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EXISTENCE OF SOLUTIONS FOR A SCALAR CONSERVATION
LAW WITH A FLUX OF LOW REGULARITY
MARTIN LAZAR, DARKO MITROVIĆ

Abstract. We prove existence of solutions to Cauchy problem for scalar conservation laws with non-degenerate discontinuous flux
t ≥ 0, x ∈ Rd ,

∂t u + div f (t, x, u) = s(t, x, u),

where for every (t, x) ∈ R+ × R, the flux f (t, x, ·) ∈ Lip(R; Rd ) and ∂λ f ∈
Lr (R+ × Rd × R), additionally satisfying max|λ|≤M f (·, ·, λ) ∈ Lr (R+ × Rd ),
for some r > 1 and every M > 0, and, for every λ ∈ R, div(t,x) f (·, ·, λ) ∈
M(R+ × Rd ) where M(R+ × Rd ) is the space of Radon measures. Moreover,
the function s is measurable and both f and s satisfy certain growth rate
assumptions with respect to λ. The result is obtained by means of the Hmeasures.

1. Introduction
In this article, we consider the Cauchy problem for the non-linear transport
equation
∂t u + divx f (t, x, u) = s(t, x, u)
1

d

p

d

u|t=0 = u0 (x) ∈ L (R ) ∩ L (R ),

p > 1.

(1.1)
(1.2)

The given equation describes many natural phenomena. We mention some of
them: flow in porous media, sedimentation processes, traffic flow, radar shapefrom-shading problems, blood flow, etc.
While the local Lipschitz assumption on λ 7→ f (t, x, λ) is natural in many applications, the assumption of regular dependence on the spatial variable x is very
restrictive. Indeed, even in the simplified situation in which the diffusion is neglected such as road traffic with variable number of lanes [9], Buckley-Leverett
equation in a layered porous medium [2, 24], sedimentation processes [10, 15, 16],
etc. It may appear in models with discontinuous (in x) flux functions.
Scalar conservation laws with discontinuous flux attracted significant amount of
attention in recent years. It appears that neither existence nor uniqueness for (1.1),
(1.2) can be resolved applying the methods used when the flux is regular. More
precisely, the well-posedness of the Cauchy problem for (1.1) with a regular flux
is completely settled in [27] by means of the vanishing viscosity method and the
shifting of variables (existence) and the doubling of variables (uniqueness). The
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mentioned techniques cannot be extended on (1.1) without substantial improvements. This fact generated development of various methods and concepts during
attempts to solve and understand equation (1.1). Different uniqueness concepts are
thoroughly described in [3] and they are further developed in [4, 11, 12]. As for
the existence of solution to (1.1), (1.2), which is the main objective of this article,
the first general result is obtained in one-dimensional case using the compensated
compactness method [26]. This result is later extended on two-dimensional case
[1, 25] under a non-degeneracy conditions (see a similar requirement (4.4) below).
The first multidimensional existence result is obtained in [35] through an extension
of H-measures [22, 38].
The strategy of the proof based on H-measures requires rewriting (1.1) in the
kinetic formulation [13, 32] (see Theorem 4.2) and then applying the velocity averaging results (see Theorem 3.4). We remark that Theorem 3.4 is the most general
velocity averaging result from the viewpoint of regularity of coefficients of the underlying transport equation. We dedicated Section 3 to this issue where we also
provided a short overview of the related results.
The aim of this article is to generalize results from [35] when the flux f and the
source s satisfy:
(i) For each fixed (t, x) ∈ R+ × Rd the flux f (t, x, ·) ∈ Lip(R; Rd ) and ∂λ f ∈
Lr (R+ × Rd × R), r > 1;
(ii) For every M > 0, it holds sup|λ|<M |f (t, x, λ)| ∈ Lr (R+ × Rd ), r > 1.
(iii) For every λ ∈ R, the divergence of the flux is a Radon measure,
div(t,x) f (·, ·, λ) ∈ M(R+ × Rd );
(iv) There exists a non-negative convex function S : R → R such that S(0) = 0
and there exists M, C, c > 0 such that for every |λ| < M ,
c≤
Z

S(λ)
≤ C,
|λ|p

(1.3)

sup |S 00 (λ) div(t,x) f (t, x, λ)|dλdtdx < C1 < ∞
(1.4)
Z
o
sup |s(t, x, λ)|dλ,
sup |s(t, x, λ)S 0 (λ)|dλ < C2 < ∞. (1.5)

R+ ×Rd λ∈R

max

nZ

R+ ×Rd λ∈R

R+ ×Rd λ∈R

In [35], it was assumed that the flux f (t, x, λ) satisfies (ii), and (iii), but for r > 2.
The reason for such an assumption is in the tools used – the H-measures. Original
H-measures were adapted for continuous coefficients (see [22, 38]). In [35], the
notion of H-measures is generalized for application in the framework of Lq , q > 2,
coefficients. After that, we made generalizations in this direction [29] but we were
not able to decrease regularity of the coefficients under L2 .
To achieve such a low regularity, one can apply H-distributions which were introduced in [5] and further generalized in [30, 33]. H-distributions are an extension
of H-measures to the Lp , p > 1, setting. Another approach, followed in this paper,
relies on an appropriate generalization of H-measures which takes into account additional regularity of the defining sequence that compensates for a low regularity
of test functions (coefficients).
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In the last section, we shall introduce the notion of the quasi-solution and
prove strong precompactness of the sequence of quasi-solutions to (1.1) under nondegeneracy conditions (4.4). As a corollary of the precompactness, we prove existence of weak solutions to (1.1).
As for the assumption (i), in [35] it was assumed that for each fixed (t, x) ∈
R+ ×Rd the flux f (t, x, ·) ∈ C 1 (R; Rd ), but there was no assumption ∂λ f ∈ Lr (R+ ×
Rd × R), r > 1.
Let us also remark that a usual assumption for the scalar conservation laws with
discontinuous flux (in particular, such an assumption is used in [35] also) is that
there exists a, b ∈ R such that
f (t, x, a) = f (t, x, b) = 0

a ≤ u0 ≤ b.

