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ABSTRACT. The Stokes problem is fundamental in the study of fluid flows. In
the case of smooth domains and data, this problem is extensively studied in
the literature. But there are only a few results for non-smooth boundary data.
In [13], there are some promising results in the 2 dimensional case. The aim of
this work is to extend those results to a polyhedron domain with non-regular
data.

1. INTRODUCTION

Let Q be a convex polyhedron of R? with boundary I'. The steady, creeping flow
of an incompressible fluid is governed by Stokes system

—div(2nd(u) —pd) =f in Q,
divu=0 in , (1.1)
u=g onl.

Where u the velocity field and p the pressure are the unknowns of the problem.
f and g are given functions respectively defined on 2 and its boundary I', and
respectively representing the inertia forces and boundary data. Finally, d(u) =
(Vu+ V'u)/2 is the strain rate tensor, & the identity tensor and 7 the viscosity of
the fluid, supposed to be constant (Newtonian fluid).

In the bi-dimensional framework, the authors obtained in previous work [I13],
some promising results on the existence and regularity of the solution to the system
. More precisely, the boundary I' is supposed to be a set of segments I'; =
]Si, Siz1l, i =1,..., N and the data g, € (H*(T;))? with —1/2 < s < +1/2.

This work represents a generalization of the results obtained in [I3]. It concerns
the existence and regularity results of solutions to non-homogeneous Stokes system
in a polyhedron with non enough regular data g on the boundary. More precisely,
we assume that €0 is a convex polyhedron and it is supposed that its boundary I"
is composed of surfaces F;,i =1,..., N:

N;
r=ul,F, TI;=0F =U"%T,.
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For j =1,...,N;, I';; stands for the edges of the i'l face F; see Figure

Z

Nq

FicURE 1. Boundary of the domain

For each face F;, we define a local direct basis (n’, 7¢, 7%), n’ being the outward
unit normal to F; and (7%, 75%) a basis of the tangent plan containing the face F;.

Note that for a Newtonian fluid, the viscosity is constant. Then, dividing by
n > 0, the first equation of becomes

—Au+Vp=£f inQ.

To simplify, it is assumed that f = 0 in . Given a family of distributions
g = (¢}, g5, 9%) defined on F;. Our purpose is to show existence, uniqueness and
regularity results for (u, p) solution to the Stokes problem

—Au+Vp=0, in(, (1.2)
divu=0, inQ, (1.3)
u=g;, onk; i=1,...,N, (1.4)

where and are verified in the distribution sense and is verified in
generalized sense of traces.

Let H*(-) denote the product space (H*(:))3, where H*(-) denotes the usual
Sobolev space (See e.g. [9]).

Remark 1.1. Let g = (g1,82,---,8n). We then have the classical result:

Ifge [lioin H/2(F;) and g is the trace of a function of H'(2) then the
previous Stokes problem has a unique solution in H'(2) x L3(£2). Here L3() is
the sub-space of L?-functions with zero mean.

2. EXISTENCE AND UNIQUENESS RESULT

We consider the case where the data satisfy

1
g, € H*(F;), fori=1,...,N with |s| < 5
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Let H = (H;)Y, such that H; = g; -n; on the face F;. We will assume that the H;

functions satisfy
N

> (H;, 1) =0. (2.1)
i=1
Note that (2.1) is a compatibility condition which is necessary for the existence of

solutions to the Stokes problem ((1.2)—(1.4).
Let us also define the tangential part of g; on I'; by

G =(G;)Y, where G; = (gi); = g — (g -n;)n;. (2.2)

In this case, the solution of the system 7 is not regular enough and then it
can not be variational. We then use the transposition technique as in the search for
very weak solutions. This contains, in particular, the interesting case with regular
data on each face F; of the boundary but without connection or compatibility at
the edges I';; of T'.

The approach developed here may be extended, in natural way, to the case where
Q is a non convex polyhedron of R? and also to the case where the data belong
to W#P gpaces. This could be done by using the results of Dauge [6], Maz’ya-
Plamenevskii [10] and Grisvard [8]. The main result of this work is the following
theorem.

Theorem 2.1. Let g; = (g}, 97, 93) given in H*(F}) fori=1,...,N and —1/2 <
s < 1/2. Then, there exists a unique u € ﬂa<s+%H"(Q) and a unique (up to an

additive constant distribution) p € H*~%(Q), solution to (L.2)-(T.4).

