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A FUJITA-TYPE THEOREM FOR A MULTITIME
EVOLUTIONARY p-LAPLACE INEQUALITY IN THE
HEISENBERG GROUP

MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

ABSTRACT. A nonexistence result of global nontrivial positive weak solutions
to a multitime evolutionary p-Laplace differential inequality in the Heisenberg
group is obtained. Our technique of proof is based on the test function method.

1. INTRODUCTION

The standard time-dependent partial differential equations of mathematical physics
involve evolution in one-dimensional time. Space can be multidimensional, but time
stayed one dimensional. The term multitime was introduced in physics by Dirac,
Fock and Podolsky, in 1932, considering multi-temporal wave-functions via m-time
evolution equation. It was used in mathematics by Friedman and Littman (1962,
1963). Multitime evolution equations arise for example in Brownian motion (diffu-
sion process with inertia) [2], transport theory (Fokker-Planck-type equations) [21],
biology (age-structured population dynamics) [I0], wave and Maxwell’s equations
[5, @], mechanics, physics and cosmology [20, 25]. Some interesting multitime de-
velopments of classical, single-time theories and principles from different fields of
mathematical research, appeared in the last years (see [ [l 8 12} 15 24] 26] and
references therein).

The study of nonexistence of global solutions to multitime evolutionary problems
has begun recently (see [11} [13]). This paper deals with the nonexistence of global
(nontrivial) positive solutions to a multitime evolutionary p-Laplace differential
inequality in the Heisenberg group. More precisely, we consider the multitime
evolutionary p-Laplace problem

i=k

Zuti — divy (|VHu|p_2VHu) >l inH,

=1 (1.1)
u >0, ae. inH,
U, o =u;; iné&,

where H is the (2N + 1)-dimensional Heisenberg group, k is a positive integer
(k>1),p,qg>1, H=Hx(0,00)k &=Hx (0,001, and u; € L. (E), i =

loc
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1,2...,k. Using a duality argument [16 [T7], we provide a sufficient condition for
the nonexistence of global nontrivial positive weak solutions to the above problem.

2. PRELIMINARIES

For the reader’s convenience, we recall some background facts used here. The
(2N + 1)-dimensional Heisenberg group H is the space R?V*1 equipped with the
group operation

19079':(x+z/,y+y',7'+7/+2(z~y'f:v/~y)),

for all ¥ = (x,y,7),9 = (2,9, 7") € RY x RN x R, where - denotes the standard
scalar product in RY. This group operation endows H with the structure of a Lie

group.
The distance from un element ¥ = (z,y,7) € H to the origin is given by

N 2\ 1/4
9w = (72+(Z$f+yf) ) ;
i=1
where = (x1,...,2y5) and y = (y1,...,Yn)-
The Gradient Vi over H is
VH:(X17-"7XN5Y1a"'aYN)a
where for i =1,..., N,

X; = 3“ +2y,0, and Y; = a,h —2x;0;.

_ IN 0 2y
A= ( 0 In —2x) ’
where Iy is the identity matrix of size N x N, then

Vy = AVR2N+1 .

Let

A simple computation gives the expression

N
[Virul? = 4(|f* + [y[*)(87u)? + Z((&hu)Q + (8yiu)2 + 40-u(yi 0z, u — xiayiu))

i=1
The divergence operator in H is
diVH<u) = diVR2N+1 (Au)

For more details on Heisenberg groups and partial differential equations in Heisen-
berg groups, we refer to [3] [7, 14} 22] 23] and references therein.

In the proof of our main result, the following inequality will be used several
times.

Lemma 2.1 (e-Young inequality). Let a,b,e > 0. Then
ab < eaP + cgbf",7

where p > 1, p' is its corresponding conjugate exponent, i.e., = + = 1; and
_(1\P'/p1
Ce — (5) ]7

1, 1
p P
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3. MAIN RESULT
In this paper, we use the notation:
dH = dty ...dt;d?,
d&y = dty ... dtid?,
d&; =dty ... dt;_1dtipy ... dtpdd (1 £ 1).
Moreover, for a given function ¢ : H — R, we denote
p; = (’D|ti:07 1=1,2,...,k.

For r > 1, we denote by 7’ its corresponding conjugate exponent. Now, let us define
the class of solutions under consideration.