and

This provides boundedness of the sequence of approximate solutions obtained with
the vanishing viscosity perturbation of (1.1). We replace such assumptions by iv)
given above which provides only Lq -control of the approximate solutions. Details
are given in the last section.
Let us shortly remind on the contents of the paper. Section 2 provides results
on H-measures that we are going to use. In Section 3 we prove a velocity averaging
result which will be in the essence of the existence proof given in Section 4.
2. H-measures
H-measures were introduced by Tartar [38] and, independently, by Gerard [22]
as an object which measures defect of strong L2 -precompactness for bounded sequences in L2 (Rd ). More precisely, a sequence converging weakly in L2loc (Rd ) converges strongly as well, if and only if the corresponding H-measure is zero. Hmeasures appeared to be very powerful tool in the analysis of PDEs and have been
successfully applied in many mathematical fields - let us here mention the generalization of compensated compactness results to equations with variable coefficients
[22, 38], applications in the control theory [14, 31], the velocity averaging results
[22, 29], as well as explicit formulae and bounds in homogenisation [6, 7, 38].
Notation. Throughout this article, by C0 (Rd ) we denote the closure of Cc (Rd ) in
L∞ (Rd ) topology, while Mb (Ω) stands for the space of bounded Radon measures
on a set Ω ⊆ Rd .
For a fixed p ≥ 1, we shall denote by p0 its conjugate i.e. the number such that
1/p + 1/p0 = 1.
Sd−1 stands for the unit sphere in Rd centered at the origin.
By L2w∗ (R2m ; Mb (Rd × Sd−1 )) we denote the dual of L2 (R2m ; C0 (Rd × Sd−1 )),
which is a Banach
space of weakly ∗ measurable functions µ : R2m → Mb (Rd ×Sd−1 )
R
such that R2m kµ(y, ỹ)k2 dydỹ < ∞.
R
The FourierR transform is defined as û(ξ) := Rd e−2πiξ·x u(x) dx, and its inverse
as (u)∨ (ξ) := Rd e2πiξ·x u(x) dx.
A (Fourier) multiplier operator Aψ on Rd with a symbol ψ is defined as
∨

(Aψ u) (x) = (ψ(ξ)û(ξ)) (x).
In this article, where there is no fear of ambiguity, we shall not distinguish the
symbols for a function ψ defined on the unit sphere Sd−1 and its extension to Rd
given by ψ(ξ/|ξ).
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Throughout this paper h·, ·i stands for a sesquilinear dual product, taken to be
antilinear in the first, while linear in the second variable. By ⊗ we denote the
tensor product of functions in different variables.
A sequence (un ) of functions from L1 (Ω) is called equi-integrable if for every
ε > 0 thereR exists δ > 0 such that for every set E ⊂ Ω satisfying meas(E) < δ it
holds supn E |un (x)|dx < ε.
Let us now recall the extension of H-measures introduced in [29] whose existence
and properties are restated in the next theorem.
Theorem 2.1. Assume that a sequence (un ) converges weakly to zero in L2 (Rd+m )∩
L2 (Rm ; Lp (Rd )), p ≥ 2. Then, after passing to a subsequence (not relabeled),
there exists a measure µ ∈ L2w∗ (R2m ; Mb (Rd × Sd−1 )) such that for all φ1 ∈
0
L2 (Rm ; Lp̃ (Rd )), p̃10 + p2 = 1 (with L∞ (Rd ) being replaced by C0 (Rd ) if p = 2),
φ2 ∈ L2c (Rm ; C0 (Rd )), and ψ ∈ C d (Sd−1 ) it holds
Z
Z


(φ1 un )(x, y) Aψ φ2 un (·, ỹ) (x)dxdydỹ
lim
n
2m
Rd
ZR
=
hµ(y, ỹ, ·, ·), φ1 (·, y)φ2 (·, ỹ) ⊗ ψidydỹ ,
R2m

where Aψ is the (Fourier) multiplier operator on Rd associated to ψ(ξ/|ξ).
Furthermore, the operator µ has the form
µ(y, ỹ, x, ξ) = f (y, ỹ, x, ξ)ν(x, ξ),
d

(2.1)

d−1

d

whereR ν ∈ Mb (R ×S ) is a non-negative scalar Radon measure whose R projec0
tion Sd−1 dν(x, ξ) can be extended to a bounded functional on Lp̃ (Rd ) in the case
p > 2, while f is a function from L2 (R2m ; L1 (Rd × Sd−1 : ν)).
An H-measure defined above is an object associated to a single L2 sequence.
However, there are no obstacles to adjoin a similar object to two different sequences.
This can be done by forming a vector sequence, and consider non-diagonal elements
of corresponding (matrix) H-measure (e.g. [38]). Another way is to joint two
sequences in a single one by means of a dummy variable, as it is done in the next
theorem.
Theorem 2.2. Let (un ) be a bounded sequence in L2 (Rd+m ) ∩ L2 (Rd ; Lp (Rm )) ∩
Lp (Rd+m ) and let (vn ) be a sequence weakly converging to zero in L2 (Rd ) ∩ Lq (Rd )
for some p, q ≥ 2 such that there exists r > 1 satisfying 1/r + 1/p + 1/q = 1.
Then, after passing to a subsequences (not relabeled), there exists a measure µ ∈
0
L2w∗ (Rm ; Mb (Rd × Sd−1 )) such that for all φ1 ∈ Lp (Rm ; Lr (Rd )) (with L∞ (Rd )
being replaced by C0 (Rd ) if p = q = 2), φ2 ∈ C0 (Rd ), ψ ∈ C d (S d−1 ), we have
Z
hµ(y, ·, ·), φ1 (·, y)φ2 ⊗ ψidy
Rm
Z
(2.2)

= lim
φ1 (x, y)un (x, y)Aψ φ2 vn (x)dxdy .
n→∞

Rm+d

Furthermore, the measure µ is of the form
µ(y, x, ξ) = f (y, x, ξ)dν(x, ξ),
2

m

1

d

d−1

(2.3)
d

d−1

where f belongs to L (R ; L (R × S
: ν)), while ν ∈ Mb (R × S ) is a
non-negative, bounded, scalar Radon measure. In the case min{p, q} > 2 its Rd
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R
projection Sd−1 dν(x, ξ) can be extended to a bounded functional on Ls (Rd ), where
0
sR is the dual index of min{p, q}/2, i.e. there exists an h ∈ Ls (Rd ) such that
dν(x, ξ) = h(x)dx.
Sd−1
We call µ the generalized H-measure corresponding to (sub)sequences (of ) (un )
and (vn ).
Proof. Let us first prove that the relation (2.2) holds for smooth (with respect to
x) test functions φ1 and φ2 .
To this effect denote by u an L2 weak limit of the sequence (un ) along a (nonrelabeled) subsequence. Fix an arbitrary non-negative compactly supported ρ ∈
Cc (Rm ) with the total mass equal to one. Let