The proof of the Theorem [2.1]is done in two steps. First, we recall some results on
the traces of functions in H*(2) and establish some useful lemma for the rest of the
presentation. We will then use the result of Dauge [6] and transposition techniques
to show that the problem (T.2)—(1.4) has a solution (u,p) € (L*(Q2))* x H~().
And then, in section 3, we will use interpolation techniques to increase the regularity
of the solution, and establish the proof of Theorem

Remark 2.2. We did not get the optimal regularity that one could hope, namely,
u € H*+2 (). This is because of the following fact: Noting H'/2(T") the space of
traces of functions H'(Q), it is difficult to characterize its dual (H'/2(I"))’. H*/?(T")

is actually a dense, but non closed, sub-space of Hévzl HY2(Fy).

2.1. Theorem of traces. Let us first recall some brief results on vector fields. For
more details, we refer to Girault-Raviart [7]. For any v = (v1,vs,v3) € (D'(Q))3,
curl v is defined by

8372 61'37 65(33 8.’)31 ’ 8331 8182
It is then easy to see that
curl(curlv) = —Av + V(divv). (2.3)

Ason Figure {n, 71, 72} denote the local coordinates and v = v—(v-n)n the
tangential part of the vector v. In the sequel, (-,-) denotes the usual inner product
on (L?(2))3 and (,-) the duality pairing. Let

H(curl, Q) = {v € (L*(Q))3; curl v € (L*(Q))3}.
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We recall in the following theorem the tangential trace and a Green’s formula that
we use later

Theorem 2.3 (Girault-Raviart [7, Prop. 1.2]). The mapping v : v — 3V =
(v x n)r defined on [D(Q)]? extends by continuity to a linear continuous mapping,
still denoted ~y, from H(curl, Q) to H-Y/2(T"). Moreover,

/ curlv- ¢ = / v-curlp + (v, @)r, Vv € H(curl, Q) and Yo € H(Q). (2.4)
Q Q

Now, by definition of the domain €2, see Figure [1} each face F; of I' = 0 is a
convex polygon, the boundary I'; = 9F; is Lipschitz-continuous. For z € F;, p;(x)
denotes the distance of x to I';. We then may construct the following sub-space
(see Grisvard [§]):

Hys (Fi) = {v € HY/*(F)) ; % e L3(F)}.

Equipped with the norm

v 1/2
Vil = {IvI%2,m + Il—=l35}
D
K3

N

where ]I-]I(l),/o2 (F;) is a Hilbert space.
Introducing the space
W = H*(Q) N H (%),
we first give a result on the tangential trace of the Laplacian operator.

Theorem 2.4. The mapping T : @ — (%A, ), from W on T, (Hy's (F)))?
is linear, continuous, onto and has a linear continuous right inverse.

Proof. let us first show that for any ¢ € W,
N al 1/2
(waey,,) e TTHG ()™
=1

Let ¢ € W, by definition of the tangential trace -, we have 14 Ap = Ap x n

and then v A¢p belongs to the tangential plan. Therefore, it is sufficient to verify

that Ay, € (Hé/OQ(Fj))Q,Vj =1,...,N. To do so, we will first show that for
y :

any ¥ € (C?(Q))® NH3(Q2), we have Ay = 0 on I’
boundary I'.

Without loss of generality, one may suppose that the boundary I' admits a face
I belonging to the plan zoy and another face F5 adjacent to F; having an angle
w < 7 with the plan zoy, see

As, ¢ € H3(Q2), we have Vi) = 0 on Fy and Fy. Then:

On F}, the basis of the tangent plan is (71, 72) with 71 =i and 79 = j, then

ij, where I';; is an edge of the

0 0 . 0

aT_l(VQ/}) = E(VW =V(Vy)-i= %(Viﬁ) =0,
0 0 . 0

Tm(vw) = 87.(%) =V(Vy)-j= @(Vl/}) =0.

Hence,

¢ _ oy 0% _
0x2  Oxdy  Oxdz

% 0% 0% _0

0 and 072 - Oydx  Oydz
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On Fy, 7 = ai + Bk, with 8 # 0. 2 (V) = V(V¢)T =0, then

0% tatl
— =0.
0202 +h 022
We get Ay =0 on I'15 the common edge to both faces F and F5.
To show that 77 is onto, we use the trace theorem by Grisvard [g]. g

Let us now consider the space
E={vcH}Q)NH}Q): divv € H}(Q)}.
We get, as a corollary of Theorem the following result.
Corollary 2.5. The mapping Tz : v — (g curl v, )N, fromE on H;\f:l(Hé,/oz(}*_'j))2
is linear, continuous and onto.
Proof. Let v € E, to show that Ta(v) = (14 curl vy, N e ]_[;V:l(H&{f(Fj)F7 we
use the same procedure as for the previous Theorem [2.4]

First we show that T is an onto mapping: let h € Hévzl(Hé’/OQ (F}))?. By
Theorem there exists ¢ € W such that h = v Agp. We set v = —curlep, it is
easy to see that v € E. On the other hand,

