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MULTIPLE HOMOCLINIC SOLUTIONS FOR
SUPERQUADRATIC HAMILTONIAN SYSTEMS

WEI JIANG, QINGYE ZHANG

ABSTRACT. In this article we study the existence of infinitely many homoclinic
solutions for a class of second-order Hamiltonian systems
i — L(t)u + Wy (t,u) =0, VteR,

where L is not required to be either uniformly positive definite or coercive,
and W is superquadratic at infinity in u but does not need to satisfy the
Ambrosetti-Rabinowitz superquadratic condition.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the second-order Hamiltonian system
i — L(t)u + Wy(t,u) =0, VteR, (1.1)

where u = (u1,...,uy) €ERYN, W e CY(R xRN R), L € C(R,RN2) is a symmetric
matrix-valued function, and W, (t,u) denotes the gradient of W (¢, u) with respect
to u. Here, as usual, we say that a solution u of is homoclinic (to 0) if
u € CER,RN), u(t) 0, u(t) — 0 and u(t) — 0 as [t| — oo.

As a special case of dynamical systems, Hamiltonian systems are very important
in the study of gas dynamics, fluid mechanics, relativistic mechanics and nuclear
physics. They also appear in the fields of biology and chemistry (see, e.g.,[13]). It is
well known that homoclinic solutions play an important role in analyzing the chaos
of Hamiltonian systems. If a system has the transversely intersected homoclinic
solutions, then it must be chaotic. If it has the smoothly connected homoclinic so-
lutions, then it cannot stand the perturbation, and its perturbed system probably
produces chaotic phenomena. Therefore, it is of practical importance and mathe-
matical significance to consider the existence of homoclinic solutions of Hamiltonian
systems emanating from 0.

During the previous decades, the existence and multiplicity of homoclinic so-
lutions for have been extensively investigated via variational methods ; see
[ 2, B, 4, 6l [7, 8 O 10l 1Tl 12] 15l 16l 17, 18] 19 20l 22| 23] 25| 26l 27, 291 31,
301, [32], [33] B4), [36], [37] and the references therein. These methods have also been
used in many related and similar problems (see, e.g.,[5] 21l 24} [35]). From the be-
ginning, most of them treated the case where L and W are either independent of ¢
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or periodic in ¢ (see [T}, 2 B 8, IO, T, 12, 20l 22} 23, 26]). In this kind of problem,
the function L plays an important role. If L is neither a constant nor periodic, the
problem is quite different from the ones just described, because of the lack of com-
pactness of the Sobolev embedding. After the work of Rabinowitz and Tanaka [23],
many results were obtained for the case where L is neither a constant nor periodic.
(see, [ 16, [, @) 1T, 151 16l 17, 18, 191 25, 26], 27 29, 31, B0, B2, B3], B34, Bl 37]).
However, except for [26], in all these mentioned papers L was always required to
satisfy either the uniform positive-definiteness condition:

(A1) there exists cg > 0 such that
L(t)yu-u> colul?, V(t,u) € R xRY
or the coercivity condition:

(A2) the smallest eigenvalue of L tends to oo as [t| — oo, i.e.,

It)= inf  L(t)u-u— oo as|t| — oo,
weRN | Ju|=1
where - and | - | denote the standard inner product and the associated norm in RY

respectively. Most of these known results were obtained for the case where W is
superquadratic at infinity in w and satisfy the usual assumption:

(A3) limy,—o W(t, u)/|ul? = 0 uniformly for ¢t € R.

In this case, the well-known Ambrosetti-Rabinowitz superquadratic condition was
usually assumed on W (see, e.g., |4, [6], @) [15] [16] [18]).

In this article, we study the existence of infinitely many homoclinic solutions for
(1.1) in the case where L is unnecessarily required to be either uniformly positive
definite or coercive, and W satisfies some weak superquadratic condition at infinity
with respect to u. Before presenting our assumptions, we introduce some notation.
Notation. For two N x N symmetric matrices M7 and M5, we say that M7 > My
if

min (M7 — Ma)u-u>0
u€RN |u|=1
and that M; 2 My if My > Ms does not hold.

We use the following assumptions:

(A4) The smallest eigenvalue of L(t) is bounded from below.

