) s
n—1 %

B Y(logt)v™ o1 1ogt10g s) ds
-5ty (3 eyt ome e (S et
— - K t ds
— 3 131088 Bayir (A(log)®) + [ (log ;>a*1Ea,a<A<1ogt ~ log)*)G()

=0 !

Then x(t) = lim; 1 o, ¢;(t) is the unique solution of (3.21). x is just as in (3.22]).
The proof is complete. O

We list the following two fixed point theorems which will be used in Section 4.

Theorem 3.9 (Schaefer’s fixed point theorem [79]). Let E be a Banach spaces and
T :E — E be a completely continuous operator. If the set E(T) = {x = 0(Tx) :
for some 0 € [0,1),x € E} is bounded, then T has at least a fized point in E.

Theorem 3.10 ([97]). Let X be a Banach space. Assume that ) is an open bounded
subset of X with 0 € Q and let T : X — X be a completely continuous operator
such that | Tz|| < ||z|| for all x € 0. Then T has a fized point in .

3.2. Exact piecewise continuous solutions of LFDEs. In this section, we
present exact piecewise continuous solutions of the linear fractional differential
equations (LFDEs)

“Dgx(t) = Aa(t) + F(t), ae., t€ (titiy], i € N[0,m], (3.23)

RLDe w(t) = Ae(t) + F(t), ae., t € (ti,tir1], i € N[0, m], (3.24)

RLEDe 2(t) = Ax(t) + G(t), ae., t € (54,841, i € N[0, m], (3.25)

CHpo 2(t) = Ma(t) + G(t), ae., t € (s, si41], i € N[0,m], (3.26)
B-23)

wheren — 1 <a<n AeR, 0=sy < t; < - <sm<sm+1—11n and

B.24) and 1 =tg < t1 < -+ < tpy <tm+1—eman
323 (or 324 if z €

We say that « : (0,1] — R is a piecewise solution of
P,,C(0,1] (or P,,Cp—n(0,1] and satlsﬁes 3 23 or 3 24 We say that x : (1 e] - R
is a piecewise continuous solutlons of 1f x 6 LP,,Cpn_a(1,€], (or
LP,C(1,€]) and x satisfies all equatlons in 1 (or 1

Theorem 3.11. Suppose that F' is continuous on (0, 1) and there exist constants
k>-a+n—1andl € (—a,—a — k,0] such that |F(t)] < t*(1 —t)! for all
€ (0,1). Then x is a piecewise solution of if and only if there exist constants
civ € R(2 € N[0,m], v € N[0,n — 1]) such that
i n—1
= Z Z CovBapr1 (At —1,)%)(t —t5)"

o=0 1;:0 (3.27)
Jr/o (t—5) "Eqa(At — 8)*)F(s)ds, t€ (tjtis1], i € N[0, m)].
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Proof. Firstly, for t € (¢;,t;4+1] we have
\/ YOI, o (At — 8)*) F(s)ds|
_./"@——>a*1Ea@4A@——@a>u«snd5
0
< / (t = ) Baa (At — 8)°)s* (1 — s)lds
0

_ - )\j ! a—1 aj k l
jZ()F((j+1)a)/o(ts) (t—s)¥s"(1—s)ds
< Ji:.o 7/\j /t(t — 5) Tt — 5) Y sk s
=2 TG+ D) Jo

+o00 )\j ) 1 )
_ ]z_% 1—1((] — l)a) ta+a]+k+l /0 (1 _ w)a+a]+l—lwkdw

RES A]ta] +k+1 ! 1 +1—1 kd
< 0 e _ a+l—
<2 TG ) -t

0
= t*THHE, ((MB(a+ 1L,k +1).
Then fot t—s)* 1K, a()\(t — 8)*)F(s)ds is convergent and is continuous on [0, 1].

If z is a solution of (3.27)), then we know that lim, ¢ z(t) (i € Np) exist and
z € P C(O 1]. From

_ ‘raJrafn 5 AT . rota—n+l
| / F(u)du| < / (s —u) .
= 87'0‘+0t—n+k+l+1 /1 )\T(l — w)"'a‘f‘a—n-l-l
o N((t+1)a—n+1)

wkdw

1
< Sa—n+l~c+l+1/ (1 _w)a—n+lwkdw
0

a—n+k+1+1 >\T
I'(r+a—-n+1)’

lim f/ A(s — )T F(u)du=0
s—0+ I'((t+1)a—-n+1) o

=S

we know that

Now we prove that z satisfies differential equation in (3.23)). In fact, for ¢ € (¢, t1]
we have by Theorem [3.2| that “Dg, x(t) = Az(t) + F(t). For t € (t;,tit1](i €
N[1,m]), we have by Deﬁmtlon 2.3 that

“Dg ()

o t —g)" (M (g)ds
FW_QLA@ ) (s)d

= F(nl_a){i/ttj#(t—s)" a=ly(n)(g )d3+/tt( S)"—a_lx(")(s)ds}

j=071t i
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T —a) [i / = (0 Bt O 1)) — 1)
=0

tj o=0 v=0

+/ (s —u)* 'Eaa(M(s — u)“)F(u)du) ™ s

0
i n—1
+/ (t =5 (30D corBait(A(s = 1)) (s — to)”
o=0v=0

+ /Os(s —u)* ' Eqa(A(s — U)Q)F(“).du)(n)ds}
~maly ) (ST e

=0 v=0
j n-l —t 7'04+1) (n)
+;;]UZOC””; :a+v+1)) ds
! n a— L= — 15 L *t Tatv . (n)
Jr/t. - I(ZZC” : ZZCM F:a+v+l)) ds
¢ o=0v= =1 v=0 T=

)\TS_UTO(+O¢ 1

+/0( —8)""* ! Big( Z/ -+ Da) (u)du>(n ds}
[ [ (e T

JOtJ =0 v=0

ol e A (5 — t,)TFv ()
+/ (t=9) (ZZCMZFTQ—I—v—}—)) ds

=0 v=0
t I )\T _ Tu-l—a—n /
+/0 —eT 1 Z/ T+1 ozfn+1)F(u)du) ds}

- L(n—a) ZZZCU"TZFTQ—&—U—I—l—n)

7=00=0 v=0

tj+1
X / (t— s)"_o‘_l(s —to) T s
t

J

i n—1
;);)CM;) TOL+’U+177’L)

t
X / (t _ S)n—a—l(s o t0)7a+v—nd8

i

1 t n a T(X+(X—TL , ’
—|—I‘(n—7a+1){/0 - Z/ T+1a—n—|—1) F(u)du)'ds

1 A \" .
:mzzZCJU;F(Ta—&-U—i—l_n)(t_tU)m *
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tjit1—to
t—to
X (1 _ ,w)nfaflwrowkvfndw
tj—to
t—to
i n—1
E E C E t— ¢t )T~ a+v
(n—a) 7 Ta+v+1—n)( 2
o=0 v=0 T=

1
X (1 _ w)nfafleaJrvfndw
ti—to

t—to
Ta+a—n

00 _
+F(nfoz+1){t_s Z/ 7—+1 nJrl)F(u)du”O

t 1+°O )\Ts_u'ra-i-an ’

- —s)" F(u)du)d
+(n oz)/o Z/ p——" (u)du) 8}
1—1 i—1n—1

- I'in —a) ZZZCUU;FTQ—HH—I—M

=0 j=0 v=0

( _ tg)‘rafova

t—to (1 - w)n7a71w7a+vfndw

i n—1

n—OZ ZZCUUTZ Ta+v+1_n)(t_t)Ta a+v

o=0v=0

1
X (1 _ w)nfafleaJrvfndw
ti—to

t—to

+Fn1a[+f/t /ut(t—s)"—a 1 (A(( )Iat:nl)dsF(u)du'

ZZCGUZFT&—&-U—Fl—n)

0’01}0 T=1

( _ t0)7a7a+v

ti—to
t—to
X / (1 _ w)n—a—lea+v—ndw
0

1 n—1

(n—a) ZZCMTZFTOH-U—Fl—n)

=0 v=0

( —t )‘ra a+v

1
ﬂ B (1 _ w)nfaflw'roﬁ»vfndw

t—to
)\Tw‘raJrafn

+oo .t 1
+r(nl—a[z/(t_u)m/ =) e e a1 D)

i n—1

_ZZCMZF T—la—l—v—l—l)

o=0 v=0 T=1

+oo .t = ,
+ {Z/O (t_u)nxm}?(u)du}

dwF (u) du} /

( —t )Ta a+v
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= \x(t) + F(t).
We have shown that x satisfies (3.23)) if = satisfies (3.27)).

Now, we suppose that = is a solution of . We will prove that x satisfies
by mathematical induction. Since z is continuous on (¢;,¢;11] and the limit
lim, ,+ 2(t) (i € No) exists, it follows that = € P,,C(0,1]. For t € (to, 1], we know
from Theorem that there exists co, € R such that

n—1 t
T t) = Z C(]an,l(Ata)tv + A (t - S)O[_lEa,a(A(t - S)Ot).F(S)dS7 te (to,tl].
v=0

Then (3.27) holds for i = 0. We suppose that (| - ) holds for all i =0,1,...,5 <
m — 1. We derive the expression of x on (t;41,t;4+2]. Suppose that

t) + Z i CUUEDL,U+1()\(t - ta’)a)(t - tU)v

t o=0v=0 (3.28)
+ / (t—8)* "EBaa(At — 8)*)F(s)ds, t€ (tjz1,tjral.
0

By D¢, x(t) — Az(t) = f(t),t € (tj11,tj42], we obtain
F(t) 4 Az(t)

— ODga(t) = ﬁ /O (a1 (5)ds
Z/ n e (ZZ Bt (A5~ £0)")(s — )’
/ (s — u)~ 1EM(A(S—u)a)F(u)du)(")ds
/ e +ZZ Bt (A5 — t2)")(s — t0)"
+/0 (5 — W) Eaa(A(s — w)®)F(w)du)™ds

_c 1 Lt 1
D O(t)+ — t—s)" T
wa) > [T

e I'(n —a) =,

x (zp: nf couBani1(A(s — 1)) (s — tg)”)(n)ds

o=0v=0
+F(n1_a)/t'+1(t_ n o 1(2)2)6011 av+1 S_ta)a)(S—tU)”)(n)dS
; ¢ _ g)n—a-l Ss—ua—l s — u)® W)™ ds
+F(n*a)/o(t ) | (/O( ) Ea’a()\< ) )F( )d ) d
-%p J+1(b(t)+ﬁ2/t P+1(t_s)nfo¢71

p=0"1tp
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n— S—t Ta+v .\ (n)
(2:5:%”§:F7a+v+1)) ds

o=0v=0

1 t L | n— S—t ‘ra+v (n)
_ noc v d
+F(n—a)/tj+l (ZZC TZFTa+v+ )) y

o=0 v=0

¢ Ca—1 s a1 (s —u)™ (n)
i e ([ S R o)

_c 1 L ten 1
DY O(t) + ——— t—s)" T
B0+ S [

! I'(n—a) p=0"to
p n-1 ¢ )ratun
(;);:)CMTX:F Tz—i—i)—l—;— n))ds
T (S e D )
e [ (S gﬁ‘;“:”wuw@’ds

J P

SLCRCRETrrS 90 95 S o) BT T

1
J+ p=00=0v=0 T=1
/\T(S _ tU)Ta+U—TL

d
I‘(Ta+v+1fn) 3
J n—1 +o00 _
/\'r 725,7 Tat+v—n
E E CO"UE / t— n a—1 (5 ) ds
(n—a) =~ tyin MNra4+v+1—mn)

1 e a T(,H—(x—n , ’
+I‘(n—a+1){/ (t=s) Z/ T+1a—n+1) F(u)du)ds

By a similar computation, we obtain

F(t) + Ax(t) = F(t) + Ax(t) + Dy @(t) — AP(t).
j+1
It follows that CD;’; O(t) — A®(t) = 0 for all ¢ € (tj41,tj42]. By Theorem
f
we know that there exists ¢i+1v € R(v € N[0,n — 1]) such that ®(t) =
ZZ;(} Cj+1an’v+1()\(t — tj+1)a)(t — thrl)U for ¢ c (tj+1, j+2] Substltutlng ® into

(3.28]), we obtain that (3.27) holds for ¢ = j + 1. Now suppose that holds
Ill

for all j € Ny. By the mathematical induction, we know that x satisﬁes (13.27) and
(4, t,,,] 15 continuous and lim, ,+ x(t) exists. The proof is complete. O

Theorem 3.12. Suppose that F is continuous on (0,1) and there exist constants
k> —1andl € (—a,—n—k,0] such that |F(t)| < t*(1 —t)! for allt € (0,1). Then
x is a solution of (3.24) if and only if there exist constants c,, € R(o € N[0, m],v €
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NI[1,n]) such that

2(t) =YY covBaa—vp1 (At — b)) (t — 1) "
o=0v=1 (3.29)

+/ (t = ) B a (Mt — ) F(s)ds, t € (ts,ti1], i € N[0, m].
0

Proof. Fort € (t;,t;41](j € N§*), similarly to the beginning of the proof of Theorem
B.11 we know that

n—o ! — 3 a—1 —3s) s)ds
o] /0 (t = ) B o (A(t — 5)°) F(s)ds]
g/o(t—s)a_ Eo o\t — 5)%)|F(s)|ds

< e /Otos — )7 Eq o (At — 5)7)sH (1 — s)ds

+o00 i t
_ n—« N _Sa—l _sajsk —SlS
P Sy [ttt

~— )\j ! +1-1 i kK
<hT“ 7/ t—8) Tt — )Y s ds
2 G T Jy 7T

~— N et [ -1, &
D P e AN / (1 — w) T =1k du
2 TG+ 1) )

TX i

1
< gnme %ta+k+l/ 1—w a+l—1wkdw
D RS S

= {"TFHE, ((M*)B(a + 1k + 1).
So t" ¢ fot(t—s)a’lEa a(A(t—s)¥)F(s)ds is convergent and is continuous on [0, 1].

If x is a solution of (3.29), we have z € P,,C1-4(0, 1]. It follows for ¢t € (t;, t;41]
and from Definition [2.2] that

REDe x(t)
B ﬁ [/Ot(t - 3)"_“_1x(s)ds} w
= ﬁ [jz_:o /tj’“(t )
% EJ: En: CovBa,a—vr1(A(s —t5)") (s — tﬂ)aivds:| (n)
o=0v=1
i T(%—a) [/t:(t - ;)z_; CovBa.a—vi1(A(s — to)*)(s — t,,)“—v} "

1 (n)

t o L[ [ B - w0 duas)
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> S — t Toat+a—v

1 tit1 ) d .
T (-0 t—s)"m - }
F(n_a)[jzo/t ( ZZC < FTOK—FO&—U—I—I) s

’ o=0v=1

1 t (s — ty)T0te—v  1(n)
—|—F(na)[/ti ) 1;};%@; Tonrog—erl)ds}
1 t n—a— s a )\‘r S— ra -
+m[/o t=s) 1/ a 12 7'—|—1 (u)duds]
i—1 n

- (n—a) [ZXJ:ZCUUZ

j=00=0v=1 =0

y /tj+1 (t B S)n—a—l )\T(S _ ta_)‘ra—i-a—y ds} (n)
! MNra+a—-v+1)

[ZZ%Z

o=0v=1 =0

' — Tata—v n
X/(t*S)no‘l)\(s to) ds}()
t Nra+a—v+1)

> P Gt .
(n—a) Z// (s —u) mdSF(U)du

B (n—a) [ZZZCMZ m+n—y

j=00=0v=1 =0

J

i

t—to )\Twra+a_1, (n)
1— n—a—1 i }
x/ (1—w) Trata_orn™

tj—to
t—to

[Z Z Cov Z (t —ty)Totn—v

o=0v=1 =0

)\TwTa+a_U

/1 (1 )’I’L—(x—l d (n)
X _
ti—to w F(TOL—FO[—’U—F:[) U}:|

=ty

+oo 1 TyTotaml "
+rnia[§l/“‘“yﬁnlé‘l‘“na1?wr:mnmmwmq(

i—1i—1 n

- n a |: ZE Couv E J)Ta+n—v
0=0j=0v=1

7=0
tit1—to
Tttty )\TwTa+a_v (n)
1— w)n—o-1 . ]
Xﬁj*tg ( w) F(Ta+a—v+1) w

+ (n—a) [ZZCWZ t,)Tatn—v

o=0v=1 =0

! to—
ANTwTata—v (n)
1 n—a—1 :|
xﬁrt,( w) T pp— -

t—to

59
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f/t ¢ Tat+n—1 AT F d (n)
+ L_o 0 (t =) I(ra+n) () u}
7 “+oo

Z Z Cow Z(t _ tg)‘roﬁ»nfv

o=0v=1 =0
1 —
T Ta+oa—v (n)
x / 1—wn—ot 22 du)|
0 MNra+a—-v+1)

+o0 ¢
AT (n)
t— Ta+n717F d
+ [;)/0 (t =) I'(Ta +n) () u}
i n “+oo A\

- {Z Z Cov Z(t B t”)ern_UF(Ta +n—v+ 1)} v

oc=0v=1 =0

+ f/t t Ta+n—1 )\T F d (n)
L_O 0 (t =) T(ra+n) () u}
+oo AT

RN VE ) D)

o=0v=1 T=1

Sirenl

+oo t T n
+ [Z/O (t— u)m—lréa)F(u)du]( LR
= )\{E(t;ﬂ- F(t),t S (ti,ti+1].

It follows that x is a solution of .

Now we prove that if x is a solution of , then x satisfies (3.29) and z €
P, C1-4(0,1] by mathematical induction. By Theorem we know that there
exists a constant cg, € R(v € N[1,n] such that

n t
z(t) = ZCOUH*“E%Q_UH(M&H/@ (t—5)" "By.a(At—s)*)F(s)ds, t€ (to,t1].
v=1

Hence, ([3.29)) holds for i = 0. Assume that (3.29) holds fori =0,1,2,...,5 < m—1,
we will prove that (3.29) holds for i = j + 1. Suppose that

2(t) = () + YD covBaa—vr1 (At — to)*)(t — ts)* "

oc=0v=1
¢
+ / (t —8)* 'Eao(\t — 8)*)F(s)ds, t€ (tjr1,tj12].
0
Then for t € (t;j41,tj42] we have

F(t) + \a(t)

=RLDg 2(t) = I {ZJ: /ttpﬂ(t —s)"“x(s)ds + /t (t —s) “x(s)ds "

F(n — a) =0 o ti+1

B ﬁ [i J AR Y B e (s 1)) 1)

p=0 tp o=0v=1
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+ /Os(s W) Eq o (A(s — u)a)F(u)du) ds| ™

+F(nla){/t (t—s) a( +ZZCO’U aa—vt1(A(8 = 1)) (s — ;)"
o o=0v=1
+ /OS(S — U)a*IEa,a()\(s — u)a)F(U)du) ds] (n)

tot1 pP.n (n)
_ Z/ (=53} CouBaavi1 (A5 — £0)7)(s — to)2~ds
I(n—a) t o=0v=1
1 /t B
+7 t—s a(DS
F(n_a)[ | t=97a()

J n n
Y3 corBasa—vp1(A(s — to)*)(s — ta)a—vds]( )

o=0v=1
+ F(%—a) Uot(t _g)e /05(3 W) T By o (A(s — w)®)F(u) du ds}

As in the above discussion, we obtain
F(t) + Xx(t) = RLD0+33( )= F(t) + \x(t) + RLD D(t) — \P(t).
J+1

So RLD"‘ O(t)—A®(t) = 0on (tj41,tj42]. Then Theorem[3.4{implies that there ex-

J+1

ists a constant ¢;j41, € R such that ®(¢) = >0, ¢jp10(t —tit1)* "Ea,a—vr1 (At —
tH_l)a) on (tj+1,tj+2}. Hence,

j+1l n

x(t) = Z Z Con(t — 1)) "B a—vr1 (At —,)%)

p=0v=1
+ /1 (t - S)a_lEa,a()‘(t - S)a)f(s)ds, te (tj+17tj+2]'

By mathematical induction, we know that (3.29) holds for j € N[0, m]. The proof
is complete. ([

(n)

Theorem 3.13. Suppose that G is continuous on (1,¢e) and there exist constants
k> —1 andl € (—a,—n — k,0] such that |G(t)| < (logt)*(1 — logt)! for all
t € (l,e). Then x is a solution of if and only if there exist constants
cio €ER(j € N[O m], v € N[1,n]) such that

t
ZZCJU log ) ”Eaﬂ,vﬂ()\(log;)a)

=0v=1 J

bt t d
+/ (log ;)aflana(/\(log ;)Q)G(s);s, t € (t;,tiy1], 1 € N[0, m].
1

(3.30)

Proof. For t € (t;,t;+1](i € N[0, m]), similarly to the beginning of the proof of
Theorem [B.12] we know that

(logt)"~ “’/ log )4 1Eom()\(log ‘
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n—o K t a—1 t o k lds
< (logt) : (log ;) Ea.o(M(log ;) )(log 5)"(1 — log s) o

< (lo t)naf/\L/t(lo E)awroﬁrlfl(lo S)kﬁ
= V%8 —~T(a(t+1)) /s &5 &
log s
(because gl w)
+oo . 1
= (1 n—o log ¢ 04L+a+k+l/ 1— artoa+l—1 kd
(logt) ;F(a(wrl))(og ) | (1-w) w*dw

" 1
< (logt)"***'E,, . (A\(log 7)0‘)/ (1 —w)* " twkdw
s 0
t
= (logt)""*"'E, o (A\(log -)*)B(a + I,k + 1).
s

So flt(log )o1K, o (A(log £)*)G(s)% is convergent for all t € (1, €] and

t
t
lim (log "~ / (log ;)"_1EQ)(l (A(log
1

t—1t

exists.

If z is a solution of (3.30), we have z € LP,,,C,,_,(1,¢e]. By using Definition
it follows for ¢ € (¢;,%;+1] that

RLH Do, ()
1 d..r[* [ ds
= [ toe D e
1 I N
- I(n—«) (tﬁ) [ / (log g) 1

<ZZCJU log )4 “Ea’a,vﬂ()\(log;)o‘)
J

j=0v=1
+f é(log7>“-1Ea,a<x<logf)“)G(u)‘l—“)@

u S
[ o e (33 o £ B O )
J

n /;guog%a-lEa,a(Aaog>@>G<u>d“)d8}

u S
i—1 o o1 ¢ ) s
= 71—‘(71—04 [ZZZCJU/ log;)nfozf (log;)aﬂ;
=0 j=0v=1 J
ds]

XEa,a7v+1()‘(10g ) )8

[chﬂ,/ log ) O‘_l(log;)O‘_“Ea’a,vﬂ()\(log;)a)%}
J J

j=0v=1 ti
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63
1 d ¢ t s s s du ds
— Y[ [ gog Dyt [ log 2o 1E, L (Mlog )@ ff].
)L oot [ os 2y 0 (Ao 206l 5
One sees that
t
t n—oa— a—v ds
[ o 1y o ) B (Mog 1))
t; s t’U 1_; S
+oo t
AF t s ds
_ 1 “yn—a—1 1 Z yakta—v 2
K_Of(naJrovarl))/(Ogs) (Ogtv) s
1 —logt,
(because 0857 08T _ w)
logt — logt,
+oo 1
AP t
— 1  yak+n—v 1— n—a—1 an+a7vd
ZF(Hoz—l—a—v—i—l)(Og tv) 1ogtrlogtv( w) w w
k=0 log t—log ty
and
tit1 t s ds
1 “\n—a-—1 1 2 afvEOé o (1
[ 0w Lyt o ) B (o )
t logtl+1 log ty
A\F Tog t—log ty
" yak+n—v _ n—a—1, akt+a—v
N Z (ka+a—v+1) (log tv) log t; —log ty (1 —w) v dw.

Tog t—Tog ty

Similarly,
/ (log £y / (105 %) B0 (Alog 2 )G ) - 2
1
/ / (105 £~ (log %)~ B 0 (Mo 2)) E ™

nal alJroo)\}‘C SKO( du
// log log Z /<a+1 G()

“+oo 1
t AP du
= g log — 0‘”+”717/ 1 —w) "~ LTl qwG (u) —.
N_0/1( U) Fla(k+1)) Jo ( ) (w)

o
So

RLHDa .Z‘(t)
i—1 o n +o0 AR 1Ogi)an+n—v

S

=0 j=0v=1 k=0

MNrka+a—v+1)

log tot1 —log tj
log t—log tj

(1 _ w)nfozflwoerafvdw:I
log tg —log tj

Togt—Togt;
A t
1 _\ak+n—v
{chﬂz nonrozvarl)(Ogtj)
j=0v=1 K=

1

(1 o w)nfaflwouvkaf'udw]
log t; —log tj

log t—log tj
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+oo
AF
- 1 om-i—n 1
+F(n—o¢ Z/ og T(a(k+1))
1
d
X/ (1_w)nfa71 ak+a— 1de( ) u]
0 u
i—1 n +oo )\m(log )an+n7v
— n
B (nfoz dt [chﬂ)z Hoz+oz—v+1)
j=0v=1 k=0

log t;—logt,

Togt—log t; o _
% / (1 _ w)n @ 1wan+o¢ ”dw}
0

= t(llin'l]
{chwzpﬂwra_“l)(lg )t

j=0v=1 k=0

1

(1 _ w)n—a—lwam-&-a—vdw}
log t; —log t,
Togt—Tlogt,

+m Ocli’n AK/
S ErLr Z/ 008 )" " e Ty

1
></ (1 —w)”fo‘flwa”JrO‘*lde(u)—u}
0 u

n —+oo /\n( Og )om+n7v

[ZZ%Z

j=0v=1 k=0

AR du

1 an+n 1 et

Z/ og I'ak + n)G(u) u ]
n “+o0o An(log )om+n v—1

- [zzcﬂ)z

=0v=1 k=0

F(a,«;—i—n—l)

ﬁa+n—v+1)

(Ha+n—v)

n +oo)\l{ t om v

tJ -~ om 1 A" du
:ZZCWJZFW) v+1) Z/ WG(U)?

j=0v=1 k=0
= \z(t )+F( ),te(ti,ti+1].

It follows that x is a solution of .

Now we prove that if x is a solution of , then x satisfies and z €
LP,,C,_.(1,¢e] by mathematical induction. By Theorem we know that there
exists a constant cg, € R(v € N[1,n]) such that

= 3" cou(log )" Ea o (A(log £)) + /1 (1ogE)Q*IEQ,Q(A(E)Q)F(S)@,
v=0
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for t € (to,t1]. Hence (3.30) holds for ¢ = 0. Assume that (3.30) holds for ¢ =
0,1,2,...,7 <m— 1, we will prove that (3.30] holds for ¢ = j 4+ 1. Suppose that

i n
tos t,
:E(t) = (I)(t) + Z ZCUU(IOg ?)a Ea,a7v+1(>\(10gt ) )
o=0v=1 c g
oot t d
+ [ 108 D) B (Mo DG Tt (b, tsal
1
Then for t € (tj41,t;12] we have
F(t) + Ax(t)
_ RLHD?er(t)
— 1 (d)n[i/twrl(lo t)n_a—l <)d5+/t (lo E)n—a—l ()@
CT(n—oa) dt =/, & s it s s
1 d n d to+a n—a—1
_F(n—a)(a) [;[p (log )
p n
S \a—w EON
X (ZZcm,(log t—)a Ea,a—1i+1(>\(10g?) )
o=0v=1 g o
s s s duy ds
log 2)*1E, o (A(log =)® — ) —
+ [ o8 2 B0 (A0g 2)) G )

¢ t., _ & S . _ S
[ og D @) + 30D conllog ) Baamua(Alog 1))
tj+1 o=0v=1 g g
s s s du . ds
log =) 'Eq o (Alog =)*)G(u)—)—
+ [ og 21 B o (Allog 2G0T
1 d. 1= [l ¢
— RLHDa P \n / 1 “yn—a—1
20+ oy ) [; (g )
P& s s 1 d
X UZ:OUZ:lCUU(].Og E) Ea’afrqul ()\(log E) ):| + m(t&)
¢ t I X s S
x [/ (log ;)”ﬁklzzcm(log tf)awEa,a—uH(/\(lOg t*)a)}
ti+1 o=0v=1 o o
1 d ¢ t s s s du ds
T (42N 1 “yn—a—1 1 i oz—lE 1 Z\a abaiatitl
+F(nfa)(tdt) [/1(0g5) /1 (Ogu) a’aO\(Ogu) )G(u)u 5]

As above, we can obtain

F(t) 4 Ax(t) = "D x(t) = F(t) + Ax(t) + HHIDY ®(t) — A0(1).