Yo curlv = —y(eurl(curl ) = 15(Ag) — % (V(div p)):
As, p € HZ(Q), we obtain div ¢o = 0 on I'. Therefore v¢(V(div ¢)) = 0. Then, there
exists v in E such that h = « curl v. Hence we obtain the expected result. (]

In the sequel, we will need the Hilbert space

V= {y c H'(Q) : A%y € L*(Q)}.
Equipped with the inner product
(@, v)y = (V) + (A%, AZV),s

Note that thanks to formula (2.4), one also obtains the Green’s formula: for all
peWandall eV,

/ curle) - curl Ap = —/ A - Ap + (A, curla).
Q Q

Proposition 2.6. o (D)3 is dense in V.
e The mapping ¢ defined on (D(Q))* by vy = 1 x ), may be extended in
a linear, continuous mapping from V on H;V:1 (H’l/Q(Fj))Q.
Proof. To show that (D(Q))? is dense in V, one just need to show that if £ is a
linear continuous form on V vanishing on (D(2))? then it is identically equal to
zero.

Let £(-) be a linear continuous form on V. Then, there exists a unique u € H*(£2),
and f € L?(2) such that

E(V):/(Vu-Vv—i-u-v)dx—i—/f-AQVd:v Vv eV.
Q Q

Suppose that L(¢) = 0 for all ¢ € (D(Q))3. Noting 1, Vu, and f the extensions of
u, Vv, and f by 0 to R3. Then

/n&3(ﬁ-<p+/v\1jl-V<p+f~A2<p) dz =0, Ve € (D(R?)?
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using a Green formula we obtain

A?f — div(Vu) + 1 = 0.
We therefore deduce that f € H3(R3). Since f vanishes outside of the domain €,
we conclude that f is in H3(€2). Let, (f,)nen, be a sequence of (D(2))3 functions
which converge, in H?(2), to f. Using the sequence f,,, we obtain

L(v) :/(u-v—i—Vu-Vv)dm—l— lim [ f,  A?vdzr,
Q

n—oo Q

= /(u-v—i—Vu-Vv) de — lim [ V(Af,)-Vvdz,
Q

n—oo O
:/(u-v—i-Vu-Vv)dx—/V(Af)~Vvdm.
Q Q

L is then a linear continuous form on V for the H!(Q)-norm. Finally, as £
vanishes on (D(Q))? which is dense in H'(Q), it vanishes everywhere. This ends
the proof of the first point.

The second statement in the proposition is a consequence of the denseness of
D(22))? in V and the trace theorem O

3. PROOF OF THEOREM [2.1]

We first introduce some additional functional spaces and some auxiliary prob-
lems. Let Z be a subspace of H' with a zero-mean functions given by

zz{zeHl(Q):/z:()}. (3.1)
Q
Let g; be the boundary data of our initial problem (1.2)—(1.4), and consider the
variational problem
z €D,
N

3.2
/Vz-szZ@rni,%v), Vv € Z. (3:2)
Q

i=1
The auxiliary problem (3.2) admits a unique solution z € Z. Moreover, z is the
solution of the boundary-value problem

Az =0,
Vz-n=H,
/ z=0.
Q
Let us now define the vector
u; = Vz.

It is easy to check that u; satisfy the following properties
Au; =0, curlu; =0, div(u;)=0.
Therefore,
u; € H(div, curl, Q) = (u; -n);r € HV3(D).
Where
H(div, curl, Q) = {v € L*(Q)%;div(v) € L*() and curl(v) € L*(Q)*}.
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Now, using the result in Jerison-Kenig [I1, Theorem 2] and the interpolation result,
one gets

/ 1
(uy-n)pre H* (), s<s <=.
! 2

Let p; = 0, then it is easy to see that the couple (uy,p;) is a solution to the
Stokes problem
—Au; + Vp; =0, in Q,

diva; =0, in Q, (3.3)
u;-n=H, onl.
We also consider the auxiliary Stokes problem
—Aw + Vpg =0, in{

divw =0, in €,

)

w-n=0, onl, (3.4)

wxn=G-u xn=G’, onT.

To show the main result of this paper, given in Theorem in addition to the
space Z previously introduced (3.1)), we will need also the use of the space

Zo = {9 € Hy(); /Qg = 0}.
Following Dauge [6], the Stokes operator
S(v,q) = (—Av + Vg, divv)

is an isomorphism from E x Z to L?(Q) x Z. Indeed this gives, by transposition,
the following result.

Proposition 3.1. For any linear continuous form L(-,-) on E X Z, there exists a
unique (u,p), element of L*(Q) x H=*(Q)/R satisfying

/le ( —Av+ Vq)da: - <p, diVV>H—1(Q)}Hé(Q) =L(v,q), Y(v,q) e ExZ.
Remark 3.2. Note that any p in Zj, the dual space of Zy, may be written as
p = po + ¢ where py € H~1(Q) and c is some constant.