(un − u)(x, y), λ ∈ h0, 1i
Wn (x, y, λ) = ρ(y)vn (x),
λ ∈ h−1, 0i


0,
else.
Clearly, we have that Wn * 0 in L2 (Rd+m+1 ) ∩ L2 (Rm+1 ; Lmin{p,q} (Rd )), and by
Theorem 2.1 it admits a measure µ̃ ∈ L2w∗ (R2(m+1) ; Mb (Rd × Sd−1 )) such that for
any φ̃1 ∈ L2 (Rm+1 ; C0 (Rd )), φ̃2 ∈ L2c (Rm+1 ; C0 (Rd )), and ψ ∈ C(Sd−1 ), it holds
Z
hµ̃(y, ỹ, ·, ·), φ̃1 (·, y)φ̃2 (·, ỹ) ⊗ ψidydỹ
R2m
Z
(2.4)

(φ̃1 Wn )(x, y, λ)Aψ φ̃2 Wn (·, ỹ, λ̃) (x)dxdw,
= lim
n→∞

Rd+2(m+1)

where w = (y, ỹ, λ, λ̃) ∈ R2m+2 .
According to the representation (2.1), the measure µ̃ is of the form
µ̃ = f˜(y, ỹ, λ, λ̃, x, ξ)dν(x, ξ),

y, ỹ ∈ Rm , λ, λ̃ ∈ R,

d
d−1
where f˜ is a function from L2 (R2(m+1) ; L1 (Rd ×Sd−1 : ν)), while ν ∈
R Mb (R ×S )
d
is a non-negative scalar Radon measure, whose R projection Sd−1 dν(x, ξ)can
be extended to a bounded functional on Ls (Rd ), where s is the dual index of
min{p, q}/2 in the case min{p, q} > 2.
By taking in (2.4) φ̃1 (x, y, λ) = φ1 (x, y) ⊗ θ1 (λ), and φ̃2 (x, ỹ, λ̃) = φ2 (x) ⊗
ρ2 (ỹ) ⊗ θ2 (λ̃), where φ1 ∈ L2 (Rm ; C0 (Rd )) and φ2 ∈ C0 (Rd ) are arbitrary test
functions, while θ1 = χ[0,1] , θ2 = χ[−1,0] , and ρ2 (ỹ) = 1 for ỹ ∈ suppρ, we see that
the measure
Z 0 Z 1Z

f˜(y, ỹ, λ, λ̃, x, ξ) dỹdλdλ̃ dν(x, ξ)dy,
dµ(y, x, ξ) =
−1

0

Rm

satisfies (2.2) and (2.3) for all φ1 ∈ L2 (Rm ; C0 (Rd )), φ2 ∈ C0 (Rd ), and ψ ∈
C d (S d−1 ).
In the second part of the proof we show that the relation (2.2) extends to test
0
functions φ1 taken from the space Lp (Rm ; Lr (Rd )). To this effect, take an arbitrary
such function and denote by (φk1 ) a sequence of compactly supported continuous
0
functions such that φk1 → φ1 strongly in Lp (Rm ; Lr (Rd )). For φ2 and ψ as in (2.2),
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we define
Z
hµ(y, ·, ·), ϕ1 (·, y)ϕ̄2 ⊗ ψ̄idpdq
Z
:= lim
hµ(y, ·, ·), ϕk1 ϕ̄2 ⊗ ψ̄idpdq
k→∞ R2m
Z
Z


= lim lim
(ϕk1 un )(x, p) Aψ ϕ2 un (x)dxdpdq.
R2m

k→∞ n→∞

R2m

(2.5)

Rd

The above limit (with respect to k) exists, since by means of the Hölder inequality
and the Marcinkiewicz multiplier theorem (see Remark 2.6 below) for k1 , k2 ∈ N it
holds
Z
hµ(y, ·, ·), (ϕk11 − ϕk12 )(·, y)ϕ̄2 ⊗ ψ̄idy
R2m
Z
Z


≤ lim sup
(ϕk11 − ϕk12 )un (x, y) Aψ ϕ2 vn (x) dxdy
n
R2m Rd
Z
k(ϕk11 − ϕk12 )(·, y)kLr (Rd )
≤ lim sup C kψkC d (S d−1 ) kϕ2 vn kLq (Rd )
n

Rm

× k(un (·, y)kLp (Rd ) dy
≤ lim sup CkψkC d (S d−1 ) k(ϕk11 − ϕk12 )kLp0 (Rm ;Lr (Rd )) kϕ2 kL∞ (Rd )
n

× kun kLp (Rd+m ) kvn kLq (Rd ) ,
where C depends on p and d only. Since (ϕk1 ) is a convergent sequence, hence the
Cauchy one, the limit in (2.5) exists, and it does not depend on the approximating
sequence (ϕk1 ).
The same analysis as above implies
Z
Z


(ϕk1 − ϕ1 )un (x, p) Aψ ϕ2 un (·, q) (x) dxdpdq = 0
lim
k→∞

R2m

Rd

and the convergence is uniform with respect to n. Thus we can exchange limits in
the second line of (2.5), which proves (2.2).