Jj+1

So RLHD?Hl(P(t) —A®(t) =0 on (tj11,tj42]. Then Theorem 3.6/implies that there
exists a constant ¢j+1, € R(v € N1, n]) such that

n

t
d(t) = Cjt+1v(log — )T Eq, o (A(
; " it ti+1

t

)%)
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on (tj+1, tj+2]. Hence

j+1 n "

chpv log )" Eq,a—v+1(A(log t*)a>

p=0v=1 P
bt to, ds

+ [ 108 D) B a(Mlog NG T, 1€ (b tysal.
1

By mathematical induction, we know that (3.30) holds for j € Ny. The proof is
complete. |

Theorem 3.14. Suppose that G is continuous on (1,¢e) and there exist constants
k>—-a+n—1andl € (—a,—a+ k,0] such that |G(t)] < (logt)k(1 — logt)! for
all t € (1,e). Then z is a piecewise solution of (3.26) if and only if there exist
constants cj, € R(j € N[0,m|,v € N[1,n]) such that

Z Z Cov log Eq v11(A(log ti)a)

p=0 v=0 P

¢ t t ds ‘
+/ (log ;)ailEa,a()\(IOg ;)Q)G(S)?a t € (tj,tj41), j € N[0O,m].
1

(3.31)
Proof. For t € (t;,tj41](j € N[0,m]), similarly to the beginning of the proof of
Theorem B.13] we know that

}/ log )4 1Eaa()\(10gt
s

t
< (logt)*t*HE, (M(log =)*)B(a + 1,k + 1).
S

So flt(log LYo 1B, o (A(log £)*)G(s)% is convergent for all t € (1, €] and

t t t ds
1. 1 e a—lE 1 _\o _
t_1)1{1+ . ( og 8) a,oz()‘( 0og S) )G(S) S
exists. We have
+oo T

1—\(0[(7__’_ 1) —n+ 1) /8(10g5)7a+a—n|G(U)|%
—0 1

+oo s

AT ’ S e du
< E 1 “\Tata—mn 1 3\ 1 k
_T_OF(Q(T+1)R+1)/1(Ogu) (Ogu)(OgU)

s S du
< 1 Tata+l-n 1 k
§ n 1) / ( 0og u) ( og U)

1
(log S)’ra+a+k+lfn+1 / (1 _ w)a'rJraJrlfnwkdw
0

AT
:;F(Q(T—‘rl)—n—f—l)

1
< (log 8)a+k+l_"+1Ea7a_U+1(/\(log s)a)/ (1-— w)o‘+l_"wkdw
0

< Eqa-vt1(Alogs)*)B(a+1—n+1,k+1).
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So
+oo AT

s s du
i 1 “\Tata—n G _
s—1>r{1+T:0 I‘(a(TJrl)fnJrl)/1 (Ogu) G w)] u

If x is a solution of (3.31)), we have z € LP,,C(1,e]. By using Definition it
follows for ¢ € (t;,t;+1] that

CHD

1a(t)

1 ! t n—a—1 d n %
:m [ s Sy s et

S
tot1 1 o n—1 s
- (n—a) Z/t log ) ds (ZOZOCP” log av+1()‘(10gg)a)
P v
S\a—1 S\a du\ ds
¥ / (log 2 Ea,maog;) >G<u>;);
t t i n—1 s
[ oty s (XX e log )" 1 (A(1o5 )7)
ti 5 p=0 v=0 tp

+ /18(10g f)O“_lEoé,a(/\(log E)O‘)G(u)d—u) ﬁ}

u S

i—1 o n—1

o+1 e d n s N s N dS
- T(n—«) ZZZCF)“/ (log — ) 1(5£) (log —) Ea,v+1(/\(10gt*) )—

0=0 p=0 v=0 to tp P S
i n—1
d s ds
n a—=1l/, " \n 2 \v
e 2 2 [ o Dy s o 2B (Mo £
1 t t d s du ds
1 “\n—a—1 1 a_lEaa 1 Y] ket
XP(n—a)/l(Ogs) (s72)" /1( og — ) a(Alog =)")G(u)——

One sees that

t
topeao1, d s s ds
_ n—o _ n . UEav )\ 1 . «@ _
| o {7 7 (o8 B (o 1))
— [ togymeied (*“ W)ds
B t; & s Nra+v+1)
t “+00 )\T(log;)‘rt)kf’u n d
/(log )"‘a—l(z to )j
£ ot Pra+v—n+1)/ s
+oo AT 1
= Z (]Og )04("' 1)+U/ (1 _ w)n—a—1w7a+v—ndw
— I'(ta4+v—n+1) tp logt;—log t
T=1 Togt—Tlog tp
and
tot1 oo d., S\ ds
[ om Ly ) om ) B (Mo )

log ta+1 logt,
logt—logtp

AT
— 1 a(t— 1)+v/ 1— n—a—1 a‘rJr'ufnd )
;F(Toz—kv—n—kl)(()gt) (1-w) w w

logty —logty
logt—logty
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Similarly,

¢ toneas1, 4. [° S\ o1 S\a du ds
/1(10g;) (5£) /1(loga) Ea,a(A(loga) )G(u)

’ = i uds
:/ (logz)"“’_l( ;«ls)nTOF(a(iJrl))/l (log =)~ G( )%%

K t —a—1 d = )‘T * S Tat+a—n du dS
= [ tos 6% 2 T v v D | vos e S
— ¢ ' E n—ao - AT ° f Tata—ni, dj "ds I
7n—a{/1(10gs) (;F(a(T—l—l)—n—i—l)/l(lOgu) G()u)d}

t = AT

n—a [(log é)nﬂ(z T(a(r+1)—n+1) /jaog TG

n a— ° S\rata—n du ds’
# -0 [ os 12 T /) e T

u S
- yra-1 s S\ rata-n du ds’
N [/ log Z a(t +1) —n—i—l)/(lOgu) G(u)u s}
ds dui’
_ na 1 Tata—n et
B [ZF (t+1 —n+1// log (log ) sG(u)u]

/
4l t aT ' n—a—1, Tata—n du
- L_o T(a(r+1)—n+1) /1 (log 7) /O (1-w) w de(u)u]

B(n—a,a—n+1 X (ar)\'B n—oa,ar+a—n+1
B ) |37 (e B )

MNa—n+1) Pla(t+1)—n+1)

T=1
du
u

« | log L0716y

So
CHDHx( )

i—1 o n—1

ZZZ%Z N llog

—n+1
UOvaO =1 P(ra+v + tp

logtU+1 logtp
Tog t—Tog t,
n—a—1, ar+v—n
(1 —-w) wT T daw
logtaflogtp
logt—logtp

i n—1

t a(T—
(n—a) ZZC’WZ Toz—|—v—n—|—l)(l )( o

p=0v=0 ‘rl

1

n—a—1, Tatv—nm
(1—w) w™ T
logt; —logtp
Togt—log t)
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+G(t)+§(mw/t(1o 16 () 2
7_:1F(o¢7'—|—1) 1 &% u
i—ln—1 n
= a(r—1)+v
L(n—a ;%UZOCW;FTQ—I—?)—TL—I—l)(Ig )

logtyy1—logty
T logt—logt, logty

X E (1 _ w)nfaflwaTqufndw
logty—logty

Togt—log t,

i n—1

t a(T—
(n—« ZZCPUZ Toz—|—v—n—|—l)(l )( o

vaO ‘rl

1

n—a—1, Tatv—nm
(1—w) w™ T dw
logtiflogtp
Togt—logty

+oo T t
+G(t)+§%/l (log - )M 'Gu) ™

du
U

i—1 n—1

t — v
ZZCMZ P(ra+v— n—|—1)(1 )a(T o

vaO T=1

logt,l+1 logty

T Togt—logty, o B
X/ (1_w)n « lwaT+v " dw

0

i n—1

tOl’T v
I'(n—a ZZCPU;FTa—i—v—n—i—l)(]g yrr

vaO

1

Toz+v7ndw

)nfaflw

(1-—w
log t;—log tp
Togt—Tlog tp

+ G(t)

too T t
+Z%/<mg 16 2

t a(r— v
=T a ZZCPUZFTQ+U n+1)(1g Lyatr-n+

vaO T=1

1
X / (1 —w)" ™ 1w dw + G(t)
0

du

u

+oo t
(OéT)AT / ar—1 du
+27Fm+1 (g by Glu)~

i n—1

7220”0211 a—a+v+1)(1g )a(T RaRNe(()

vaO =1

+Z @ [ o Dy 2

u

= A\w ( )+G( )t € (tistiga)

69
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It follows that x is a solution of (3.26]).

Now we prove that if x is a solution of , then x satisfies and x €
LP,,C(1,€e] by mathematical induction. By Theorem we know that there exists
a constant cg, € R(v € N[0,n — 1]) such that

B =3 collogt) Ea i1 (A(logh)?) + /1 (1ogg)aflEa,a(A(é)a)F(s)ds,

for ¢t € (to,t1]. Hence (3.31) holds for j = 0. Assume that (3.31)) holds for j =
0,1,2,...,i <m — 1, we will prove that (3.31]) holds for j =i + 1. Suppose that

i n—1

)+ Z Z Cow log Ea,v41(A(log ti)a)

o=0 v=0

R oo ds
+/ (log ;) Eq o (A(log ;) )G(S)?v t € (tit1,tival.
1

Then for t € (t;41,t;12] we have

P(1) + ()
CHD1+93()

= e Z/”llog e ot () 2
¥ / (g 1) ) a(s)

ti1 1 s
= TL—O[ Z/t 10g n T (ZZCO”U logi av+1()‘(10g g)a)

o=0 v=0
] S duy ds 1 t t
1 e ailEaa 1 Z\« hehath Thatid - 1 “\n—a—1
+ [ o ) B a(Al0g ) >G<u>u) e ), o)
d i n—1 s
x (570" (205) + D2 3 coullog ) Bo i (Mlog 1))
o o=0 v=0 to
s s s du\ ds
log =) 'E log =)® — )=
+ [ o8 2y B o (Afloz 2))G(0) )

CHD

+ t;

1 : fi 3 n—a—1 d n
1‘1’@) + Tn—a) ;z_:o/ (log ;) (Sg)

X Z ZC” log— avH()\(log—) )ﬁ

o=0 v=0 t s
1 /t tynmanig L ds
+ (log =)"~~ Couv log Eqvt1 /\(log—)
L(n—a) Ji,., s ;)vz(:) 1 )5

1 (tog Lyreis Ly [ %yt S\or du ds
—1—76)[)/1(10%;) (SE) /1(loga) Ea’a()\(loga) )G (u) — —

I'(n— u s’
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as above discussion we obtain

F(t) + Ax(t) = “ D% a(t) = F(£) + Ax(t) + OF DY (1) — AD(L).

i1

So CHD“ O(t) — A®(t) = 0 for t € (ti+1,ti+2]. Then Theorem w implies that
'L+1
there exists a constant ¢; 41, € R(v € N[0,n — 1]) such that

t
Z Cit1v(log 7) o v+1()\(t )*)s  t € (tig1,tita]
i+1
Hence
1+1 n—1 L
Z Z Cjv log Eq,v+1(A(log t—)a)
j=0 v=0 J

bt o ds
+ [ 108 5)" Ban (Mg D*)G(0) 1 € (1, gl
1

By mathematical induction, we know that (3.31]) holds for j € Ny. The proof is
complete. O

3.3. Preliminaries for BVP (1.7). In this section, we present some preliminary
results that can be used in next sections for obtaining solutions to (|1.7)).

Lemma 3.15. Suppose that o : (0,1) — R is continuous and satisfies that there
exist numbers k > —1 and max{—f3,—2 — k} <1 < 0 such that |o(t)| < t*(1 —t)!
for allt € (0,1). The x is a solutions of

RLDP a(t) — \a(t) = a(t), tE€ (ti,tip), i € N[0,m],

lim 27 Pa(t) = xz(1) = b,

o (3.32)
liHEr(t—ti) (t) L, 1 GN[l,m], '
t—t)

AREDE a(t;) = J;, i € N[1,m],
if and only if x € P1C1_,(0,1] and

' Eg 5 (M)
Es5(A)

o i((l - ta)ﬁ_lEﬁ,B()‘(l - tU)B)Jo + (1 - ta)ﬁ_QEBﬁfl(}‘(l - ta)ﬂ)lo)}

x(t) = [b —aEgg_1(\) — /0 (1- s)ﬁflEg,g()\(l - s)ﬁ)a(s)ds

+ atﬁizEg,ﬁ_l()\ta)
+ Z [(t - tﬂ)ﬁilEﬁyﬁ(A(t - ta)ﬁ)‘]a + (t - ta)ﬁ72E575—1(>‘(t - ta)ﬁ)la}
o=1

+/ (t —8)P " Eg (At — 5)%)o(s)ds, t € (ti,tira], i € N[0, m].
’ (3.33)
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Proof. Let = be a solution of (3.32). By Theorem we know that there exist
numbers ¢,q, ¢y1 € R(o € N[1,n]) such that

i

x(t) = Z [col(t - to)ﬁ_lEﬁ,ﬁ()‘(t - ta)ﬁ) + 002(t - to)ﬁ_QEﬁ,ﬁfl()‘(t - to)ﬁ)]
o=0

+ /t(t — 8)P B s(A(t — 5)P)a(s)ds, t € (ti,tisa], i € N[0, m)].
0

(3.34)
One has

REDE(t —1,)0 " Ep s(A(t — t,)7)]
1 XN

o t _81—,38_ Tﬁﬂ—lsl
_F(Q—ﬂ)[gr((r+1)g)/o(t )P (s —to)™F d]

1 +oo AT _,_ 1 . ) ) )
) [;)F((T—f—l)ﬁ)(tto) ﬁ+1/0 (1 — w) = Po™B+8 1dw]

= Eﬁ,l()‘(t - ta)ﬁ)>
FEDT (8= 1) B s 1 (At — t5)")] = At — to) B gra(A(t — 15)°),
RLDET (¢ — 5)P T Eg (At — 5)7)] = Eg1(A\(t — s)7).
It follows that

= Z co1Bg1(A(t — 1)) + co2A(t — to) Epg g1(A(t — to)°)] (3.35)

+ /t Es 1\t —8)P)o(s)ds, t€ (ti,tir1], i € N[0, m].
0

It follows from the boundary conditions and the impulse assumption in (3.32)) that
Co2 = @, Co2 = Iy(0 € N[1,m]), ¢,1 = J,(0 € N[1,m]) and

Z [Col(l - to)ﬁilEﬁﬁ(/\(l - ta)ﬁ) + coa(1 — ta)ﬁizEﬁﬁ—l(/\(l - ta)ﬁ)}
o=0

—I—/ (1—5)""Eg 5(\(1 — s)”)o(s)ds = b.
0

Then
co,1 = EB;()\) [b —aEgg_1(X) 7/0 (1— S)BilEﬁ,B()\(l _ S)'B)U(s)ds
i 1—t,)" "By (A1 — 1)) Js (3.36)

+ (1= ) B 51 (M1 — t6)7)1,)]

Substituting c,1, co2(oc € N[0, m]) into (3.25)), we obtain (3.33]) obviously.
On the other hand, if x satisfies , (t:,t:1] (@ € N[0, m]) are continuous

and the limits lim, ,+(t — ;)2 P2(t) (i € N[0,m]) exist. So x € P,Ca_p(0,1].
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Using (3.36]) and co2 = a, co2 = I,(0 € N[1,m]), ¢51 = Jo(0 € N[1,m]), we rewrite
x by

%

2(t) =Y [eor(t —to) By g (Mt — t6)%) + cor(t — to)* *Eg g1 (A(t — t,)7)]
o=0

—I—/O (t —8)P " Eg s(\(t — 5)¥)o(s)ds, t € (ti,tir1], i € N[O, m].

Since o is continuous on (0,1) and |o(¢)| < t*(1 — t)!, one can show easily that =
is continuous on (¢;,t;+1](i = 0,1) and using the method at the beginning of the
proof of this lemma, we know that both limits lim, _,+(t — ;)2 Pz(t) (i € N[0, m])
exist. Soz € P,,C2_3(0,1]. Furthermore, by direct colmputation, we have (1) = b,
and lim,_,o+ t'7P2(t) = a. One have from Theorem easily for t € (to,t1] that
D0+x( ) = Az(t) + o(t) and for ¢ € (t;,t;41] that

RLD0+5U( )

= ﬁ {/t(t - s)l_ﬁx(s)ds} !

J 1 it
T2 5 Z/ (t—s)! ZZCU@S—LL VPV Bs 5 i1 (A(s — to)P)

o=0v=1

+/ (s — W) "Es5(\(s — w))o (u)du)ds}u

0

5T ﬁ)[/ (t—s)- ﬂ(zzcovs—t ) Ep v (Ms — 1))

oc=0v=1

+ /OS(S — u)ﬁ—lEgﬁ(/\(s _ U)B)U(u)du> ds} "

) Z/M (t— )t ﬁzzcw o) B o1 (A5 — 10))ds]

=0 o=0v=1
Jr11(21—@ [/ (t=9)' ﬁ;};q’“ (s —ts)""Ep 5 v+1(>\(5*tg)’8)ds}u
+ﬁ{/o(t—s)l‘”/o (5—u)ﬂ_lEﬁ,ﬁ(x\(s—u)ﬁ)a(u)duds]n
{;;;CUUTZF —v+1)
X /.'fl+1 (t— )18 (s tg)ﬂawwds}
+ {;);Cgvi Jrl))\ﬂvale) /t;(t_s)l—ﬁ(s_ta)rﬁ_,_ﬁ_vds}//

+o0 AT ,
+ r(21_ 3) {Tz::() T((r + 1)B) /0 /u (t—s)""(s - U)Tﬁ+ﬂ71dsa(u)du]
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—-1j5-1 2

{ZZZCUUZF 7-_|_1 _U+ )(t—t )Tﬁ v+2

0=0i=0 v=1

tit1—to

- "
X / (1— w)lfﬁwrﬁwfvdw}
ti—to

t—to

J 2

[ZZCGUZF 7-_|_1 U+1)(t7t0)7ﬁ7v+2

oc=0v=1

1
X / (1 _ U])liﬂ’w‘rﬁ+ﬁivdw:|
tj—to

t—to

1 = AT "

¢ 1
Te_p > T((r +1)8) / (¢ - “)Tﬁﬂ/o (1= w)' =P dwo (u)du]

7=0
j—1 2

_ [ZZCUUZI‘ T+1 U+1)(t_to)‘r[3—v+2

oc=0v=1

ti—to

Pty "
X / (]_ _ w)l_ﬁw"'ﬁ"rﬁ—vdw]
0

2 5 {ZZCUUTZ:I‘ T+1 —v+1)( _tg)rﬁ—v-s-z

oc=0v=1

npExX T
X /t‘l_ta (1- w)l_ﬁwrﬁ'w_”dw} [Z m /t(t —u) P o (u)du

i—t,
[ZZCUUTZF 7-_|_1 _v+1)( —t )Tﬁ v42

oc=0v=1

"

T

/01(1_ w)' PP ”dw} +o(t ++§1—‘7—5) /t(t—u)Tﬂ_lo(u)du

T B " too AT
[ZZCU@ZW(t—tJ)B +2:| _’_O_(t)_'_Tz::lW

o=0v=1

x / (= u) P o (w)du

0

“+o0
= I L _ T6—v o
02:0; MTz:l Tﬁ—v+1)(t to) +o(t)
too AT t
Z (r / — )™ Yo (u)du
= )\x( ) o(t).

So z is a solution of (3.32)). The proof is complete. O
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Define the nonlinear operator T’ on P,,C2_3(0,1] for x € P,,,Ca_3(0, 1] by

p—1 B 1 1
(Ta)(0) = S| [ ot a(e) s~ Bspa ) [ o060

- / (1— )5 By 5(M1 — 5)%)p(s) (5, 2(s))ds

(= 10) B 51 (Mt — ) ) (15, 2(ts)

+ / (t — )P B p(Mt — 5)7)p(s) (5. 2(s))ds,
0

for t € (ti,ti+1], i€ N[O,m]

Lemma 3.16. Suppose that (1.A1)—(1.A5) hold, and that f,G, H are impulsive
II-Carathéodory functions, I, J discrete II-Carathddory functions. ThenT : Py, Ca_p(0,1] —
P,Cy_5(0,1] is well defined and is completely continuous, x € PpCa-5(0,1] is a
solution of if and only if x € P,,C2—3(0,1] is a fized point of T.

Proof. Step (i) T : P,,,C2_5(0,1] — P,,,Ca_5(0,1] is well defined. It comes from
the method in Theorem that 72|, +,,,] (i € N[0, m]) are continuous and the
limits lim, _,+(t —¢;)2"%(Tz)(t) (i € N[0, m]) exist. We see from Lemma@ that
T € PmC’g,gl(O, 1] is a solution of BVP if and only if # € P,,C2-5(0, 1] is a
fixed point of T in P,,C2_5(0, 1].

Step (ii) T is continuous. Let z, € P, Cs_5(0,1] with z,, — z9 as n — +o0.
We can show that Tz, — Txy as n — 400 by using the dominant convergence
theorem. We refer the readers to the papers [120] 114l [92].

Step (iii) T is compact, i.e., T(Q) is relatively compact for every bounded subset
Q C PiC1_4(0,1]. Let Q be a bounded open nonempty subset of P,,C2_5(0,1].
We have

|z|| = max{ sup (¢t-— ti)2_5|x(t)| 11 € N[0,m]} <7 < +o0, (3.37)
te(titiy)

for (x,y) € Q. Since f,G, H are impulsive II-Carathéodory functions, I, J are dis-
crete II-Carathéodory functions, then there exists constants My, My, M, Mg, My >
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0 such that

[ftz@))] = £t (= )72t = t:)* “x(t))| < My, t€ (ti,tia], i € N0, m],
|G( ’:L'(t))‘ < MGat € (tiatiJrl]a (S N[O,m]v
|H(t,x(t))| < Mg, t € (ti, tit1], € N[0, m],
(I (ti,(ti))| = (¢, (i — ti- 1)’8_2(ti —ti-1)* Pa(ty))| < My, i€ N[Lm],
| T (b, w(t:)| = [I(ti, (6 = tim1)" 72 (6 — tio1)* Pa(ts))| < My, i € N[1,m).
(3.38)
This step is done in three sub-steps:

Sub-step (iiil) 7(Q) is uniformly bounded. Using (3.33)) and (3.38)), we have for
te (ti,tile} that
(t = t:)*7P|(T)(1)]

t— ;)2 PP By s(AP
< = EM(A)M [0l Mar + B 1 () 61 Mo

+ /1(1 —5)P T B (A1 — 5)7)s*(1 — s)!ds M
0

300 1)P B s (A1 = t0))My + (1= 1)° B 5 1 (A1~ 1,)°) M)

+(t = 1) P 5 (M7)[|0]1 M

+(t—t;)%7P Z [ t—ts) " Ep (At — )P M;

o=1

F(t—t,)P 2 Bs 51 (At — t(,)ﬂ)MI]

+ /0 (t —8)P " Eg s(A(t — 5)7)s* (1 — s)ldst

Egs5(]\])
= Eas(V)

+ Z 7/\T /1(1 - S)T'@+5+l715kdst
= T((r+1)8) Jo

(101 Ma + Eg 51 (V|6 M

+ > B p(IAN)My + (1= t6)° B 51 (1A)M;)|

o=1

+Ep -1 (A6 Ma + Y [Bas(IA)My + Egs-1(IA)M;

o=1

+ f A /t(t — 3)75+ﬁ+l’1skdsM

s L((r+1)8) Jo !

< (Eﬁ,ﬁ(lx\\)Eﬁ,ﬁ—l(/\)||¢>||1
Eg,5(A)

Es5(|\)E (|A]) &
+<ﬁﬁ(|\ﬁﬁll\z
E’BB o=1

Ess(1ADI¥[lx
+ Eﬁ,@-1<|x|>||¢||1)MG + g ey M

2772+ mEg s 1 (1) ) M;
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(mEﬁ,ﬁ(P\DEﬁ,ﬁ(p‘D
Es5(\)

+ mEs,5(1A) ) M.

N (Eg s A + Eﬂﬂ(|)\|)>B(ﬂ 1,k + 1) M.

Al
s(A)

From the above discussion, we obtain

7 < (BeelAERa 1ol E5,5_1<|A|>||¢||1)MG + BosPDlvlh

Es5(N) B0
+(Eﬂﬁ(|)};];;ﬁ6 1(JA]) g P2 4 mEy 1(|>\|))M1
mEgs 5(|A\)Egs(|\])
( MEB’[;()\[)M +me(l>\l))M
+(mE5’5()‘|)+Eﬁﬁ(|/\))B(ﬁ—f—l,lﬁ—l)M

(3.39)
From the above discussion, T(Q) is uniformly bounded.

Sub-step (iii2) Prove that t — (t —;)2>78T(Q) is equi-continuous on (t;,t;11](i €
N[0, m]). Let

(t —t:)* P (Tz)(t), t € (titiyal,
lim, .+ (t — )2 B (T)(t), t=t,.

(t—t:)* P (Ta)(t) = {

Then ¢t — (t —t;)*>P(Tx)(t) is continuous on [t;,;11]. Let sy < s1 and s1,89 €
[ti,ti+1]. By Ascoli-CArzela theorem on the closed interval, we have

|(s1 — )2 P(Tx)(s1) — (s2 — ti)Zfﬁ(Tx)(52)| — 0 uniformly as s; — ss.

Then ¢t — (t — ;)27 PT(Q) is equi-continuous on (;,t;41](i € N[0,m]). So T(Q) is
relatively compact. Then T is completely continuous. The proof is complete. [

3.4. Preliminaries for BVP ([1.8). In this section, we present some preliminary
results that can be used in next sections for get solutions of (1.8]).

Lemma 3.17. Suppose that o : (0,1) — R is continuous and satisfies that there
exist numbers k > 1— 8 and | < 0 with | > max{—0,—f — k} such that |o(t)| <
tF(1 —t)! for allt € (0,1). The x is a solutions of

CDO w(t) — Ae(t) = o(t), te(
z(0) =a, 2'(1)=0b, (3.40)
Am(ti) =1, Ax’(ti) =J;, 1€ N[l,m]



78 Y. LIU EJDE-2016/296
if and only if

t - _
o) =at g5 (b= AEss(Na =3 (ABas(M(1 — t:))(1 = t,)7 7L,

o=1

1
+Ep1 (A1~ 1)), ) 7/0 (1= )" Egp1 (A1 = 5)7)o(s)ds]
+ i[Eﬁ’l(/\(t - ta)B)Ia +(t = ta)EBQ()‘(t - tJ)B)Ja]
j=1

+/O (t— )P By s\t — 8)%)o(s)ds, t€ (b tisa], i € N[0, m]
(3.41)

Proof. Let x be a solution of (3.40). We know by Theorem that there exist
numbers ¢y0, ¢y1 € R(o € N[0, m]) such that

2(t) = Y [o0Bp 1 (At — o)) + cor(t — to)Ega(A(t — t,)")]
o=0 (342)

+ /Ot(t —8)P T B (At — 8)P)o(s)ds, t € (ti,tis1], i € N[O, m)].
It is easy to show that
[Bs1(A(t = to))] = ABg g\t — to)?)(t — t5)7 7,
[(t = to)Eg 2(A(t — t,)%)] = Bg 1 (A(t — t,)°),
[(t = )" By g\t = 5)7)]" = (t = )" By g 1(A(t — 5)°).
So

2() =3 AeaoEp s\t — to))(t — to)" L + et Eg 1 (At — t5)°)]
o=0 (343)

+ /Ot(t —8) 2B 5 1(\(t — 8))a(s)ds, t€ (t;,tir1], i € N[O, m)].
Note Eg,1(0) =1, E52(0) = 1 and Eg 5(0) = (5 and
| /Ot(t —5)P T Eg s(A(t — 5)7)o(s)ds]
< [= 9 B - 95k - )

<+ZOC AT /t(t )Tﬁ+,3+lfl kg
STt 0B Sy o

TR \TTBHBRHL 1 I
= —_— 1—w)" - d
2 T+ [a-w whdv

<HIRHES s(MB(B+ 1Lk +1) —»0 ast— 0T,
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It follows from (3.42)), (3.43), the boundary conditions and the impulse assumption
in - that coo = a, ¢o0 = I, ¢o1 = J», 0 € N[1,m], and

m

Z p‘CUOEﬁ,,@()‘(l —to)) (1 —t,)" "t + co1Eg 1 (A(1 - ta)ﬁ)}

o=0 .
+ / (1—-5)"2Eg s 1(A1 —5)%)o(s)ds = b.
0

Then
1
cor = Eﬁi()‘) [b - /0 (1= 9)"Epp-1(A1 = 5)%)o(s)ds

X Y (B3 51 = £6)")(1 = )"~ Ly + B (A1 = £)")J) = XEg 5(Na]

(3.44)
Substituting ¢, ¢y1(0 € N[0, m]) into (3.42)), we obtain (3.33).

On the other hand, if x satisfies (3.41)), then x|, ;,.,1(i € N[0, m]) are continuous
and the limits lim, _,+ z(t) (i € N[0, m]) exist. So z € P,,C(0,1]. Using (3.44) and
Co0 = Gy Co0 = Iy, Co1 = Jy, 0 € N[1,m], we rewrite x by

2(t) =Y [co0Es1 (Mt — 1)) + co1(t — to)Bpa(A(t — to)?)]
o=0

+/t(ts)ﬁlEgﬁ()\(ts)’B)o(s)ds, t € (ti,tipa], i € N[0, 1.
0

Since ¢ is continuous on (0,1) and |o(t)] < t*(1 — t)!, one can show easily that
x is continuous on (¢;,t;11](i = 0,1) and using the method at the beginning of
the proof of this lemma, we know that the limits lim, ,+ x(t) (i € N[0, m]) exist.

So x € P,C(0,1]. Next, by direct computation, we have x(0) = a,z'(1) = b,
lim, .+ x(t) —«(t;) = I; and lim, .+ x(t) — x(¢;) = J;. Furthermore, we have

+00 AT s
2, e Pt

< Z Tl) /Os(s —u)TPTA2R (1 — w)ldu

—+oo

AT /s
< _— s — u)TATAH=2 Rk gy,
<2 T, Y
= AT B+B+k+1 ! B+B+I—2, k
—_ TB+B+k+1-1 1— TB+8+I— d
Zr TR )
T T8 1
< ATs Sﬁ+k+l—1/ (l_w)ﬁ+l—2wkdw
I‘ (t+1)6-1) 0

= Eaﬁ,l(xs P)PHFHEIB(B 41— 1,k4+1) - 0as s — 0.
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From Theorem [3.11| for t € (to,t1] we have easily that CDO+93( ) = Ax(t) + o(t),
and for t € (t;, tz+1] that

D0+x( )

—; ' _Slfﬁmus s
“mip s

T(2-3) Z/ (t= )" B ZZCM —to)"Epui1(A(s — t5)")

o=0v=0

+/O (s — u)’ 1 Ep 5(A(s — 0)?)o (u)du)”ds

1
+F(2—6)/ t“slﬁ(;gc"”‘t ) g1 (A ~ t)")

n / (s = )P B (s ) )o(w)du) s

Z/ (t=s)'" ﬂZZCUUZI‘Tﬂ-HMLl (s —ty) 7" ds

o=0v=0

1 TT7v
+F<2—5)/ t781ﬁBngZCWZFTﬁ+v+1 *t)ﬁ+)ds

o=0v=0 =0

"

+F(21_ﬁ)/0t(t—s)1—ﬁ<zw/S(S_U)Tg+ﬁ—1a(u)du> ds
e B A e o
+F(21—ﬂ)/ (=)' B<ZZCU”ZF75+U—1 (5= t0) 772 ) ds

o=0v=0
o=0v=0

t:+

+o00o T

; A A 68 T8+8—-2 »
+F(2—5)/o(t ) (;Or((rﬂ)ﬂ_n/( W)™ 20 (u)du)'ds

J 1

ti+1
I'2-— ﬂ ZZZC(TUZF Tﬁ—&—u— 1) / (t—s)lfﬁ(sftg)ﬁ'rJrvads

j=00=0v=0 =1
i1

Z ZC‘”’ Z #Tv_l)/ (t— s)l_ﬁ(s — ta)ﬁr+v—2ds

O'O'UO =1

_ AT S . B .
*Ep e ﬁ(;or«mm—n/o (o =P atu)dully

[
/ (t =)’ 5&? rT+A1_1) /OS(S—uW*‘Ho(u)du)ds'

=0

J 1
ZZCME_: ( rﬂ+u j (= to) 7
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tj+1—te
t—tg
X (1 —w) Pl 2w

tj—to

.
+oo A

A - s
e e e T

o=0v=0 T=1

1
X / (1 —w) Pl 24w

i—to
t—to

—+oo

1 AT t ot B — B2 u/
+F(2ﬂ)[;r((7+1)51)AA(t )P (s —u) 2 dso (u)d

1—11—=1 1

1 = A s
= WZZZCJUZm(tftJ)BT B+

0=0j=0c v=0 T=1

tjt1—to
t—to
X (1 —w) Pl 24w

ti—to

t—to

1 i 1 “+oo £\ _ ,
+ mZZCovz:lm(t—tU)ﬁ B+

o=0v=0 T=
1 5 ) +oo AT t 5 ’
_ — T+v— _ T
X ﬁti_:d (1 —w) Pw dw + [;} AT ) /0 (t—u) o(u)du}
1 —1 1 “+00 AT
= — - _—(t — to_ BT—p+v
r(z—ﬁ);;c“;mﬁﬂ—l)( )

ti—to

t—to
X / (1 — w) Pl 2w
0

1 i 1 “+o0 /\‘r P
e o 2 L T

o=0v=0 T=

+oo T ,
y /1_t (1 B w)l—ﬁwﬂ'r-‘rv—de + [Z F(T;m /t(t — u)Tﬁg(u)du}
ti—te 0

t—to =0

1 7 1 “+00 AT _ )
e PPN e L

o=0v=0 T=1

1 +00 T t
— )PP 24w + o _— —u)™P o (u)du
x/o(l ) -2, 4 (t)+;r(75)/o(t )7 o (u)d

+oo A

- Z Z Cov Z F((r=1)p+v+1) (t—to) 7P + o (1)

o=0v=0 T7=1

+oo t
A — )P o (w)du
*;r(w)/o“ )0 (u)d
= Xx(t) + o(t).

So z is a solution of (3.40)). The proof is complete.
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Define the nonlinear operator @ on P,,,C(0,1] by Qz for x € P,,C(0, 1] with

(Qu)t
/¢ (5)ds + 55 /w 2(s))ds

~ AEj5() / 6(5)G(s, a(s))ds

=3 OB s (A1~ 1)1 £ (kg 2(t)) + B (M1~ 1)) (1, 2(20))
[0 B0 - (0 o)

+ i [Es1 (At —to)")(to, 2(ts)) + (t — ta)Ega(ANt — t5)?) I (to, 2(ts))]

—|—/O (t— s)ﬂflEgvg()\(t —5)p(s)f(s,z(s))ds, te€ (ti tiz1], i € N[0, m]

Lemma 3.18. Suppose that (1.A2)-(1.A8), (1.A6)-(1.A8) in the introduction
hold, and f, G, H are impulsive I-Carathéodory functions, I, J discrete I-Carathédory
functions. Then Q : P, C(0,1] — P,,C(0,1] is well defined and is completely con-
tinuous, x € P,,C(0,1] is a solution of BVP(LS8) if and only if x € P,,C(0,1] is a
fized point of Q.

The proof of the above lemma is similar to that of Lemma and is omitted.

3.5. Preliminaries for BVP (1.9). In this section, we present some preliminary
results that can be used in next sections for get solutions of (|1.9). Denote

A =XEg3(N)? - (ﬁ = Eﬁ,ﬁ—1(>\)) (ﬁ - Eﬁ,ﬁ(/\))

Lemma 3.19. Suppose that A # 0, o : (0,1) — R is continuous and that there exist
numbers k > —1 and max{—3, —2—k} < 1 < 0 such that |o(t)| < (logt)*(1—logt)!
forallt € (1,e). Then x is a solution of

RLEDS 2(t) — Me(t) = o(t), t€ (ti tir1), i € N[O, m],
lim (logt)2 Px(t) — z(e) = a,
t—1+

tli}r{{r RLHDﬁJ:ll'(t) RLH.D1+ (E( ) — b, (345)
lim (logt —logt;)* Pa(t) = I;,i € N[1,m],
t—>t

ARLD1+ x(t;) = Ji,i € N[1,m],
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if and only if x € LP,,Ca_4(1,¢e] and
z(t) = Mi(logt)’'Eg 5(M(logt)?) — Ma(logt)*?Eg 5_1 (A(logt)?)

