Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 186, pp. 1-24.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

APPROXIMATE CONTROLLABILITY OF A SEMILINEAR
ELLIPTIC PROBLEM WITH ROBIN CONDITION IN A
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ABSTRACT. In this article, we study the approximate controllability and home-
genization results of a semi-linear elliptic problem with Robin boundary con-
dition in a periodically perforated domain. We prove the existence of minimal
norm control using Lions constructive approach, which is based on Fenchel-
Rockafeller duality theory, and by means of Zuazua’s fixed point arguments.
Then, as the homogenization parameter goes to zero, we link the limit of the
optimal controls (the limit of fixed point of the controllability problems) with
the optimal control of the corresponding homogenized problem.

1. INTRODUCTION

Periodic homogenization (without holes) has been studied during late 1960’s,
we refer to the reader the classical works of Spagnolo [24], Bensoussan et al. [I]
and Sdnchez-Palencia [23]. For the further developments concerning the perforated
domains and periodic structures, we refer to Lions [I9], Cioranescu and Saint Jean
Paulin [5]. Let us now describe the setting of the problem.

Let Q be a bounded, connected open set in R, with smooth boundary 9€2. From
the geometrical point of view, we shall consider the periodic structures obtained by
removing periodically from ), with period €Y (where Y is a given hyperrectangle
in R™). The reference hole T' which has been appropriately rescaled and is strictly
included in Y. Precisely, let Y = (0,1;) x -+ x (0,I5) be the reference cell, with
li,...,In > 0. The reference hole T is an open set such that 7' € Y. We denote
by € a positive parameter taking its values in a decreasing positive sequence which
tends to zero. Set

7(eT) = {e(k()) + T),k € ZV, k() = (k1ly, ..., kniN)}.
Assume that for any ¢ there exists a subset IC. of ZY such that
T. = QN 7(eT) = Ugex. (5(k(l) + T))
Then for any € > 0, we define the perforated domain ). by
Q. =Q\ 7(T)
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and thus we obtain
00 = 00U IT..

Hence, ). is a periodic domain with periodically distributed holes of the size of the
same order as the period. We introduce two nonempty sub-domains of €2, which
are the control region w and the observable region S, where the error between the
obtained and the desired state has to be minimized, respectively.

We let w and S to be two open subsets of 2, with S compactly contained in w
and set

we =wNQ, S.=85NN,..

For the constants 0 < ., < aa, let A(y) = (ai;(y))i<ij<ny be N x N matrix
valued function lying in the space M (aun,, apr, 2), which is defined as:

M, apr, )
A€ L®(Q)NXN, a.e. on {
:= ¢ A is Y-periodic,
(A(Z)A, X)) = am(|A[?) and |A(z)A| < an|A], YA e RYN.
Let us denote, for any ¢ > 0,

A (z) = A(E) a.e. in €.

e

(1.1)

Then for each € > 0, we consider the state equation
—div(A*Vye(ve)) + f (¥ (ve)) = Xw.ve In Qe
(A*Vy.(ve)) - ne + heye(ve) = eg® on OTF, (1.2)
Ye(ve) =0 on 991,
where f is real valued continuous function for which we assume that

f(0)=0 and 3y >0, OS@SW,VSER\{O} (1.3)

and h is a real, positive number, g*(x) = g(£), where g is Y-periodic function in
L?(9T), v. is the control supported in w. and y.(v.) is the associated state. Let us
now consider the control problem to be addressed.

Control Problem. Given ¢ > 0, a > 0, y;. € L?(S.), find a control v. with
support in w. such that

19 (ve)ls. = vrello,s. < @, (1.4)
where y.(ve)|s. is just the restriction of y.(v:) to Se.

By the approximate controllability , we mean that the L?-distance between
the obtained state observed on S (yg (ve)] SE> and the desired state (yi.) will be
approximated by the given prescribed precision a.

A real life application of the above control problem (in a fixed domain) is the
following: consider a polluted sand filter occupying some domain Q (with a fixed
flow rate of pollutant). In € there is thus a granular / porous medium where,
once the situation is idealized, the parameter ¢ represents both the characteristic
pore length and the distance between adjacent grains. We add a suitable chemical
reactant with concentration v (a control), to the control region w C Q of the filter.
Let y(v) be the resulting concentration of the pollutant (which satisfies some elliptic
boundary value problem in €2). The problem is to find the optimal concentration
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of reagent to control the contaminant (altering its chemical state) throughout the
region €.