The last theorem takes into account additional regularity of sequences (un ) and
(vn ). If the first one is bounded in Lp and the latter one in L∞ , test functions can
0
0
be taken from Lp almost (more precisely, from Lp +ε , ε > 0 arbitrary), which is
maximal regularity one can expect in order for the right hand side of (2.2) to make
sense.
The following statement on the measure ν now follows from results on slicing
measures [21, Theorem 1.10].
Lemma 2.3. Under the assumptions of the above theorem, in the case s > 1 for
a.e. x ∈ Rd there exists a Radon probability measure νx such that dν(x, ξ) =
0
dνx (ξ)h(x)dx, where h is a Ls function from Theorem 2.2. More precisely, for
each φ ∈ C0 (Rd × Sd−1 ),
Z
Z Z

φ(x, ξ)dν(x, ξ) =
φ(x, ξ)dνx (ξ) h(x)dx .
Rd ×Sd−1

Rd

Sd−1

The above result is also valid if we take a test function φ ∈ Ls (Rd ; C(Sd−1 )).
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We end this section with the analysis of the Fourier multipliers which form the
basis in construction and application of H-measures.
Definition 2.4. For a given p ∈ [1∞i, let the multiplier operator Aψ satisfy
kAψ (u)kLp ≤ CkukLp ,

u ∈ S,

where C is a positive constant, while S stands for a Schwartz space. Then its
symbol ψ is called an Lp (Fourier) multiplier.
There are many criteria on a symbol ψ providing it to be an Lp multiplier. In
the paper, we shall need the Marcinkiewicz multiplier theorem [23, Theorem 5.2.4.],
more precisely its corollary which we provide here:
Corollary 2.5. Suppose that ψ ∈ C d (Rd \ ∪dj=1 {ξj = 0}) is a bounded function
such that for some constant C > 0 it holds
|ξ α̃ ∂ α̃ ψ(ξ)| ≤ C,

ξ ∈ Rd \ ∪dj=1 {ξj = 0}

(2.6)

for every multi-index α̃ = (α̃1 , . . . , α̃d ) ∈ Nd0 such that |α̃| = α̃1 + α̃2 + · · · + α̃d ≤ d.
Then, the function ψ is an Lp -multiplier for p ∈ h1, +∞i, and the operator norm
of Aψ depends only on C, p and d.
Remark 2.6. Using this corollary, it is proved in [23] that for a bounded function
ψ defined on the unit sphere Sd−1 and smooth outside coordinate hyperplanes, its
extension (not relabelled) ψ(ξ/|ξ|) is an Lp multiplier (see also [29, Lemma 5]). If
in addition we assume that ψ is smooth on the whole manifold, i.e. ψ ∈ C d (Sd−1 ),
then the corresponding operator satisfies
kAψ kLp →Lp ≤ CkψkC d (Sd−1 ) ,
with a constant C depending only on p ∈ h1, ∞i and d.
Here, we shall need a similar statement.
Lemma 2.7. Let θ : Rd → R be a smooth compactly supported function equal to
one on the unit ball centered at the origin. Then for any γ > 0 the multiplier
operator T γ with the symbol
1
T γ (ξ)(1 − θ(ξ)) = γ (1 − θ(ξ))
|ξ|
is a continuous Lp (Rd ) → W γ,p (Rd ) operator for any p ∈ h1, +∞i. Specially, due
to the Rellich theorem it is a compact Lp (Rd ) → Lploc (Rd ) operator.
Proof. We shall first prove that the operator T γ is a continuous operator on Lp (Rd ).
To this effect, remark that it is sufficient to prove that T γ satisfies condition of
Corollary 2.5 away from the origin. Around the origin, the operator T γ is controlled by the term (1 − θ) (which is equal to zero on B(0, 1) and obviously satisfies
conditions of Corollary 2.5). We use the induction argument with respect to the
order of derivative in (2.6).
• n = 1: In this case, we compute
ξk 2
1
∂k T γ (ξ) = Ck T γ (ξ)
)
ξk
|ξ|
for some constant Ck . From here, it obviously follows |ξk ∂k T γ (ξ)| ≤ C for ξ ∈ Rd
away from the origin.
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• n = m: Our inductive hypothesis is that a α-order derivatives of T γ (ξ) can
be represented as
1
∂ α T γ (ξ) = α T γ (ξ)Pα (ξ),
(2.7)
ξ
where Pα is a bounded function satisfying (2.6) for |α̃| ≤ d − |α|.
• n = m + 1: To prove that (2.7) holds for |α| = m + 1 it is enough to notice
that α = ek + α0 , where |α0 | = m, and that according to the induction hypothesis
we have

 1
0
1
∂ α T γ = ∂k ∂ α T γ = ∂k α0 T γ (ξ)Pα0 (ξ) = α T γ (ξ)Pα (ξ),
ξ
ξ
where
Pα (ξ) = (Pek Pα0 + ξk ∂k Pα0 − αk Pα0 )(ξ),
thus satisfying conditions (2.6) as well.
From these, (2.6) immediately follows for T γ away from the origin, thus proving
that the operator T γ is a continuous operator on Lp (Rd ).
It remains to prove that for any j the multiplier operator ∂xγj T γ is a continuous
p
L (Rd ) → Lp (Rd ) operator. To accomplish this, notice that its symbol is (1 −
θ(ξ))(2πiξj /|ξ|)γ . Thus, away from the origin, it is a composition of a smooth
function and the projection ξ → ξ/|ξ|, and by Remark 2.6 it satisfies conditions of
Corollary 2.5.

3. Velocity averaging
In this section, we provide a velocity averaging result for a linear transport
equation with a low regularity assumptions on the coefficients.
More precisely, we consider a sequence of functions (un ) weakly converging to
zero in Lp (Rd+m ) for p ≥ 2, and satisfying the following sequence of equations
Pun (x, y) =

d
X

∂xk (ak (x, y)un (x, y)) = ∂yκ Gn (x, y) ,

(3.1)

k=1

where ∂yκ = ∂yκ11 . . . ∂yκmm for a multi-index κ = (κ1 , . . . , κm ) ∈ Nm .
By A we denote the principal symbol of the differential operator P, which is of
the form
d
X
A(y, x, ξ) =
2πiξ k ak (x, y).
(3.2)
k=1

We assume it satisfies the classical non-degeneracy conditions
∀(x, ξ) ∈ D × Sd−1

A(y, x, ξ) 6= 0

(a.e. y ∈ Rm ) ,

(3.3)

where D ⊆ Rd is a full measure set, while Sd−1 stands for the unit sphere in Rd .
As for the coefficients from (3.1), we assume that
0