+ (log %)B—TM (A(log %)ﬂ)F(ﬁ)Jg

: t t
Lp—2 L _
+ E: (log ta) Ej 5-1(A(log tg) T8 —1)1,
¢ t t ds
—|—/ (log ;)B_lEﬁﬁ()\(log ;)5)0(5)?, t € (t;,tiy1], i € N[O, m].
1

where

AEﬁ,ﬁ()\)a+ - — Ess-1(N)
A A

~—Epp1(A
+Z(F(B ) Am ()Egg()\(logt))

b

M =

AB;,5() (k)gi)ﬂflEﬁ,ﬁuaogy))rwﬂa

A ty
E,@ g-1(N)

Z( ﬁl)

o=1

)\E

'k,

_|_

(& _ €
(log ;)5 "Eg,5(A(log 7)5)

< <1ogt 2B 51 (Alog 1)°) )T(6 - DT

NCE w—l(k)

ALB,B\N)
A
( Egyl()\(logg)ﬁ)

ds

A8 (0 ¢ >ﬂ By 5 (Mlog ) )o() 2.

and

1 1
g — Ess(N)  Egs) " 5 — Eps(N)
R T e

o=1

x Bg 5 (Mlog i)ﬁ) + %()\)Egﬁ()\(log =) )L(8) s

m 1 E ()\)
T 3.8 [ANr e
+ (@T(log g)ﬁ “Eg,5-1(Mlog g)ﬂ)
o=1
AE35(A)

+ T(log

Es5())
T'(B) BB €1 €\
+/1 (—A (log =)"""E3,5(A(log )")
ds

+)\Eﬁ’ﬁT(9()\)E51(A(log ) ))a(s)?

27 B 5(Miog £)7) ) (B - 1),

83

(3.46)
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Proof. Let z be a solution of (3.45). We know from Theorem [3.6] that there exist
numbers ¢,1, ¢so € R such that

2(t) = > (e 108 1) B s (Alog 1))
o=0 e
(3.47)

_ t
+ co2(log t*)ﬂ *Eg 31 (A(log ?)B))
¢ to, t ds
+ [ 1og 2P B (Alog 5o (s) T
1 S S S
for t € (t;,t;41], ¢ € N[0, m]. From
_ t gy t
RLHDer 1(1og t*)ﬁ Epp—vt1 (/\(10g f)ﬁ)

= rm ) [ o8 D) or ) B i (loz )%)

_ 1 d AT K ti-p S \rB+4—
“te-p'a meﬁ_wn/@g*) (log 7)™ 5

+oo AT

1 d
- F(Qfﬂ)(t%);F(TﬁJrﬂ v+1)

1
x/ (1 — w)Pw™PHB=2duw
0

AT t
lo TB—v+2
n Zﬁg—wg)( o8 3)

(log 17"+

1+ Z‘r 1 F(TB) (log ) Eﬁ Q(A(l gtl)ﬁ)v v = 17
o A (log £)70 1 = ABg 5(Mlog 1£)%)(log £)71, v =2,

and
_ t.g_ t
RLHDiBJr 1(log ;)B IEB,B (A(log ;)'6)

11(21_6)@;1)/1 (log — )1 B(log )6 B 5(A(log & ) )

du
U

1 d t " ) du
F(2ﬂ)<tcﬁ)gw/l(10g )P (log — )ﬁ+6 ;

+oo AT

_ b (ti)io A" (Io E)Tﬁ+1 /1(1_w)1—6w76+[3—1dw
r2-f) d’ &= T(r+1p) o5 o

IRy t s
*(t%)gr(rﬁjtz)(bg;) "

+oo AT

Zmaog L) = By (Alog 1)),
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we have

RLHDlﬂ;lx(t)

=3 [eotBsA08 ;%) + AewaBasNlom 1) )0 )] (5.4

! t d
+ )\/ Eﬁ’l ()\(log ;)B>O'(S)?s, te (ti,ti+1]7 1€ N[O, m]
1

One sees that

(og 77| [ (108 5)° B s(Mog 1)) (s) T

1ds

< (log 1)~ / <log5>ﬁ*1Eg,5<A<log§>ﬁ)<logs> (log 1

t
t., _ ds
< (logt)*~ 52 T+1 /(log ;) BHAFHI=1(Jog 5)F =

AT !
= (logt)?=# ——(logt Tﬂ+5+k+l/ 1 — w) PPy duw
(log ) ;F((Hw)( ) 1w

+o00 T

1
< (logt)*=" Z M(log t)7ﬁ+’3+k+l/0 (1 —w)P =tk dw
7=0

= (logt)>™ ™ Es s(A\(logt)")B(B+ 1,k +1) = 0ast — 1T.

Similarly we have

| / Egi1 (A 10g )7)o(s |
< / B5 1 (Mlog 1)°) (lo5.5)*(log <)/

1

t ds
Z\TBH k22
_Z oy [ s Dyog
+oo T 1
= ———(logt TBH“HH/ 1—w) Pk dw
e Ca-w

+o00 T

1
<\~ TB+k+1+1 Nk
_;ZO: st /(1 w)wk duw

0

= (logt)k'H'HEg 1(AMlogt))B(l+1,k+1) -0 ast— 17,

It follows from (3.47] - the boundary conditions and the impulse assumption

in ([3.45) that
1 m
e — |2 (mlog 5V By (Mlok 1))

o=0

+eanllog )7 B a1 (Mog 7)) + [ (108 P B s(A(10g 7)o 9)E] =
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e[ (1B 000 1)
o=0 7

€ d
+ Aco2Ep,5(Mlog 1)) (log )71 + A / Ej1(Alog ©)7)a(s) | = b

and ¢;2 = I'(8 — 1)I;(i € N[1,m]), ;1 =T'(8)J;(i € N[1,m]). Then

Eg (M) 0t F(ﬁ ) Eﬁ,ﬁfl(k)b

1= TN A
zm:[r(ﬂ ) Eﬁﬂ 1(/\)E576(A(10gte)[j>

o=1

+ AEAﬁ(A) (log )ﬁ lEaﬁ(A(logi)B)]F(ﬁ)J"

[ NEE) Eﬂ’g_l(A)(logi)ﬁ‘lEﬁﬁ(A(logE)ﬂ)

Ms

o=1 A ty : 0
- AETﬁ()\)(log SV Ey 5 (Alog %)B)} TG —1)1,
/ [ e E,@ a-1(N) E5,1()\(10g§)5)
+ = Aﬁ()\) (log ~ ) Ew(k(logg)ﬁ)}o(s)% =: M,
Cop = — NG fﬂﬂ(/\)a - Eﬁﬁ()\)b
- i [F(B)AEM(/\)(IOg )7 B 5 (A(log —)°)
o=1 o o

+ Eﬁﬁm Es,5(A(log %)ﬁ)}F(,@)Jo

(log ;)KHEM—l (Alog ti)ﬁ) (3.49)

+ =5 o )P By s (Mlos 1)) |15~ 1)1,

e Lo
. / [M(]Qg )ﬁ 1E5 Je] ()\(IOg E)B)
) S

A
Eﬂ%O\)E@ (A(log g)ﬂ)]a(s)% =: M.

Substituting ¢, (0 € N[0, m],v € N[1,2] into (3.47) and (3.48), we obtain (3.46).
On the other hand, if z satisfies (3.46)), then x|, ,,,) (i € N[0,m]) are con-
tinuous and the limits lirnt_n&;r (logt — logt;)> Px(t) (i € N[0,m] exist. So z €
LP,,Cy_p5(1,¢]. Furthermore, by direct computation, we have lim,_,,+ (log t)2~#x(t)—
a(e) = a, limy_y+ PP DI ()~ REH DIl (e) = b, lim, .+ (log t—log #;)*a(t) =

I;, i € N[1,m] and ARLD1+ x(t;) = Ji, © € N[1,m)].
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Using (3.49) and ¢;o = T'(6 — D)I;(i € N[1,m]), ¢;i1 = T'(8)J;(¢ € N[1,m]), we
rewrite z by (3.47). From Theorem fort € (o, t1] easily one has RLHDéix(t) =
Az(t) + o(t) for t € (to,t1]. For t € (t;,t;41], by Definition 2.5 we have

BLH D a1
1 d., [* t ds
= — ({1 — 1 —_ 17ﬁ -
m_ﬁ)(tdt) [ o 51 a(e)
i+1
:I‘(i Z/ log )= 5(22@,” log— v
o=0v=1
X B (Niog 1)) + [ (0g 21 Ba s (log 2)%) o))
K to U u/ s
t t 12 s s
[ og (303 coullon 1P B (Mlog 1))
tj oc=0v=1 7 i
+ [ 108 2y B0 (\10 2)) o)) 2]
1 u ’ U u/ s
-1 g, P2
1 d ittty s .
= (t— log =)1=58 o (log — )=
ot [ e D emtos )
s ds 1 d
Ej log 2L 4~ 4y
% Bopvn(Mog 1)) 7| + 5 )
[/ (1082 ) ﬁzj:zcav log*)’g "Eg - v+1(>\(10g*) )ﬁ}
tj o=0v=1 to s
1 d ., - s du ds
B log log 2P 1B 5 (M(log 2)7) o (u) L L
+ gt [ 008 D7 [ om 2178200 2)) ol 24 2]
By using the method in the proof of Theorem we have
1 do [t 't ds
RLH a2 Tii-p, (95 _
DL.alt) = gyt [ (o8 D) = dalt) + o)
So z is a solution of (3.45)). The proof is complete. O

Define the nonlinear operator R on LP,,Ca_g(1,e] for x € LP,,Ca_,(1,¢€] by
(Rz)(t) = Mi,(logt)’'Eg 5 (A(logt)?) — May(logt)’2Eg 51 (A(logt)?)

+ 37 [(log )7 B (Alog 1)) L(8) 1 (t))

+ (log =-)" By (Mlog - )*)T(B — DI {1, a(,))]
i d
+ [ o )1 5 (M08 D))ol s.0() T
for ¢t € (t;,t;41] and ¢ € N[0, m], where

L _Egz_1(\) L
M, = )\EB’Q / o(s (s))ds + WG] Aﬁﬁ i )/ Y(s)H (s, z(s))ds
0
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m 1 — E 1 A e
« 3O 2 (s )
+ AEﬁTﬁ(A)(log%)ﬁflEﬁ,ﬁ(/\(logé)ﬁ))F(ﬂ)J(tmx(t“))

r(g i) EBB 1(A)

Ms

e _ e
(log t*)ﬁ "Eg s (A(log ;)ﬁ)

o

AEZB Ylog )7 2E55-1(Mog ) )IP(3 = Dt (1)

€ - *Eﬂyﬁ—l()\) e
+[o E=Y Ej.1 (Mlog )”)
1

A
+ A0 104 €)1, 5 (M108 %) (o) 5, 2(5) 2
and
2 = T = B0 / H($)G s () + 221N s H s a(5))ds
mo 1 gy () .
+;<Waog )" B (Allog 1))
" %WEB #(Alog )")D(3) It a(t2)
—Eg3(A e e
+Z F(ﬁ M( )(10g g)ﬁfQEﬁ,a—l(A(log g)ﬁ)
+”Tﬁ“>aog )" B (Mlog 1)°)E(B ~ DIty a(t,)

e _L__E (\)
T 8,8 e
[ T g )7 B (Alog 5)°)
1 S
Ezg(A e ds
+ A%“Em(mog—>ﬂ)>p<s>f<s,x(s>)—.
s s
Lemma 3.20. Suppose that (d), (i), (j), (k) in the intoruction hold, A # 0, and
f, G, H are impulsive III-Carathéodory functions, I,J are discrete III-Carathédory
functions. Then R : LP,,Ca_g(1,e] — LP,,Ca_4(1,€] is well defined and is com-
pletely continuous, © is a solution of BVP(1.9) if and only if x is a fized point of
R in LP,,Ca_o(1,¢€].

The proof of the above lemma is similar to that of Lemma [3.16] and is omitted.
3.6. Preliminaries for BVP ((1.10)). In this section, we present some preliminary
results that can be used in next sections for obtain solutions of (|1.10]).

Lemma 3.21. Suppose that A # 0, o : (0,1) — R is continuous and satisfies that
there exist numbers k > 1 — (8 and | < 0 with | > max{—03,—0 — k} such that
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lo(t)| < (logt)*(1 —logt)! for allt € (0,1). The x is a solutions of

CHDY x(t) — Ae(t) = olt), t€ (titis], i € N[O, m],
d d .
(3o = (e =t Hm o) —alt) =L o)
i (0 )0) — ()0, = o d € N1
if and only if x € LP,,C(1,€] and
B Es,1 (A(logt)?) Es,1 (A(logt)?)
z(t) = TEL0) b+ [(logt)Ega(A(logt)”) — B0 Egi(V)]a
Es1(A(logt)?) & e
- P S (w2 B (Mo )
+ Bs1(Alog )", )
(0] B (& S
B Lo

- t t t
+ ; (B (Aog 7))o + (log 1) B> (A(log 1)) Jo)

+ [ o )15 (AG0g 1)) ()
(3.51)

fort e (t;,tix1] and i € N[0, m].
Proof. Let x be a solution of (3.50). We know by Theorem that there exist
numbers ¢y0, ¢,1 € R(o € N[0, n — 1]) such that
: t t t
2(t) = > (conBp1 (A(log ;)B) + co1(log —)Ep 5 (A(log ?)ﬁ))
o=0 7 7 7 (3.52)
Lot t d

+ [ Qog 0P B (Alog 1)) (s) 7

1

s
for ¢ € (t;,t;41] and i € N[0, m]. One has

XN (logt — logt, )™
(1) Baa(\logt ~ log t)°)] = (¢ [ 3 2B 25

t
B X A" (logt — logt, ) ™A1
ED i

t 4 t
— )\(logt—)ﬁ 1Eﬁﬂ(x(1ogtf)ﬁ),

d , +oo A7 (1 1 . rB+1
(t%) [(logt — log ta)E,@,z ()\(logt — log tg)ﬁ)] _ {Z ( Ogrt(ﬂTOf;)) }

7=0
_Z A\ (logt — logt, )™
T(Br+1)
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t
= Ea1(Alog 1)),

(r i)[(log )" 1Eg(Alog £)°)

d A" (logt — log 5)7A+A~1
(dt)[z (7 + 1)3) ]

B X N (logt — log s)TA+8-2
72 r(r+1)p-1)

7=0
t.5_ t
= (log )" By 51 (A(log 1)”).
It follows that
(62 1000) = 3 (Miog 29 B0 (Ao )7)eon + By (Ao ) e
dt = to ’ te? 77 ’ te” 77
t
tog_ t ds
+ / (log ©)* g 5-1(A(log ) )o(s) =,
1 s s s
(3.53)
for t € (t;,ti41] and i € N[0,m]. From (3.52), (3.53), the boundary conditions and
the impulse assumption in (3.50)) it follows that cg1 = a, and

- (& _ e e
> (Miog )7 Bs 5 (Mlog 7)) o0 + Epa (Mlog ) e )
o=0 g o o
€ N e ds
+ [ 1085 2B 51 (M0z $))a() T =

s
o0 =15, ¢o1=4Jy, o €N[l,m].

coo = ﬁ [b —Egi1(N)a— Z ()\(log ;)B_lEg’g (A(log ;)5)1},
b o=1 7 v (3.54)
+Baa(Aog 2))J4) - [ o ) 2Ba a1 (M0g )09,

s
Substituting ¢y, ¢s1(0 € N[0, m]) into (3.52)) and (3.53)), we obtain (3.51)).
On the other hand, if = satisfies (3.51)), then x|, +,,,1(i € N[0, m]) are continuous

and the limits lim, ,+ z(t). Sox € LP,,C(1,¢]. Using (3.54)), co1 = a and c,o = I,
¢o1 = Jy, 0 € N[1, ml], we rewrite x by . One have from Theorem easily
for t € (to, t1] that ¥ DY, x(t) = Az(t) + o(t) and for t € (t;,t;41] similarly to the
proof of Theorem that

CH B

1+x()

- ﬁ/ log )/~ (s 72l

r2-p) ]Zf/“l 1og )= o‘(s;l) [Z(caoEm()\(bg%)a)

o=0
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+ ¢o1(log i)Eﬁ,z (A(log ;)ﬂ))

-‘r/l (log — )5 1E35()\(log§)ﬁ)0(u)d§]%
1 t t w d ) J 5
"Te—p /tj (log =) (s ) [;(caoEﬂ,l(mogta)ﬁ)

+ co1(log ;)Eﬁﬂ (A(log ti)ﬁ))

s dutd
+ / (1og =)~ .5 (Ao f%’)a(u);“] i
- t+1 d o i S\8
2 ﬂ lz% ; (5%) ;[CUOE@l(}\(Iog E) )
d
-‘rcal(lOgg)Eﬂ2( (logf) )}f

J

F gy ], 008 ) g0 X [eaoBas (o )

o=

d
+ ¢51(log ti)Eﬁg ()\(log t—) )] ?S

! t tyimas @ 1 S du ds
re- ﬂ)/ (log )™ (s 70)° /1<10g )’ B (Mlog =)%)o (u)— —

= Xa(t) + o (t)

So z is a solution of (3.50)). The proof is complete.

Define the nonlinear operator J on LP,,C(1,€] by (Jz) by
(Jx)(t)

Eg 1 logt / e
 AEgs(\

Ejs. (Alogt)?
+[(logt)E@72()\(logt)5) Biéﬁ;g / o(s
B Es1(A(logt)?) Em:

S o0y Do 08 )7 B (Nlog £)°) (1 (1)

+ Ep1(A(log ;)ﬁ)J(tm (ts)))

~ Ega (AMlogt)?)
AEs5(2)

[ 108 50201 (Ao £l o, (6)

S

+Z B (Mo 1)) E{ta 2(t)) + (log ;- /B (Alog 1-)") Tt 2(t)))

—1-/1 (log ;)5*1Eg,g()\(logé)ﬁ)p(s)f(s,x(s))%, t € (t;,tiy1], © € N[O, m].

91
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Lemma 3.22. Suppose that (1.AT), (1.A12), (1.A13, (1.A14) hold, X # 0, and
f, G, H are impulsive I-Carathéodory functions, and I, J are discrete I-Carathddory
functions. Then R : LP,C(1l,e] — LP C(l e] is well defined and is completely
continuous, x is a solution of BVP (1.10) if and only if x is a fixed point of J in
LP,C(1,€].

The proof of the above lemma is similar to that of the proof of Lemma and
is omitted.

4. SOLVABILITY OF BVPs (|1.7)—(1.10)

Now, we prove that main theorems in this article by using the Schaefer’s fixed
point theorem, i.e., [79, Lemma 3.1.9].

Theorem 4.1. Suppose that (1.A1)—(1.A5) are satisfied and
(4.A1) There exist nondecreasing functions My, My, My, My, M from [0,400) to
[0,4+00) such that
f(t,(t = t:)" )]
|Gt (t —1;)"x)
[H(t, (¢ —1;)"x)
[I(ti, (t; — ti1)"22)
| (ts, (t; — ti—1)P %)

< My(Jz]), t€ (ti,tit], i € N[0O,m],z € R,
< Mg(|z]), t€ (ti,tin], @ € N[0O,m],z € R,
< My (|z]), te€ (ti,tal], ¢ € N[0O,m],x € R,
< M;(Jz]), i€ N[1,m], z € R,
Mj;(|z]), i€ N[1l,m], x € R.

Then (1.7) has at least one solution if there exists a ro > 0 such that
[Eﬁ,B(P‘DEﬁ,ﬁfl()‘)||¢H1

+ Bs 51 (M) 1] | Mo (ro)

Eg3(A)
Egs([AD[Y] mEg 5(|A[)2
P Ry M0 g Gy B (DM )

[Eﬂ,ﬂ(|/\\)Eﬁ,5 (|/\\)
Ep (N1 —t5)*
n [Eﬁ,B(P‘DEﬁ,ﬁ(P\DB(ﬁ +LEk+1)
Eg3(A)

+mEgg_ 1(|)\|)}MI(7"O)

+Epg(A)B(B + 1,k + 1) My (ro)
<7rg.

Proof. From Lemmas and [3.16] and the definition of T, it follows that x €
P,,C5_5(0,1] is a solution of (1.7)) if and only if = € P,,,C5_3(0, 1] is a fixed point
3.16)

of T in P,,Cy_3(0,1]. Lemma [3.16| implies that T is a completely continuous
operator. From (4.A1), we have for x € P;C(0,1] that

£ )] = [F(E (£ — )72t — ;)2 Pa(t)

< My(I(t — > (t)))

< My(llz]), t € (ti,tina], i € N[O, m],
G(t,2(0)] < Ma(le]), ¢ € (b, tina), i € N0, m],
|H(t,2(0)] < My(l2ll), t € (i), i € N[0,m],
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I (t, w(t:)| = [I(ti, (6 = tio1)" 72 (6 — ti1)* P (t))]
< My((t; = ti)*Plas(ts)])
< My([|lz]l), i€ N[1,m],
| (i, x(t:)| < My([|z]), € N[L,m]

We consider the set Q = {x € P,,C2_5(0,1] : x = A(T'z), for some A € [0,1]}. For
x € Qand t € (t;,t;+1] we have

(t = t:)*7|(Tz)(t)]
o (=) P B g(MF)
- Es5(})

+oo AT 1
3 FT (s 0 9 sy )
7=0

(101 M (2ll) + Eg g1 ()|élh M)

+Z:1(1t ﬁ 1Eg/3 I*ta)ﬁ)MJ(H‘TH)

(1= 16) 251 (M1 — to)") Mi (|12l )|
+ (= 1) 2B 5 (A 9]l Mo 2]

-ty [(t = 1) B s (Mt~ 1)) M ([

o=1

+ (t = o) Ep,5-1 (Mt — 1)) Mi([l2])

Ht_,,)z-ﬁf”/t(t $)THILR (L — )l ds My (|l
ST G0 ’

< Esp(A)
~ Ess(N)

1
! TZB m /0 (1= s)M ' tshds My (|| ])) +mEg,p(IA) M. (|l])

[I\wlllMH(llévH) +Eg g1 (Vo Me(]|z]])

+(1= ta)B’QEﬁ,ﬂa(I/\I)MI(IIxII)} +Eg g1 ((ADllll Me ([l])

+ 3 [Es ()M (l|2]l) + Ep g1 (IA) M (||[])]

o=1

+oo
A\T¢TB+B+E+I
)25 _ay\TBHBHI—1, K
> Treoe [ wkdwty ()

¢ B0y ) BB Ol

Es5(0) Eg5(\)
+ P2 PPBE L LD pg oy + 222 v o
Es5(A)Es5-1(I1A)

By 500 (1 = 125 Ul + Es g (N6l Ma i)
+mEg g(|\)M(||z|) + mEg,g—1(|A]) M (||z])
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By DB + 1k + 1M (Ja])
= (ZosPDBos MNPl 4 g i16I] Ma(lel)

Es5(\)
Ess(ADI1Y] . mEg s(|A])?
Eg,5(A) Mu(llel) + | Eg,5(A)

n [EE BUAN)Eg,5- 1(|)\|)

+ —|—mEg75(|)\D}MJ(Hx”)

+mEg g1 (IA)] Mi([lz])

Es (A1 —t5)?
N [EM(MDE%(;D(A)( TLETD | DB + 1k + 1] M (],

It follows that
|zl = Al Tz|| < ||T=||
< [Eﬂ,ﬁ(l/\\)Eﬁ,ﬁ—l()\)||¢||1
- Eg,5(A)

B a1l 7,
)

g(A
mEﬁﬁ(P\l)
* Es5())

+mEg -1 (A My (||z]]) + [

+Egg-1(1A)lollh] Me([l])

Es5([A)Es,5-1(|A)

Es (M1 — ;)28

Ess(A)Ess(AN)B(B+ 1k +1)
Eg5(A)

+mEg (AN My () + [

+Es5(A)B(B + 1,k + 1) M (|l]).
From (4.1)), we choose Q = {z € PiC2_5(0,1] : ||z|| < ro}. For z € Q, we obtain
x # MTz) for any X € [0,1] and = € Q. In fact, if x = A(Tx) for some X € [0,1]
and x € 02, then

= [l

< [Eﬁﬂ(p‘DEﬁ,ﬁ—l(/\)||¢||1

- Ep ()
Ess(IADI1# 1
WMH(TO) + [
[Eﬁ,ﬁ(lAl)Eﬁ,ﬂ (IAI)

Egp(A)(1—t5)>"
Es (1 ADEgs(1A)B(B+ 1k +1)
Es5(0)
which is a contradiction. As a consequence of Schaefer’s fixed point theorem, we

deduce that T has a fixed point which is a solution of the problem BVP(1.7)). The
proof is complete. U

Corollary 4.2. Suppose that (1.A1)—(1.A5) and (4.A1) hold. Then (L.7) has at

least one solution if

: L1, Egs(IA)Egs-1(M)9lh
f = : : Es s 1(|) M,
et 7 Es (V) +Egs-1([A)lI¢ll) Ma(r)

Egs 5(|AD]% ]l mEg (|A)?
Eps(A) Eg (M)

+Eg s-1(1A)l|¢ll1] Me(ro)

mEg 5(|A])?

Eg,ﬁ(A) +mE5ﬂ(|)‘|)]MJ(TO)

+mEg g1 (|A])] Mi(ro)

+ +Ess\)B(8 + 1,k + 1) My(ro) < 7o,

+ My (r)+ | +mEgs 5(|Al)] M (r)
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Ess(A)Es,s 1(|/\|)
[Eﬁﬁ(A)(l—t )2- +mEg g 1(|)‘|)]MI( )

[Eﬁ BUADEss(A\)B(B+ 1k +1)
Eg,s(A)

Proof. Form the assumption, we know that there exists ry > 0 such that (|
holds. By Theorem -, . ) has at least one solution. The proof is omitted. D

+Egs(A\)B(B+ 1,k + 1)]Mf(r)} <1

Theorem 4.3. Suppose that (1.A2), (1.A3) (1.A6)—(1.A8) hold, and
(4.A2) there exist nondecreasing functions My, Mg, My, M1, My : [0,400) — [0, +00)

such that
[f(t,2)l < Mg(lz]), te(0,1), z€R,
G(t,z)| < Mg(|=]), te(0,1), z€R,
|H(t, )| < Mu(|z]), te(0,1), z€R,
[I(t;,x)| < M(|z]), ZGN[ ,m|, x € R,
|J(t;,x)] < My(|z|), ie€N[1,m], zeR.

Then (1.8) has at least one solution if there exists 1o > 0 such that
1911

IANEg,sN)I2ll
(el + W]MG(TO) + Epa () m(ro)
mAEgs(|A]) , m
[7}]51( ) +mEg1(|A])] M (ro) + [mEg2(]A]) (4.2)
mEg 1 ( ‘)‘| ] [EB7B—1(|/\DB(5+Z,]€+1)
Ega1(A Eg1(M)

+ Em(IM) (B+ 1,k + 1) M (ro) < 7o.

Proof. From Lemmas and and the definition of Q, it follows that z €
P,,C(0,1] is a solution of if and only if z € P,,C(0,1] is a fixed point of Q.
Lemma implies that @ is a completely continuous operator. From (4.A2), for
x € P, C(0,1] we have

(8 x(@)] < My(Je(@)]) < My([l=]]), ¢ € (0,1),
|Gt ()] < Me(||=]]),t € (0, 1)
[H (¢, 2(t)] < Mp((lz]),t € (0,1),
[L(ts, x(t:))| < Mi(||]),7 € N[1,m],
[Tt x(t:))] < My(||z]]), i € N[1,m].

We consider the set Q = {z € P,,C(
x €, and t € (t;,t;41] we have

=
=

:x = MTz), for some A € [0,1]}. For

(@) (1)
< 6l Mo (o) + s [ Mar ) + Ao, () M)

+ 3 (NBs (A M (lz]) + B ()M (ll2]))

o=1
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S A ' 1 TB+B+H =14k gonp
+ZF(5+6—1)/( =) shdsMy (lo])|

+ Z[Eﬂ,lﬂ/\”MI(HxH) + Eg 2 (]A) M ([])]

+oo t
AT A1 gk SM (Il
+3 g, ¢ (1~ s)'dsMy (|12

< ol Ma(||]]) + $[II¢|I1MH(H9CII) + AEs 5N ol M ([|]])
Eg1(M)
+ m|AEg g (|A)Mi([[z]]) + mEg 1 (|A) M ([|]])

+ f . / 1(1 — 8) P sk ds My (|| )
2T+ 8-1) Jo d
+mEg 1 (IN)M;(||z]]) + mEs2(IA) M (||z]])

+00 \ryrB4Biktl 1 (1 — ) TB+B+ 1y ()
R
~ L((r+1)8) Jo f

MEs ()l 190 ey 4 (PE5(A)
< [loll + g T Mo ) + 5 5 Mol + (258
mB;1 (A

+mEg 1 ((ADMi([[z]]) + [mEg2([A]) + Eoa () M (lll)

[Eﬂﬁ—l“/\E)fl(g\ )WH D 4 By s (A)BB + 1,k + 1)] M (2],

It follows that
2]l = A|Tz|| < [Tz

IA\EM( )¢l Ilell
Esi(V) |Ma(lll) + B (V)

mIAEs,5(A)
(g, B (A M ()

< [llol: +

4 mEsa (M) x
+ [mEg(A]) + By () 1M (Jll) +

+Egs(\)B(B + 1,k + 1)) My (||z]).-

From (£.2), we choose Q = {z € P,,C(0,1] : ||z|]| < ro}. For z € €, we obtain
x # AN(Tx) for any A € [0,1] and = € 9.

As a consequence of Schaefer’s fixed point theorem, we deduce that @ has a fixed
point which is a solution of problem . The proof is complete. O

[Eﬁ,ﬂ—l(I/\I)B(ﬂ +1L,k+1)
Es1(A)

Theorem 4.4. Suppose that (1.A4), (1.A4) (1.A9)—(1.A11) hold, A # 0, and

(4.A3) there exist nondecreasing functions Mg, Mg, My, My, My : [0,400) — [0, +00)
such that

t
| (¢, (log ;)ﬂ_zxﬂ < My(lz]), te€ (ti,tiz1], i € N[0,m],z € R,
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|G(t, (log tii)ﬁ_%” < Ms(|z]), t€ (ti,tit1], i € NO,m],z € R,
[H(t.(og )"22)| < My(jal), ¢ € (ttia). i € NO,m],a € R,
1I(t, (log %)Hx)\ < My(|z]), i€N[Lm], z€eR,
T (8, (log t%)ﬂ—%ﬂ < My(jz]), i€N[1,m], z€R
Then has at least one solution if there exists a constant ro > 0 such that

BigMc(ro) + Bag My (ro) + BsgMy(ro) + BarMi(ro) + Bss Mg(ro) < ro, (4.3)

where

INEs5(VEs (ANl | e — Bas(MNIEss-1(1A)lI¢lh
Big = +

A A ’
B, — EasNEs -1 (AD[[¥]1 +| t=n — Es,5-1(M)[Egs((A)[[¥]:
ue A A ’
5 - mTB)lr—ry — Eap-1 (N Ess(IA)?  m|AD(B)Ess(A\)Es s(|A])2
V= A i A
. mL(B) w7 — Es.s(N|Ess(1A)Es,5-1(|1A))
A
T(B)Es5(NEss(|A)Es 51 (]
- mAL(B = D=y — Bap-1(N)[Ess(|A)?
4 — |A|
AT(B = DEg s(MNEs,6-1(1A)Eg,5(1A) -
n 5.8 \Alw 5.8 glog

+ (L8 = DEs -1 (A g5 — BB 5r (1) Y (10g )7

JFm‘)‘|EB,5()‘)Eﬂ,ﬁ(|>‘|))>/|A‘ +mEgs-1(|A\)T(6 - 1),

v — Eas—1WI[AEs 1 (IADEs5(1A) + Ep s(IA)Eg,5-1(|A])]
Bss = Al

xB(l+1,k+1)+ |)‘Eﬁﬁ()‘)[Eﬁﬁ(|)\|)2ll‘|EB,l(|)\|)E,8,ﬁ1(|>\m

xB(l+1,k+1)+Egas(\)B(B+1,k+1).

Proof. From Lemmas [3.19 and and the definition of R, z € LP,,Cs_g(1,€]
is a solution of BVP(L.9) if and only if x € LP,,C2_3(1,€] is a fixed point of R.
Lemma [3.18| implies that R is a completely continuous operator.
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From (4.A3), for z € LP,,C>_3(1, €] we have

F(t.a(®)] = £ 1ogt )" 2<logt ) Pa(t))|

< Mg ([( log )

< My(Jel), b€ (b, tisal, # € N[O, ],
G(t,2(0)] < Ma(lz]), ¢ € (ti,tina], i € N0, m],
|H(t7x(t))‘ < MH(”x”)’ te (tivti+1}’ (AS N[Ovm]a

[t 2(t:))| = (1, (log )7 ~2(log > Pa(0)

i—1 i—1

< My(|(log 1) "a(®)) < Moo}, € N[1,m],

’L—

[L(ti, 2(t:))] < My (|[«]]),i € N[1,m].