Taking into account the previous remark, concerning Z{ the dual space of Zo,
one may give an equivalent formulation of the proposition [3.1| as follows: If L is a
linear continuous form on E x Z, then there exists a unique u in L?(€2) and unique
(up to a constant) pg € H~1() such that

/Qu' (=AV +Vq) — (po,div V) g-1(0) m1() = £(v,9), V(v,q) € ExZ. (3.5)
We now have all the ingredients to prove theorem

Proof of Theorem Let s € R satisfying —1/2 < s < 1/2. Then, there exists
£ €]0, 1[, such that s = —1 +&. Consider now g belonging to H;\le H’%“(Fj). For
alli=1,...,N, we set g; = g|,. and recall the tangential part G; of functions of
g:; on F}, previously defined in (2.2). Since g; € H™27<(F}), we obtain

G, € H 2™ (F).
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Let us now define the linear form £ on the space E x Z:
N

L(v,q) = Z(G;, g curl vy, ), (3.6)

i=1
where G’ is given by G’ = G — u; X n, see the last equation of (3.4)).

Proposition 3.3. Let L be the linear form given in (3.6]). There exists w € 1L2(£2)
unique, and pg € H=(Q)) unique up to a constant, satisfying

/ W (=AvV +Vq) — (po, div V) g-1(0),m1(0) = £(v,q), VY(v.q) €EXZ. (3.7)
Q

Moreover, (w,pg) is a solution to the Stokes problem (3.4).

Proof. On one hand, it is quite easy to see that the form £ given by is linear
and continuous on E X Z. On the other hand, following the remark and the
Proposition there exists (w,pg) € L*(Q) x H~1(Q) satisfying the equality (3.7).
Let us show now that the above pair (w,pg), obtained in the previous proposi-
tion, verify the Stokes equations . Let wj;, 7 = 1,2,3 denote the components
of w.
(1) Choosing v = (v1,0,0) € (D(2))3 and ¢ = 0, we obtain the following equation

0
—Aw; + o _ 0, in the distribution sense.

a$1
and, in a same way, for v;, j = 2,3, in D(Q), vy, = 0, k = 1,2,3 with k£ # j and
q = 0, one gets
A Ipo _ - . R
—Aw; + ke 0, j=1,2, in the distribution sense.
J
Then —Aw + Vpy = 0, which is precisely the first equation of (3.4)).

(2) Now, let go be any element of D(), choosing v =0 and ¢ = g — ﬁ fQ qo-

Using (3.7) and (2.1), one gets the incompressibility condition divw = 0.
Finally,

w € L3(Q)
divw =0

implies that w - n is well defined as an element of the dual [H'/2(I"))’. Moreover,
since ¢ is an element of H!(£2), we have

/qdivw+/Vq-W:<w-n,70q>.
Q Q

Thus, noting that vo(H(Q)) = 10Z, it follows that
w-n=0 and then w-n; =0. (3.8)
(3) It remains to show that
w, =G, on F,fori=1,...,N.

On the one hand, as w € L?(Q) satisfying divw = 0, there exists 1 € H() such
that

w =curly and divyp =0 sincew-n=0.
Consequently, ¥ € V.
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On the other hand, w satisfies the first equation of the Stokes equation —Aw +

Vpo = 0. Thus, applying the curl operator to the Stokes equation and using (2.3)),

we

obtain

—A(curl(curlp)) + curl(Vpg) = A% — V(divap) = A%ep = 0.

Therefore,

Y e HY(Q) and A?yPp =0.

Then ¢ € V. Furthermore, we already saw that

Co

peW=—v=—curlp € E.
nsequently, let v € E such that divv = 0; thanks to equality (3.7)) one obtains

/W.AV:/w~Vq+Z(G/i,’ytcurlv|F,>.

And then, thanks to (3.8]), we have

N
/ w-Av = Z(G;,% curl v, ) = (w¢, 7 curl v).
Q K3

i=1

Therefore, using the surjectivity obtained at Corollary we obtain

w,=G.onF,, Vi=1,...,N

and then w, = G’ on I'. It is therefore deduced that (u,pg) = (u1 + w,pg) is a
solution of our initial problem. This completes the proof. O

In summary, we have the following results:

(i) considering the proposition Let € > 0, for all (g1, g2, 93) € H2+=(D),
there exists u € L2(Q) unique and p in H~1(£2) unique (up to an additive
constant) such that

—Au+Vp=0
divu=0
u=(g1,92,93) onl.

(ii) For (g1,92,93) € HY?(T), there exists (see Temam [I4]) (u,p) unique in

H(2) x LE(Q) solution of the Stokes system (B.7)—(2.1)).
Then Theorem [2.1] follows then by interpolation.
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