Definition 3.1. Let u € VVli’Cp/ (H;Ry) N LL (H;Ry) and w; € L (E;Ry), @ =

1,2,...,k, with p’ = p’%l. We say that u is a global weak solution to problem (/1.1)
if the following conditions are satisfied:

(i) |Vyu[P~2Vyu € LV ('H;R2N+1);

loc

(ii) For any ¢ € Wﬁ)’f, (H;R,) with compact support,

k k
/quod'HS/ |VHu|p_2VHu~VH@dH—Z/ upy, dH—Z/ui%dé’i. (3.1)
H H i=17H i=17€

Observe that all the integrals in (3.1]) are well defined. Our main result is given
in the following theorem.

Theorem 3.2. Letp > 1. If
Pk+Q(p—1)
Q+(k—1p’

where Q@ = 2N + 2 is the homogeneous dimension of H, then (L.1) has no global
nontrivial weak solutions.

max{l,p—1} < ¢< (3.2)

To prove Theorem we need the following lemma, which provides a prelimi-
nary estimate of possible solutions.

Lemma 3.3. Let p > 1, ¢ > max{l,p — 1} and « € (4,0), where
d=max{-1,1—p,}.

Let u be a global weak solution to (1.1)). Then for any ¢ € W1°(H;R,) with a
compact support, we have

k
/Uqua‘PdH—i—/ |VHU|pUa_1(de+Z/Uia+1§0i dé&;
H H i—17€

. (3.3)
<o(X / (el / PP [Vapl dH),
I P H
for some constant C > 0, where r = ‘fi—z, s = p_’f_';il and s’ is the conjugate

exponent of s.
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Proof. Let € > 0 be fixed and « € (4,0). Suppose that u is a global weak solution

to . Let
ue (W1, ty) = w(W by, .. te) &, (9, t1,...,t) € H.
Define ¢, as
0e(Dyt1, .. ) = ul (D ty, . te) (D, t1, .o k),

where o € W1 (H; R ) has a compact support. Observe that ¢. belongs to the
set of admissible test functions in the sense of Definition By (3.1), we have

k
1 1
ulup dH + a/ VaulPu2 " o dH + —— /(ui—I-e o, dE;
/ ol [ T )

i (3.4)
1
< | |VeulP~lu Vapl dH + —— / iy, | dH.
< [ IVl gl ot 5 [ e
Now, using Lemma [2.I] we will estimate the individual terms on the right-hand

side of ([3.4). For some &1 > 0, Lemma with parameters r = ‘fi—g and r’ = ‘;‘%‘f
yields

"\ =

/ Uaa+1|30ti|dH < 61/ ug+a¢dH “I‘Cal/ (&) r—1 dH,
H H H Y

from which follows

k
1
o+l | dH
a—i—liz_;/ﬁua o]

(3.5)
< key / ata g, gH 4 Cey zk:/ (|‘Pti|T)ﬁdH
— | u B )
Ta+l )y ¢ v at+l= Jy\ o
For some &5 > 0, applying Lemma with parameters p and p’ = p%l, we obtain
/ | VulP ™ u. Y| Vip| dH
" (3.6)

§52/ |VHu\pu5a_1cde+CE2/ u PO VP! P dH.
H H

. . e /I _ _qta
Again, for some €3 > 0, Lemma with parameters s = pra—T1 and s’ = R
yields

/ u LT VP! TP dH < 53/
H H

Combining (3.6 with (3.7), we obtain

/ | Viu|P ™ u | V| dH
H

uaq+a<pd7-{+cga/ O P |Vl dH. (3.7)
H

S&g/ \VHu|puEO‘_1<de+cggag/ w0 dH (3.8)
H H

+cgzc€3/ gpl_ps/|VH<p|psl dH.
H
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Furthermore, substituting estimates (3.5) and (3.8) into (3.4), we obtain

k
_ 1 1
wlu o dH + (|a —6)/ |VauPu* " o dH + —— /ui—|—5a+ p; d&;
/ —e2) [ (Ve T [

ksl «@ Cey ; “Ptir r%
S(a+1+052€3)/%ug+ (deJrajrl;/H(w) T M

+ 052053 / (pl_pSl IVHQO‘pS/ dH
M

Passing to the limit inferior as € — 0 in the above inequality, and applying the
Fatou and Lebesgue theorems, we obtain

( _ kEl
a—+1
1

k
at+l . Je.

k 1
Cey (l(pti T) r—1 / 1—ps’ s’
< =1 dH + c.,ce p PS dH.
_a+11§_1/n p et | ¢ [Vagl