We consider the set @ = {& € LP,,Ca_p(1,¢] : x = A(Rx), for some A € [0,1]}.
For x € Q and ¢ € (¢;,¢;41] we have

(log %>2fﬁ|<Rx><t>|

NEs,5() g~ Bas1(V)
< B oA [ P2 ol o) + S el M)
m oL _Ega (A
1 3T Af’ﬁ Dl 30+ 2220, )2ty e
o=1
- 7~ Es.s-1(M)]
= (|A| A Ej,5(1A)

L+ )\Eff()\) (log E)B—2Eﬁ’ﬂ,1(|>\|)>MI(||$||)

[t — Bss1 () INEs5(0)
+ (1A ] By () + = 2 Bas(AD)

[ og )"0 = togs)" a1 )

vtz — Ess (V)] Es
+Eﬁ,mw[”")T||¢H1MG<||xu>+ i

[0l M (l|2]))

m Esg(A
sl m—w“' B () + 24 B 5D Mo el

U Eﬂ s(N)]

Z ( F(@)

N ME|BAT<>EB,,@<A|>)MI<|@||>

i — Ess(X
n (WEM(MD + 1A A(A)Em(IA))

e _
(log ;)5 “Egp-1(|A])
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[ g )1 = togs)" a1 )]

+ > [Bas(ADT(B) M (ll2]) +Egp-1 (A8 — D)Mi(|la]])]

+<1ogfi>2—ﬂ§w / t(logfrﬁ*ﬁ“ (log ) % My ()
< DIES OB DIl 31y [ |1A< |>|E5,ﬁu|>|w||1MH(Hx))
+m1“(ﬁ)(|r(ﬂl_1) - Eﬁ"m(A)'E”('A') 4 )\EB’B()\|)E|B”6()\|)2)MJ(|:£||)
(- (Ao - Em_lequ

. AEw(A)Ea,ﬂ'_Al|<|A|>Ea,ﬂ<A|> o 14 i)

N (/\”F(,gl_l) - Eﬁ,ﬁ—1|(A/\|)|Eﬁ,1(|/\)EM(P\I)

l/\EB’B(T)jB’ﬁ(/\|)2)B(l+17k+1)Mf(||$||)

N oks Eg,ﬁ()\ifigﬁ—l(|)\|)|¢||1MG(:C”) N Eﬁ’ﬁ(A)Eg[ﬁA'1(|A|)||¢||1MH(lx”)
+mr(ﬂ)(|r(ﬁ) Eg (A )|1|3£,5(|/\|)E6,6—1(|/\|)

Es5(MNEgs(A)Eg,s-1(|A])
+ 8,8 ,3/3|A| B,8—1 )MJ(Hx”)

+T(B - 1)(|F(6) —Es5(W[Ess-1(1A])

|A| o=1

N m|)\|Eﬁ,ﬂ()\)Eﬁ,T¥i||/\|)EB,ﬁ—l(|/\|))MI(”x”)
vty — Es.sMNEss(A)Es5-1(A)  |NEss(NEs1(|A\)Ess-1(A])
+( A] - ) =)

X B+ 1,k + 1)My([|z]]) +mEgs s (|ANT(5) M, (||]])
+mEg s 1 (|ADT(5 *1)MI(||x||)JFEBB(MDBWJFZJC+1)Mf(||l"”)

—E Esg-1([AD[¢ll1
_ [0 >&3|5<|A|)||¢||1+| rty BB PO
L %17E B—1 A E s >\ w 1
[ OBascs Doy, I = B OB s OOl

mL(B)l vz — Ess-1(NIEss(IA)?  m|AT(B)Es (A Egs5(|A))2
+ 4] i Al
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mL(B)| i — Eos(N|Ess(1A)Es,5-1(|1A])

i A
A] ’
mIAL(B = 1)ty — Ess-1(M)[Ess(|A)?
+]
A]
PRRNCE 1>E5,ﬂ<A|>Zw L(ADEs.5(1A) i (log 1)~

m

+ (T = DB o (NI 57 — BB pr () Do )2

o=1
+ mIAEg,5(\)E3,(1A) ) /IA] + mEg a1 (IX)T(B — )| Mi(ll2])
731 — Bo.o-1 I [AIB.1(ADEs,5(1A) + Ega(1A)Ess-1(1A)]
+ A

xB(l+1,k+1)+ |)‘|Eﬁ7ﬂ(>\)[Eﬁ,5(|/\|)2|Z|EB,1(|/\)Eﬁﬂ—lﬂ/\)]

B(l+1,k+1)

+ By (YB3 + Lk + 1)| My ()
= BigMa(|lz) + Barr Mur(lz]) + BasM(le]) + BarMi () + Bsg My (|

It follows that

]| = M| Rz|| < [|Rz||
< BigMc(||z]]) + Baa Mu(||z]]) + Bss My (||]]) + BarMz(||z]]) + Bsy Mg (||z]])-

From (4.3)), we choose Q = {z € LP,,,C2_s(1,€] : ||z|| < ro}. For z € 98, we obtain
x # A(Rx) for any A € [0,1]. In fact, if there exists € 9Q such that = A(Rzx) for
some A € [0,1]. Then ro = ||z|| = A||Rz|| < |Rz|| < BigMa(ro) + BaupMp(ro) +
B3y Mj(ro) + BarMi(ro) + Bss My (ro) < ro, which is a contradiction.

As a consequence of Schaefer’s fixed point theorem, we deduce that R has a fixed
point which is a solution of problem . The proof is complete. (I

Theorem 4.5. Suppose that (1.A7), (1.A12)—(1.A14) hold, X # 0, and

(4.A4) there exist nondecreasing functions Mg, Mg, My, M1, My : [0,400) — [0, +00)
such that

< Mg(|z]), te€ (ti tipa], ¢ € N[0O,m],z € R,
< My(lz]), te€ (ti,tipa], i € N[0O,m],z € R,
< Ms(|z]), t€ (ti,tit1], i € N[O,m],z € R,
< M;(Jz]), ieN[l,m], z€R,

< Mj;(z|), i€eN[1,m], z€R.
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Then BVP (1.10) has at least one solution if there exists a constant ro > 0 such
that

Eg 1 (|AD[%]lx
AEg5())

Es1(]A])
mm|/\|Eﬁﬂ(|)\|) + mEﬁ7l(|)‘|)] MI(TO) + [mEB,1(|/\|) (44)

- mEga(A)]M;(ro) + [ME@,BWBW ek

+Ep (|1A)B(B + 1,k + 1) My (ro) < ro.
Proof. From Lemmas and and the definition of .J, it follows that = €
LP,,C(1,€] is a solution of (1.10) if and only if x € LP,,,C(1,¢] is a fixed point of

R. Lemma |3.22| implies that J is a completely continuous operator.
From (4.A4), for € LP,,C(1, e] we have

[f (& z@)] < My(llzl)), ¢ € (ti,tiga], @ € N[0, m],
Gt x(®)] < My([lz]]), ¢ € (ti,tiya], @ € N[0, m],
[H(t,z()] < My(llz])), t€ (i tiyal, i € N[O, m],
(
(

Eg1(A)

M (ro) + [Bo2(M) + 35 = 05

Es1(IAD] )l Mg (ro)

+

[t x(t:)] < Mr([|ll)), i € N[1,ml,

| J (i, ()] < My([l<]]), i€ N[1,m].
We consider the set Q@ = {x € LP,,,C(1,¢] : * = A(Jz), for some A € [0,1]}. For
x € Qand t € (t,ti+1], we have
|(J)(®)]
< Esa((ADII [l
T AEgs(N)
Esa(A)
A[Egs,5(A)

Es1(|A])

Ma(l2ll) + [Bo2(IN) + i35 =5

Eg1(IAD] ol Me(ll=])

+ [ mIAEg,g(IA]) +mEg 1 ()] M (]|=[])

Eg1(|A])

+ [mEs,1 (IA]) + mEg 2 (|A)] M (|l]]) + {|/\|EBB(/\)

Ess((\)B(B+1—1,k+1)

+ B p(A)B(3 + Lk + 1)| My (|Jo])).
It follows that
Jell = Al Ra < || Ra

_ Eou(MDIlh
AEg,3())
[ Es1(]A])
AEs,5()

Eg1 (A

M (o) + (B2 (A + 1375 =053

Es.1 (IAD] 11l Me ([l=])

m|AEg s(IA]) + mEg ()] M (||[])

Eg1(|A])
NEss(\) Eg (A

X B(B+1—1,k+1)+Egs(A)DB(S + 1k + 1) My (Jl2]).

From (4.4), we choose Q2 = {z € LP,,C(1,€] : ||z|| < ro}. For x € 99, we obtain
x # M Jx) for any A € [0, 1]. In fact, if there exists € 9 such that x = A(Jx) for

+ [mEs (X)) + mEs (DM () + |
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some A € [0,1]. Then

ro = [z = AllJz[| < [|Jz]|
= WMHW + [Ep (Al + mEﬁ,l(A|>1||¢|1MG<ro>
+ [WWMEM(P\) +mEg 1 (|\)] Mi(ro) + [mEs 1 (|A])
+mEg(|A)] M, (ro) + [ME SUA)B(B+1-1,k+1)

+Eg(IA)B(B + 1,k + 1) My (ro) < 7o,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that J has a fixed
point which is a solution of (L.10f). The proof of is complete. O

5. APPLICATIONS OF MAIN RESULTS

In this section, we present firstly applications of the results obtained in Section
3.2. We also point out some mistakes occurred in cited papers. Finally we establish
sufficient conditions for the existence of solutions of three classes of boundary value
problems of impulsive fractional differential equations.

Applying the results obtained in Section 3.2, choose A = 0, by Theorems [3.11
we obtain the exact piecewise continuous solutions of the following fractional
differential equations (see Corollaries and below)

ODy.a(t) = F(t), te (titiy], i € N[0,m], (

RLpe x(t) = F(t), t€ (titita], i € N[0,m], (

REEDe 2(t) = G(t), t € (si,8i11], 1 € N[0, m], (

CHpY 2(t) = G(t), tE€ (si,sip1], i € N[0,m)], (5.

wheren —1 < a<n, 0=ty <ty <- <tm<tm+1—11nandand
1=ty <ty < - <ty <tm+1 =ein (5.3 and.

Corollary 5.1. Suppose that F is continuous on (0,1) and there exist constants
k> —-a+n—1andl € (—a,—a — k,0] such that |F(t)| < t*(1 —t)! for all

€ (0,1). Then x is a piecewise solution of if and only if there exist constants
civ(i € N[0,m],v € N[0,n — 1]) € R such that

i n—1

c 1 ¢
Tt —to)"+ = [ (t—35)*'F .
=X e g ) €T O 6
fort € (t;,ti11] and i € N[0, m].
The above corollary follows from Theorem with A = 0.

Remark 5.2. We note that (t —t,)" = > 7_(=1)7(?)t5t"~". By Corollary
we can transform (5.5)) into

n—1

z(t) = ; F(j’i 1)15” + F(la) /0 (t — s)* ' F(s)ds, (5.6)
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for t € (t;,t;+1]) and ¢ € N[0, m]. Here d;, are constants. Certainly (5.6) can be
transformed into

n—1 €iv v L t el
= ;m@_tl) T /0 (t— )" F(s)ds, (5.7)

for t € (t;,t;41] and i € N[0, m].

In [71], the authors actually used to construct the nonlinear operator for
getting solutions of , but they did not prove the equivalence between the
boundary value problem and the integral equation, see [71, Lemma 2.6].

Rehman and Eloe [91] proved that is equivalent to under the assump-
tion that F' € PCI0,1]. So Corollary generalizes [91, Lemma 2.4]. Furthermore,
it is difficult to convert a BVP for impulsive fractional differential equation to a
integral equation by using , while it is easy to do this job by using . See
the examples in Section 6.

Corollary 5.3. Suppose that F is continuous on (0,1) and there exist constants
k> —1andl € (—a,—n—k,0] such that |F(t)| < t*(1 —t)! for allt € (0,1). Then
x 1s a solution of if and only if there exist constants cy,(0 € N[0,m],v €
N[1,n]) € R such that

a—v 1 K a—
era_vﬂ t—t,) +F(a)/0(ts) 'F(s)ds,  (5.8)

o=0v=1
forte (tiati-&-l]; 1€ N[O,m]
Remark 5.4. When « is not an integer, (5.8)) is not equivalent to the equation

n

z(t) = Z ﬁ(t — ;)7 + ﬁ/o (t—s)* 1 F(s)ds,

for t € (ti;ti+1]a i€ N[O,m]

Corollary 5.5. Suppose that G is continuous on (1,e) and there exist constants
k> -1 andl € (—a,—n — k,0] such that |G(t)| < (logt)*(1 — logt)! for all
t € (1,e). Then x is a solution of (5.3)) if and only if there exist constants c;,, €
R(j € N[0, m] v € N[1,n]) such that

ZZ s ) i D TEW T 69)

j=0v= 1

fOT‘ te (tiati+1]; xS N[O,m]

In [57], the same result was proved under the assumption that G € L(1,e). So
Corollary improve the results in [57].
Corollary 5.6. Suppose that G is continuous on (1,e) and there exist constants
k>—-a+n—1andl € (—a,—a+k,0] such that |G(t)| < (logt)*(1 —1logt)! for all
t € (1,e). Then x is a piecewise solution of (5.4]) if and only if there exist constants
cio €ER(j € N[O m] i € N[0,n — 1]) such that

p=0v= 0
fO’I“t € (tjvtj-i-l]) J€ N[Oam]
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We now construct a Banach space X and prove the compact criterion for subsets
of X. X will be used in next three subsections. Choose the set of functions

X:{x:x

B8 : L : 1 22—«
(tetina]’ D (t:,t:1] are continuous, i € N[0, m], tl_l)rg(t t;) " x(t),

i

hni(t —t;)*P aDmac( ) exist, i € N[O,m]}
t—t)

For 2 € X define the norm

e =max{ sup (—t)7"fa(t)], sup (—t)"=|DE,a(t) : i € NO,m]}.
te(ti,tiv1) te(tstig1]

Lemma 5.7. X is a Banach space with the norm defined above.

Proof. Tt is easy to see that X is a normed linear space. Let {z,} be a Cauchy
sequence in X. Then ||, — 2,|| — 0, u,v — +o00. It follows that

lim (t — )2 w,(t), hm (t —t;)?TP= O‘DOJr:Cu( ) exist for ¢ € N[0,m]. (5.11)
t4>t

Let
= [T, =
wyi (t = t)2 2 (1), t € (i tisa],
D (1) = 4 et (= 07072 D(8). £ =1,
(t— ti)2+BaD§+a:u(t), t e (ti,tipe).

Then both 7, ; and mu,i are continuous on [t;, t;41]. Hence there exist two continu-
ous function xq,;, yo,; defined on [t;, t; 1] such that max,epy, 4,11 [Tu,i(t) — 20, (t)] —
0 as u — 400 and maxep, 1, ,] [ D2wi(t) — yo,i(t)] — 0 as u — +o0.

Denote zo(t) = (t—t;)* 220 () and yo(t) = (t—t;)* P2y ;(t) for t € (ti, tit1]-
One sees that z¢ and yo defined on (0, 1] such that

lim (¢ —:)* “zo(t), lim (t —t:)2FP=2DF yo(t) exist for i € N[0,m],
t—>t t—t]

lim a,(t) = zo(t),  lim DY, (t) = yo(t), te(0,1],

u——+00

lim  sup  (E—t)?“faa(t) — wo(t) =0, i€ N[O,m],

U= FO0 s (b, tig1]

lim  sup (t— ;) P7DY wu(t) — yo(t)| =0, i€ N[0,m].
U=+00 te (¢t 1]

Now, denote D0+xu(t) = y,(t) for t € (0,1]. Then by Theorem (with A = 0,
F(t) = yn(t), n = 1) there exist numbers ¢, ,(0 € N[0, m]) such that z,(t) =
I0 g (t) + 300 o Cuo(t — o)~ for t € (ti,tip], i € N[0,m]. So for t € (t;,ti1],
we have

‘xu Zcua - 0' -1 _I(I)H+(t_t0)a_ﬁ_2y0(t)|
=11 +yu< > — I (t = t6) P2y (1))
= |17, D) = 1) (t = to)* "o (t)]

t_S)B ! a—[F3-2
=1 [ D)~ (s 1) (s
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t o _ g)B-
< / uw&xu(s) — (s = o) " ?yo(s)|ds
0

INGE)
i—1 tot+1 (t _ S)ﬁ—l
= L IDP xu(s) — yo(s)|ds
). ok
t -1
(t—s)Pf" s —B-2
+ —————— D x,(s) — (s — ts)® s)|ds
0 P te) — (s = 1) (o)
i—1 tot1 (t—S)B_l
_ S |DP xu(s) — (5 — o) P 2yg o (s)|ds
2_:/ r(g P
t -1
(t—s)Pf" s —B-2
+ ~————~—|D?, x,(s8) — (s — ;)¢ i(s)|ds
| PG te) — (s = 107 )
i—1 tot1 (t o 8)5,1
= (s = o) P2 (s — 1) P01, (5) — yo.0(5)|ds
2::0/ NEE o
t -1
(t — S)B a—pB— —anb
- / gy )T — 1) TG () — yo(s)ds
i—1 tot1 (tfs)ﬁfl
< e (s—1s)* 7 2%ds  sup  |(t—t)?TPTODE 2y () — yo.o (1)
;)/t ') tE (ta o t1] o
t -1
(t—s)° B2 2+8—a 3
+ [ =2 (s —t;)" ds sup |(t—ts “Doyzu(t) — yo,i(t
ti F(/ﬁ’) ( ) te(titit) |( ) 0* ( ) ’ ( )|
i—1 tot1—to
—te (1 —w)?!
= t—to, ‘1*2/ a-w™ w* P2 dw
2t | o(3)
x sup (- t0)2+ﬁ_aD€+$u(t) — 0,0 (1)]
tE(to,toy1]
1 -1
(1—w)? —B—2 24B—a B
—|—/ —w" dw sup t—t, Dy (t) — yo,i(t
0 () te(ti titn] I ) o “ )
i—1 1 _
1 —w)P!
< t—t, a72/ (7wa7ﬁ72dw
B ;J( ) 0 I'(B)
X Sup |(t - t0)2+ﬁ_aDg+xu(t) - yO,a(t”
te(to,toti)

1 —1

1—w)? _4_ _

+/0 (m%wa P swp (1) Dy (h) — yo.(0)
€(litiva

— 0 asu— +oo.

It follows that

Jim () = D euolt =) = It = 1) 2y (t).
o=0

We have

zo(t) = > oot —to)P 7 = I (t — to) P 2yp(1),
o=0
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for t € (t;,t;11], @ € N[0, m]. Then for t € (¢;,t;11], we have

(t—to)* P 2yo(t)
= D§+I§+ (t— to)a7ﬁ72yo(t)

:f(lil_ﬁ) [;/tjjﬂ(ts ( ZCOU (s —ty B 1>d8}

+r(1lﬂ>[/ti“‘8 (ot ZCOU s=to)")is]
= % {/Ot(t - s)’ﬁxo(s)ds}

i

J+1 to

] I
_D0+x0(t [ZZCOJ/f . (l—w)_ﬁwﬁ_ldw]
j=00=0 t—to
1 I
[ZCOUﬁ,t (1—w)™ ﬁwﬂ—ldw}
’ +1 to

= D)~ 5= ZZ/ (- w) P ]

- w)_ﬁwﬂ_ldw}

= DI, ao(t) — [Zcog/ w)*ﬁwﬂ—ldw},
= Dg+x0(t).

Then (t — t,)* #2yo(t) = Dg+£c0(t) for t € (t;,ti41], ¢ € N[0, m]. From above
discussion, X is a Banach space. O

Lemma 5.8. Let M be a subset of X. Then M is relatively compact if and only if
the following conditions are satisfied:
(i) both {t — (t—t;)?> %x(t) :x € M} and {t — (t—ti)2+ﬁ’aD0ﬁ+:r(t) cx € M}
are uniformly bounded,
(i) both {t — (t—t;)> x(t) : 2 € M} and {t — (t—t;)*P~*DJ x(t) : x € M}
are equi-continuous in (t;,t;+1](i € N[0, m]).

Proof. 7 <= 7. From lemma we know X is a Banach space. To prove that the
subset M is relatively compact in X, we only need to show M is totally bounded
in X, that is for all € > 0, M has a finite e-net.
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For any given € > 0, by (i) and (ii), there exist a constants A > 0, > 0 and a
ts,, such that

509
(1 = £:)* () = (w2 — t)* “w(ug)] < 3,
for t; < wup,us <tiyr, |up —us| <96, z € M,
|(ur — )P Dg @ (ur) — (up — £:)* 7 DY a(us)| < g»
for t; < uy,us <tipq, |ur —us| <6, z € M,
(t =)~ |z (®)], (t = )| Dg, x(t)] < 4,
for t € (t;,t;41], i € N[0O,m], z € M.

Define
Xltitinn) = {x T x (ti’tiﬂ],D&x is continuous on (¢;,t;+1] and
Jim (¢ = )" "a(®), Jim (¢ - 62 Dg () }.
For x € X|,.1,,,], define

el =max{ sup (1 =17 a0, suwp (¢ 62 DEa(0)
te(titiv) te(titiv)

Similarly to Lemma @ we can prove that X, ;.. is a Banach space. Let

(titira] = 1t — x(t),t € (ti,tig1] - @ € M}. Then M|y, 4,,,) is a subset of
X|(t:,t:41)- By (i) and (ii), and Ascoli-Arzela theorem, we can know that M|,
is relatively compact. Thus, there exist 1, z42,..., 2k, € M|
{Uzi1,Usins -+ Usyy, } 18 a finite enet of M|, 4,1

Denote xiy141,...1 (t) = Jiili(t), t e (ti,ti_;,_l], 1€ N[O,m], N[l,k‘li]. For any

m l; €
r € M, we have x|, +,,.,] € M|q,, so there exists [; € N[1, k;] such that

tiy1)

ti,t;01) Such that

ti+l]’

Il o) — ol =max ] sup (¢~ 1) alt) — za, ()],

te(ti,tiy1)
sup (¢ — 1P| DEa(t) - Dl ()]} < e
te(titiv)

Then, for x € M,
|7 = Zigt415...1,, | x

—max{ sup (t—t:)*"a(t) = Totitz.t,, ()
te(ti,tit1]

sup (= 1:)* 77| DY a(t) = D wigiyta..a, ()] i € N[07m]}
tE(tj,,ti+1]
<max{ sup (t—t)> *|x(t) —zu,t),
tE(ti,ti+1]
sup  (t— )29~ DP a(t) — DP awa, (t)] i € N[o,m]}
te(titiv)
< €.

So, for any € > 0, M has a finite enet {Uy, , ,, . 1l € N[1,k],i € N[0, m]}; that
is, M is totally bounded in X. Hence, M is relatively compact in X.
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= Assume that M is relatively compact, then for any e > 0, there exists a finite
e-net of M. Let the finite e-net be {Uy,,Us,, ..., Uy, } with ; C M. Then for any
x € M, there exists U,, such that x € U,, and

2]l <l — @il + [lzil] < €+ max{[la] i € N[1, k]}.

It follows that M is uniformly bounded. Then (i) holds.
Furthermore, let x € M, then there exists z; such that ||z — z;|| < e. Since
limtﬂﬁ (t — t;)> “x;(t) exists and z; is continuous on (t;,¢;+1], then there exists

0>0 such that uy, ug € (t,tj41] with |us —us| < 8 1mphes that |(ug—t;)%"x;(u1)—
(ug — ;) “x;(uz)| < e. Then we have for uy,us > (¢;,t;41] with |u1 —ug| <4

[(ur = )% 2 (ur) — (ug — t;)* “a(uy)|

< [(ur — t')2_a$(ul) — (ur — £5)* i (un)| + [(wr — ;)% “2s(un)
— (ug = 15)* @i (ug) | + [(u2 — ;)% “@i(uz) — (ug — t;)* " *x(uy)|

<3, T€EM.

Similarly we have t — (¢t — tj)2+ﬁ’°‘D€+a:(t) is equi-continuous on (t;,t;41]. Thus
(iii) is valid. Similarly we can prove that (ii) holds. Consequently, the claim is
proved. O

5.1. Impulsive multi-point boundary value problems. In [I37], the authors
studied the impulsive boundary value problem

RL D u(t) = f(t,v(t), "D, <>>,
REDS.o(t) = g(t,u(t), “DE, u(t), te (0,1),
Au(t;) = Ai(v(t;), ** D8, <i>>>,

AREDI u(t;)) = B(o(t;), " DL, v(t,), i € N[L K],
Av(t;) = Ci(u(ty), "“DE, u(t)),  ATEDE. o(t:)) = Di(ulty),
LD u(t,)), i€ N[L K],

RLDSCII ZalRLDa lu é-z U/ szﬁz a 777,

(5.12)

RLDM v(0 Z:CZRLD0+ u( deQ Bu

where
(i) o,0€(1,2),p€(0,8-1],q € (0,a—1], {t; : i € N[1,k]}, {& : i € N[1,m]},
{n; + i € N[I,m]}, {¢ : i € N[1,m]}, {6; : i € N[1,m]} C (0,1) are
increasing sequences,
(i) f,9:1[0,1] x R? — R are Carathéodory functions,
(iii) A;, B;,Ci, D; : R* — R are continuous functions, k, m are positive integers,
a;, bi, c;,d; are fixed constants, ¢ € N[1,m)].
Zhang et al. claimed that the following assumptions

ZaiZZbi:ZCi:Zdi:L ibini:idinizl (513)
i=1 i=1 i=1 i=1 i=1

i=1
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make ([5.12)) be a resonant problem and tried to establish existence result for so-
lutions of BVP (j5.1) by using the coincidence degree theory due to Mawhin [79].
However, some mistakes occurred in [I37, (2.10)—(2.14)]. There, it means that

BUDS u(t) = z1(t), Au(t;) =06, AR'DI u(t;) =w;, i€N[1,m] (5.14)

imply that
u(t) = 1 /t(t —8)* 12 (s)ds + (ha + Zw tq+1 a)ta 1
I'(a) Jo =
+ (h2 + Z 511’370‘ _ Z wz q+2 a)ta 27 hl, h2 c R,

ti<t t; <t

This claim is false because of the following two items:
(i) In fact, when t € (0,t1], this claim is correct. When ¢ € (t;,t;41], i > 1, we
have by Definition

RLD0+U( )
T(2—a) (/ot tos) (S)ds)”
2 =a ( / euts) 4 g ([ 0 u)”

i

h2+26 2 Q—Tzw 1972752 ds)”

T=1

+ <h1 + 71—‘(1?(; %) iwﬁf’l_“)s“_l
(hz +Z§ $2m TZWW a) a- 2)@}

i=1 = .
=l ) 9 (g [ ot

+ <h1 + F(l?(;)Q) sz:wTﬂHa)so‘l)ds} !
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+ (h1 + F(I?(;)Q) iwftgﬂfa)s“’l)ds} !

T=1

L g L e Ta—q) ¢ RN
+m[/(t—8)1 (h2+;57—t3 _W;w7t3+2 )8 2d8:|

0

# 2z1(t), by direct computation.

(ii) Problem is unsuitable proposed. By Corollary one sees the piece-
wise continuous solutlons of BLDy, u(t) = z(t) are given by

u(t) = Z(;{;) (t—to)* "+ ﬁ(t — 1)) + %/0 (t =) z1(s)ds,

(«

for t € (t;,t;i41], ¢ € N[0,m]. It is easy to see that u may be discontinuous at
t = t; if ;o2 # 0. So Au(t;) = ¢; is unsuitable. Since the expression of u on
(tistit1],% € N[0,m] are different from each other, then the resonant conditions
may be false.

To show the readers a correct result, now, we consider the boundary value prob-
lem (for ease expression, we consider the one of a impulsive fractional differential
equation, not a fractional differential system):

RLDO+U( ) p(t)f(t u( ) RLD0+U( ))7 te (tiﬂti+1]7 (S N[Ome
tligg(t—ti) “u(t) = It u(t:), DY (), i€ N[1,m],

i

ARLDg‘flu(t')) J(t;, u(t )RLDO+U( ), ieN[1,m], (5.15)

RLD(O;_:1 ZQZRLDa 1 gz U Zb u ,rh

where:

(5.A1) @ € (1,2), B € (0, = 1], {t; : i € N[I,m]}, {& : i e N[I,m]}, {m; : ¢ €
N[1,m]} are increasing sequences with &, n; € (t;,ti11], i € N[0, m], a;,b; € R are
fixed constants, m is a positive integer,

(5.A2) f:(0,1) x R? — R satisfies the following items: t — f(¢, (t —t;)* 2u, (t —
t;)*~P=2v) is measurable on (0, 1) for each (u,v) € R?, (u,v) — f(t, (t—t;)* 2u, (t—
t;)*~A~2p) is continuous on R? for all ¢ € (t;,t;41], i € N[0, m], for each r > 0 there
exists a constant M, > 0 such that |f(¢, (t — t;)* 2u, (t — t;)*"P~2v)| < M, holds
for all t € (t;,t;41], ¢ € N[0, m] and |ul,|v] < 75

(5.A3) I, J : {t; : i € N[1,m]} x R? — R satisfies the following items: (u,v) —
I or J(ti, (t; —ti—1)* 2u, (t; — t;—1)* P ~20) is continuous on R? for all i € N[1,m)],
for each r > 0 there exists a constant M,. > 0 such that |1 or J(t;, (t;—t;—1)* 2u, (t;—
ti—1)*#72v)| < M, holds for all i € N[1,m] and |ul, |v| < r;

(5.A4) p: (0,1) — R satisfies that there exist number k > —1,1 € (max{—«a, —2—
k},0] and B — o < 1 < 0 such that [p(¢)| < t*(1 —¢t)! for all t € (0,1).
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The homogeneous problem of (5.15) is as follows:

RLDe u(t) =0, t€ (ti,tit1], i € N[O, m],
lim (¢t —¢;)* *u(t) = A"DS T u(t;)) =0, i € N[1,m],

t—t}

Tl a; D, ul u(n;),
RLDSL Z RLDoz 1 5 Z b
=1

111

(5.16)

By Corollary E RLD& u(t) = 0 with ¢ € (¢, 41, ¢ € N[0, m] implies that there

exist constants c,1,cso € R such that

u(t) =Y (o1t —te)* "+ coa(t —t5)*72), tE (tistisa], i € N[0,m].
o=0
So Definition [2.2] implies for ¢ € (t;,t;41], i € N[0, m] that
REDg  u(t)
1 ¢ L sl
= — t— -«
T'(2—-a) [/0 (t =) "uls) 3}

%

o=0
+ ﬁ [/tt(t — 3)1—04 i(c‘fl(s — tg)oé—l + Coo(s — ta)a_z)ds}/
r'2-a) [ZZ Col/ =5 (s — t,)°7Nds

=0 0=0

tit1 /
+ cﬂ/ (t— ) =(s — tg)”"st)]
t;

1 J t ) )
+1_‘(20[)|:a¥0(601 /tj (t_S) (S_to—) dS
t /
+ o2 / (t=8)' " (s — 1) 2ds)]

tj

tit1—to

t—tg
o [ZZ / T w) e
- O[ =0 o0=0 tl—;t;
tit1—to
t—tg 1 9 /
o2 | (1 —w) " “w® dw)]

(5.17)

1 s i ,
m [Z/ (t—s)'— Z(Cal(s —te)* !+ coa(s — tg)a_z)d8:|
i=0 Vi
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j—14-1 1:-1t to
g g co1(t (1 —w)' = w* dw
2 — a t; —to
o=01i=0 —to
tit1—to
t—to /
+ o2 . (1 —w)~*w® de)]
—to

«) Z Col-
o=0
It follows that

RL Dot Z Co1, tE (ti,tira], i € N[O, m]. (5.18)

Then the other equations in (5.16]) with (5.17) and (5.18)) imply

cio =0, Ci1:0i€N[1 m},
C01 Za’l ZF Ca'la
m
S (ot (1= 1) + a1 — £,)°2)
o=0

= Z Z Cal i tcr)Oﬁl + 602(771' - ta)a72)'
i—=1 o=0

Thus (5.19) implies that ¢,; = 0 and cy2 = 0 for all ¢ € N[1,m]. So by (5.19) we
have

(5.19)

Co1 — Co1 Z a;, C()l(]. - Z bin?_l = Cp2 |:Z bﬂ]l - :| 0. (520)
i=1 1=1

From (/5.20) it is easy to see the following;:
Case (i): (5.16) has a unique trivial solution w(¢) = 0 if and only if

iai #1, szm (5.21)
=1
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Case (ii): (5.16) has a group of nontrivial solutions u(t) = co2t®~2,cp2 € R if and
only 1f

iaﬁu, me;* 2=1 (5.22)
i=1

Case (iii) - ) has a group of nontrivial solutions

1721 1b177? 1ta_2
S bint T =1

u(t) = cort™ ' + com , Cot,Co2 €ER

if and only if
Dai=1, Y bt TN EL D bR £ L (5.23)
i=1 i=1 i=1

Case ( - ) has a group of nontrivial solutions u(t) = co2t® 2, co2 € R if and
only 1f

i a; =1, Z bing ™ Z bmz = (5.24)
i=1

Case (v): (5.16)) has a group of nontrivial solutions u(t) = co1t*~1, co1 € R if and
only if

(5.25)

Zai =1, Zblm = szm
=1

If (5.21)) holds, then BVP is a un-resonant problem. While or
or (5.24)) or implies that BVP(5.15)) is a resonant problem. Concerning Case
(i), we establish an existence result for solutions of . Similar results can be
established for other cases. The readers should try it.