(A5) There exists a constant o > 0 such that

lim meas({t € (s — 79,8+ 10) : L(t) 2 MIn}) =0, VM >0,

|s]— o0

where meas denotes the Lebesgue measure in R and Iy is the identity
matrix in RV,
(A6) W(t,0) =0, and there exist constants ¢; > 0 and v > 2 such that

(Wt w)] < er(ful +[ul"7h),  ¥(t,u) € R x RY;

(A7) limjy oo W(t,u)/|u|? = oo uniformly for ¢ € R.
(A8) There exists a constant ¥ > 1 such that

IW (t,u) > W(t,su), V(t,u) € Rx RN and s € [0,1],

where W(t,u) =Wyt u) - u—2W(t,u).
(A9) W(t,—u) = W(t,u) for all (t,u) € R x RV,

Our main result reads as follows.
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Theorem 1.1. Suppose that (A4), (A5) and (A6)—(A9) are satisfied. Then (1.1
possesses a sequence of homoclinic solutions {uy} satisfying

%/(\uk|2 + L(t)uy - ug)dt — / W (t,up)dt — oo as k — oo.

R R

Remark 1.2. It is easy to see that conditions (A4) and (A5) are weaker than
the coercivity condition (A2). In our Theorem L is unnecessarily uniformly
positive definite. Besides, the usual condition (A3) and the well-known Ambrosetti-
Rabinowitz superquadratic condition are not required in our Theorem There
are functions L and W which satisfy all the conditions in our Theorem [I.1] but do
not satisfy the corresponding conditions in the aforementioned references for the
superquadratic case. For example, let

L(t) = (|t|sin®t — 1)1,
W (t,u) = a(t)[[ul? (e + ful) — 5luf? + elu] — (e + ful) ~ 1)),

where a is a continuous bounded function with positive lower bound, then sim-
ple computation shows that they satisfy (A4), (A5) and (A6)—(A9). However, L
does not satisfy neither the uniform positive-definiteness condition (Al) nor the
coercivity condition (A2). Meanwhile neither the usual assumption (A3) nor the
Ambrosetti-Rabinowitz superquadratic assumption holds for W.

2. VARIATIONAL SETTING AND PROOF OF THE MAIN RESULT

To prove our main result via the critical point theory, we need to establish the
variational setting for ([1.1]). Before this, we have the following result.

Remark 2.1. From (A4) and (A6), we know that there exists a positive constant
lo such that L(t) + 2lgly > Iy for all t € R and W(t,u) + lplu|? > 0 for all
(t,u) € R x RN, Let L(t) = L(t) + 2loIx and W (t,u) = W (t,u) + lo|u|?. Consider
the following Hamiltonian system

i — L(t)u+ Wy (t,u) =0, VteR, (2.1)
then ([2.1) is equivalent to (1.1). Moreover, it is easy to check that the hypotheses
(A4), (A5) and (A6)—(A9) still hold for L and W provided that those hold for L

and W. Hence, in what follows, we always assume without loss of generality that
L(t) > Iy for all t € R and W (t,u) > 0 for all (t,u) € R x RV.

In view of Remark we consider the space E := {u € H'(R,RY)| o L(t)u -
udt < oo} equipped with the following inner product

(1, v) = /R(a o+ L()u - v)dt.

Then E is a Hilbert space and we denote by || -|| the associated norm. Moreover, we
write E* for the topological dual of E, and (-,-) : E* x E — R for the dual pairing.
Evidently, E is continuously embedded into H'(R,R"™) and hence continuously
embedded into LP = LP(R,RY) for 2 < p < oo, i.e., there exists 7, > 0 such that

lullp < 7pllull,  Vue E, (2.2)

where | - ||, denotes the usual norm in L? for all 2 < p < co. In fact, we further
have the following lemma.
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Lemma 2.2. If L satisfies (A4) and (Ab), then E is compactly embedded into LP
for 2 <p < oco.