(a) ak ∈ Lp̄ (Rm+d ) for some p̄ ∈ h1, pi k = 1, . . . , d;
−1,q
(b) The sequence (Gn ) is strongly precompact in the space Wloc
(Rm+d ),
1
1
1
where q > 1 is determined by the relation 1 + p = p̄ + q .
The idea behind the extension of the velocity averaging result to coefficients of
lower regularity (as given in (a)) is to consider the H-measure corresponding to the
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sequence (un ) and the truncated sequence (Tl (un )) for the truncation operator Tl
given as follows: for l ∈ N,
(
sign(u)l, |u| > l
(3.4)
Tl (u) =
u,
u ∈ [−l, l] .
The operator Tl and its variants have been widely used [8, 19] where it was noticed
that convergence of (Tl (un )), for every l ∈ N, in L1loc (Rd ) implies the strong convergence of (un ) in L1loc (Rd ). This property, beside being explored in the proof of
Theorem 3.4, will be also used for proving an existence of a solution to non-linear
transport equation (1.1) in the next section.
Let us now prove necessary properties of the truncation operator.
Lemma 3.1. Let (un ) be an equi-integrable sequence, bounded in L1 (Ω), where Ω
is an open set in Rd . Then for the sequence of truncated functions it holds
lim sup kTl (un ) − un kL1 (Ω) → 0 .
l

(3.5)

n

Proof. Denote by Ωln = {x ∈ Ω : un (x) > l}. Since (un ) is bounded in L1 (Ω) we
have
Z
Z
Z
1
sup
|un (x)|dx ≥ sup
ldx =⇒ sup
|un (x)|dx ≥ sup meas(Ωln ),
l k∈N Ω
k∈N Ω
k∈N Ωln
k∈N
implying that
lim sup meas(Ωln ) = 0.

(3.6)

l→∞ n∈N

Now

Z

Z
|un − Tl (un )|dx ≤

|un |dx → 0
Ωln

Ω

l→∞

uniformly with respect to n according to (3.6) and equi-integrability of (un ). Thus,
(3.5) is proved.

Lemma 3.2. Let (un ) be an equi-integrable sequence, bounded in L1 (Ω), where
Ω is an open set in Rd . Suppose that for each l ∈ N the sequence of truncated
functions (Tl (un )) is precompact in L1 (Ω). Then there exists a subsequence (unk )
and function u ∈ L1 (Ω) such that
unk → u

in L1 (Ω).

Proof. By the strong precompactness assumptions on truncated sequences, there
exists a subsequence (unk ) such that for every l ∈ N the sequence (Tl (unk )) is
convergent in L1 (Ω), with a limit denoted by ul . We prove that the obtained
sequence (ul ) converges strongly in L1 (Ω) as well. To this end, note that
kul1 − ul2 kL1 (Ω) ≤ kul1 − Tl1 (unk )kL1 (Ω) + kTl1 (unk ) − unk kL1 (Ω)
+ kTl2 (unk ) − unk kL1 (Ω) + kTl2 (unk ) − ul2 kL1 (Ω) ,
which together with Lemma 3.1 implies that (ul ) is a Cauchy sequence. Thus, there
exists u ∈ L1 (Ω) such that
ul → u in L1 (Ω).
(3.7)
1
Now it is not difficult to see that entire (unk ) converges toward u in L (Ω) as
well. Namely, it holds
kunk − ukL1 (Ω) ≤ kunk − Tl (unk )kL1 (Ω) + kTl (unk ) − ul kL1 (Ω) + kul − ukL1 (Ω) ,
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which by the definition of functions ul , and convergences (3.5) and (3.7) imply the
statement.

An elementary corollary of the previous lemma is:
Corollary 3.3. Let (un ) be a bounded sequence in Lp (Ω) ∩ L1 (Ω) for some p > 1,
where Ω is an open set in Rd . Suppose that for each l ∈ N the sequence of truncated
functions (Tl (un )) is precompact in L1 (Ω). Then there exists a subsequence (unk )
and function u ∈ Lp (Ω) such that
unk → u

in L1 (Ω).

Proof. It is sufficinet to notice that every sequence (un ) which is bounded in Lp (Ω),
for p > 1, is equi-integrable.

The result given in Theorem 3.4 below is usually called a velocity averaging
lemma. Its importance is demonstrated in many works, but we shall mention only
very famous [32] (kinetic formulation of conservation laws) and [17] (existence of
weak solution to the Boltzman equation). Concerning the averaging lemma itself,
one can consult e.g. [18, 20, 36, 37]. We remark that almost all the velocity averaging results were given for homogeneous equations (i.e. the ones where coefficients
do not depend on x ∈ Rd ). The reason for this one can search in the fact that, in
the homogeneous situation, one can separate the solutions un from the coefficients
(e.g. by applying the Fourier transform with respect to x), and this is basis of most
of the methods (see e.g. [37] and references therein). We remark that more detailed
observations on this issue one can find in the introduction of [29]. In order to deal
with the heterogeneous situation that we have here, we need microlocal defect tools,
in particular H-measures. This brings obstacles of their own which forced us to use
the restrictive non-degeneracy condition in [30]:
0
|A|2
→ 1 in Lp̄loc (Rd+m ; C d (Sd−1 ))
2
|A| + δ
strongly as δ → 0. By using the characterization of H-measures provided by Theorem 2.2 we are able to generalize that result by assuming merely the classical
non-degeneracy condition (3.3).
In addition, by allowing for lower regularity assumptions on the coefficients ak
the following theorem also generalizes the velocity averaging results provided in
[29].

Theorem 3.4. Assume that un * 0 weakly in Lploc (Rd+m ), p ≥ 2, where un represent weak solutions to (3.1) with conditions (a) and (b) being fulfilled. Furthermore,
we assume that the classical non-degeneracy conditions (3.3) are satisfied.
Then, for any ρ ∈ L2c (Rm ),
Z
ρ(y)un (x, y)dy → 0 strongly in L1loc (Rd ).
(3.8)
Rm

d
∞
d
Proof. Fix ρ ∈ Cc (Rm ), ϕ ∈ L∞
c (R ), and l ∈ N. Denote by Vl a weak ∗ L (R )
limit along a subsequence of truncated averages defined by
Z
Vnl = ϕTl (
ρ(ỹ)un (·, ỹ)dỹ),
Rm

where Tl is the truncation operator introduced in (3.4) below. Denote vnl = Vnl − Vl
∗
and remark that vnl * 0 in L∞ (Rd ) with respect to n.
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Next, let µl be the generalized H-measure defined in Theorem 2.2 corresponding
to (sub)sequences (of) ϕun and vnl .
Take a dual product of (3.1) with the test functions
gn (x, y) = ϕ1 (x)ρ1 (y)(T 1 ◦ AψSd−1 )(vn )(x),
|κ|

d
m
where ψ ∈ C d (S d−1 ), ϕ1 ∈ C∞
c (R ), and ρ1 ∈ Cc (R ) are arbitrary test functions,
while κ is the multi-index appearing in (3.1), while T 1 is the multiplier operator
1
outside the unit ball centered
defined in Lemma 2.7 with the symbol equal to |ξ|
at the origin.
Letting n → ∞ in such obtained expression, and taking into account Theorem
2.1, we obtain
Z
Z
A(x, ξ, p)ρ1 (p)ρ2 (q)ϕ(x)ψ(ξ)dµl (p, q, x, ξ)dpdq = 0.
R2m