Lemma 5.9. Suppose that holds, denote Ay = 1 — Z:’;l a; and Ay =
L= bm? 2, Ay =" bin? ™t — 1, o is continuous on (0, 1) and there exist
k>—1 andl € (max{ o, —2 —k},0] such that |o(t)] < tF(1 —t)! for all t € (0,1).

Then x is a solution of the problem

RLDe x(t) = o(t), t€ (ti,tiy1], 1 € N[0, m],
lim (t —t;)* “x(t) = I;, i€ N[1,m],

t—tf

AREDS Y (ty)) = J;, i€ N[1,m], (5.26)

RLDng—l ZazRLDa 11‘ fz Z‘ Zb T 771
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if and only if

a(t)
1 ta—l m m Agt m m o m m
:m[AI ;Z; Al AQ ;;az z::gbz( 1|Ja
ta—2 m m o 1 i . N
+ Ay ;;bi(m_ta) 2Ia+m;(t—t o), +U§:1 (t —t,)* 21,

ta— 2A3 I3 ta— 2 m )oc 1
—_— d
+I’a A, Alzal/ der A, Zb/ o) o(s)ds

a—2 1 1— a—1 1 a—1 m &
_t / (1-s) o(s)ds + Lt Z ai/ o(s)ds
0 r i 0

AQ (a) F(a) Al -1
¢ (t—s)o ! .
+/0 WU(S)CZS, te (ti,ti+1], 1€ N[O,m] (5 27)

Proof. By Theorem we have RLDO+9L‘( ) =o(t), t € (ti,tit1], i € N[O, m] if
and only if there exit numbers Co15 Co2, @ € N[0, m] such that

z(t) = Z[cal(t — 1) oot —ty)* 2] + / (tr(sa);éo(s)ds, (5.28)

o=0 0

for t € (t;,ti41], © € N[0,m]. Then

i t
RLDS‘flx(t) =T'(a) Z Col —|—/ o(s)ds, te€ (ti,tiy1], i € N[0, m]. (5.29)
o=0 0

Furthermore, by direct computations we have
RLD0+$( )

= 7“117 3 {/Ot(t — s)_ﬂx(s)ds}

= 1“(1;—@ [2/tj+l(t — s)fﬁx(s)ds}l + ﬁ [/:(t — s)fﬁm(s)ds}/

tj

/

F(O&) a—pB— F(O[—].) a—0—
;Cal _ﬁ_‘_l)(t*ta) A 1+Ca2m(t*t0) =2

—|—/ wo(s)ds t € (t;, tit1], i € N[0, m]
0 F(a — ﬂ) ) iy Vi41]s ) .

(5.30)
From lim, .+ (t — t;)>"“x(t) = I;, we have c,o = I, for all o € N[1,m]. From
ARLDgflx(ti)) =J;, i € N[1,m], one has ¢,1 = ﬁ for all o € N[1,m]. From the
boundary conditions in (5.25)), we obtain

m

Pl)en = a[Fo ch1+ / (s)ds].

i=1
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Z[Cal(l — )+ oa(1 — )77 —|—/0 (11:(804))&0(5)%

o=0

L S)a—l

- i [Z o1 (i = o)™+ Con(mi — o) %] + /On (mr(@)a(S)dS}

Substituting cy,1,cs2 into (5.28]), we obtain (5.27) by changing the order of the

terms. It is easy to show from ([5.28]) and ([5.30)) that € X. The proof is compete.
|

To simplify notation, let H,(t) = H(t, z(t), RLDO+x( )) for functions H : (0,1) x
R? — R and z : (0,1] — R. Define the operator (Tx)(t) for x € X by

(Tx)( )

— m m Agt _ 72 m m .
tozfQ m m o 1 i N
A ;;bi(nﬁto) zlx(ta)‘i’@;(t*ta) L Tu(t)
- — 1 272 A5 — &
+Z(t te)* 2L, (t,) T(a) B Alz;az/ p(s) fz(s)ds
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L[ T
A ;az/o p(s)fx(s)der/O () p(s) f(s)ds

for t € (ti, ti+1] and i € N[O,m]

Theorem 5.10. Suppose that (5.21)), (5.A1)—(5.A4) hold and
(H1) there exist non-decreasing functions My, My, My : [0,4+00) X [0,400) —
[0,4+00) such that

A (2 = £, (¢ — £)°~020)] < My(Jul, o),
fort € (t;,tit1], i € N[O, m],u,v € R,
|I(t“ (tl — ti,l)afzu, (tl — ti,l)‘”*ﬂ*zvﬂ < M[(|U|, |’U|), 1€ N[l,m],u,v S R,
| T (s, (t; — tio1)® 2w, (t; — tim1)* P 20)[ < My(lul,[v]), i€ N[1,m],u,v €R

Then (5.15)) has at least one solution if there is o > 0 such that Ay My (ro,m0) +
AsMi(ro,m0) + AsMy(ro, o) < 10, where

m

A= mas {5 (g + Ii |A12|)Z ileal + 13, |Z b+ m.

m

(Fe=prmm * Me 0@ 1|A2|:§f|);”“l
* Fo 71 T iibiHF(a—ﬂ;Jrl)};
Ay max{|A2i§;|bl|(m te)* "2 +m,
R ii ol = £+ r’&”%‘li) )
o B
B(a+l§+|1 nglbl a+)l§+|1) B(lJ}ty};+1>’
B et
e AT A |Z'b'| e
B+1k+1) 1 B(a—ﬁ+l,k+1)}
Ma—6+1 A& T@-7)

Proof. Let X be defined above. By Lemma [5.9] we know that z is a solution of
(5.15)) if and only if z is a fixed point of T. By a standard proof, we can see that
T : X — X is a completely continuous operator. From (H1), for z € X we have

fo (O] = |f (t2(t), " DF e ()] < My(llz], llzl), ¢ € (ti,tial, i € N[O, m],
[ (ti, 2(t:), D a(t)] < Mi(lell, l])), i€ N[1,m], z €R,
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|ty 2(t:), DY ()| < My (|, [l2]), i € N[1,m], = € R.

We consider the set Q = {z € X : x = A\(T'z), for some X € [0,1)}. For z € Q, by
the definition of T for t € (¢;,t;41] we have

RS, (T) (1)
a—p-1 m m _ a—pB—
= le‘] ") T (iﬁi)l e A3le
_ a—p=2 M M
* i gaﬂllt Zzb o
+r(1;(fgi ani Ziib )

o=11i=0

7

4 INa-1 o— B
*Z a—ﬂ+1)( ) 1‘]”’+Fw(—ﬁ—)1)(t_t") )

1 Dla—1) P 2A, &
TT@Te-5-1 & Z‘“/

I‘(a—l taﬂ2 i nl_sal
+F(o¢—ﬂ—1 ; / ——————0(s)ds

1 — _ m
M=) 105 ) 1 taﬁl G
Lo A /

t (t— s)a B—1
+/ 1_‘(70(8)(15, te (ti,ti_._ﬂ, xS N[O,m]
0

a—pf)
So
(t—tz‘)Q*“l(Tw)( )l
el S Jad + Ral LS sy
‘A|017 |A|‘A|o’1i*a
TZZIbI = )7 My (e, N2 ])
o=1i=0
b o S Dl — o) 2 )
o=1i=0

1
* ) 2 ZMJ Il 1) +ZMI EHED

1 1 |A3| /
+777 i (1—13s) LdsMy(||z]], ||z
A A 2 R AED

+ a2 Zlb | / (1~ )t dshy (el o]

1—8 Sk —Sl S T T
+|A2|/0 F(a) (1= s)'dsM; (], =])



118 Y. LIU EJDE-2016/296

E, ‘Zm/ (1= ) dsM(lal 1ol

st [t o) sl )

1 1 A 1\, 1 .,
< + ila;| + —— i|b;| + m| My(||x], ||z
<t LA |A1HA2|)ZI I+ Tag] 20 | M5z, )

m m

N [‘Az S il = t0)* 2 4+ m] M (el 1ol

o=1i=0c

+1 E+1)]Az]  Bl+1,k+1) «— Bla+Lk+1) &
+ a; + Lo TNy,
[ E A T )2 ol + =R 2

(a+l,k+1) LB+ LE+)
I'(a)|Aq| I'(a)

Furthermore,

| Myl Nz,

(t—t )2+,3—a‘RLD,8 (Tm)( )|
1
T(a—G6+1)]4, |ZZ\a2|MJ I, [l1])

o=1i=0

1 F(afl 1 |A3| m m
i SN laadds (fal, 2]

P(OZ) (a_ _1 |A2||A|o’ li=o
* F(la) (F( 1) |Ay |ZZ|b [ My (ll]], ll[])
(E(agi1 )12, |ZZ\6I )M ([l [lll)
+Z( g ol el + meﬂunxn)
+ F(loz) F(I;<a_11 |A12| :ij' Z'“J/ s)' dsMy (|l 1))

o — ; (i —5)° lsk — s)ds z||, ||z
+F(a_ﬁ_1)|A2|;|bz/o Fo st ) dsM el el

1%& —SlS T x
+/0 F(a) (1= s)'dsM(|l2], l|=]])

R o ) sl )

— 5\« B—1
(oo [ sy el

! T(a—1) 1 A3\ X~
= [(F(a—[ﬂ DA T =5-1) T(a)|As] |A1\) D_ilail

i=1
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INa-—1)
p(a_ﬂ_l |A |Zz\b|+ ﬁﬂ)}MJ(HﬂLnxn)
+ | (F( 5 TA; \;;'b' m}wnxwm

[B(l+1,k+1) Ma—-1) 1 |A3\§:|a|

F(O() F(O{— —1 ‘A2| |A1 P

I'a—1) 1 i“"‘ (a+Lk+1) Bla+lk+1)
(o= B—-1)|As| = I(e) ()
B(+1k+1) 1  Bla-f+Lk+1)
Pla—B+1) A I'(o— )

It follows that
[Tx|] < Ay My (||]], [|z]]) + A Mi(||z|], [|«]]) + AsM (|||, [|l]]).

From the assumption, we choose Q = {x € X : ||z|| < ro}. For x € 98, we obtain
x # MTz) for any X € [0,1]. In fact, if there exists x € 9Q such that x = A(Tz)
for some A € [0,1]. Then

ro = [lz] = Al|Tz|| < [|Tx|| < A1M;(ro, 7o) + A2 M (ro, mo) + AsMy(ro, 7o) < 70,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that T has a fixed

+

| MUz, ).

point which is a solution of problem ([5.15). The proof is complete. |
Theorem 5.11. Suppose that (5.21), (5.A1)-(5.A4), (H1) hold and
M M M
fim M) g Mir) e, Malnr)

r—0+ r r—0+ r r—0+ r
o M M M

lim My(r,r) — lim Mi(r,r) — lim My(r.r) -0

r——+00 r r—+00 r r—~+00 r

Then (5.15) has at least one solution.

Proof. Let X be defined above. By Lemma we know that x is a solution of
(5.15) if and only if z is a fixed point of T. By a standard proof, we can see that
T: X — X is a completely continuous operator.

From (H1), as in the proof of Theorem [5.10} we have
[Ta]| < AMy(llf], [=]]) + AeMi(llzf], [[2]]) + As My ([l]], [l])-

Choose 6y > 0 such that (A; + As + A3)dy < 1. By the assumption, we know that
there exist a constant M > 0 such that

Mf(?", T) S 507’, M[(T’, T) S 60T7 MJ(Tv T) S 50T7 re [05 M] Oorr e [Ma +OO)

We choose Q = {z € X : ||z]| < M}. Then Q is an open bounded subset of X and
0 € Q. For z € 99, we have ||z|| = M. Thus

[Tz|| < Ay M (]|, lzll) + A Mi(l|=]], lz]]) + As M ([l [|=])
< A1doM + AzboM + AzdoM < M = |[z||.

As a consequence of Theorem we deduce that T has a fixed point which is a
solution of (5.15)). The proof is complete. O
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5.2. Impulsive Sturm-Liouville boundary value problems. Zhang and Feng
[130] studied the Sturm-Liouville boundary value problem of impulsive fractional
differential equation

Dl x(t) = w(t) f(t,z(t),2'(t), t€E (i tis], i € N[O,m],
Ax(t;) = Li(x(t;)), € N[1,m],
Az'(t;) = Ji(z(t;)), i€ N[1,m],
a1z(0) — £12'(0) = agx(1) + B2’ (1) = 0,

(5.31)

where ¢ € (1, 2], CDg+u is the Caputo fractional derivative, w : [0,1] — [0, +00),
f:00,1] xR? - R, I, J; : R — R are continuous functions, 0 = tg < t; < - <
tm < tmy1 =1, aras + a1 82+ a0 # 0. The existence and uniqueness of solutions
of BVP were established under the assumptions that f, I;,J; are bounded
functions. The following theorem was proved in [130].

Theorem 5.12 ([130]). Suppose that o € C[0,1], I;,J; are continuous, and n =
arag + o102 + a1 81 # 0. The solution of the problem

Dl x(t) =o(t), te€ (titip], i € NO,m],
Ax(t;) = Li(z(t;)), i€ N[1,m)],
Ax' (t;) = Ji(z(t;)), i€ N[1,m],
a12(0) — B12'(0) = (1) + Baz’(1) = 0,

(5.32)

can be expressed as

m+1 S)qil

_ [Tt gy [t
M—A w)<m+;@wmélr@ (s)d

St [ Geeis e Y e tne) (63

=Y Gt ti) Ji(x(t:),  t € (tetrral, k € NO,m],

where
_ 1 (ﬁl +a1t)(0{2(1_s)+ﬁ2), tSS,
Gl (t, S) = ——
n | (B +ais)(az(l—t) + B2), s<t.
This result is wrong. In fact, suppose that « is a solution of (5.32)). By Theorem
(with A = 0), we know from “D{, z(t) = o(t), t € (t;,ti+1], i € N[0, m] that
there exist constants c,, € R such that

(t) = Ui%c,, + ;dg(t )+ /Ot “‘F("’a)a(s)ds, te (ti,tisn], i € N[0, m].

Then
Fon : bt —s)2 o, )
x'(t) = ;}do —|—/0 mo(s)ds, t € (ti,tiy1], i € N[0, m].
From Ax(t;) = Li(x(t;)), Ax'(t;) = Ji(x(t:)),i € N[1,m], we obtain ¢; = I;(z(t;))
and d; = J;(z(¢;)),7 € N[1,m]. By a12(0) — 512/(0) = asz(1) + Bea'(1) = 0, we
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have
aico — Prdo =0,

It follows that
arco — Prdo =0,

m

asco + (az + B2)do = —an Y Lo (2(ts)) = D laz(l — to) + B2l Jo (2(t,))

o=1 o=1

B Dag(l—5)1 By(l —5)*2 o(s)ds
[ Ta—p 70
Then
co=Bi( =02 Y Lo(alts)) = Y laa(l = to) + Bl o (x(t,)
o=1 o=1
Lag(l—s)*1 By(l —s)*2
- /O [ F(a) - F(a — 1) ]O'(S)ds) /777
do = (=2 Y Lo (a(te)) = Y [oa(L — to) + Bol o (a(ts))
o=1 o=1
Las(L—5)*! | By(1—s)"2
|+ Ao ts)as)
Hence
2(t) = Bi( = 02 Y Lo(alts)) = Y laa(l = to) + B2l o (x(t,)
o=1 o=1
Lag(1—s)* 1 Byl —s)*2
/0 ) T(a— 1) lo(s)ds) /n
tar( =02 Y Lo(alts) = Y laa(l — to) + B2)Jo (x(ts)
o=1 o=1

o) + F(a_—l) }a(s)ds)t/n

XZI +ZJ )t —t )+/0 (t;(so); o(s)ds,

for t € (ti,t;41] and i € N [O,m]. This is the correct expression of solutions of
(5.32)). This result shows that [130, Theorem ZF] is wrong.

Theorem 5.13. Suppose that o € C[0,1], I;, J; are continuous, and

m—1

(= [a2 3 (trar —tr) + [az + Ba)(1 — tm)} Yasf £0.  (5.34)

7=0
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Then the solution of BVP for fractional differential equation with multiple starting
points t;,
DL a(t) =o(t), te (titi], i €N[0,m],
L Ax(t;) = Li(z(t;)), i€ N[1,m)],
Az (t;) = J;i(x(t;)), i€ N[1,m],
a12(0) — 12'(0) = agz(1) + Baa’(1) = 0,

(5.35)

can be expressed as

co + dot —+ fO F( ) U(S)dS te (0 tl]

co+ 3y Zo(trr — )do+Z 12 (T+1 tr)Jj(x(t;))

i tr41 (bry1— s) s)ds
s LT e >>+ZT I a0

+ 30 T —m tr1 = fﬁ o(s)ds
[do+Zg 0 % o(s)ds + 30y Ji(a(t)](t — 1)

-1

+«ft F(q) )dS, te (tiyti—‘rl]a 7 S N[l,m]

Here ¢y, dg are defined by

m—1m—1 m m

[0‘2 DD (e — ) Jj(a(t) + D T (@(ty)) + a2 Y I (a(tr))
Jj=1 7=j j=1 =1
m—1 41 t 1—50‘_1
+ as Tz:% /tf “_I‘(a))a(s)ds

m—2 m-—1

tit1 tj 1— 8 a—2
+ ao Z Z try1 — / (;(a_)l)a(s)ds

=0 =541

+ [az + Bo](1 — tm Z/7+1 %U(s)ds

—g)t 1 — )2
+a2/t %J(s)ds—kﬂg/t (;(a_)l)a(s)ds},

m m

m—1m-—1 m m
=~ [os (bt — )3 @(t) + 3 i(a(t) + a2 3 I a(t,)
i=1 =) =1 =i
S [ 9
+an 2 /t, o) o(s)ds
m—2 m—1 tit1 (t _ S)a—2
+ (tre1 —tr) La(s)ds
: =0 T:zj;a " /tj Ila—1)
m—1 ts 2
It (ti4q — 8)®
+ [ag + Bo](1 — t) Jgo /tj %a(s)ds

L —s)et S\ds ! (1—5)%205 <
JrOéQ/tm 7F(a) J( )d +52/tm F(a—l) ()d .
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Proof. Suppose that z is a solution of (5.35)). From Theorem and CDZ+z(t) =
o(t),t € (t;,ti+1], there exist constants ¢;,d; € R such that

x(t) =c; +di(t —t;) + /t (t —FS)Q‘1

TO’(S)dS, te (ti,ti+1]7 1 E N[O,m]

Then

l‘l(t) =d; + /t (;(_as)al)a(s)ds, te (ti,ti+1], 1€ N[O,m}

By Az(t;) = Li(z(t;)), Az’ (t;) = Ji(x(t:)), i € N[1,m], we obtain
ti —s) !

e = [ein +dia(ti— tia) + /t (’Fm)a(s)ds} — I(x(t)),

ti—1

d; — [d,;_l + /l:i1 mg(s)d,ﬁ} = Ji(z(t;)), i€N[1,m].

It follows that

N (T
j=07t
Then
i1
ci = ci—1+ (ti —ti—1)do + (t;i —ti-1) Z Jj(x(t)) + L;i(x(t:))
=1

b (ti—s)*" B o« [4 ]+1_3)a72 $ds
+/ T () o)+ t“z/t Ta—1n 1

J

=co + i(t-r+1 —tr)do + z_:(trﬂ —tr) Z Ji(x(t;)) + Z I-(x(t
7=0 7=0 j=1 T=1

u

K

i—1 try1 (t . S)afl
+ / T o(s)ds
Tz:;) tr ['(a)
i—1 T—1 t]Jrl s 2
+ Z(trﬂ Z/ Jﬂa — )1) o(s)ds
— =0
—1 1—1
—Co+z try1 —tr d0+zz tro1 —tr) +ZI
j=l7=j
S [ (b — )
+ / Tt o(s)ds
=0 F(a)
i—2 i—1 (t s)a_Q
j+1 — )
+ -;T;i_l T+1 — / WU(S)CZ& S N[l,m]

By a12(0) — 812'(0) = agz(1) 4+ B22'(1) = 0, we have
aico — Prdo =0,
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(1= gt

Q2 {Cm +dn(1—tm) _|_/

m

+ B2 [dm+/1 (1 78)0‘720’(8)&9

I(a—-1) =0.

| I

It follows that

ayco — Prdo = 0,

- T(a) CTa-1) o(s

Hence

+ o /t: (1;(2;_10(8)d8+ﬁ2/: (;(—as)o‘l_;a(s)ds},

m
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)04—2

T (e — s
j+1(t'r+1 _tT)/tj WU(SWS

moloptipn o ga—2
Haat -t Y [ BT s

j=0 Yt

L —s)et $\ds ! (1_8)%203 <
““2/1,,” oy oM ”32/% a1y 7 W)

It follows that

co + dot + f(f (¢ o(s)ds, te(0,t],

o + 3ot = t)do + T 7 (b = £y (a(t))
L 2 Lt >>+ZT o T T o (s)ds

+35m0 2r- _J+1 bri1 — ft;-H (let%agl) o(s)ds

Hanr o I e a)ds + i ()] - )
+ [ 4 9)“ )ds, t € (ti,tis], i € N[1,m].

This is (5.36). From Theorem Result is wrong even D{, with a single
starting point in (5.32)) is replaced by fo with multiple starting points {t;}. O

Karaca and Tokmak [54] studied the kind of impulsive Sturm-Liouville boundary
value problem

"= f(t,z(t), te (titiy1], i € N[0, m],
A%’(tl) = Ji(l‘(tl)), xS N[l,m],

a12(0) — f12'(0) = azz(1) + B22'(1) = 0,

where 5 € (0,1], CDB u is the Caputo fractional derivative, f : [0,1] X R — R,

I;,J; : R — R are contlnuous functions, 0 = tp < t1 < -+ <ty < typg1 = 1,

arae + a1y + asfBy # 0. The existence and uniqueness of solutions of (5.37)) were
established under the assumptions that f, I;, J; are bounded functions.

In [T39] [140)], the authors studied the existence and uniqueness of solution for the

boundary value problems for the semilinear impulsive fractional integro-differential
equations:

CDu(t) = Ax(t) + f(t,2(t), (Ko)(t), (Hx)(t),  t € (ti,tin], i € N0, m],
Ax(t;) = Li(x(t;)), i€N[1,m],
Az (t;) = Ji(2(t;)), i€ N[1,m],
a12(0) — f12'(0) = zo,  a2x(1) + faa’(1) = 21,

where qc (1,2], A > 0,1 >0, ,6)1 >0,a9 >0, ﬂg >0,'= 011()[2+011ﬂ2+042,81 75 0,
and 29,77 € R, f : [0,1] x R® — R, I;,J; : R — R are continuous functions,
0=ty <ty <--- <ty <tmy1 =1, and H, K are integral operators with integral
kernels

(Kac)(t):/o k(t, s)x(s)ds, (Hac)(t)z/o h(t,s)x(s)ds, te]0,1],

(5.37)
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where k : Dy — R and h : D — R satisfies sup;¢jq 1 fo (t,s)|ds < 400 and

SUPye(o,1] fo (t,s)|ds < +oo. The existence and uniqueness of solutions were es-
tablished under the assumptions that f, I;,J; are bounded functions and satisfies
the Lipschitz conditions. Some examples were presented in [I39] [140]. These exam-
ples are unsuitable. Since [139] Lemma 2.3]) and [I40, Lemma 2.3]) are from [99] in
which the derivative is the Caputo derivative with multiple start point ¢;(i € Ny),
see [99, Lemma 2.2] and [100]. So “D{, in examples in [I39, 140] should be replaced
by the one with multiple start point ¢;(i € Np). But The derivative in Examples in
[139, [140] is the Riemann-Liouville derivative with single start point ¢ = 0.

There has been no papers concerning with the solvability of Sturm-Liouville
boundary value problems of impulsive fractional differential equations involving the
other fractional derivatives such as the Riemman-Liouville fractional derivatives.
Now we consider the problem

RLDO+1:( ) p(t)f(t ZE( ) RLDO-F[E( ))7 te (tiati—i-l]a 1€ N[Ome

lim (¢ — t;)° "2 (t) = I(t;, x(t:), ""Dg, a(t)), i € N[L,m],
=k (5.38)
AREDS T (t) = T (b, a(ts), Dy x(t:), i € N[1,ml,

a1 lim 272 (t) — B DG 2(0) = asa(1) + B DS a(1) = 0,

t—0+

where a € (1,2], 8 € (0, —1], #2 D, u is the Riemann-Liouville fractional deriva-
tive of order x, p: (0,1) — R satisfies (5.A4) in (5.15)), f: (0,1) x R? — R satisfies
(5.A2) in (5.15), and I,J : {t; : i € N[1,m] x R? — R in (5.15)) satisfies (5.A3) ,
0=ty <t1 < - <ty <tmy1 =1, yaa + 182 + a2 # 0.
Lemma 5.14. Suppose that © = ajas+T(a)ayfe+T(a)asf # 0, o is continuous
on (0,1) and there exist k > —1 and | € (max{—a, —2 — k},0] such that |o(t)] <
tF(1 —t)! for allt € (0,1). Then z is a solution of the problem

RLDe x(t) = o(t), t€ (ti,tiy1], 1 € N[0, m],

lim (t —t;)* “x(t) = 1;, i€ N[1,m],

t—t

5.39
AREDO () = J;, i€ N[1,m], (5:39)
a tli%l+ 22 (t) — 51RLDg‘f1x(0) = agx(1) + ﬂgRLDS‘flx(l) =0,
if and only if
x(t)
_ ﬂ[z A—to)* ™, zm:(l el +52/la(s)ds
@ o=1 F(O[) o=1 0
(=507 Vet (@) [N (L= t)o!
+ 0‘2/0 () (S)ds}t B Lz_:l o) (5.40)

+ i 1 —t,)* %I, —|—ﬁ2/ o(s)ds + as /1 Wa(s)ds} te—?

0

t _Safl
+Z F?; Jy +Z (1—t,)*"2I, +/ (tF(o)z) o(s)ds,

o=1 0
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fort € (ti,tix1] and i € N[0, m].

Proof. By Theorem we have #LDo, x(t) = o(t), t € (ti,tiy1], @ € N[O, m] if
and only if there exit numbers cy1, ¢y2,7 € N[0, m] such that

A _ 8)0471

a:(t):Z[cal(tfta)o‘*l+coz(t7t,,)"‘*2]+/O (trm)a(s)ds, (5.41)

o=0
for t € (t;,t;11] and 7 € N[0, m]. Then

i t
RLDgflx(t) =T () Z Co1 —l—/ o(s)ds, te€ (ti,tiy1], 1 € NO,m].  (5.42)
o=0 0

Furthermore, by direct computations we have

*Dga(t)
= ; t — ) Pa(s)ds /
= s [ -9 o]
1 1 i B ’ 1 t B ,
= F(l—ﬂ){;/@ (t—s) ﬁx(s)ds} Jrr‘(l—ﬂ)[/tl (t—s) ’Bx(s)ds]
RN I'(a) amfo1 T(a—1) s
=X (gt e gt )
Gl o -
+/0 F(Oz—ﬁ) J( )d ) te (tzat1+1]7 GN[O, }
(5.43)

From lim, ,+(t —t;)*> “z(t) = I;, we have cyo = I, for all o € N[1,m]. From
ARLDO () = J;, i € N[1,m], one has cpq = % for all o € N[1,m]. From the
boundary conditions in (5.39)), we obtain

aico2 — I'(a)Brcor =0,

Qa2 {é(cd(l —te)* (1 —t,)*72) + /01 (1;(2);1_10(8)(13
+ o {F(a)gcﬂ +/0 U(s)ds} =0.
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Substituting c,1,cs2 into (5.41f), we obtain (5.40) by changing the order of the
terms. It is easy to show from ([5.40) and ([5.43)) that x € X. The proof is compete

O
To abbreviate notation, let H,(t) = H(t,z(t), RLDﬁ z(t)) for functions H

(0,1) x R?> - R and z : (0,] — R. Define the operator (Tx)(t) for x € X by

o =2 [y e

7”0[) Zl—t =21 (ty)
:1 10: g)o— 1
%/ ps) ds+a2/0 - 02) s m(s)ds]tal

+ Z s _I“IE; Jo(to)(t — 1)L + 22:(1 — o) 2 Ly (to) (t — 1)

( )al -
+/O (s, e

(tiati+1]7 1€ N[O,m]
Theorem 5.15. Suppose that © # 0 and (H1) in Theorem holds. Then (5.33))
has at least one solution if there exists ro > 0 such that

A1 Mj(ro,m0) + As M (ro,r0) + AsMy(10,70) < 70,
where

o2 T X T i e
||a®1|T(z(f) ) i . F](524))&1 * i . 1“1(34))&1 rgi) )
R PP

and
Ay = max { (|(2)|51| ;(1 te)* 2 + ;(1 — 1) ||(g|| :1(1 —1,)"?,
F(Tg)fl' F(E(i g i)l) Uf:lh —t,)* 2 4 gzm:l(l - tg)“—zm
ol S

B(l+1,k+1 B Lk+1
A3=H1&X{|a1||ﬁ2‘ (|®+ ) + )+‘041||042| (CY—{-, + )

6] I(a)
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L(@)BullBo|BU+ 1L E+1) | D(@)|Bifloe| Bla+Lk+1)

i E] ol o)
Bla+Lk+1) |ai||B(l+1,k+1) TI'(a)
INE)) ’ ] I'(a - p)
laflaz| T(e) B(a+lk+1)
©] I(a—p) I'(a)
L D@AuAB+1,k+1) T(a—1)
Kl Fla-p-1)
N [(a)|Bi]lae] T(a—-1) Bla+l,k+1) B(a—ﬁ—i—l,kz—i—l)}
o TIla-p-1) NG I'(a —p)

Proof. Let X be defined above. By Lemma we know that x is a solution of
(5.38]) if and only if x is a fixed point of 7. By a standard proof, we can see that
T : X — X is a completely continuous operator.

From (H1), for z € X we have

fo ()] = £t (), *DF ()] < My(lal, |all), ¢ € (titin], i € N[0,m],
| (t, 2(t:), Dy ()] < Mi(|l2|l, [l«ll), i€ N[1,m], z €R,
| (ti 2 (t:), D a(t)] < My(llz], ll=]), i € N[L,m], = € R,

We consider the set Q = {x € X : z = A\(Tz), for some X € [0,1)}. For z € , we
have by definition of T for t € (¢;,t;11] that

REDE, (Ta) (1)

— F(O(i))ﬂl [(,Z_l (1 _F,é(;))a_ Jw(tU) + Z(l - tg)a_QLE(tU)

6, /0 p(s) f2(5)ds + s /0 O}@;_P@Ww(s)dﬁm

(= tp) ! ()
o) TG p)

a—pf)
So
(t — t:)2=°|(Tx) (1)
M . w - _ a—2
§|@|[Z oy Mozl llzl) + 3 (1 = ta)**Mi(lal, 1)
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#Ul [ 50 = o asptg(lal. ol

73)04 1
ool [ CEE 0 s asnag(lol o)

m 1 G
g [Z( Mol el +Z =2 My, )

o=1

1

+ 52| | s*(1 = s)'dsM; (||, [l])

ool [ ST o ashiy (. ||x||>]

(1 - t,) o
> S el o) +Z "My (], )

t — s a—1
=t [ st = o) syl )

3

+21—t w2y by <1—ta>a-2}M1<||x||,||mH>

CH =
[|a1\\52|13(z+ 1,k+ 1) lay|joa| B(a + 1,k + 1)
1©] 19| I'(a)
L D@)|B5BU+1,E+1) | T(e)|Biflae| Blatlk+1)
(S] [§] I'(a)
et D (ol o).
Furthermore,

(t = t)**0 7LD, (Ta) (1))
loa| Tla) ~0-t)" = (1=t)*" T(a)
§[|@|F(a—ﬁ)z +2

F(Oé)|ﬁ1| F(Oé—l) m (1_t0 a—1
o Tla o 2 Ty Mol llel)

M
3
£
3

R
|
=

o=1 o=

3,_.