Proof. Let {u,} C E be a bounded sequence such that u, — u in E. We will show
that u, — w in LP for 2 < p < co. By the interpolation inequality we only need
to consider the case p = 2. Suppose, without loss of generality, that u,, — 0 in E.
The Sobolev embedding theorem implies u, — 0 in L} (R,RY). Thus it suffices
to show that, for any € > 0, there is r > 0 such that fR\(—r,r) |u,|?dt < €. For

any s € R, we denote by B, (s) the interval in R centered at s with radius ro, i.e.,
By, (s) :== (s — ro,s + 19), where g is the constant given in (A5). Let {s;} C R be
a sequence of points such that R = U2, B,,(s;) and each ¢t € R is contained in at
most two such intervals. For any » > 0 and M > 0, let

Cir,M)={t e R\ (—r,r): L(t) > MIn},
D(r,M)={t e R\ (—r,r): L(t) 2 MIy}.
Then

[ a5 Dt vt < 37 [ L0t
C(r,M) C(rM)

and this can be made arbitrarily small by choosing M large. Also for a fixed M > 0,

o2t < / | 2dt
/D(T,M) |u | Z D(r,M)NByry (i) |U’ |
<> /D

1/2
|un|4dt) (meas(D(r, M) N B, (s )))1/2
i=1 (r,M)NB. (si)

1/2
|un|4dt>
i=1 By (si)

< C5r2/ (|Vun|2 =+ |un|2)dt

i=1 " Bro(si)
< QCET/(|VUTL|2 + |un [?)dt
R

for some constant ¢ > 0, where &, = sup,cy(meas(D(r, M) N By, (s:)))'/2. By (A5),
e, — 0 as 7 — oo. Noting that {u,} is bounded in E, we can make this term small
by choosing r large. This completes the proof. (I

For later use, we give the following two technical lemmas.

Lemma 2.3. Let (A4), (A5) and (AG6) be satisfied. If u, — u in E, then

/|Wtun— W(tu)2dt — 0 asn — oo.
Proof. Arguing indirectly, we assume by Lemma[2.2]that there exists a subsequence
{tn, }ken such that
Up, — win L* and L*2  and u,, — u a.e. in R as k — 00} (2.3)

and
/|W (t,tn,) — Wa(t,u)|2dt > co, k€N (2.4)
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for some ¢y > 0. Passing to a subsequence if necessary, we may assume by (2.3)) that
oo tn, —ullz < oo and Y52 [Jun, — ullav—2 < 00. Let w(t) = >y [un, () —
u(t)| for all t € R, then w € L? N L?*~2. By (A6), for all k € N and ¢ € R, we have

Wt un, ) = Wat,w)|* < (fun, | + Ju] + Jun, |7 + |ul~)?
<A (Jun [ + [l + g, |72 + Jul*72)
< 1267 (fun,, — ul* + [uf*) + 47} (Jun, —ul* 7 + [ul*7?)
< 1265 (|wf? + [uf?) + 4] (Jwl* 72 + [u]*72).

Combining this and (2.3)), by Lebesgue’s Dominated Convergence Theorem, we
have

Jim / W (£, 1, ) — W (£, )2t = 0,
R

k—oo

which contradicts (2.4]). The proof is complete. |

Lemma 2.4. For any finite dimensional subspace F C E there exists a constant
€ > 0 such that

meas({t € R: |u(t)] > €||lul|}) =€, VYue F\{0}.

Proof. We argue indirectly. Assume for any n € N, there exists u,, € F'\ {0} such
that
meas({t € R : |u,(t)| > |lun|/n}) < 1/n.

Let v, = up/||un|| € F for each n € N, then we have ||v,|| = 1 and
meas({t € R : v, (t)| > 1/n}) < 1/n. (2.5)
Passing to a subsequence if necessary, we may assume v,, — vg in E for some vy € F'
since F' is of finite dimension. Combining this and (2.2]), we have
/ |vn — vol?dt — 0 as n — oo. (2.6)
R

Noting that ||vg|| = 1, there must exists a constant dy > 0 such that
meas({t € R : |vg(t)| > do}) > do. (2.7)

Otherwise, for each fixed n € N, we have

meas ({t € R : [uo(t)] = %}) < meas ({t € R : [vg(£)] > %}) < % ¥m > n.