Rd ×P

The right-hand side of the last expression equals zero as, by assumption (b), the
sequence (Gn ) of functions on the right hand side of (3.1) converges strongly to
zero in L1 (Rm ; W −1,q (Rd )), while, according to Lemma 2.7, the multiplier operator
T 1 ◦ AψP : Lq (Rd ) → W 1,q (Rd ) is bounded.
As the test functions ρi , ϕ, and ψ are taken from dense subsets in appropriate
spaces, one gets that µl satisfies localization principle
Aµl = 0,

(3.9)

where A is the principal symbol given by (3.2).
We aim to prove that from here, under condition (3.3), it follows that µl ≡
0. To this effect, we take an arbitrary δ > 0, and for ρ ∈ L2c (Rm ) and φ ∈
Cc (Rd ); C d (S d−1 ) we consider the test function
ρ(y)φ(x, ξ)A(x, ξ, y)
.
|A(x, ξ, y)|2 + δ
The localization principle (3.9) implies
µl , ρ(y)φ(x, ξ)

|A(x, y, ξ)|2
= 0,
|A(x, y, ξ)|2 + δ

which by means of representation (2.3) and Fubini’s theorem takes the form
Z
Z
ρ(y)φ(x, ξ)|A(x, ξ, y)|2
fl (y, x, ξ)dydνl (x, ξ) = 0.
(3.10)
|A(x, ξ, y)|2 + δ
Rd ×Sd−1 Rm
Let us denote
Z
Iδ (x, ξ) =

ρ(y)
Rm

|A(x, ξ, y)|2
fl (y, x, ξ)dy .
|A(x, ξ, y)|2 + δ

According to the non-degeneracy condition (3.3) and the representation of the measure νl given in Lemma 2.3, we have
Z
Iδ (x, ξ) →
ρ(y)fl (y, x, ξ)dy,
Rm
d

as δ → 0 for νl - a.e. (x, ξ) ∈ R × Sd−1 . By using the Lebesgue dominated
convergence theorem, it follows from (3.10) after letting δ → 0:
Z
Z
hµl , ρ ⊗ φi =
ρ(y)φ(x, ξ)fl (y, x, ξ)dydνl (x, ξ) = 0 ,
Rd ×Sd−1

Rm
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i.e. µl = 0 for every l.
From the definitions of the generalized H-measures and the truncation operator
Tl , we conclude by taking in (2.2) test functions ψ = 1 and φ1 φ2 = χsuppϕ ⊗ ρ for
the previously chosen ϕ and ρ (see the beginning of the proof):
Z
Z
2
2
(3.11)
ρ(y)un (x, y)dy dx, l ∈ N.
ϕ (x) Tl
0 = lim
n→∞

Rd

Rm

Now, using Corollary 3.3, we obtain the desired convergence (3.8).



4. Quasi-solutions and kinetic formulation
In this section, we shall introduce the notion of quasi-solution to (1.1). A similar
notion was first introduced in [34]. In a special situation, e.g. in the case when the
flux is independent of (t, x) and when the measure ζ from below is non-negative,
then the quasi-solution is an entropy admissible solution that singles out a physically
relevant solutions to the equation (1.1) (see [27]). The notion of quasi-solution will
lead to an appropriate kinetic formulation of the equation under consideration which
will enable us to use H-measures.
Definition 4.1. A measurable function u defined on R+ × R is called a quasisolution to (1.1), accompanied by assumptions (i) and (ii), if the following Kruzhkov
type entropy equality holds
∂t |u − λ| + div[sgn(u − λ)(f (t, x, u) − f (t, x, λ))] = −ζ(t, x, λ),

(4.1)

for some ζ ∈ M(R+ × Rd × R) that we call the quasi-entropy defect measure.
From the above entropy condition, the following kinetic formulation can be derived.
Theorem 4.2. Denote F = ∂λ f . If the function u is a quasi-solution to (1.1) then
the function
h(t, x, λ) = sgn(u(t, x) − λ) = −∂λ |u(t, x) − λ|
(4.2)
is a weak solution to the linear equation:
∂t h + div (F (t, x, λ)h) = ∂λ ζ(t, x, λ)

(4.3)

Proof. It is sufficient to find the derivative of (4.1) with respect to λ ∈ R to obtain
(4.3).

To prove existence of a solution to the Cauchy problem (1.1), (1.2), we need the
following general statement.
Theorem 4.3. Assume that the function F = ∂λ f , where f is the flux appearing
in (1.1), is such that for almost every (t, x) ∈ Rd+ and every ξ ∈ S d the mapping
d


X
λ 7→ ξ0 +
Fk (t, x, λ)ξk ,

(4.4)

k=1

is not zero on any set of positive measure.
Let (un ) be a sequence of quasi-solutions to (1.1) bounded in Lp (R+ × Rd ), p > 1.
Then it is strongly precompact in L1loc (R+ × Rd ) if the sequence of corresponding
−1,q
entropy defect measures (ζn ) is strongly precompact in Wloc
(R+ × Rd × R) for
some q > 1.
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Proof. Denote by h∞ ∈ L∞ (R+ × Rd × R) a weak-? limit along a subsequence of
the sequence hn (t, x, λ) := sign(un (t, x) − λ). By the boundedness assumption,
the sequence (ζn ) of quasi-entropy defect measures corresponding to (un ) weakly
converges to ζ ∈ L1 (R; W −1,q (R+ × Rd )) (possibly passing to a subsequence). Put
vn (t, x, λ) = h(t, x, λ) − hn (t, x, λ) and σn = ζ − ζn . The sequence (vn ) satisfies
∂t vn + div (F (t, x, λ)vn ) = ∂λ σn (t, x, λ)
Applying Theorem 3.4 we obtain
Z
ρ(λ)vn (t, x, λ)dλ → 0

(4.5)

in L1loc (R+ × Rd ),

for any test function ρ ∈ L2c (Rm ). Since vn = hn − h, and hn (t, x, λ) = sgn(un − λ),
we conclude that for every l > 0,
Z l
hn (t, x, λ)dλ = 2Tl (un )(t, x),
−l

is strongly L1loc (R+ × Rd ) precompact itself. Applying Corollary 3.3, the statement
follows directly.