I(a)|f] T(a—1) o2 4 ., Ta-1)
+|: |@‘ I‘a ﬂf]_ ;1—75 (;1(1 to’) m
||a@1|1“(2(f)5) > - to)afg}Ml(Hva )
o=1
1]BBU+1,k+1) T(a)  Jaillas| T(a) Bla+bk+1)
O] Ta—p) O] T(a—2) (@)

+
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I(@)[B%IB+1,k+1) T(a—1)
o Ma—6-1)
I(a)|f1]|aze] T(a—1) Bla+il,k+1) Bla—-g+1Lk+1)
e + - |2z (lall, o).
o Ta--1  T(a) o —p)
It follows that
172 < Audy (ol o) + Myl 2l) + AsM; (lall, 2l

From the assumption, we choose Q = {x € X : ||z|| < ro}. For x € 9, we obtain
x # MTz) for any X\ € [0,1]. In fact, if there exists x € 9 such that x = A(T'z)
for some A € [0,1]. Then

ro = |lzl| = M|Tz|| < [|Tz|| < A1 M;(ro,70) + Ao M (ro,70) + AsMy(r0,70) < 70,

+

+

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that T has a fixed
point which is a solution of (5.38)). The proof is complete. O

Theorem 5.16. Suppose that © # 0, (1.A1)—(1.A4) and (H1) in Theorem [5.1(]
hold and

fim M)y, Min) o M)
r—0+ r r—0+ T r—0+ r
or
fm M) g, Mitnn) g Molnn)
r—+400 T r—+00 r r—+400 r

Then BVP (5.38) has at least one solution.
The proof of the above theorem is similar to that of Theorem [5.11]and is omitted.

Example 5.17. Consider the problem
REDS2a(t) = 3 (1 — )75 | Ay + Ba((t — t:)2a(t))°
+C1((t—t:)*RED (1) |, t€ (titiga], i € N[0, m],

hHﬁ(t — ) 22(t) = Ay + Ba((t; — ti1)2a(t:))”
tﬂti

+ Ca((t: _ti_1)5/8RLDéi4x(ti))g’ (5.44)
ARED 2 (t) = A5 + Bs((ts — tio1)"?a(t:)”
+ Cs((t; — ti—1)5/8RLDéi4$(tz’))g,
lim ¢'/2x(t) — *FD}%2(0) = 2(1) + B* DY 2(1) = 0,

t—0+
where A1, B;,C; € R(i € N[1,3],0 > 0 are constants, 0 = tg < t1 < - < t, <
tm+1 = 1. Then has at least one solution if one of the following items holds:
(i) o €10,1] or
(ii) o =1 with 23.5780m|B1| + 23.5780m|C1| + 14.2468m|Bs| + 14.2468m|Cs|
+ 34.6784m|B3| + 34.6784m|C3| < 1 or
(iil) o > 1 with [23.5780m|A;|+14.2468m|As|+34.6784m|A3|] 1 [23.5780m| B, |

+23.5780m|C | +14.2468m|Ba| +14.2468m|Ca | + A3 | Bs| +34.6784m|Cs] <
(o—1)7"!
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Proof. Corresponding to , we have o = %, 0= %, oy = ﬂ =ay =01 =1,
0=ty <t; < <tpm< tm+1 =1,pt)=t"5(1—t)"% with k=1=—1/8, and
f(t,u,v) = Ay + Bi((t —t:)Y2u)” 4+ C1((t — t;)°/%0)7, te (ti7ti+1}, ie NP,
I(ti,u,v) = Az + Ba((t; — ti1)"?u)” + Ca((t; — ti—1)*5v)7, i€ NP,
J(ts,u,v) = Ag + Bs((t; — ti 1) ?u)? + Cs((t; — ti—1)*®0)?, ie NP
We see that
[ (t, (= 1) P, (= t:)* 777 20)| < My(ful, [v]) = [A4] + [Bi|u” + [C1]o”,
t € (t;,tiv1], ¢ € N[O,m],u,v € R,

I(ts, (t — tio1)™ 2w, (£ — tim1)* P 720)| < My(Jul, [v]) = [Az] + [Ba|u” + |C2v?,
i € N[1,m],u,v € R,
[T (tiy (b = ti1)* 2w, (6 — ti1)* 777 20)| < My (Jul, [v]) = [A3] + |Balu” + [Cs[v”,
i € N[1,m], u,v € R.

By direct computations, we obtain © = 14-2I'(3/2), and by using Mathlab 7.0 that
A = max { 1+ 2%(3/2) i ur(éZ;/Z * i - (;;g;ﬂ
1 féi/(?ﬂ) ;’::1 (1r_(3t;g;/2 1+ 211* (3/2)T 131//28 ; s _?f/;/2
(1 —t,)Y2 T(3/2) N I'(3/2) E;;g Z (1 (3/;;/2 }

+Zl T(3/2) T(11/8)  1+2r1(3/2)T
(2 4 2T'(3/2))T (3/8)+F(11/8)F(1/2)}

- - ; 2+ 31(3/2)
= MU TOPE/2)0(3/2)) (1 + 20(3/2))T(11/8)0(3/8)
< 23.5780m,
Azmax{l+2i/§/2 Z (1—ty) Y24 Z(l t,)"Y/?
1 ™ _ (3/2 I'(1/2)
EEEEY) ;(1 )7, "1+ 20'(3/2) T(3/8) ; (L)™'
: 1eD(1/2) 1L TE/2) ¢ "
+ ;(1 —ta) Y r'(3/8) * 14 20(3/2) T(11/8) UZZI / }
2+30(3/2) _T(3/2) T(1/2) TI(1/2)
I'(3/8) T(3/8)

* { 1+20(3/2)’ 1+ 2I(3/2)

< —
*m ma.

TR T(Ls)

and
e (1+T(3/2)B(7/8,7/8) 2+ 30(3/2) B(11/8,7/8)
5= max{ 1+20(3/2) 17 R T62)
I'(3/2) B(11/8,7/8)

B(7/8,7/8) T'(3/2) 1
T ar@/2) T8 T(3/2)

1+ 2I(3/2) T(11/8)

)
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I'(3/2)B(7/8,7/8) I'(1/2) n I'(3/2) TI'(1/2)B(11/8,7/8)
1+2I(3/2) T(3/8) 1+42I'(3/2)T(3/8) T(3/2)
B(5/4,7/8)
T(11/8)
By Theorem |5.15] BVP (5.44)) has at least one solution if

} < 34.6784m.

A1|Z1| + A2|Z2| + A3|Zg| + [A1|§1\ + A1\61|

B ' a o (5.45)
+ Ag|Ba| + A2|Co| + As| B3| + As|Cs|lr? <r

has a positive solution rg.
It is easy to see that o € [0,1] or

o =1 with A1|§1‘ +A1|61| +A2‘§2| +A2|€2| —|—A3|§3| +A3|63‘ <1
or o > 1 with

[A1| Ay | + Ag|As| + As|A5|)7 AL [By| + A1|C1| + A|Bs|
(O’ _ 1)071

O—O'

+ Ay|Cs| + A3|Bs| + A3|C3|] <

implies that ([5.45)) holds. Hence (5.44) has at least one solution if (i) or (ii) or (iii)
holds. The proof is complete. (Il

5.3. Impulsive anti-periodic boundary value problems. The solvability of
anti-periodic boundary value problems of impulsive fractional differential equations
involving the Caputo fractional derivatives with multiple start points were studied
by many authors, see [0, [71], 100, [@9] and the references therein. In [91], authors
presented a new method to converting the impulsive fractional differential equa-
tion (with the Caputo fractional derivative) to an equivalent integral equation and
established existence and uniqueness results for some boundary value problems of
impulsive fractional differential equations involving the Caputo fractional deriva-
tives. There has been no paper concerning the solvability of anti-periodic boundary
value problems of impulsive fractional differential equations involving other frac-
tional derivatives with single start point.
Now we consider the problem

BEDg a(t) = p(t) f(t, x(t), "2 D), x(t)), t € (ti,tin], i € N[O, ml,
Ax(t;) = I(ti, x(t:), " Dy a(t:)), i€ N[1,ml,
AREDS T a(ty) = J(ti, a(t:), " Dy, a(t:), i € N[1,ml,
Jim 27 (t) +2(1) = lim #2507 DE a(t) + DR (1) = 0,

(5.46)

where a € (1,2], 8 € (0,a — 1], D? u is the Riemann-Liouville fractional de-
rivative of order x, p : (0,1) — R in (5.15) satisfies (5.A4), f : (0,1) x R? — R

in (5.15) satisfies (5.A2), and I,J : {t; : i € N[1,m]} x R? — R in (5.15) satisfy
(5.A3),0 =1t <ty <+ <ty <tme1 = 1.

Lemma 5.18. Suppose that o is continuous on (0,1) and there exist k > —1 and
| € (max{—a, —2 — k},0] such that |o(t)| < t*(1 —t)! for all t € (0,1). Then z is
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a solution of the problem

RLDe x(t) = o(t), t€ (ti,tiy1], 1 € N[0, m],

A(E( 2) = Iiv ARLDSL:lx(ti) = Jia i€ N[lam]v (547)
tLH(? t2fo<l,(t) 4 x(l) — tli%l+ t2+ﬂfaRLD84:11,(t) + RLDgJ:lx(l) =0,

if and only if

a(t)

+ Z(l - to)a_zlo(t - to)a_Q + /O (t}(so)[;l_lg(s)dsa

o=1
forte (tiatz’-&-l]; 1€ N[O,m]

Proof. By Theorem we have RLDO+I(

) =o(t), t € (ti,tit1], @ € N[O, m] if
and only if there exit numbers Col, Co2,% € N[0, m] su

uch that

z(t) = Z[cal(t — 1) oot — t,) T2 + /O ~

o=0

for t € (ti, ti+1], i€ N[O,m] Then

i t
RLngla:(t):F(oz)chl+/a(s)ds, te (b tina], i €N, (5.50)
_ 0

Furthermore, by direct computations we have

RLD()M”( )
= ﬁ[/o (t—s)-ﬁx(s)ds]’
- ﬁ {S/ti+l(t - S)_ﬂx(s)ds}/ + ﬁ [/:(t _ 8)_ﬂx(s)ds}/

j=0""

) a—B-1 F(a — 1) a—(3-2
_Z(C(ﬂ _ﬁ+1)(t—tg) s +002m(t—t0) B )

t (t _ S)O‘ B-1 '
+/0 WU(S)CZS, t e (ti,ti+1], = N[()’m}

(5.51)
From lim, ,+(t — ti)?~x(t) = I;, we have cyo = I, for all ¢ € N[1,m]. From

ARLDgflx(ti)) = J;, i € N[1,m], one has ¢,1 = % for all o € N[1,m]. From the
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boundary conditions in (5.39)), we obtain

m 1 1—g a—1
Coz2 + ;[cal(l — 1) coa(1 — ) 2] + /0 (Fm))a(s)ds =0,
m 1
I(a)eor + T'(a) Z co1 + / o(s)ds =0
o=0 0
It follows that
m 1
Cop = 9T (a) [JZ Jo +/ ( )ds}
Iies (1—t,)>t = )
= —— 1 - o I
02779 { <" 2T(a) Jo ¥ 021( o)L

- 1 L(] = g)ot
—%@/0 a(s)ds—i—/o Q- F(oz) U(S)ds}-

Substituting c,1,cs2 into (5.49)), we obtain (5.48|) by changing the order of the
terms. It is easy to show from ([5.49) and ([5.51]) that x € X. The proof is compete.
O

To abbreviate notation let H,(t) = H(t,z(t), RLDﬁ z(t)) for functions H :
(0,1) x R? - R and z : (0,] — R. Define the operator (Tx)(t) for x € X by

(T)(t) =

1 m

—ﬁmﬂ;@m>/ mmwﬁahzﬁyﬁigMM

m 1
#3001 Lalte) = g [ plf(s)as

! (1 — S)a_l a—2 : (1 _ U)a_l a—1
+ [ e s + 30 )t 1)

i a— a— ! (t — S)a71
#3010 L)~ ) to [ e s
for t € (t;,t;41] and i € N[0, m].

Theorem 5.19. Suppose that (H1) in Theorem [5.10] holds. Then (5.46) has at
least one solution if there is ro > 0 such that AyMj(ro,r0) + AaMy(ro,7m0) +
AsMy(ro,ro) <19, where

a—1 m
g

_ m (1t 1—t m
Al_maX{QF(a)+z (o) +;1 ’21“(047/6’)

o=1
Z (1 —ty) T MNa-1) & 1—t
+Z I'(«) +2I‘a 8—1) az::1 }’

_ (1= to) a F(a)
Ag—max{z2+;(lta) 2 o= )

_y T'(la—1 (a—1) i yo-
+3 (1) 2F(a(—ﬁ—)1)+2Fa 6—1;1_t 2}
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B(l+1,k+1) n B(a+1,k+1) n B(l+1,k+1)
4T () 2I' () 2T ()
B(a+1L,k+1) Bl+1,k+1) Ia—1) B(l+1,k+1)
I'(«) 2T« —B) 2L(a— 0B —1) 2T ()
n INa-1) B(a—|—l,k+1)+B(a—ﬂ—|—l,k+l)}

(a—pF—1) N I'a—pB) '
Proof. Let X be defined above. By Lemma [5.18] we know that z is a solution of
(5.46) if and only if z is a fixed point of T. By a standard proof, we can see that

T: X — X is a completely continuous operator.
From (H1), for z € X we have

fo (O] = If (t2(t), " DF a(@)] < My(llz], llzl), ¢ € (ti,tia], i € N[O, m],
| (ti,(t:), "Dy x(t:)] < My(l|l, [|z]), i € N[L,m], z € R,
| (ti2(t:), *DF 2(t:))] < My(lell, |2ll), i € N[L,m], z € R.

We consider the set @ = {z € X : z = A\(Tx), for some X € [0,1)}. For z € Q, we
have by definition of T for ¢ € (¢;,t;41] that

Az = max{

"Dy (T) (1)
B _QI‘l(a) {ih(to) + /Olp(s)fw(s)ds} F(I;(a)ﬂ)ta—ﬁ—l
_ ;[:1 1;;(2;1Jw(tg)+§:1(1_ta)a21x(ta) - 2&0[) /Olp(s)fl(s)ds
e B e
+ ; $ FE‘;))al Jx(ta)r(i(f)ﬁ) (t —t,)° 1
' ;(1 o) ) g g £ 1)

So

]_ 1
< iy M lell el + [0 = s)dsay (. )
m _ a—1 m
*3[; (12552)MJ<Ilwll,llwll>+;<1ta>“MI<||z,||x||>
1 1 k _SZ S X xr
+ 30y 0= s dsty (. )

1—s)ot ok
I(«)

+
c\)_‘

(1 s)'dsMy(|le]. 2]}
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i a—1
+ 30 Myl L) +Z "2 My (] )
(L= s)ds My (a1
)a—l m t )a—l

< w2 +Uz_:(1;F(>]M"(“m” )

- (1 7t0)a72 % a—2
)P o R AN )
B(I

+1,k+1) §:a+l,k+1) B(l+ 1,k +1)
4T () 2l () 2T («)
Bla+1,k+1)

T]Mf(llfﬁll, [l]1)-

Furthermore,

(t = t)**0 =L DF, (ch)(t)l

m

G ta a71 Oz —1 a,1
< ey Z M) a-3-1) Z Ml el
a = I(a—1) T(a— 1) m N
+[F<a— 2 Ma—p-1)  2(a—p-1) ;(1‘“’) ’

B(l+1,k+1) Pla—1) Bl+1k+1)
2l — B) Wa—p0-1) 2l ()
Fla—1) Bla+lLk+1) Bla—F+LE+1)
Te—5-T T s Ml
It follows that

[Tz < AcMy(flzll, llz]l) + A2 My (ll]l, [[z]]) + Az (llz]], [|2]])-

x Mi(llz], llz]) + |

From the assumption, we choose Q = {z € X : ||z|| < ro}. For z € 0L, we obtain
x # MTxz) for any A € [0,1]. In fact, if there exists z € 9Q such that x = \(T'z)
for some A € [0,1]. Then

ro = ||zl = M[Tz| < |T=]| < ALM(ro,m0) + A2Mi(ro, 70) + AsM(ro,70) < 7o,

which is a contradiction.
As a consequence of Schaefer’s fixed point theorem, we deduce that 7" has a fixed

point which is a solution of ((5.46|). The proof is complete. |
Theorem 5.20. Suppose that (H1) in Theorem [5.10 holds and
M M M
fm M) g M) o, Malnr)
r—0+ r r—0+ r r—0+ T
or
M M M
fm M) gy, Mitnn) g, Malnr)
r—+00 r r—-+oo r r— 400 r

Then (5.46) has at least one solution.
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6. COMMENTS ON SOME PUBLISHED ARTICLES

In some recently published articles, the existence and uniqueness of solutions of
initial or boundary value problems for impulsive fractional differential equations
have been studied, see [109] 112 113, 126, 127, 13T, 133] [67, 136]. However, we
find that some results in such papers are wrong from a mathematical point of view.
To avoiding misleading readers, in this section we make some comments on these
papers.

6.1. Corrected results from [I36]. In [I30], the authors studied the solvability

of the initial value problems for the impulsive fractional differential equation
oDiz(t) = f(t,z(t)), t€][0,T], t #t1,ta,. . tm, 61
Ac(ty) = Lu(a(ty)), k=1.2,....m, 2(0) = a0, (61)

where q € (0,1), zg € R, ¢D{ is the is the Caputo fractional derivative in interval
[0,t], f:]0,T] x xR +— R is an appropriate continuous function, Iy : R — R(k =
1,2,...,m) are continuous functions, 0 = ¢4 < t; < -+ < bty < typy1 = T,
Ax(ty) = z(t}) — x(t;) = lim_o+ z(tx + €) — lim._+ 2(tx — €). We find that the
main result ([I36, Theorem 2.1] with its long proof) is as follows:

Result 6.1. System is equivalent to the integral equation

w0+ iy Jo (= 8)T7 f (s, 2(s))ds, ¢ € (to, ta],

o+ Yy Il <>>+f@J3t—s¢4ﬂsx@»@
x@:<wzzﬁm Kﬁtwwvvwa»w (6.2)
+ i (o a(a) s — [y (t = 517 (s, w())ds) | /T (@),

te (tn»tn+1]7 n= ]-721"'7

provided that the integral in (6.2)) exists, where g € (0,1),h € R are constants.

However, this result is in-correct. In fact, the following example was given [130,
Example 1]:

D fa) =t te 0.2\ {1}, a() = (1) =I@(17)), #(0)=0. (63)
It was claimed that the general solution of (6.3) is

5r(1f/4)t5/4> t € (0,1],
2(t) = ¢ hi(@(17)) + spirmyt™ (6.4)
LD 44 (- 1)Vt + 1) — 454, e (1,2,

where h is a constant. Let 2 be defined by (6.4). One notes (by [136, Definition
2.2]) for t € (1,2] that

DI a(t) = g [ =97 s

1

_ ! — s 1/4/ p 1
F(3/4)/0 (t= o) Fals)ds + I'(3/4)

— L ! _s —1/4i 85/4/ S
= [, O s

/1t(t —5) M4 (5)ds
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1 ¢ _ _ 16
ANy /1 (=)™t [Il(x(l D+ S5/ s/
4hly(z(17))

5T (1/4) (44 (s—1D)Y*4s+1) — 455/4)}/d8.

When w = s/t, we obtain

/ ! 4 ' —1/4 1/4
oDM g (t) = mm/o (t— 5)~ Va5l /4qs
1 t _ 4hli(z(17)) 1 B
w9 M (e DY s -
_ i(s _ 1)73/4 . 581/4)}(15
1 4

! ~1/4,.1/4
r<3/4>r<1/4>t/0 (= w)™ T dw

+ﬁ/1 (t_s)_1/4[W(4(3_1)1/4+s(s—1)—3/4

- i(s —1)73/4 — 551/4)}ds # t.

This shows us that x does not satisfy ODtl/4x(t) =t on (1,2]. In fact, we have

1 ¢ 1
F(1/4)/1(t_8) sds

71 t -1 71 t —sifls
:F(1/4)/1(t—5) (s—l)ds+F(1/4)/1(t )i-1q
1

— _1)\5/4 ' —w%_lww 4 _ 1\1/4
_F(1/4)(t 1) /0(1 ) d +F(1/4)<t 1)

(using j—;l =w),
L(1/4)T(2)

I'(9/4)

1
“ e
_ 4
~ 5I(1/4)

NG

B(1/4,2) =

(-1t

4
I'(1/4)
(t—1)"4(4t +1).

This mistake comes from the following incorrect equality used in [136]:

1 t — )i lsds = 1 — 1)
F<1/4)/1(t )i tsd 5F(1/4>(t Y44t +1).

The correct formula of solution of (6.3)) is

16 5/4
oy = it te (0.1,
Li(x(17)) + sy t™™, te(1,2).
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We consider the more general problem
‘Dira(t) — Ax(t) = f(t,x(t)), te€ (ti,tip1],7 € Ny,
Ax(t;) = I(t;,z(t;)), x(0) = o,

where a € (0,1), A € R, °Df, is the Caputo fractional derivative of order x,
f:0,1]xR—R, I:{t;:ieN"} xR~ R are continuous functions, 0 = tg <
<o <ty <tmg1 =1, 20,7, € R.

Theorem 6.2. z is a solution of (6.5) if and only if
2(t) = 20Ba—p1 (A7) = A2t PEqo_g a—pi1(At*F)

(6.5)

+ Z I(tj, 2 (t;) Baepa (Mt = 1;)*77)

i (6.6)
- A Z I(t;, ()t — t))* PEa_pa—pr1 (Mt —t;)*77)

¢
+ / (t—8) " TEa_pa(\t —8)*P)f(s,2(s))ds,
0
fort e (ti,tit1] and i € NJ.

Proof. By Theorem (with @ = 1), we know that x is a solution of (6.5]) if and
only if there exist constants d; € R(j € Nj*) such that

2) = 3 dBarss (ML — £)7) ~ XY dy(t — 1,77
=0 i
X Ba-pa-pri (At = £;)*7) (6.7)

+ / (t = ) Ba_pa(A(t - )% 7) (s 2(s))ds,
0

t € (ti,tiv1] and ¢ € N§*. From x(0) = z(, we obtain dy = x9. By Az(t;) =
I(t;,xz(t;)), we have d; = I(t;,z(t;)) (¢ € NJ*). Substituting d; into (6.7)), we
obtain (6.6). The proof is complete. O
Remark 6.3. Let A = 0. Then Theorem [6.2] implies that
°Dgra(t) = f(t,z(t), te (ti,tiya], i € Ny,
Ax(t;) = 1(t;,z(t;)), z(0) = xo,
is equivalent to

x(t) = xo + Zf(tj,x(tj)) —I—/O (t}:o);_f(s,x(s))ds, t € (ti tiv1], i € NJ"

It is easy to see that Result (the equivalent integral equation (6.1])) is wrong.
Theorem (with A = 0) is a corrected version of the result.

Remark 6.4. Similar to Theorem we can establish equivalent integral equa-
tions for the following problems:

D a(t) — Ax(t) = f(t, (), te (O,1\ {tr,... .t}
Al‘(tﬁ = Ii(.ﬁ(ti)), Al‘/(ti) = Ji(l‘(ti))7 1€ Nf,
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DG a(t)  Aalt) = [(t,x()), € (O1]\ [t 1),

DY x(t) — Ax(t) = f(t,2(t), t€ 0,1\ {tr,-...tp},

D2y a(t) — Aa(t) = f(tx(t)), ¢ € 0,1\ {tr,....t,},
Az(t;) = Li(z(t:), A'(t;) = Ji(z(t;)), i € N},
az(0) — bz’'(0) = xg, cx(l) +da'(1) = z1;
and
‘D x(t) — Ax(t) = f(t,z(t), te 0,1\ {tr,....t},
Ax(t;) = Li@(t:), Ax'(t;) = Ji(x(t:)), i€ N,
2(0) — ax(§) = z(1) — bx(n) = 0.

These problems are generalized forms of the problems discussed in [91].

6.2. Corrected results from [126]. In a recent article, Zhang [126] studied the
solvability of the boundary value problems for the impulsive differential equations
with fractional derivative

ODgy(t):f(t7y(t))’ tE[O’T]’ t#tk7 t#il7 k:172""’m7 l:1’27""p7
Ay(ty) = L(y(ty)), k=1,2,....m, Ay (%) =Ly# ), 1=1,2,...,p,

y(o) = Yo, y/(o) = y07
(6.8)
and its special case

ODgy(t) = f(t) y(t))7 t e [O’ T]’ t # tk7 k = 1727 AR 7m7
y(0) = yo,  ¥'(0) = o,
where ¢ € (1,2), v0,7y € R, ¢D{ is the Caputo fractional derivative in interval
[0,t], f :]0,T] x xR +— R is an appropriate continuous function, I, I; : R —
R(k = 1,2,...,m,l = 1,2,...,p) are continuous functions, 0 = ¢ty < t; < -+ <
tm <tmi1 =T,0=1% <t < -+ <t <tpr1 =T, Ay(ty) = y(t)) —y(ty) =

lim, o+ y(tx +€) — lim. o+ y(tx —€), Ay'(tx) =¥/ (&) — v/ (t;) = lim o+ ¥/ (tg +
€) — lim._ g+ ¥ (¢tx — €). The main theorem ([I26, Theorem 2.1]) claims that
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Result 6.5. System is equivalent to the integral equation

yo + Tt + fy T F(s,u(s))ds, t e,

Yo +?0t + z:1<k<n1 Ik(y@;)) + 21§z<n2 (t— Elﬁl(y@;))
o fo G £ () ds + € e, [0t

x(Jo" (b — s>q*1f<s,y<s>>ds L (= )7 f (5, (s))ds
s — 4~ It = s Geds) | rta)

+C z:1<l<n2 [Il( (fo U —s)17 f(s,y(s))ds

= )7 f (s, () ds—fo (t = 5)1 f(5.y(5))ds) | /T ()
D Dtchen |~ I (E)) Jo* (e — )72 f (s,y(s ))dS}

i Sicicns | (- mmy( l >> Jy! (= 5)172 (s, y(s))ds,
ted ,n=12,...,A,

provided that the integral exists, where g € (1,2), £, € R are two constants,
{t1,ta, ooty b1y 2, o B b = {81, tA )}
with 0 =1 <t} <ty <. <tan <tap =T, Jj, = (t}, t ] (k=0,1,2,...,A).
The following statement was also claimed [126, Corollary 2.4].

Result 6.6. System is equivalent to the integral equation

o +Tot + [y U5 S) “flsoy(s)ds, te[0,t],
yo+yot+21<l<k ) + Diciert — BTy (E )

+Jy ‘%‘25 (s + Xy cocr [(€Liy(E)

y(t) = 4 Tyt (fo (t: — )7 £ (s, y(s))ds

(= ) (s, y(s))ds — fy(E— )77 f(s,5(5))ds ) | /T(a)
Yi<i<k [(EL(y(ti_))JrCTi(y(tZ)))(t*ti)fcf"'(trS)“‘Qf(s,y(S))dS} /T(q—1)

+

te (thytrr1], k=1,2,...,m

We find that Results [6.5 and [6.6] are also incorrect.
It is easy to see that and can be generalized by the IVP

‘Diry(t) — xy(t) = f(t,y(t), t € (titin], i € NG,

Ay(ti) = I(ti, y(t;), Ay (t:) = I(t;,y(t;)), €N, (6.10)
y(0) =yo, ¥ (0)=7

where o € (1,2), Dy, is the Caputo fractional derivative of order *, f : [0, 1] xR
R, I,J:{t; :i € N"} x R — R are continuous functions, A € R, 0 = ¢ < t; <

- < tm < tmt1 =1, yo,Yy € R. One sees that BVP generalizes BVP
and . We now establish existence results for .
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Theorem 6.7. A function y is a solution of (6.10)) if and only if

y(t) = YoBa1 (M) + TotBa s (M) + Y Ii(ty, y(t;)) Ean (At — 1;)%)

Jj=1

+ZI 5yt (= 1) B (At — t5)%) (6.11)

—|—/ (t —8) ' Baa(Mt —8)*)f(s,y(s))ds, t€ (t;tis1], i €Ny
0

Proof. From Theorem (with n = 2), y is a solution of (6.10) if and only if
there exist constants ¢;,d; € R(j € Ni*) such that

%

y(t) =D cjBaa (At —1;) +Zd a2t — 1))
3=0 (6.12)

4 [ = 9 B\ - ) (5.5 ds,
0

for t € (t;,t;41] and 7 € NJ*. By direct computations we obtain

v () =2 cilt — ) Baa(At —t;) +Zd Eo_ 11\t — ;)71
i=0 (6.13)

+ / (t = )% B a1 (Mt — 5)°) (s, y(s))ds,
0

for t € (t;,¢i+1] and @ € N§*. From y(0) = yo,%'(0) = 7, we obtain ¢y = yo
and dy = Y. From Ay(t;) = I(t;,y(t;7)), Ay (t:) = I(ti,y(t])), we obtain ¢ =
I(t;,y(t; )) and d; = I(t;,y(t;)) for all i € N". Substituting ¢;, d; into (6.12), we
obtain (6.11)). The proof is complete O

Remark 6.8. Let A =0. By , we obtain that the IVP
‘Dgry(t) = ft,y(t), te (ti,tiva] i € NT,
Ay(ts) = It y(t;)), Ay'(t:) =1t y(t;)), i € NT,
y(0) =wo, ¥'(0) =7,

is equivalent to the integral equation

y(t):yo+?ot+zfj(tj, +ZI (tj,y(t;)(t —t;)

j=1
+/t(t_5)a_1f(s y(s))ds, t€ (titisa], i € NI
A
It is easy to see that Results and (obtained in [I26]) are wrong.

6.3. Corrected results from [127]. Zhang [127] considered the initial value prob-
lem for fractional differential equation with Caputo-Hadamard fractional derivative
and impulsive effect,

ChDZ+x(t) = f(t’ .’L‘(t)), t 6 (a7T}7 t # tk’ k: = 1’27' N "m7

" (6.14)
Az(ty) = Ap(z(ty)), k=1,2,...,m, xz(a) = z,,
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where ¢ € C and R(q) € (0,1), “"D?, denotes the left-sided Caputo-Hadamard
fractional derivative of order ¢ with the low limit a(> 0), a = tp < t; < -+ <
tm <tm+1 =T, f:(a,T] x C— C is an appropriate continuous function, x(tﬁ) =
lim_o+ z(tx + €) and z(t; ) = lim._¢- x(t; + €) represent the right and left limits
of x(t) at t = ¢y, respectively. The following result was claimed [127, Theorem 3.2].

Result 6.9. System (6 is equivalent to the fractional integral equation

2o+ [ %f(s,x(s))%, t € (a,t1],

t (Int—Ins)?™ s
Zat Yy MilaltD) + f, iy — “f(s,u(s)%
_ hA (2t ti (Inti—lns)?™ ‘
z(t) =9+ 30, (?() ))[fa : tp(q)) f(s,x(s))%
t (Int—Ins)? s t (Int—Ins)9 ! s
[ T f (s, a(s)) b — f1 DT p(s ()|,
te(tz,tm], i=1,2,...,m,

where h is a constant. We find that this result is wrong. We consider the more
general problem

"D x(t) — Ax(t) = f(t,2(t), t€ (ti,tiq], i €NY,

6.15
Ax(t)) =a(t]) —a(t;y) = I(ti,z(t:)), €N, 2(1) = zo, ( )

where ¢ € (0,1), p € (0,q), ChD;+ is the Caputo-Hadamard type fractional deriv-
ative of order %, A\ € R, f: [l,e] x R— R, I : {¢; : i € N} — R are continuous
functions, 1 =ty <t; <to < -+ <ty <tmt1 =€, g € R. One sees that is
a generalization of (a=1and A =0).

Theorem 6.10. BVP (6.15)) is equivalent to the integral equation

z(t) = 20Eq1(A(Int)?) + ZI 1(A(lnt —Int;)7)
(6.16)
+ / (Int —Ins)? 'E, ,(A(Int —Ins)?) f(s, x(s))%,
0

fort € (ti,tit1] and i € NJ.