Lettin m — oo, we obtain meas({t € R : |vo(t)| = 1}) = 0. Consequently,
0 < meas({t € R: |vo(t)] # 0})

1
=meas (UpZ, {t € R : |uo(t)] > E})

< Zmeas ({t eER:|uo(t)] > %}) =0,

n=1
which yields vg = 0, a contradiction to ||vg|]| = 1. Thus (2.7)) holds. Set Zp = {t €
R : |vo(t)] > do}, where dg is the constant given in (2.7]). Also, for any n € N, let

T,={tcR:|v,(t)] <1/n} and Z¢=RN\Z,={t € R:|v,(t)| > 1/n}.
Then for n large enough, by (2.5) and , we have
meas(Z,, NZy) > meas(Zy) — meas(Z;) > oo — 1/n > dg/2.
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Consequently, for n large enough, there holds

/ v — UO\th > / |v, — vo|?dt
R Z,NZo

> / (Ivo] — [oa)2dt
Z,NZo

> (0o — 1/n)? meas(Z,, N Zo)
> 65/8 > 0.
This is in contradiction to ([2.6). The proof is complete. O

Now we can define the variational functional ® associated with (L.1)) by

B(u) = %/R(MQ—&-L(t)u-u)dt—/RW(t,u)dt

1
= 5llP = [ Wit
R

By (A6), we have
W (t,u)| < er(jul*+ [u]”), V(t,u) € R xRN, (2.9)

This and (2.2) imply that ® is well defined on E. Furthermore, a standard argument
(see, e.g., [23]) shows that ® € C1(E,R) with the Frechét derivative given by

(@ (u),v) = (u,v) — /R Wy (t,u) - vdt, Yu,v € E, (2.10)

and nontrivial critical points of ® are homoclinic solutions of .

To study the critical points of the variational functional ® associated with ,
we need the following variant fountain theorem established in [3§].

Let E be a Banach space with the norm ||- || and E = @,enX; with dim X; < oo
for any j € N. Set Y, = @?lej and Zy = @;’;ka. Consider the following
C'-functional ®, : E — R defined by

Dy (u) := A(u) — AB(u), A€ [L,2].

Theorem 2.5 ([38, Theorem 2.1]). Assume that the above functional @y satisfies
(A10) @) maps bounded sets to bounded sets for X € [1,2], and ®x(—u) = Py (u)
for all (M u) € [1,2] x E,
(A11) B(u) >0 for allu € E, and A(u) — oo or B(u) — oo as |ju|| — oo,
(A12) There exist py, > ox > 0 such that
ak()\) = inf CI))\(U) > ﬂk()\) =

max  Py(u), VAe[L,2].
u€Zy, ||lull=0k u€Yy, lull=p
Then

ae(A) < G(A) = Jnf max Pa(y(w), VA€ [L,2],

where B, = {u € Yy : ||u|]| < pr} and Ty :={y € C(Bx, E) : v is odd, v|op, = id}.
Moreover, for almost every \ € [1,2], there exists a sequence {uk (A\)}>°_, such that

sup [k, (V| < 00, @4 (ub, (V) = 0, Ba(uh, (V) = G(A) as m — oc.
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Choose an orthonormal basis {e; : j € N} of E and let X; = span{e;} for all
j € N. Define the functionals A, B and ®, on our working space F by

Au) = %||u||2, B(u) = (u) :/RW(t,u)dt, (2.11)
@2 (1) = A(u) ~ AB(u) = L ]’ - )\/RW(t,u)dt (2.12)

for all u € E and A € [1,2]. Note that ®; = ®, where ® is the functional defined
in (2.8). Then we know that ®, € C*(E,R) for all A € [1,2] and

(@ (u),v) = (u,v) — )\/RWu(t, u) -vdt, Vu,v € E. (2.13)

Before applying Theorem to prove our main result, we need to establish the
following two lemmas.

Lemma 2.6. Assume (A4), (A5) and (A6) hold. Then there exists a positive
integer k1 and a sequence o, — o0 as k — oo such that

ag(A) = inf Dy(u) >0, Vk> ki,

UEZy, ||lull=0k

where Zy = @32, X; = span{ey, ...} for all k € N.
Proof. Note first that (2.9) and (2.12)) imply

1
Oy(u) > =ull* =2 [ W(t,u)dt
' 2 /R (2.14)

1 14
> Sllull® = 2ea(lull3 + [ully), V(A u) € [1,2) x .
For each k € N, let

ly(k) = sup llull2 and £,(k) = sup Ilee]]o - (2.15)
UEZy, |lul|=1 UE Zy, |lul|=1

Since E is compactly embedded into both L? and L” by Lemma then there
hold (cf. [28])
ly(k) =0, £,(k)—0 ask— oc. (2.16)