Theorem 4.4. Assume that the coefficients of (1.1) satisfy the non-degeneracy
condition (4.4). Then there exists a weak solution to (1.1) augmented with the
initial condition u|t=0 = u0 ∈ L1 ∩ Lp (Rd ), p > 1. The weak solution is at the same
time the quasi-solution to (1.1).
Proof. It is sufficient to consider the regularization of problem (1.1):
1
∂t un + divx f n (t, x, un ) = sn (t, x, un )+ ∆un
n
un |t=0 = u0 (x) ∈ L1 ∩ Lp (Rd ),
n

(4.6)
(4.7)

n

where f and s are smooth regularization in variables t, x of the functions f and
s respectively given by the convolution with a smooth, compactly supported, nonnegative kernel ω with total mass one.
f n (t, x, λ) = f (·, ·, λ) ?t,x nd+1 ωn (t, x),

sn (t, x, λ) = s(·, ·, λ) ?t,x nd+1 ωn (t, x),

where ωn (t, x) = ω(nt, nx).
The existence of smooth L1 -solution to (4.6), (4.7) can be found in [28]. Let us
prove that the sequence of such solutions (un ) is bounded in Lploc (R+ × Rd ) (locally
with respect to t ∈ R+ ).
Take the function S given in (iv) and multiply (4.6) by S 0 (u). After standard
manipulations, we reach
 Z un
 Z un
∂t S(un ) + div
S 0 (λ)∂λ f n (t, x, λ)dλ +
S 00 (λ) div f n (t, x, λ)dλ
0

0

1
1
= sn (t, x, un )S 0 (un ) + ∆S(un ) − S 00 (un )|∇un |2 .
n
n
Integrating this over [0, t] × Rd and using (1.4) and (1.5), we see that
Z
Z Z
1 t
S(un (t, x))dx +
S 00 (un )|∇un |2 dxdt0
n 0 Rd
Rd
Z
≤
S(u0 (x))dx + C1 + C2 ,
Rd

(4.8)
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and the Lp -bound follows from the condition (1.3). We remark that we also have
R R
1 t
2
0
n 0 Rd |∇un | dxdt ≤ C < ∞ since S is convex.
Next, remark that for any M > 0 and K ⊂⊂ R+ × Rd , and any q < r, we have
k

sup

|f n (·, λ) − f (·, λ)|kLq (K) → 0,

(4.9)

λ∈[−M,M ]

as n → ∞. Indeed, since f is continuous with respect to λ, for any fixed (t, x) ∈ K
there exists λ(t, x) ∈ [−M, M ] such that
|f n (t, x, λ) − f (t, x, λ)| = |f n (t, x, λ(t, x)) − f (t, x, λ(t, x))|.

sup
λ∈[−M,M ]

Then, according to the definition of the convolution, we have
k

sup
λ∈[−M,M ]

Z

|f n (·, λ) − f (·, λ)|kqLq (K)

Z

q

f (τ, y, λ(t, x))ωn (t − τ, x − y)dτ dy − f (t, x, λ(t, x)) dtdx

=
ZK ZR

d+1

1
η, x +
n
d+1
ZR
1
(f (t + η, x +
n
Rd+1
(f (t +

=
ZK
≤
K

p
1
z, λ(t, x)) − f (t, x, λ(t, x)))ω(η, z)dτ dz dtdx
n
1
1
1
z, λ(t + η, x + z))
n
n
n
q

− f (t, x, λ(t, x)))ω(η, z)dτ dz dtdx
Z Z
1
1
1
1
(f (t + η, x + z, λ(t + η, x + z))
+
n
n
n
n
d+1
R
K
q
1
1
− f (t + η, x + z, λ(t, x)))ω(η, z)dτ dz dtdx.
n
n

(4.10)
Now, since f (t, x, λ(t, x)) ∈ Lr (K), it follows that for almost every (t, x) ∈ K
and (τ, z) ∈ supp ω it holds f (t + n1 η, x + n1 z, λ(t + n1 η, x + n1 z)) → f (t, x, λ(t, x))
pointwise (since almost every point of L1loc function is the Lebesgue one). The
same holds for the bounded function λ(t, x), such implying the following almost
everywhere convergence as n → ∞:
1
1
1
1
1
1
η, x + z, λ(t + η, x + z)) − f (t + η, x + z, λ(t, x))|
n
n
n
n
n
n
1
1
1
1
≤ sup |∂λ f (t + η, x + z, λ)| |λ(t + η, x + z) − λ(t, x)| → 0.
n
n
n
n
|λ|<M

|f (t +

Therefore, the Lebesgue dominated convergence theorem applied in (4.10) provides
(4.9).
In the rest of the proof, we shall show that conditions of Theorem 4.3 are satisfied
for (un ). By multiplying (4.6) by sgn(un − λ), it is easy to see that the sequence
(un ) satisfies the entropy inequality
∂t |un − λ| +

d
X



∂xk sgn(un − λ)(fkn (t, x, un ) − fkn (t, x, λ))

k=1
d
d
X
1X 2
n
+
∂xk |un − λ| − sgn(un − λ)sn (t, x, un ) +
sgn(un − λ)fk,x
(t, x, un ) ≤ 0.
k
n
k

k=1
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By the Schwartz lemma on non-negative distributions,
∂t |un − λ| +

d
X



∂xk sgn(un − λ)(fk (t, x, un ) − fk (t, x, λ))

k=1

= γn (t, x, λ) −

d
X


∂xk sgn(u − λ)(fkn (t, x, un ) − fk (t, x, un )

k=1

+ fk (t, x, λ) −

fkn (t, x, λ))



(4.11)

d

1X 2
∂xk |un − λ|
−
n
k

d
X

−

n
sgn(un − λ)fk,x
(t, x, un ) + sgn(un − λ)sn (t, x, un ),
k

k=1

where (γn ) is a bounded sequence in M(R+ × Rd × R). In the sequel we shall
prove that every term of the right-hand side of (4.11) is strongly precompact in
−1,q
Wloc
(R+ × Rd × R) for every q ∈ [1, d+1
d ). Let us fix here such a q and use it
throughout this proof.
Indeed, (γn ) is bounded in M(R+ ×Rd ×R)), and same holds for the penultimate
term due to conditions from (iii) on div f . The compactness for measures result (e.g.
−1,q
[21, Theorem 1.6]) provides that both terms are strongly precompact in Wloc
(R+ ×
d
R × R).
To proceed, fix relatively compact K b R+ × Rd . Then, for an arbitrary fixed
ε > 0 find M > 0 such that
meas({|un | > M } ∩ K) ≤ ε for any n ∈ N.