Proof. By Theorem x is a solution of BVP(6.15)) if and only if there exist
constants d; € R(j € N§*) such that

x t) = idquJ()\(lnt — lntj)q)
i=0 (6.17)

+ / (Int —Ins)4'E, ,(A(Int —Ins)) f(s, x(s))ﬁ7
0

S

for t € (t;,ti+1] and ¢ € Nj*. From Axz(t;) = I(t;, z(t;)), we obtain d; = I(t;, z(t;))
(¢ € N{*). From z(1) = x¢, we obtain dy = z¢. Substituting d; into (6.17), we
obtain ([6.16)). The proof is complete. O

Remark 6.11. From ([6.16)), letting A = 0, we obtain that the system
"D x(t) = f(t,x(t), tE€ (i, tiy1], i € NY,
Al’(ti) = I(t“l’(ti)), RS NT7 .’E(l) = Xy
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is equivalent to

d
Fs,2() 5 € (tistin], i € NG

(1) = a0+ 30 1(.2(0)+

Then we know that Result obtained in [I27] is wrong.

6.4. Corrected results from [112] 113]. In [I12] I13], the authors studied the
existence of solutions of the anti-periodic boundary value problems for impulsive
fractional differential equations,

Dg+x(t) + A)x(t) = f(t,x(t)), te€][0,1)\ {t1,t2,...,tm},
ISx(th) — IS () = Ji(z(t)), i=1,2,...,m, t'""92(t)|;=0 + t' " 2(t)[;=1 = O,

and

‘Diyx(t) + M(t)z(t) = f(t,z(t), te[0,1]\{t1,t2,... tm},
ISa(th) — IS () = Ji(z(t)), i=1,2,...,m, x(0) + z(1) = 0,

where ¢, € (0,1), CDg+ is the Caputo fractional derivative, Dg+ is the Riemann-
Liouville fractional derivative, I, is the Riemann-Liouville fractional integral, 0 =
to <t1 < <ty <tms1 =1, A€ C0,1], R) satisfies g =: max,e[o 1] A(t) > 0,
Jir : R — R is continuous, f is a given piecewise continuous function. The main
results in [I13] are based upon the following two results:

Result 6.12 ([I13, Lemma2.7]). Suppose that ¢, € (0,1). Then z is a solution
of

DL a(t) + dox(t) = f(tz(t)), te 0,1\ {tr,t, ... bm},
I8a(t) — 18- (6) = Ji(a(t)), i = 1,2, m, 79 (t) 1o + 1% (t) iy = 0
(6.18)

if and only if  is a fixed point of the operator T, : PC,(0,1] — PCy(0, 1], where
T, is defined by

_ F(Q)tqilEq,q(*Ath) ¢ Ji(x(t;))
(qu')(t) - 1+F(Q)Eq,q(_)\0) [; F(Q)t?+q_1Eq7q+a(—/\ot§1)
1
—/0 (1= 5" Byq(~20(1 = 5)1)f (s, 2(s))ds]
q—1 _ q Jl(x(tl))
—t Eq,q( )\Ot) Z ta+q_1Eq,q+a(_>\Otg)

t<t;<1 "t

+ /ot(t - S)Q_lEq,q(_)‘O(t —5)1) f(s,2(s))ds.

Result 6.13 (cite[Lemma 2.8]wl3). Suppose that ¢, € (0,1). Then x is a solution
of

‘Diyx(t) + Mox(t) = f(t,z(t), te[0,1]\ {t1,ta,... ,tm},

IGa(th) — IS () = Ji(z(t), i=1,2,...,m, z(0) +z(1) =0 (6.19)
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if and only if z is a fixed point of the operator T': PC(0, 1] — PC(0, 1], where T is
defined by

T0 = T o EE (S

1+Eq.1(=Xo < 17 B, 1+a(—Aot?)

_/O (1= )9 By g (—Ao(1 — 8))) (s, 2(s))ds

. Ji(x(t))
Byi(=Xot) D g ety

t<t;<1
+ /0 (t— s)qflquq(f/\o(t —5)9) f(s,x(s))ds.

We consider the problem
“Dg.a(t) + () = f(L (), tE (tistisa], i € NJ,
Ax(ty) = 2(t]) —2(t]) = I(ti, z(t)i)), i€ N, z(0)+x(1) =0,
where A € R, f: [0,1]xR+— R, I: {t; : i € N"} xR — R are continuous functions,
°Dg, is the Caputo fractional derivative with the order a € (0,1), 0 =ty < t; <
ty <o <t <tma1=1.

By Theorem we know z is a solution of ([6.20]) if and only if there exists
constants ¢;(i € N{*) such that

(6.20)

J

(t) = ZCUEQ,I(_A(t_tv)a)+A (t—S)ailE%a(—)\(t—S)a)f(s,:C(S))ds, (621)
v=0

for t € (tj,tj41], j € N§*. From Ax(t;) = I(t;, z(t)i)), we have ¢; = I(t;, z(t)i))
(1 € N{"). By 2(0) + z(1) = 0, we have

m 1
co + chEaJ(f}\(l —ty)%) + / (1—38)* " Eqa(=\t—5)*)f(s,2(s))ds = 0.
v=0 0

It follows that

m

[Zf(t,,, 2(ty))Ba,1 (A1 — t,)%)

v=1

1

O T Y Baa ()

n /O (1= )7 B a(~A(t — £)°) (s, 2()ds].

Substituting ¢, into (6.21]), we obtain

z(t) = — H‘};T’f [thv,x a1 (A1 = £,)%)

+ / (1- s)a_lEa,a(—)\(t —8)")f(s,z(s))ds
0 (6.22)

3 Ity 2(t) B (“A(E — 1,)°)
v=1

" / (t— )% B~ At — $)%) (s, 2(s))ds,
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for t € (t;,t;41] and j € N§*. From (6.22)), Result [6.13|is wrong.
We consider problem (6.18)). By Theorem [3.12} we know z is a solution of (6.18])
if and only if there exists constants ¢;(i € Nj*) such that

z(t) = Z ot — tv)qilquq(_)‘O(t —ty)?)
v=0 (623)

+ /0 (t — )1 By o (= Xo(t — 5)9) f(s,2(s))ds,

for t € (t;,t;41] and j € NJ*. By Definition [2.1] and direct computations, we have

J
Iio(t) = 3 eolt — )7 By gra(—Ao(t — 1))
v=0 (6.24)

+ / (t— 8)TH By 4o (—Xo(t — 8)9) (s, 2(s))ds,
0

for t € (t;,tj41) and j € NJ'. Using ' ~92(t)|s=0 + t' ~92(t)|;=1 = 0, we obtain

‘o mc —¢t)a1 —_ _ )4
F(q)—’_; (1 —t) Eq,q( Ao(1—1t)9)

1
+ [ 0= 87 By (hal1 = ) (s,(5))ds =

Case 1: a+¢ < 1. From (6.23) we know that the existence of I$} z(¢;") implies
¢; =0(i € N[1,m]). So

t
Igx(t) = Cotq+a71Eq,q+a(—>\otq)+/ (t—8)TT " Eg gra(—Ao(t—5)9) f(s,z(s))ds,
0

for t € (tj,tj41], j € Ng'. Then I x(t]) — 15 (t;) = Ji(z(t;)) implies that
Ji(z(t;)) = 0(i € N[1,m] So this impulse model is unsuitable.
Case 2: o+ q=1. From Ig.z(t]) — Ig, (t;) = Ji(z(t;)) and (6.23), we obtain
i—1
i — Y eBgra(=Xo(ti —t,)?) = Ji(z(t;), i€Np.
v=0
Case 3: a+ ¢ > 1. From I$ z(t]) — I, (t;) = J;(z(t;)) and (6.23), we obtain

i—1

3t 1) T e By gra(— Mot — 1)7) = Jila(t:)), i€ NP
v=0

We know that Result is wrong.

6.5. Corrected results from [I15]. In [I15], authors established the existence of
solutions for a class of nonlinear impulsive Hadamard fractional differential equa-
tions with initial condition of the form

"hDe x(t) = f(tx(t), te (Le]\{ti,ta, . tm},
A*x(t;) ="3 7% @T) = "% @t]) =pi, i=1,2,...,m, (6.25)

"3 u(1) = uo,
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where Tthﬁr is the left-side Riemann-Liouville type Hadamard fderivative of order
a € (0,1) with the starting point 1 and *3? 1+ denotes left-side Hadamard fractional
integral of order 1 —a, 1 = tp < t1 < +++ < &y < ty1 = €, ug,p; € R(E =
1,2,...,m), f:[1,e] xR +— R is a continuous function. It was claimed the following
result [I15, Lemma 2.9, p. 87]:

Result 6.14. Let f : [l,e] x R — R and t +— (Int)'~*f(¢t,u) are continuous
functions. Then z is a solution of the fractional integral equation

os(nt)et 4 ff WO f(s w(s) %, te (1,4,

() = s (nt)>=) 4+ Y0, (P (np)e=t 4 [ et g () ds

a

tE (ti,ti_;,_l},’t— 1,2,....m

if and only if = is a solution of IVP (|6.25]).

We note that Result is also wrong. Now we consider the initial value problem
for impulsive fractional differential equation involving the Riemann-Liouville type
Hadamard fractional derivatives

th?Jr ( ) )\th1+$< ) ( ( ))7 te (tivtiJrl]v (S N6n7
Atats) = 16,317 a(k), i€ MY, (6.26)
h3}+au( ) = Uo,

where a € (0,1) and 8 € (0,83), ™ Dj, is the left-side Riemann-Liouville type

~l—a

Hadamard fderivative of order x € (0,1) with the starting point 1 and "3}
denotes left-side Hadamard fractional integral of order 1 — a, ug € R, 1 =ty <
t1 < o0 <t < tmi1 = e f:[l,e] xR — R is a V-Carathéodory function,
I:{t;:ieNP"} xR+ Ris a discrete V-Carathéodory function,

A*a(ty) = ") - ().
It is easy to see that (6.26]) generalizes (6.25) (A = 0 and I(t;,u) = p;).

Theorem 6.15. Suppose that « € (0,1). Then x is a solution of (6.26) if and
only x is the solution of the integral equation

2(t) = u (mt)a*lEa_ﬁ o (A(Int)2=")

+ ZI Y(Int —Int;)* "By go(A(Int —Int;)* %) (6.27)

ds

+ /1 (Int ~In5)" " Bo_ (At — Ins)*~) f(s,2()

forte (ti,ti+1]7 1€ Ngl
Proof. We can prove that x is a piecewise continuous solution of

ThDe a(t) = NMDY () = f(t,x(t)), tE (titisa], i € N
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if and only if there exist constants d; € R(j € Nj*) such that

= dj(lnt—Int;)* "Eq_po(A(nt —Int;)*7)
=0 (6.28)

+ /t(lnt —1Ins)* "By _pa(AInt —Ins)*7) f(s, x(s))ﬁ,
1

s
for t € (t;,ti11] and i € Nj*. For t € (t;,t;41], using Definition [2.1} (i) we have
G}Jrax(t)
Int —1Ins)™® d
_ / (In ns) x(s)—s
1 I'l—a) s

Z/TH Int —Ins) “z(s )ﬁ /tt(lnt—lns)_":r(s)ds)F(l—a)

S

i

Z:/T+1 (Int —Ins)~ {Zd (Ins —Int;) 71Ea_57a(/\(lns—lntj)o‘75)
+/1 (Ins —Inw)*~ 1Ea_5)a()\(lns—lnu)o‘_ﬁ)f(u,x(u))dj}ds)/F(l—a)

t
+</t (Int —1Ins)~ {Zd (Ins —Int;)* "Eq— 570()\(11157111@)0‘75)

i

+ /S(ms W) 'Ea_ga(A(ns — 1nu)a*ﬁ)f(u,x(u))di‘} %)/m —a)

Z/TH (Int —Ins)™ {Zd (Ins —Int;)
X Eq_pg,a(AMIns — lnt')afﬁ)} —)/F(l —a)

t
+(/t(lnt—lns {Zd (Ins —1Inty)

i

% Eo_po(A(Ins—In tj)afﬁ)} ;)/m —a)

+ (/j(lnt —Ins)™® {/j(lns —Inu)*'Eq_pgo(AIns —Inu)* )
x flur(@) 2] 2) ma - )

(by changing the order of the sum and the integral)
i—1 i—1

(ZZd /T+1 lnt—lns)_a(lns—lntj)a_l

j=01=j

X Eq—ga(AMIns —1In tj)af’@) %)/F(l —a)
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i t
+ <Zdj/t (Int —Ins) *(Ins —Int;)*!
j=0 Jti

X Eq_ga(MIns —Int;)*~ ﬁ) ds)/F(l —a)

i (/1t/ut(lnt—lns)_a(lns—IDU)a_

% Ba_pa(A(lns — lnu)a_ﬁ)%f(u,x(u))i—u)/f‘(l —a)
= dj [ (Int—1Ins)"*(Ins —1Int;)*"*
(X4,

X Eq_g.a ()\(lns —Int;)*” ﬁ) ds)/F(l — )

n (/1t/ut(lnt—lns)_“(lns—lnu)o‘_

* B pa(Mins — w2 flu,a(w) ) /11 - a)

i t
= (Zdj/ (Int —Ins) *(Ins — Int;)**
j=0 7t

X

°°— ns— Int;)xe- )ds -«
XXZF T A ~)/r(1 - a)

Ins —Int; )
=w
Int —Int;

/ / (Int —Ins) *(Ins — lnwu)*~

(using

X Zm(lns—lnu) x(a ﬁ)de(u,z(u))dUu>/p(lia)
. Ins—Inu
(using T = )
- i ‘m#n—n,x(a—ﬁ)
<;od];>r(><(aﬂ)+a)(l t—Int;)

X /01(1 - w)*awa*ﬂda*ﬁ)dw)/ru —a)
[e’e) )\X t B
+ (Z —F(X(a “ A +a) /1 (Int — lnu)X(o‘ p)
X /0 (1- w)—awa—lﬂda-ﬁ)dwf(u,x(u))%“)/m —a)

— d. 7 (Int—1Int,;)x@=H)
: JZF ﬂ)‘i’l)(n n])
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OO/\—X tn — Inu)X@= A f(u, z(u du
+;F(x(a—ﬁ)+1)/1(lt I, 2(0)) %

%

t
— dan_m(A(lnt—lntj)a—ﬁ)+/ Ea_g,l(x(lnt—1ns)a—ﬁ)f(u,x(u))%.
§=0 L
Then
" at) =Y diEa_ga(MInt —Int;)* )
7=0 (6.29)

du

+/1 Eo_p1(A\Int —1Ins)* ) f(u, z(u)) o

fort € (t;,ti4+1) and i € NJ'. Using the above inequality, A*z(t;) = I(t;, 3,7 “2(t:)),

i € NP, and 317 %u(1) = uo, we obtain d; = I(t;,"317%(t;)), i € NP and do = uo.

Substituting d; into ((6.28]), we obtain (6.28]). d

Now we show that Result is wrong. Note that Eq_g,4(0) = ﬁ Let A=0

and I(t;,z) = p;. We know from Theorem that x is a solution of (6.25)) if and
only if

i

- ) el Ln_n_afl tM sxsﬁ
(t)_F(a)(l £) +Zr(a)(l t —1Int;) +/1 e F(s,2(s)—

j=1
for t € (t;,t;41] and ¢ € NJ'. This shows that Result is wrong.

6.6. Corrected results from [67, 131], [133]. The following BVP was studied in
[33):

CDngx(t) + ax(t) = f(t,.%‘(t),y(t)), te [0, 1] \ {t17 cee 7tm}7
“Dyyy(t) +by(t) = g(t, z(t),y(t), te€[0,1\{tr,....tm},

3
3

(6.30)

where v € (0,1), a,b > 0,0 =ty < t1 < -+ < tyy < tppy1 = 1, 7 € (ti,tix1),
a;, B € Rwith 1+ > " oy #0and 1+ ", 6; # 0, Az(t;) = lim, ,+ x(t) —
lim, - z(t) and Ay(t;) = lim, _,,+ y(t) — lim y(t), °Dg. is the Cap{ito type
fractional derivative of order v with starting point 0, I;, J; : R — R are continuous,
f, g are jointly continuous functions. The following claim was made:

t—t,
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Result 6.16 ([133]). BVP (6.30) is equivalent to the integral system
D=-aY a| 3 Eua(-a)@(t)
i=1 0<ti<mi
+ [ = 9Bt = 5P (e 5]
£ Y Baat)La()

0<t; <t

+ / (t —8) " E, L (—a(t — 8)7) f(s,2(s),y(s))ds,
0
H=-8Y6[ > Bya(-bt])ily(t)
=1 0<t;<T;

o [ =B (bl = 8 gl ()
+ > By (b)) Ji(y(t:)

0<t; <t

t
b [ 97 B (e 9 gl a(5) ),
0
where a = [1+ > 1" o, Ey 1 (—ar))] ™t and B =14+ Y12, BiE,1(=b7))] 7 .
Theorem 6.17. BVP (6.30) is equivalent to the integral system

H=-aY a| > Bya(-a])L(t))

i=1 o<t; <ty

" /Ti (1i = 8) T Eq o (—a(mi — 5)7) f(s,2(s), y(s))ds
0

+ Y Eya(—at”)Ii(a(t))

0<t; <t

b [ =97 (ale = 7).l ()i,
0
H=-B83 A4 Y Ea(-b])hyt)
i=1

0<t;<Tt;

(6.31)

TiT'iswfl —b(1; — )N a(s. x(s s))as
+/0 (i = 87" B (=Bl — 5))g(s,(5), y(5))ds]
+ ) By (—bt)Ji(y(t)

0<t;i<t
b [ 9B (bt gl (). ) s,
0

Proof. Suppose that (z,y) is a solution of (6.30). By Theorem m (choose o =
v € (0,1) in (3.26))), we know that there exist constants ¢;, d; € R(i € N[0, m]) such
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that
an vi(—a(logt —logt;)7) + /lt(logt—logS)”1f(s,w(8),y(8))is,
t € (ti, tip1], i € N[0, m),
= > B (ot g )7) + [ (logt 1o gl 9 2.
i t € (ti, tip1], i € N[0, m).
ByAx( ) = Li(a(t), Ay(t) = Ji(y(t:)), i € N[, m], we obtain ¢; = Li(z(t:)), di =

t;) =
Ji(y(t:)), i € N[1,m]. By x(0) = — 37"} aa(;), we obtain

00+Z%[ZCJ ~1(—a(logT; —logt;)”)

+/ (logn — log S)’Y—lf(s,m(s), y(s))?s —0.
1
It follows that
= _<Zai [le(x(tj))EyJ(—a(logTi — logtj)'y)
=1 j=1

+/1ﬂ(10g7'z log s)~1 (s, 2(s), y D (1—|—ZO¢1 21 (—allog ).

Hence
i

2(t) = — (- i D2 Li(@(t) B (—allog 7 — log ;)")
1

i= j=1

Jr/l (log i —log s)Y 1 f(s, z(s), y(s))%])Eml(fa(log t)7)

(1+Zal (= logn)))

JrZI —a(logt —logt;)7)

+ /t(logt —log s)”’_lf(s,ac(s:),y(s))%7 t € (ti,tiy1], © € N[O, m].
1

Similarly we obtain

(Z@[Z £))Es 1 (~b(log i — log t;)7)

Jj=1

+ /1 (log 7; — log sw—lg(s,x<s>,y(s)@DE%l(—b(logﬂ”)

- (1 + iﬁiEv,l(_b(bg Ti)))
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JrZJ (—b(logt —logt;)")

t
d
+/ (logt — logs)v—lg(57x(s)7y(s))§’ t € (ti,ti+1], i € N[0, m].
1

On the other hand, if (x,y) satisfies (6.31)), we can prove that (z,y) is a solution of
(6.30). The proof is complete. O

From Theorem we know the Result claimed in [133] is wrong.
In [I31], authors studied the fractional impulsive boundary value problem on
infinite intervals

Dgiu(t) + f(t,u(t)) =0, te(0,4+00), t #ty,k=1,2,...,m,
ultf) —u(ty) = ~Lu(ulty), k=1,2,...,m, (6.32)
u(0) =0, Dg:lu(Jroo) =0,
where a € (1,2], Dj, is the Riemann-Liouville fractional derivatives of orders * > 0,
to=0,1<t; <+ <ty <+oo,u(t)) = lim, .+ u(t) and u(ty) = lim,_,— u(t),
Dg;lu(+oo) = limy— 4 Dg;lu(t)7 (t,u) — f(t, (1 + t*)u) is nonnegative, contin-
uous on [0, +00) X [0, +00) and u — I (u) is nonnegative, continuous and bounded.

Existence, uniqueness and computational method of unbounded positive solutions
of (6.32) were established. [I31, Lemma 3.1] claimed the following result:

Result 6.18. Let y € C°0,00) with [ y(t)dt convergent, a € (1,2). If u is a
solution of

= /000 G(t,s)y(s)ds + Z Wi(t, u(ty)), (6.33)
where

o

o1 (1—g)* 1
G(t,s):{ T o 0ssst<oo

"‘(;;, 0<t<s< oo,

-

Llwt)t” 2 - g <t <,

tcxlta27

%a t; <t <oo

i

Wi (t, u(ti)) =

then u is a solution of
Dgru(t) +y(t) =0, te(0,400), t#tk, k=1,2,...,m,
u(ty) —ulty) = —Ie(u(ty)), k=1,2,...,m, (6.34)
u(0) =0, Dgflu(Jroo) = 0.
We find that this result is wrong. In fact, can be re-written as

= — t(t_s)a_l s)ds A s)ds
ut) = = [ v+ s [ uted

T L) s T(u(t))
+ > (ut: +y (u(ts)) te (tp,tpe], k=0,1,2,....

a—1 a—2 a—1 a—2
S et i
Hence for t € (tx, trt1](k =1,2,...,m) we have
O+U(t)
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k=1 otyos )
:[ / (t —s) ()ds+/( 5)1=ou(s) ]/F2_a)
vr=0 ty th
k—1 tu+1 s S—uo‘*l a1 -
=[X [ [ g [
L L(u(t)s Qs Tilult))s 2 1
+i§-1 tfil*l _t?72 +; t?il _t?72 )d8:| /I‘(2_a)
' 1—a(_ S(Sfu)“’luu a1 poo .
+[/tk(ts) ( /0 () y(u)d +F(a)/0 y(u)d
I L)t s Ti(u(t))se2 . 17
+i:;+1 t?—l — tia_g + ; t?_l 715?_2 )ds} /T(2 - a)
e A
- T ) (t —s)'7¥s ds
[VO i:ZV;H t 2 /tl,
— I;(u(t;)) tut1 e .y
+u:0 i=1 W‘/tu (t—s)l s 2ds:| /F(Q—CV)
N Liut) [ o
L3 g e
- ! 1
+Zm1(t—3)l_%“—2d$} /T2 — @)

+ [—/Ot(t—s)l‘“/os Wy(u)duds

+/Ot(t—s)1Q;Oéa:;/oooy(u)duds}”/F(Q—a)

(by changing the order of the sum and the integral, we obtain)

i—

koi—1 t
I v+1 "
- Xy = D) = 2/ (t—3)'""s"1ds| /T2~ a)
i=1v=0 "7
= Li( fert 1 1
+ |: Z Zta 1 ta 2/ (t—s) 70‘506* ds
i=k+1v= ty
k—1k— t
Il v+1 "
+Zzta u(t to‘ 2/ (t—s)l_"sa_st} /T(2—a)
i=1 v=i ? v
S Il(u ! —o e—
[ 2 il [ arestas
i=k—+1 o Tk

k

Iz u t o ”
+Zt o Q/tk(t—s)l s2ds)" /r(@ - o)

=1
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- /t /t(t - s)l—a(s}g;}_ldsy(u)du

/ / ;dsy< )du)” 02~ a)

(using that > % = w% — w)

- [itﬂ““;?g [ sl re -
+ [_+ t;ff“(t;;)_Q / (1 ) o
+i2: tifﬁu_(t;;)_Q /t;<t 5)! s 2ds| /T(2 - a)
+ [— / t(t ~w) / - w)lafga)l duy(w)du

k 3 "
v+ [ ﬂ%t [ wrer ] e o

k 1 "

=)+ [zk: %t/o (1- w)l‘awa—ldw] "Ire - a)
- [zk: %t/o (1= w)' = w2du] T2~ a)

t;

k T "
=yt + Y 7tjf“(tzl)_2t /0 (1= w)! [ ! — 0 %dw| /T2~ a)

i=1 "1 Y

#y(t), te(toten], k=12,....m

Thus u given by (6.33)) is not a solution of (6.32)). Hence Result is wrong.
To correct the results in [I31], we consider the BVP
D§iu(t) + f(t,u(t) =0, te(0,+00), t#ty, k€ N[0,00),
AD2+ U’<t1€) J(tkv ’U,(tk)), AI2+ u(tk) - I(tkn U’(tk))a ke N[17 OO), (635)
127°u(0) =0, Dy 'u(+o0) =0,
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where o € (1,2], D§, is the Riemann-Liouville fractional derivatives of orders
* > 0, Ij, is the Riemann-Liouville fractional integral of order x > 0, {y = 0,
I<t1 < - <ty <--- < +o00,

ADS T u(ty) = lim Dg‘jlu(tk +€) — lim L DSty + €),
A12+ u(ty) = hm T or u(ty +e€) — 111(1)1 I*T or u(ty +e),
a—1 : a—1
D0+ u(+oo) = tl}I-Poo Dg u(t),
and f, I, J satisfy some suitable assumptions.
Theorem 6.19. A function u is a solution of (6.35]) if and only if (6.35).

Proof. Suppose that u is a solution of (6.35). By Theorem (with A =
€ (1,2), there exist constants ¢;, d; € R such that

)= J;J FZ() (t =)'+ ; F(adj_ pt -t

1

+ @/1 (t — s)‘)‘_lf(s7 u(S))dS, te (ti,ti+1], 1€ N[O, OO)

By direct computations, we obtain

12 %u(t) = ch(t —t;) + Z d; + / (t—s8)f(s,u(s))ds,
§=0 j=0 1
te (ti,tﬁ,ﬂ, i€ N[0,00),
i t
Dy u(t) = ch +/1 f(s,u(s))ds, € (t;,tiy1], © € N[0, 00).
j=0
From ADJ %u(ty) = J(tr u(te)), AT u(ty) = I(tg,u(ty)), k € N[1,00), we

know that ¢ = J(tg, u(ty)) and dy = I(tg, u(ty)), k € N[1,00). By Ig;au(O) =0,
Dgflu(—&-oo) =0, we know that dg = ug and ¢y = us. Hence we obtain

a—1 a—2 (t )) a—1 a—2
u(t) = ugt® ™ 4 uyt +Z ( ) (t—t;) +Z a_l (t—t;)
j=1
+1/t(t )* T f(s,uls))ds, € (ti,tia],si € N[0, 00)
P(OZ) L $ S, uls S, iy Uit1]550 , 00).
On the other hand, if u satisfies above integral equation, we can prove that u
satisfies (6.35]). The proof is complete. O

Liu [67] studied the existence of positive solutions of the boundary value problem
of fractional impulsive differential equation

D§x(t) + f(t,x(t), te(0,1), t#t, i€ N[1,m],

6.36

2(0)=2(1) =0, =x(t])—a(t;)=caz(t;), iecN[l,m], (6.36)
where v € (1,2], 0 = 19 < t1 < -+ <ty < typ1 = 1, D§, is the standard
Riemann-Liouville fractional derivative, ¢; € (0,3), f : [0,1] x Rt — RT is a
continuous function. [67, Lemma 3.1] claimed that:
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Result 6.20. If uw € PC([0,1]) is a fixed point of the operator A defined by

A(t) = /0 G(t, ) f(s, 2(s))ds + 121 3 21y, (6.37)

t<tp<l1

for all x € PC(]0,1]), then w is a solution of(6.36) (z is continuous at each point
t # t;, right continuous at ¢;, the left limit lim, - x(t) is finite and satisfies (6.36))),

where

].—Ck

1 {[t(l —s)el—(t—s)2, 0<s<t<I,

G(t,s)zm (1 — 5)]° 1, 0<t<s<l.

We find that Result is wrong. In fact, if u is a fixed point of A, the we
obtain

Tk plog(ty).

S CICERITEESDS

1—c
t<tp<l k

This is re-written as

- t (t— S)a—l o o(s)ds o1 1 (1 _ s)afl o o(s))ds
o) = = [ i fas + | [ S (st

+21— ] talzkci a(ta),

for t € [ty—1,tx) and k = 1,...,m + 1. One can easily verify that D0+33( ) #
flt,z(t)), t € (tiytiz1], ¢ =1,...,m similarly to above discussion. We can improve

(6.36)) and correct Result We omit the details.

6.7. Corrected results from [128, 129, 135]. In [135], the authors studied the
impulsive system with Hadamard fractional derivative:

gDl u(t) = f(t,u(t)), te(a,T], t#t,t;, i € N[1,m], j € N[1,n],
ApPtu(ts) = wI% (e — w2 u(ty) = Adu(t;), i € N[1,m),

AHDa+ u(ty) = HDa+ u(7 ) — HDa+ u(7 )= Zj(u(fj_)), j € N[1,n], (6.38)
HIa+ “u(a) = w1, wDIL Yu(a) = ug,
and its special case
gD u(t) = f(t,u(t), te(a,T], t#t;, ieN[1,m],
Al ult) = I} () — I ) = (). PENLml,

ApDIT u(ty) = g DI u(t]) — u DI u(ty) = Aj(u(t;)), j € N[1,nl,
HIa+ u(a) = u, HDgilu(a) = Uy,

where a > 0, HDZJr denotes left-sided Riemann-Liouville type Hadamard fractional
derivative of order ¢ € (1,2) with the starting point a, f : [a, 7] x R — R is
an appropriate continuous function, a = g < t1 < --- < tp, < typp1 = T, and
a =1t <t < - <ty <ty =T, gI', denotes the left-sided Hadamard
fractional integral of order % > 0, and

Hljiqu(tj') = 51_i>I(1;l+ Hfijqu(ti +e€), Hlquu(ti )= lim HI Clut; —€)

e—0t
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represent the right and left limits of HI;I Tu(t) at t = t;, respectively. The deriva-
tives HDZIIu(tj) and HDgzlu(t;) have a similar meaning for HDgzlu(t). [135]
Theorem 3.4 and Corollary 3.5] are as follows:

Theorem 6.21 ([135]). Let ¢ € (1,2), A\, h be constants. Then system (6.38) is
equivalent to the fractional integral equation

u(t) = Ijzé)(/(l %)q_l + F(qui 1) (/a %)q_Q
ds

L[t ot :
+@/G(logf) Flsuls)S, teLn);

S S

0= ([ D) rrn ([ D) i [ e T
oA (ult; 2 LA (ulE;) [

+; r((q&%)(/ 7) 2+Z T'(q) (/ti
ko q—

Y e[ ([ 9 ey (L)

ds

b [ ot (ot 2

ul—i—fji (s,u(s))% ds
a T(q) (/t s)

uy log & + ug Cf log & f(s,u(s))% / [t dsya—2
S (f%)

w7 /| Gor D ) T

k1 t s

—h;Axu(t;))[;@% R Ll A
i [ o st

Uy —|—f§j f(s,u(s))dS ds
a T'(q) (/tJ s )

uy lo % U jj lo %f(&u(s))% tdsya—2
B e J;({]—ﬁ (/t d?)
~ i | trog Dy s i) %],

J

ort € (t,,t and k = 1,2,...,9Q, where a,t1,...,tym,t1,...,tn, T are queued
ko Ukt1 L
toa =1ty <th <th<- - <ty <ty =T so that {t1,t2,...,tm, 1
{t/ t/ /}
Lothy oot}
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Corollary 6.22 ([135]). Let g € (1,2), A\, h be constants. Then system (6.39) is
equivalent to the fractional integral equation

u tas\9t u A t - s
F((lz) (fa d?) + F(qil) (fa d?) + ﬁ fa(IOg %)q 1f(s7u(s))d?,
te (1,t1];
U t ds a1 U t ds -2 t — S
(0 %)" + it (%) + iy o8 O oo
u(t; ) [t ds\? Aut)) [t ds 7

+Zzl[q71)(t s> +w( tl?) }

— w t ds t ds\o—
ult) = | = S8 A uE)) + BB ()] [y 4)77 4+ gy ([ 22772

s S f d: t ds q—1
F(q)f (log )71 f (s, u(s)) e — el s L. r((;)u(g))‘ ( . dj)

 ui log Hug+ [1 log H f(s,u(s)) L ( ¢ @)H
I'(g—1) t s

¢ - s
~ sy Ji Qog ) (s, u() %],
te (te,te1], E=1,2,...,m

(6.40)

Theorem 6.23. A function x is a solution of (6.39) if and only if x satisfies the
integral equation

A (u(ts
) L

(logt)?~> + Z 7“(]) i

j=1

2(t) = —2_(logt)7~! +

I'(q) [(g—1)

ds

‘ A (u(t: ¢
S g s s [t o

forte (tiati-&-l]; i€ N[O,m]

Proof. Suppose that x is a solution of BVP(6.39) with « = 1 and T = e. By
Theorem (with A = 0), we know from g D?, z(t) = f(t,2(t)) and ¢ € (1,2)
that there exist constants ¢;, d; € R(i € N[0, m] such that

g tooy o~ d to
a(t) _Zm g;)q ‘*‘Zm(log ;)q
=0 J 3=0 / (6.41)

1 t t -1 ds .
* @/1 (log;) f(s,x(s))?7 t € (ti,tiya], i € N[0, m].