705253)/ uq+agadH+(|a|752)/ \Vau|Pu® L dH
H H

+

For €1, €9, €3 sufficiently small, we obtain

k
/Uq+a90dH+/ |VHu|pu°"1<de+Z/uia“goid&-
H H i—17/€

<C(§;/H ('90;‘ T)”‘ildeL/HgalPS'melps’ dH),

for some constant C' > 0, which is the desired result. ([
Now we are ready to prove our main result given by Theorem

Proof of Theorem[3.4. Suppose that u is a nontrivial global weak solution to (1.1]).
Let us consider the test function

or(0,t) = or(z,y,7,t)

o tf‘h+~-~+ti91+|x|492+|y|492 +T202
= o

where ¢ € C§°(R™T) is a decreasing function satisfying

¢(Z)_{1 fo<z<1

), R>0, w>1,

0 if z>2,

and 0;, j = 1,2, are positive parameters, whose exact values will be specified later.
Let

B t%el Lea tz& 4 |$|492 4 |y‘492 4 7202
- R402 :

Clearly ¢ g has support in
Qr={(W,t) e H: 0<p <2},
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while (pgr):, (i =1,2,...,k) and Vgpgr have support in
Op={(0,t) e H: 1<p< 2}
A simple computation yields
O, or(t0) = 201wt TP RTY2 00 L 0V (p), i=1,2,....k

while
Vexon(t, 0)[2 = 16032R(& (0))%6%~2(p) ((Jaf? + [yl?)r+~2
N
+ (‘x|802—2 + |y‘892—2) + 27_202—1 Zl'iyi(|x|402_2 o |y‘492—2)).
=1
Then, for all (¢,9) € Qr and i = 1,2,...,k, we have
R|Vapr| + R**/|0,,0r| < C|¢ (p)|6° (). (3.9)

For simplicity, in the sequel, we will write ¢ instead of ¢r. Let us consider now
the change of variables

(ts sty @y, ) = (6,9) o (B 6, 2,5, 7) = (),
where
T=R2:/% F=R'z, y=R'y, 7=R2r, dH=did).
In the same way, let
P00 e BT [ [0 T

Q={@ 7,70 eH:0<p<2},

0={@p70)eH:1<p<2}.
Using the above change of variables and , we obtain

T % [ i T T -~
/(‘% ) an< CRQ”%(kfﬁ)/ 04T |9/ 7T d, (3.10)
HY P H
’ ’ (3 ’ / ; o~
/ o' P | Vip|P¥ dH < CRYT2 o ke / ¢TI | P dH. (3.11)
H H
Setting
02 ps'(r—1)
91 - 2r ’
we have
02 r 02 plet+a)  plg—1)k
@ 91( —7)=¢ o, © g—p+1 q-p+1 (312
Using (33), (3-10) (3-12), we obtain
/ Wt dH < C RO 558 +555 (3.13)
H

Furthermore, noting that

0 plg+a)  plg—1k

_q—p+1 q—p+1

pk+Q(p—1)
Q+(k—1p

<0

for

q<
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and some « € (6,0) sufficiently small. Under the above condition, letting R — oo
in (3.13) and using the monotone convergence theorem, we obtain

/ wItedH <0,
H

which contradicts our assumption about w.
Finally, the limit case

g=PErRP-1)
Q+(k—1p
can be treated by the same way as in [18]. (]

We now consider some examples where we can apply Theorem [3:2] Applying
Theorem with p = 2 and k£ = 1, we obtain the following Heisenberg version of
Fujita exponent [19].

Corollary 3.4. If1<q¢<1+ %, then the problem
uy — Agu > u?  inH,

u >0, ae inH,
u,_, =up =0, inH,

where H = H x (0,00) and uy € Li, .(H), has no nontrivial global weak solution.

Next, applying Theorem [3:2]with p = 2 and k = 2, we obtain the following result,
which is an extension of [I1, Theorem 2.1] in the case a =2, m=1,s =4 =r =0,
to the Heisenberg group.

Corollary 3.5. If1<q¢<1+ ﬁ, then the problem
Uty + U, — Agu > u?  in H,
u>0, ae inH,

up, _, =u; 20, in g,

where H = Hx (0,00)%, £ = Hx (0,00), and u; € Li (E), i = 1,2, has no nontrivial
global weak solution.
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