(4.12)

Such a choice is possible because of Lemma 3.1, more precisely relation (3.6) and
the fact that every Lp , p > 1, bounded sequence is equi-integrable.
Now, we can prove that for every k = 1, . . . , d,
kfkn (t, x, un ) − fk (t, x, un )kLq (K) → 0

as n → ∞.

(4.13)

First notice that
kfkn (t, x, un ) − fk (t, x, un )kLq (K)
≤ k(fkn (t, x, un ) − fk (t, x, un ))kLq (K∩{|un |>M })
+k

sup

(4.14)

(fkn (t, x, λ) − fk (t, x, λ))kLq (K) .

λ∈[−M,M ]

Then, according to (4.12), by the Hölder inequality we have
k(fkn (t, x, un ) − fk (t, x, un ))kLq (K∩{|un |>M })
≤ k(fkn (t, x, un ) − fk (t, x, un ))kLr (K∩{|un |>M }) meas({|un | > M } ∩ K)
≤ 2ε

r−q
rq

k sup f (·, ·, λ)kLr (R+ ×Rd ) .
λ∈R

Now, according to (4.9)
k

sup

(fkn (t, x, λ) − fk (t, x, λ))kLp (K) → 0

λ∈[−M,M ]

as n → ∞.

r−q
rq
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From the last two estimates, (4.14), and arbitrariness of ε, we conclude that (4.13)
holds. This implies
d
X

∂xk (sgn(u − λ)(fkn (t, x, un ) − fk (t, x, un ) + fk (t, x, λ) − fkn (t, x, λ))) → 0

k=1
−1,q
as n → ∞ in Wloc
(R+ × Rd × R).
Also, according to (1.3), for any relatively compact K ⊂⊂ R+ ×Rd , the sequence
of functions (sgn(un − λ)sn (t, x, un )) satisfies

sup ksn (t, x, un )kL1 (K) < ∞,
n

−1,q
i.e. s (t, x, un ) ∈ M(R ×R ×R), and thus it is strongly precompact in Wloc
(R+ ×
d
R × R).
Next, according to (iii) the term
n

+

d
X

d

n
sgn(un − λ)fk,x
(t, x, un ) = sgn(u − λ) div f n (t, x, λ)|λ=un
k

k=1
−1,q
s bounded in M(R+ × Rd × R) and thus precompact in Wloc
(R+ × Rd × R).
1
Finally, the sequence ( n ∆|un − λ|) strongly converges to zero as n → ∞ in
−1,2
Wloc
(R+ × Rd × R) since, By the energy inequality supn k √1n ∇un kL2 (R+ ×Rd ) < ∞

(see (4.8)) implying that √1n sgn(un − λ) √1n ∇un → 0 in L2loc (R+ × Rd × R).
Therefore
 1

1
1
∆|un − λ| = div √ sgn(un − λ) √ ∇un
n
n
n
−1,2
converges strongly to zero in Wloc
(R+ × Rd × R) and thus it is precompact in
−1,q
+
d
Wloc (R × R × R) as well (recall that q < 2).
Consequently, (un ) is a sequence of quasi-solutions to (1.1) satisfying assumptions of Theorem 4.3, which implies its strong precompactness in L1loc (R+ × Rd ).
The strong L1loc -limit of (un ) along a subsequence represents a weak solution to
(1.1).
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Anal. Non Linéaire, 8 (1991), 271–287.
[19] G. Dolzmann, N. Hungerbuhler, S. Müller; Nonlinear elliptic systems with measure valued
right-hand side, Math. Zeitschrift, 226, (1997) 545–574.
[20] F. Golse, L. Saint-Raymond; Velocity averaging in L1 for the transport equation, C. R. Acad.
Sci. Paris Sér. I Math., 334 (2002), 557–562.
[21] L. C. Evans; Weak Convergence Methods for Nonlinear Partial Differential Equations, Regional Conference Series in Mathematics, No. 74. Conference Board of the Mathematical
Sciences, 1990.
[22] P. Gérard; Microlocal Defect Measures, Comm. Partial Differential Equations 16 (1991),
1761–1794.
[23] L. Grafakos; Classical Fourier Analysis, Graduate Text in Mathematics 249, Springer Science
and Business Media, 2008
[24] E. Kaasschieter; Solving the Buckley-Leverret equation with gravity in a heterogeneous porous
media, Comput. Geosci. 3 (1999), 23–48.
[25] K. H. Karlsen, M. Rascle, E. Tadmor; On the existence and compactness of a two- dimensional resonant system of conservation laws, Commun. Math. Sci. 5 (2007), 253–265.
[26] K. H. Karlsen, N. H. Risebro, J. Towers; L1 -stability for entropy solutions of nonlinear
degenerate parabolic connection-diffusion equations with discontinuous coefficients, Skr. K.
Nor. Vid. Selsk, 3 (2003), 1–49.
[27] S. N. Kruzhkov; First order quasilinear equations in several independent variables, Mat. Sb.
81 (1970), 217-243.
[28] O. A. Ladyzhenskaja, V. A. Solonnikov, N. N. Ural’ceva, (1968); Linear and quasi-linear
equations of parabolic type, Translations of Mathematical Monographs 23, Providence, RI:
American Mathematical Society, pp. XI+648
[29] M. Lazar, D. Mitrovic; Velocity averaging – a general framework, Dynamics of PDEs, 9
(2012), 239-260.

18

M. LAZAR, D. MITROVIĆ
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