Combining ([2.14)) and (2.15)), we have
1
Dy (u) > §||u|\2 —2c102(k)||ul]? = 2c 5 (k) ||ull”, Y\ u) € [1,2] X Zg.  (2.17)

In view of (2.16]), there exists a positive integer ki such that

2c105(k) < 1/4, Yk > k. (2.18)
For each k > k1, choose
oy = (16c,0% (k)Y =), (2.19)
Then it follows from that
op — +oo as k — oo (2.20)
since v > 2. Besides, by 7, direct computation shows
ar(N) = inf  ®y(u) >02/8>0, Vk>k.

UEZy, ||lul|=0k

The proof is complete. O
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Lemma 2.7. Suppose that (A4), (A5), (A6) and (A7) are satisfied. Then for
the positive integer ki and the sequence {o}} obtained in Lemma there exists
pr > o for each k > ky such that

Br(A) = max D, (u) <0,

w€Yy, l|lull=pk
where Yy, = @§:1Xj = span{ey,...,ex} for all k € N.

Proof. Note that Y, is finite dimensional for each k € N. Then by Lemma [2:4] for
each k € N, there exists a constant e, > 0 such that

meas(Z¥) > e, Vu € Yy \ {0}, (2.21)

where ZF := {t € R : |u(t)| > ex|jul|} for all k € N and u € Y} \ {0}. By (A7), for
each k € N, there exists a constant by > 0 such that

W(t,u) >u?/es, VteRand |u| > by. (2.22)
Combining (2.12)), (2.21)) and (2.22)), for any k € N and A € [1, 2], we have

Ba(w) < 5l = [ Wit (2.23)
< gl = [ Gul /ey (22
< Slull? = lull? meas(A%) / (2.25)
< gl ~ hull* =~ ul? (226)

for all u € V), with ||u|| > br/er. Here we use the fact that W(t,u) > 0 for all
(t,u) € R x RN, For each k > ki, if we choose py > max{oy,bx/ex}, then (2.26)
implies

Be(A) = max  ®y(u) < —pi/2<0.
UEY, [|ull=px

The proof is complete. U

Now we are in a position to give the proof of our main result.

Proof of Theorem[I_]]. Firstly, from (2.2), (2.9) and (2.12) it follows that ®, maps
bounded sets to bounded sets uniformly for A € [1,2]. Evidently, (A9) implies that

D) (—u) = ®p(u) for all (A\,u) € [1,2] x E. Thus (A10) holds. Next, using again
the fact that W (t,u) > 0 for all (t,u) € R x RY, we know that (A11) holds by
the definition of functional A in . Finally, Lemma and Lemma show
that (A12) holds for all k& > ki, where k; is given in Lemma Therefore, for
each k > ki, by Theorem for almost every A € [1,2], there exists a sequence
{uk (\)}eS_, C E such that

sup ||u’fn()\)H < 00, @S\(uﬁl()\)) — 0 and @A(uﬁl()\)) — (\) asm — oo,

(2.27)
where

Ge(A) := inf max ®5(y(u)), VA€ (L2

with By = {u € Y, : |Ju|| < pr} and Ty, := {y € C(By, E) : v is odd, v|sp, = id}.
From the proof of Lemma [2.6] we infer that

Ce(N) € [ar, C], Vk>kiand X € [1,2], (2.28)



EJDE-2016/66 MULTIPLE HOMOCLINIC SOLUTIONS 9

where (i, := max,cp, ®1(u) and ay, := 02 /4 — oo as k — oo by (2.20). In view of
(2.27)), for each k > k1, we can choose a sequence A, — 1 (depending on k) and get
the corresponding sequences satisfying

sup [[uf,(A\p)|| < 0o and @4 (uF,(\,)) =0 asm — oo (2.29)

Claim 1. For each )\, given above, the sequence {u* ()\,)}5_; has a strong con-
vergent subsequence.