Then by Definitions and for t € (t;,tiy1], we have
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=R )
g Loy 2 Svet 4 S va—
(s [t X e

+ g [ e 2 et ] ) -0

i—1 T

- (XY C]q / (o8 £)1~10g )17

7=0 j=0

i—1 T

2.2 I q Y / T+1(10g é)l“’(log Z)q_ch)/ru —q)

7=0 5=0

t %
tiig € 5148
+</ti“°gs) 3 i om0

§=0
L e 42ds
+ [ osly > il 0

+ (ﬁ /1t(log é)l—q /j(log %)q—lf(u,x(u))d;uﬁ)/re —9)

(changing the order of the sums and integral)

1—111—1 tri1
_ Cj / (10 1—q lds
= (> g - ) (log =)
i=0r=j I'(q) t, tj s
i—1 i—1 T
brt to,_ ds
(log -)'~*(log --)*~2=) /T(2 — q)
Jj=071= J 5 t

ds
(log 2 )1 ?(log ~ )11 22
( r /og (ogtj) S

s [og Dy e tios 22 ) r2 - )

J

/ aogé)l*qaog§>q*1§f<u,x<u>>%“)/r<z—q)

+ZF 9; (logi)‘kz%-i/1 (log — )q f(u, x(u))%}%)/NQ

—q)

161
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log s —logt; log s — logu
= w, _

using logt —logt; "logt —logu
i 1
= (Z—j(logi)/ (1 —w)' "' dw
= I'(q) ti~ Jo

+Z qfl / w)l_qwq_de>/F(2—q)
+ (ﬁ /j(log z)/O (1—w)l—qwq—ldwf(u,x(u))%)/F(Q_q)

u

_ch log +Zd —|—/ (log — f(u,m(u))dzu

and similarly

DY ()
= <§(t5t) J S R ey R R S LS VG
- (:E_;(tjt) / t(logsﬂ-q[g% £ log 20
+ 3 gy on 4 gy [ s 5 ) ] 5) e
- ((t‘i)/:a s[s iy os 1!
*jior(qh)( 500+ g [ o D et T 5 2 —a)
= (i_l(tjt)/lt(logz)l‘qjiorc(i])(log;)q‘lis

=0
=l t tii-g d; s q,st
+ ;J(tdt)/l (log ;) jz::() Tlg—1) (log 5) ?>/r(2 —9
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+qu_1 - /<1og o 2yt M2

) [ [ oty s0m 2 o) ) ez - )

: G d 1—q,,,q—1
= (j_o o) (t%)(log tj)/[) (1—w) " tw?  dw

+ P %(t%) /0 (1- w)l‘qu‘2dw) /T2 - q)
t 1
+ (F(lq)(tjt)/l (logé)/o (1— w)lquqfldwf(u,x(u))%)/r(g —q)
: i ds

It follows that

W) = o los 1 +Zd T / (105 ) (u, () 2,

U
=0
te (ti,ti+1], 1€ N[O,m}, (642)

i t d
DO a(t) = ch —|—/ f(s,x(s))?s, t € (t;,tiy1], @ € N[O, m].
=0 !

From AHI1+ Tu(t;) = Ai(u(ti ), i € N[1,m] and (6.42)), we obtain d; = A;(u(t;)),

i € N[1,m]. From AHD1+ u(t;) = AJ—( u(t;)), 7 € N[1,m] and ( -, we obtain

¢j = Aj(u(ty)), j € N[1,m]. From H11+ u(l) = uy, HDlJr u(1) = ug and (6.42),
we obtain dg = u1,co = ug. Substituting ¢;, d; into (6.41]), we obtain

() 1 Ul _9 : Zj U ;
x(t) = =~ (logt)? +m(1ogt)q +Z (u(t;))

tgt
) 2 (log —)

W t;

LA (ulty) ot 1t p (6.43)
juij oo —)I—2 4 _— oo DV (s (s ds

+j§::1 F(q_l) (lgtj) +F(Q)A(1gs) f(a ())S’

for t € (t;,ti+1], @ € N[0,m]. On the other hand, if = satisfies (6.43), we can prove
that x is a solution of (6.39) by direct computation. The proof is complete. O

Example 6.24 ([I35]). Consider the problem

aDPx(t) = Int, te(1,3], t#2,
ApIPu(2) = g 1Pu(@b) — g1 2u(27) = 6,

ApDPu(2) = y Dy Pu(2") — g Du(27) =5,

HfllJ/rQu( ) = Ui, HD142u< ) = Uus.

(6.44)
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By [135, Theorem 3.4], its solution is

i (i %)3/271 + rai=n (S %)3/272

+F(31/2) flt(bg £ Mog s,
€ (1,2];

3/2—-1 3/2—2
t ds t ds
F(g}2)( 1 ?) + F(3/2 1)( 1 ?)
t _
+I‘(31/2) Ji (Qog £)3/2 M og s s 4 4r(3/62 i) ( 25
_ 3/2—-1 3/2—1
) t ds t ds
+1"(3/2) < 2 ?) [>‘5 + h‘ﬂ{ 3/2) ( 1 ?)

4= ( t@>3/272+7f log £)3/2= 1 og s 4=
a1 s T(3/2)  (log £) 85

u1+f1 logs% t ds\3/2—1 uq 10g2+u2+f12 log%logs% t ds 3/2—2
T T(3/2) ( 2 ?) - T(3/2—-1) fz s
t — s
F(31/2) J5 (log §)%/2 IOng?}’

te (2,3,

where ), h are constants. It is easy to see that

1
/ (log - )3/2 1logsds (logt)s/z/ (1 —w)¥? Lwdw = (logt)*/*B(3/2,2).
1 0

Then

( ogt)'/? &?2) (logt)~'/% + 1—‘(71/2) (logt)*/2,
€ (1,2];
3 % log t)'/? iz (logt)~ 12 4 F(7/2) (logt)®/? + F(1/2) (log £)=1/2
z(t) = +5 6 5 (log 2)1/2 — [Ad + Rd] | iy (log t) /2 4 iy (logt)~ 1/2
+I’(7/2) (logt?) 5/2 — UI?%(PEI/Ozg)” -(log *)1/2
1 log 24us+1 (log 2)® _
_uglog —;‘?f/2§(og ) (log%) 1/2 _ F(7/2)(logt)5/2 ’
€ (2,3]
r(g/g) (logt) (1/2) (logt) 12 4 ﬁ(logtﬁm, te (LQ]?
u1+3+[AS+hdu ug+0+[A5+hd]u —
S T 11 (log )12 + 555y 2 (log 1) 71/2 o 7y log 1)°/2
,[A5+h5]%12§j2%(10g2) )(1 og & )1/2 [A5+h5](u1l%g(f;u)ﬁg(bg?) )(logi)*l/Q,
€ (2,3].

First, this example shows us that has infinitely many solutions since X, h €
R are two variables. Second, we can obtain
ul(logt)—l-uQ%—ﬁ(logt)?’, t e (1,2];
(u1 4+ 0 + [A0 + hoJuq)(logt) + (uz + 6 + [Ad + hd]uz)
+ray (log t)? = (A8 + hd)(ur + 5 (log2)?))(log §)
—([A6 + 6] (u1 log 2 + uz + #(log 2)?)), te (2,3

It is easy to see that

ApTPu(2) = I u(2) — g1 2u(27) #6.

alPa(t) =
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Hence Corollary [6.22] is wrong. In fact, the correct expression for the solution of

E) s

(1) = gy 108" + gy =gy on)”** + 3 g o ¥

i g m/g—w(k’g %)3/2_2 * r(:al/2> / (log £/ f(5,2(s) =,

for t € (t;,t;41] and 7 € N[0, 1]. Our result is easy to understand.

Remark 6.25. A similar initial value problem for impulsive fractional differen-
tial equation involving the Riemann-Liouville fractional derivatives were studied in
[129]. Similarly we remark that [I129, Theorem 3.5, page 920]) and [129, Corollary
3.6, page 927]) are wrong. We omit the details.

Zhang [128] studied a class of higher-order nonlinear Riemann-Liouville frac-
tional differential equations with Riemann-Stieltjes integral boundary value condi-
tions and impulses as follows:

—Dgut) = Aa(t) f(tu(t), te (0, 1)\ {tr,ta, . tm},
Au(tk) :Ik(u(tk)), k= 1,2,...,m,

uw(0) =u'(0) = - =u""20) =0, u'(1) :/0 u(s)dH(s),

where Df, is the standard Riemann-Liouville fractional derivative of order n —1 <
a < n,n > 3. The number n is the smallest integer greater than or equal to
a. The impulsive point sequence {¢}7, satisfies 0 = ¢p < t1 < -+ < &, <
tmt+1 = 1, Au(ty) = lim_ o+ u(ty + €) — lim._,o- u(tx + €), A > 0 is a parameter,
f € C(]0,1] x [0,400),[0,400)), a € C((0,1),[0,+00)), I € C([0,+00),[0,4+00)),
the integral fol u(s)dH(s) is the Riemann-Stieltjes integral with H : [0,1] — R.
[128, Lemma 2.4] claimed the following result:

(6.45)

Result 6.26. Suppose that H : [0,1] — R is a function of bounded variation
§= fol s*"YdH(s) &t —1, h € C[0,1]. Then the unique solution of
—Dgru(t) = h(t), te(0,1)\{ti,t2,...,tm},
Au(ty) = Ix(u(ty)), k€ N[1,m],

. (6.46)
uw(0) =u'(0) = - =u""2(0) =0, u'(1) :/O u(s)dH(s),

is

u(t):/o G(t,s)h(s)ds + 1 Z ti_o‘lk(u(tk)), t € (0,1], (6.47)

t<tp<l
where G(t,s) = G1(t,s) + Ga(t, s) with

21 (1—5)* =2 (4—s)* 1

Gl(t, S) = {ta—l(ls)lr:(—az) ’ 0
T'(@) ) <

a—1-—

a—1 1
Golt,s) = tié/o G (7, s)dH (7).



166 Y. LIU EJDE-2016/296

This result is wrong. In fact, (6.47) can be re-written as

u(t):—/0 (t}ih( )ds + 1/ %h(s)ds

afall_ //GlrsdH )h(s)ds

0 1[Zti D) - 36 u(t;))]

Jj=1

(t—s)>t .
= — S s A o - 1 .
/O o) h(s)ds + Apt®™ ', t € (ty_1,tx], k € N[1,m]

By Definition for o € (n—1,n), and t € (t;,t;41] we have

— [/Ot(t — s)”*aflx(s)ds} (n)/F(n —a)

-5 / T e ta(s)ds + / (¢ - sy tas)ds] " /o - o)
7=0"1tr t;

- [2 /:TH (t— sy ( - /OS (Srg;tlh(u)du + AT+1S”‘71)ds} (n)/F(n —a)

+ [[(t — g)n—e-l ( - /O (S_Fg;);_lh(u)du + Ai+1s"_1)ds] “ o (n - a)

i

[ZAT+1/T+1 (t—s)" " IZ/T+1 ) O‘_lsa_lds}(n)/F(n—a)

t

. [_/Ot(t_s)n_a-l/os “‘F(‘glh(u)duds

¢ (n)
+ A | (E— s)”f’klsa*lds] /T(n — «)

t;
(n)

[Z Aria / " (t— 5)”70‘7155‘71115] I'(n—a)

+Al+1/ (t — s)n—a—lgo= 1ds} “ P — )
t;
trg1

[ZAT+1t *1/ t

tr
t

#[= [t [

! (n)
+ Ayt /, (1- w)"_a_lwa_ldw} /T (n — «a) = h(t)

t

(1- w)"iq*lwafldw] (n)/F(n - )
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if and only if A} = Ay =--- = A;4; if and only if
Ii(u(th)) = I(u(te)) = Is(u(ts)) = - - = I (u(ts)) = 0.

Hence the impulse functions are not suitable. Then Result is wrong.
We consider the improved problem

—Dgru(t) = h(t), t € (titiya], i € N[0, m],
AL “u(ty) = Ik,  ADGTu(ty) = Lig, k € N[1,m], i € N[1,n —1]
I"7u(0) = DY " u(0) = - = DI 2u(0) = 0, (6.48)

1
Dy V() = [ I ts)an(s),

Theorem 6.27. Suppose that
1 m n

DS T

Then u is a solution of m if and only zfu satisfies the integral equation
A LA
t) = - d _ 1 —t n—1—v
u(®) F(oz)é[/o TG 8 ZZ (n—wv) v)

1 (t—s)"2
+/0 7F(n—1) h(s)ds

)n—v+1 (t _ ta)n—v-i-l]

TN e I’ua tT _to' — \lr
2.2 o T(n—0v+2)

o=1T1=0v=1

_/01(/:(8}(1;))”10} (s5)) du]+zzra_v+1 (t —ty)

- tm s)ds 4 i m
/0 o) h(s)ds, t€ (ti,tip1], i € N[0, m)].

(6.49)

Proof. Suppose that u is a solution of (6.48). By Theorem (with A = 0), there
exist constants ¢,, € R(o € N[0, m], v € N[1,n]) such that

ZZF —v+1 (t to)“*”—/o (tr(sa)jh(s)ds, (6.50)

o=0v=1
for t € (t;,t;41] and i € N[0, m]. Then we obtain

t —s n—1
"~ ult) Z Z SO + iyt - o)V — /O (tr(n))h(s)ds, (6.51)

o=0v=1
for ¢t € (t;,ti41], ZEN[O m], and

Dg‘flu Z Z iz + 0 —tg) TV — /0 (t}(si);_h(s)ds, (6.52)

o=0v=1
for t € (t,t;41], 7 € N[0,m], s € N[1,n — 1].
From AIj7“u(ty) = I,k and (6.51), we obtain cp, = I (k € N[1,m]). From
ADS’;iu(tk) = I;; and (6.52) and (6.51), we obtain c¢x; = Lix(k € N[1,m],i €



168 Y. LIU EJDE-2016/296

N[1, n—1]). From 1}’ *u(0) = 0 and (6.51)), we obtain co, = 0. From D7 " 'u(0) =
s = Dg:2u(0) = 0 and (6.52), we obtain ¢o; = 0(i € N[2,n — 1]). From
Dgf(nfl)u(l) = fol I77u(s)dH (s) and (6.52), we obtain

m n—1 1 -2
n—l—-v _ (t_s)n s)ds
ZZ (n—v) ~to) /0 I'(n—1) h(s)d

o=0v=1

= Z/ D) Yp— E— N - 5 (s —ta)" —/O W™ _P(“TB) — h(u)du)dH (s).

tr oc=0v=1

It follows that

o1 = — lem e [/O (t —F(SZ); h(s)ds

T(n—1) 7=0 T'(n+1)

m n—1 e 1 t—Sn_2
_ern_v (1—1ty) —l—/o (F(nzl) h(s)ds

o=1v=1
m o g [(frr — )T (b — 1)
—/01(/u1 WdH(s))h(u)du].

Substituting ¢, into (6.50)), we obtain
ol p (¢ — s)n2 LGt .
— _ AT A, _ v 1 _ n—1-—v
“® =Ty s [/0 ry s =)D ()

! (t—s)"2
+/0 mh(s)ds

)n—v+1 _ (t _ tg)n—'u—&-l}

N I’ua tT _tU T
D I I

/01(/u1(=9r(1:3)n1dH( :| ZZFOK_U_i_l(t*tU)aiv

ft—s)! s i m
_/0 Ty Me)ds € (titival, i € N[O, m.

This is (6.49). On the other hand, if u satisfies (6.49), we can prove that u is a
solution of (6.48]) by direct computation similar to the one in the proof of Theorem

O

7. APPLICATIONS OF IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS

It is generally known that integer-order derivatives and integrals have clear phys-
ical and geometric interpretations. In [88], it is shown that geometric interpretation
of fractional integration is “Shadows on the walls” and its Physical interpretation is
“Shadows of the past”. Geometric and physical interpretation of fractional integra-
tion and fractional differentiation were introduced in [89]. The physical meaning of
initial value problems for fractional differential equations was expressed in [45] [51].
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It was shown that some fractional operators describe in a better way some com-
plex physical phenomena, especially when dealing with memory processes or vis-
coelastic and viscoplastic materials [I7]. Well known references about the appli-
cation of fractional operators in rheology modeling are [22] 23]. One of the most
important advantage of fractional order models in comparison with integer order
ones is that fractional integrals and derivatives are a powerful tool for the descrip-
tion of memory and hereditary properties of some materials. Notice that integer
order derivatives are local operators, but the fractional order derivative of a function
in a point depends on the past values of such function. This features motivated the
successful use of fractional calculus in population dynamics, control theory, physics,
biology, medicine and so forth see [Il 14} [36, [90] and [88, Chap. 10].

A fractional differential equations (FDEs)-based theory involving 1- and 2-term
equations was developed to predict the nonlinear survival and growth curves of
food-borne pathogens. It is interesting to note that the solution of 1-term FDE
leads to the Weibull model. Two-term FDE was more successful in describing
the complex shapes of microbial survival and growth curves as compared to the
linear and Weibull models [56]. The Schrédinger equation control the dynamical
behaviour of quantum particles. In [2], F. B. Adda and J. Cresson, considered to
study of a-differential equations and discussed a fundamental problem concerning
the Schrédinger equation in the framework of Nottale’s scale relativity theory.

Impulsive fractional differential equations represent a real framework for math-
ematical modeling to real world problems. Significant progress has been made
in the theory of impulsive fractional differential equations [4, 30]. Xu et al. in
their paper [I17] have described an impulsive delay fishing model. In [77], the
authors introduced the fractional impulsive logistic model. Fractional impulsive
neural networks, fractional impulsive biological models, Lasota-Wazewska models,
Lotka-Volterra models. Kolmogorov-type models and fractional impulsive models
in economics were introduce in recent book [96].

It is well known that 2/(t) = ¢ has solutions z(t) = ¢+ 1¢? which is continuous
on R, where ¢ € R. Let 0 = tp < t1 < ta < -+ < ty, < tyge1 = 1 be fixed
points on R. Tt also has piecewise continuous solutions z(t) = Z;:o ¢+ %tQ, where
¢; € R(i € N[0, m].

Example 7.1. We consider the fractional differential equation CDOer( ) =t with
€ (0,1). It has continuous solutions

1 ! a—1
x(t)chF(a)/o(ts) sds

1 1
=c+ —t““/ (1 —w)* rwdw
I'(a) 0
toz+1
= —, t>0,ceR
‘T rago 70
By Theorem it also has piecewise continuous solutions

ta+1

: 1 (x 1
t):;cj—i—r(a)/(t—s sds-Zc] Tat2)’

for t € (ti,ti+1]7 cieRandi e NB”.
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Example 7.2. We consider the fractional differential equation #*Dg, x(t) = ¢ with
€ (0,1). It has continuous solutions

Tt et
xtzcto‘_l—l——/ t—s) " tsds=ct* 1+ ——+, t>0,ceR.
®) I'(a) Jy ( ) N(a+2)
By Theorem |3.12] it also has piecewise continuous solutions
-1 1 ! -1 - -1 o+t
ch +m/(t—8) SdSZZCj(t—tj) +m,

0 =
=0
for t € (ti, t;+1] and ¢ € N[0, m]. Here the ¢; € R are constants.

Example 7.3. We consider the fractional differential equation ¢ D¢, x(t) = logt
with o € (0,1). It has continuous solutions

1 t d log t)e+1
x(t):c—k—/ (logt—logs)o‘fllogsf: (log?) t>1,ceR.
1

INE) INa+2)’
Let 1 = 59 < 51 < +++ < Sy < Smy1 = e be fixed. By Theorem [3.14] it also has
piecewise continuous solutions

i 1 t o IOg t atl
ﬂ=§:%+fﬂﬁﬁkby log )" log s = §3J T(a+2)’
j=0

for t € (s;, $i+1], ¢; € R and i € N[0, m].

Example 7.4. We consider the fractional differential equation #LH D¢, x(t) = logt
with a € (0,1). It has continuous solutions
1 t ds (logt)ott
t)=c(logt)* '+ —— [ (logt—logs)* 'logs— = c(logt)* ' + ~———
a(t) = c(logt) +F(a)/l(0g 0gs)* ™ logs— = c(logt)*™" + Mot
fort>landceR. Let 1 =59 <51 <+ < 8 < Smt1 = e be fixed. By Theorem
[3:13] it also has piecewise continuous solutions
i

t I d
z(t) = ch(log t—)“_1 + —/1 (logt —log s)*~! logs?s

= j [(a)
: t oy  (logt)et! .
= Cj(lOg?j) 1 Tt t € (84,841, ¢; € R, i € N[0, m].

A typical application of the Logistic equation

W/ (£) = pu(t)(1 - u(t)), (7.1)
is a common model of population growth. Let wu(t) represents the population size
and t represents the time where the constant p > 0 defines the growth rate. Another
application of Logistic curve is in medicine, where the Logistic differential equation
is used to model the growth of tumors. This application can be considered an
extension of the above mentioned use in the framework of ecology. Denoting with
u(t) the size of the tumor at time ¢.

The fractional order Logistic model

D& u(t) = pu(t)(1 —u(t)), t>0, a€(0,1), (7.2)

can be obtained by applying the fractional derivative operator on the Logistic
equation. The model is initially published by Pierre Verhulst in 1838 [37, [76].
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In (7.2)), D+ denotes the fractional derivative. One sees that the exact solu-
tions of is u(t) = Tanyesriray- While it is difficult to solve (7.2). When
D, +u(t) = CDO+u( ), by using the Picard iterative method, we can get its iterative
solutions:

Po(t) = uo,

Lt—s)t up(l — u
¢1(t) = uo +P/O (trm))uo(l —ug)ds = up + w @
¢2(t) = Uo +p/0 (t}(so);_(bl(s)(l - ¢1(3))d3

e a Pu(l ) s,
—U T T, 421) F(02a+1)0 £,
¢z(t) :U0+p/0 (t}(S))(bl 1( )(1 _Qj)i—l(s))ds

Remark 7.5. We see that (1.7) with A = 0 can be re-written as

RLD0+1'( ) =p@)f(t, (), tE€ (L, tis], i € N[0, m],

t£%1+t2‘ﬁ / o(s / Y(s x(s))ds,  (7.3)
lim (¢ — t;)* P [x(t) — x(t;)] = I(ti, z(t:)), ARLDO+ x(ti) = J(ti, z(t:)),

t—t
for i € N[1,m]. When A =0, BVP (1.8]) becomes

D0+$( ) p(t)f(t,;v(t)), te (tlthJrl (S N[O m]

sim o) = [ 06600, 0= [ v HG s, (79)
Az(t;) = I(ti, z(t;)), Az'(t;) = J(ti,z(t;)), i€ N[1,m].

If 5 — 2, we obtain both that (|7.3) and (7.4]) become the following Dirichlet type
BVP for second order impulsive differential equation

2" (t) = p(t) f(t,z(t)), te€ (t“tHl i € N[0, m],

[ o)) s, zz) +(s))ds, (7.5)
0

Ax(ty) = I(ti, x(t:)), ARLDO+ x() J(ti7m(ti)), i € N[1,m)].

From the equivalent integral equation (3.33]) (Lemma(3.15) of BVP (1.7) with A = 0,
we know that the equivalent integral equation of ([7.3)) become the integral equation

xt):t{/oll/)(s) (s, x( ds—/¢ )ds—/l(l—s) (s)ds
=30 = ) tost00)) + Lt 2] + [ G0N (1
o=1

+ D = to)J (to, 2(te)) + L(to, a(t ))]+/(t—8) (s)ds,

0
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for t € (t;,t;x1] and ¢ € N[0,m]. From the equivalent integral equation (3.41))

(Lemma [3.17)) of BVP(1.8) with A = 0, we know that the equivalent integral equa-
tion of ([7.4)) becomes the integral equation (|7.6) when g — 2.

When G(t,z) = H(t,z) = 0, (7.6) is the so called Dirichlat boundary value
problem for second order impulsive differential equation. Its equivalent integral
equation becomes

z(t) = t[— /0 (1—s)o(s)ds — Z((l —to)d (to, 2(ts)) + I(to, x(ts)))

o=1

+ DM = to) T (o, 2(te)) + L(to, (ts))] +/O (t —s)a(s)ds,

for t € (t;,t;41] and 7 € N[0, m]. This result was established in [142] when I(t,z) =
0. The solvability of Dirichlet boundary value problems (7.5)) or its special cases
were studied in [65} [70] [87], [T4T].
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8. ADDENDUM POSTED FEBRUARY 13, 2017

In response to comments from readers, the author wants to correct some typos
and other mistakes in the original article. More precise proofs and extension of the
current results will be presented in a future article.

Page 6, (1.A4): | € max{—f,—2 — k, 0] should be replaced by I € (max{—3 +
1,—-2—k},0].

Page 6, (1.A7): k> 1 — /3 should be replaced by k > —1;

I € max{—p3,—f — k,0] should be replaced by | € (max{—F+1,—0 — k+ 1},0].

Page 7, (1.A10): 1 <0, 2+ k + 1 > 0 should be replaced by | € (max{—3 +
1,-2 —k},0].

Page 8, (1.A13): 1 < 0, 8+ k+ 1 > 0 should be replaced by I € (max{—03 +
1,-8—k+1},0].

Page 9, Definitions 2.1: this definition should be replaced by
Definition 2.1 ([58, page 69]) Let —c0 < a < b < +00. The Riemann-Liouville
fractional integrals I g and I;* g of order a € C with (Re(a) > 0) are defined by

Itg(t) = ﬁ/ (t —s)*"tg(s)ds,t > a,

b
I g(t) = %Of)/t (s —t)*tg(s)ds,t < b

respectively. These integrals are called he left side and the right side fractional
integrals.

Page 9, Definition 2.2: this definition should be replaced by
Definition 2.2 ([58] page 70]) Let —co < a < b < 4+o00. The Riemann-Liouville
fractional derivatives D¢, g and D;* g of order a € C with with Re(ar) > 0 are
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defined by

« d nim—ao 1 dn ¢ g S)
Dz glt) = ()" 00) = i | st > a

d 1 dn s

REDp g(t) == (=)~ “g(t) = md?’/t (s_gtga)nﬂdsvt <b
where n = [Re(a)] + 1. In particular, when o = n € N, then D%, g(t) = D}_g(t) =
g(t) and D", g(t) = g™ (t), Dy g(t) = (—1)"g'™(t), where g(™)(t) is the usual
derivative of g(t) of order n.

Page 9, Definition 2.3: this definition should be replaced by
Definition 2.3 [58, page 91] Let —oo < a < b < 4o00. The Caputo fractional
derivatives D%, g and “Dg g of order a € C with with Re(a) > 0 are defined via
the fractional integrals by

t t—s n—a—1
“Dgig(t) :/ (F(n)_a)g(")(S)dé’, t>a,

CDo g(t) /b (s =" ) (syas, t<b
a = —_ s)ds
=9 . T(n—a) g ’
respectively, where n = [Re(a)] + 1 for « ¢ N and n = « for « € N. These
derivatives are called left side and right side Caputo fractional derivatives of order
a.

Page 10, Definition 2.4: this definition should be replaced by
Definition 2.4 [58] page 110] Let 0 < a < b < +00o. The left side and the right
side Hadamard fractional integrals #I% g and #I;* g of order o € C(Re(a) > 0)
are defined by

N | A ds
Iglt) = i [ (e D @D ¢
1 b S\ g ds
L) = o [ Goe D a0 T e<

respectively.

Page 10, Definition 2.5: this definition should be replaced by
Definition 2.5 [58] page 111] Let 0 < a < b < +0o. The left side and the right
side Hadamard fractional derivatives L D¢, g and RRH Dy g of order o € C with
Re(a) > 0 are defined by

1 d bt ds
RLHDa t) = t— n/ log ~ n—a—1 bt t
a+g() F(n—a)( dt) a(ogs) g(S) P > a,
1 d b S ds
RRHDa, t) = —t— n/ log 2 n—a—1 bt t b
b g() F(n—a)( dt) . (Ogt) 9(8)57 <

respectively, where n = [Re(a)] + 1.

Page 10, Definition 2.6: this definition should be replaced by
Definition 2.6 [53] Let 0 < a < b < +o00. The left side and right side Caputo
type Hadamard fractional derivatives “# D%, g and “¥ D¢ g of order a € C with
Re(a) > 0 are defined by

t n—a—1
CH e (logt —log s) d.,  .ds
Dg.g(t) = fad n
a*g( ) /a F(n—a) (SdS) g(S) P > a,
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b n—a—1
CH o (logs —logt) d., ds
Dy g(t) = — —, t<b

respectively, where n = [Re(a)] + 1 for « ¢ N and n = «a for a € N.
Page 12, line 10: j € N[0,n — 1] should be replaced by j € N[0, n — 1].
Page 12, equation (3.3) should be replaced by
RLH Do 2(t) = B(t)x(t) + G(t), ae. t € (1,e),
. n—a _ "n
Jim (log$)" ™%z (t) = Ta—ntl) (3.3)
RLHD?—:jx(t):nja jGN[lanil]a

lim
t—1+

Page 12, equation (3.4) should be replaced by

CHD® 2(t) = B(t)x(t) + G(t), ae. tc(1,e),

) 3.4
lim (t%)Jz(t):nj, j e N[0,n—1]. 34

t—1t
Page 12, (3.A1): the assumptions should be replaced by
(3.A1) there exist constants k; > —a+n—1,1; < 0with l; > max{—a+n—1,—a—
ki+n—1}(i = 1,2), M4 > 0 and Mp > 0 such that |A(t)] < Matk1(1—¢)h
and |F(t)] < MptF2(1 —t)=2 for all ¢ € (0,1)
Page 16, line 3: 7]7] ” should be replaced by m 147,
Page 20 line -5: From Cases 1, 2 and 3 should be replaced by From Claims 1, 2
and 3.
Page 20, line -4: j € N[0,n — 1] should be replaced by j € N[0,n — 1].
Page 52, equation (3.25) should be replaced by

RLEDO 2(t) = Mx(t) + G(t), ae. t € (s, 8i11], i € N[0, m], (3.25)
Page 52, equation (3.26) should be replaced by
CHDY 2(t) = Aa(t) + G(t), ae. t € (si,si41], i € N[0, m)], (3.26)

Page 52, line 8: where n — 1 < a < n, dots (3.25) and (3.26). should be
replaced by where 0 = ¢y < t; < -+ < tp, < tme1 = 1 in (3.23) and (3.24),
1=s9 <81 <+ < 8m < Smy1 = e in (3.25) and (3.26).

Page 74, line -1: P;C;_4(0, 1] should be replaced by P,,,Ca_z(0, 1].

Page 75, line 3: for (x,y) € Q should be replaced by z € Q.

Page 75, line 12: Using (3.33) should be replaced by Using the definition of T'.

Page 76 line -12: Ascoli-CArzela should be replaced by Ascoli-Arzela

Page 101: equations (5.1)—(5.4) should be replaced by

“Dyia(t) = G(t), ae. te€(titir], i € N0, m], (
RLDe x(t) = G(t), ae. t € (ti,tit1], i € N[0,m], (
RLADe 2(t) = G(t), ae. t € (s;,8i11], i € N[0, m], (
CHp® x(t) = G(t), ae. t € (s4,8:11], i € N[0, m]. (

Page 151: equation (6.31) should be replaced by

ZI —a(logt —logt;)7)
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m %

[ X e > Bat) By (—aliog 7 — logt;))
i=1 j=1

+ [ ogr ~ togs) = f(sv(5). () L]

S

= {1 + i B, 1(—a(log n))HEw(*a(lOg t)7)

+/%%w4%@7v@w@mm»f,te@mﬂmiemmw.
1

y(t) = Z Ji(y(t;))Eq1 (=b(logt —logt;)”)
[ A X 1wty 1 (~blog 7 ~ log 1))

+ [ og — togsy gt (9406 ] (6:31)

& [14 30 B, (- bl0g 7)) B 1 (-blog )

t
d
+ / (IOgt - 10g 5>77lg(83 13(3), y(s))?sa te (tu ti-‘rl]v (&S N[Ov m]
1
Page 170, line 1: D, should be replaced by Dg, .
Page 170, equation (7.5): “” should be deleted.
Page 171, line 3: label (7.6) should be replaced by label (7.5).
End of addendum
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