For notational simplicity, we will set u,, = u¥ (\,) for m € N throughout the
proof of Claim 1. By -7 without loss of generality, we may assume that

Upm — U a8 M — 00 (2.30)
for some u € E. Invoking (2.13)), we have

| — UHQ <<1)' (Um), Um — u) — <‘I),)\n (u), um — u)

(2.31)
+ A / w(t, un () — Wy (t,w)) - (4 — w)dt.
By , we have
(@) (Um), Um —u) — 0 as m — oo. (2.32)
Moreover, yields
(PN, (u), U, —u) — 0 as m — oo. (2.33)

By . Lemma and the Holder inequality, we have
y/ (b n () = Wty ) - (s — )]
Y
[ Wt tn) = Wt ) dt) [T—N (2.34)

1/2
<o / Wt ) = Wa(t,0) 2dt) = ul] 0 as m — ox,
R

where ¢y is the constant given in %M{Dere we use the fact that {u,,} is bounded
in E. Combining (2.31) and (2.32)-(2.34), we obtain u,, — « in E. Thus Claim 1
holds.

By Claim 1, without loss of generality, we may assume that

lim u® (A\,) =uf € E, VneNandk>k. (2.35)
This, (2.27) and (2.28) imply
P\ (ub) =0, @x, (ul) € [ar, ], YneNand k> k. (2.36)

Claim 2. For each k > kj, the sequence {uf}°°, in is bounded.

As in the proof of Claim 1, for notational simplicity, we set u,, = u* for all n € N.
We use a indirect argument. If Claim 2 is not true, without loss of generality, we
may assume that

[un] — 00 and  wy, = —~weE asn— oo. (2.37)

Un,
[
By (2.37) and Lemma passing to a subsequence if necessary, we have

w, —w in LP for 2 <p < oo, (2.38)

wp(t) = w(t) ae. t€R. (2.39)
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When w # 0 occurs, © := {t € R: w(t) # 0} has a positive Lebesgue measure. By

([2.37), it holds that

up(t) — oo, VteO. (2.40)
Combining (2.12)), (2.39), (2.40) and (A7), by Fatou’s Lemma, we have
]. (D n tv n
- Lug) — )\n Lug)dt
2 luall R luall
W (t, un,
> [ |w,|? (t,u )dt—>+oo as n — 00,

e |y,

a contradiction to (2.36]) and (2.37).

When w = 0 occurs, as in [I4], we choose a sequence {s,} C [0, 1] such that

Dy, (spun) = max Oy (sup). (2.41)
s€[0,1]
For M > 0, let w, := v4Mw, = ﬁﬂun, then (2.38)) yields
Wy, — VAMw =0 in LP for 2 <p < 0. (2.42)
This (2.9)) and (2.38]) imply
‘ / W(t,@n)dt‘ <a /(|@,l|2 @l )dt —0 asn—oo.  (2.43)
R R

Note that 0 < —/;TWH < 1 holds by (2.37) for n large enough. Combining this with

(2.12)) and (2-41), we obtain

Dy, (snun) > @y, (W)

1
- 5||wn||2 - )\n/ W (t, Wy, )dt
R

— oM - A, / W(t, @,)dt > M.
R

for n large enough. It follows that lim, .. ®x, (spu,) = +00. Observing that

®,.(0) =0 and @y (u,) € [ar,( in ([2.36), we know that s,, € (0,1) in ([2.41]) for

n large enough. Hence,

d
0=s5,— Dy, (suy) = (P (spun), Sntn). (2.44)
dsls=s, "

Combining (2.12)), (2.13)), (2.36), (2.44) and (A8), we have

By (1) = ., (1) — %@;n (i) 1)

= A—”/W(t,un)dt
2 Jr

1

- . !
= 19¢)\n (Sntn) 29 <<I))\n (8ntUn), Snln)

1

R
where 9 is the constant in (A8). This also provides a contradiction to (2.36)). Thus
Claim 2 is true.

An —~

>

> 2§AW(t,snun)dt
1

Dy, (spun) — +00  asn — 0.
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In view of Claim 2 and , for each k > ki, using the similar arguments in
the proof of Claim 1, we can also show that the sequence {uf}>°, has a strong
convergent subsequence with the limit «* being just a critical point of & = ®;.
Evidently, ®(u*) € [dk,Ek] for all £ > ky. Since ap — +o0 as k — 00 in ,
we obtain infinitely many nontrivial critical points of ®. Therefore, (|1.1]) possesses
infinitely many nontrivial solutions. The proof of Theorem is complete. t
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