In this article, we first study for each € > 0, the approximate internal control-
lability of the e-problem with the Robin boundary condition, in a periodi-
cally perforated domain. Among these controls, we obtain the optimal one, which
minimizes the given cost-functional, see for instance [20, 21I]. We refer [I0] for
the similar result in a fixed domain and, [8] in a perforated domain respectively.
The existence of the optimal control is established by means of a combination of
Fenchel-Rockefellar duality theory [22] and the Zuazua’s fixed point argument [27],
introduced in the context of wave equation. Later this technique has been adapted
in Fabre et al. [I4] to deal with the semilinear heat equation.

Our second main result consists of proving the convergence of the optimal con-
trols associated to the linearized e-problem of . In the process, we pass to the
limit in the cost-functional, homogenize the state and the adjoint equation. We
end with identifying the weak limit vg of the optimal controls v} with the optimal
element of the homogenized problem, which minimizes the limit cost-functional.
Using the techniques by Zuazua [28], we observe that the minimizers of the cost-
functionals are uniformly bounded. Thus we were able to apply the results of
Donato and Né&bil [T1] to obtain the weak convergence of the minimizers. This
allows us to pass to the limit in the cost-functional. The homogenization results
using the periodic unfolding method, for the equations of the form are given
by Cioranescu and Donato [3, Section 6]. However, here we use the classical en-
ergy method introduced by Tartar [25] 26] for the homogenization. It consists of
constructing the suitable test functions that are used in the variational problems.
Such test-functions were also used in [6], where the authors have studied the ho-
mogenization of certain nonlinear models involving chemical reactive flows.

Approximate internal control problems were introduced by Lions [16] [17], also
see [28]. The approximate controllability and homogenization results for the para-
bolic equations has been studied by Donato and Nébil [IT], T2] for the periodically
perforated domain. Later, Conca et al. studied the L?-approximate controllability
and homogenization of an elliptic boundary value problem in [9] for a fixed domain
and, in [8] for a perforated domain with Neumann conditions on the boundary of
holes. Then it was natural to look at the same problem in a periodically perforated
domain. We have considered this problem with Robin boundary conditions on the
boundary of holes, which is even more general condition. Thus our paper generalizes
these results for the elliptic equations in a periodically perforated domain.

The organization of this paper is as follows: In Section [2] we introduce certain
notations, a functional space, recall extension operators and some convergence re-
sults of the solutions in a periodically perforated domain. In subsection [2.] we
linearize the problem and introduce the adjoint problem of the linearized one.
In subsection [2.2) using Fenchel-Rockafellar’s duality theory we obtain an expres-
sion for optimal control, in terms of dual variable. In Section [3] we state two main
results of the paper. In Section [d] we prove our first main result Theorem and
the second main result, Theorem [3.3]is proved in Section [5}

2. PRELIMINARIES

In this section, we recall some definitions, lemmas and other preparatory results
to be used in the sequel. First we mention certain notation:
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o YV =Y \T.

e |E| is the Lebesgue measure of the measurable set E.

e 0 =|Y*|/|Y| the proportion of the material.

e My (v) = the mean value of v over the measurable set Y.

e Y is the characteristic function of the set F.

e Jp is the Dirac mass concentrated on the set .

e ¢ is the extension by zero on E of any function w defined on E, = E N (..

e (n.) = (n!), the unit external normal vector with respect to Y\ T or Q..

e (-,-)p denotes the inner product (-,-)z2(g).

e |- llo.e, || - |1k, represents the L? and H'-norms defined over the set E
respectively.

The constants at the various places are denoted by C', which are independent of ¢.
Let us recall that

Xa. — 0=|Y*|/|Y| weak" in L*=°(Q).
Let us now introduce the functional space
VeE={ve H(Q):v=0ondN},

equipped with norm [|v||ve := [[Vv||[z2q )~ -
The weak formulation of (1.2)) is: find y. € V¢, such that

/ ASVyEVgodx—i-/ f(yg)goda:—&—hs/ yepdo(x)
Q. Q. aTe (2.1)

:/ veap—i—a/ ¢ pdo(z), forall p € VE.
We T,

€

In the next lemma, we introduce a linear extension operator on H'(Y*) and V¢.

Lemma 2.1 ([]). For any e > 0, we obtain
(a) There exist an extension operator P € L(H'(Y*); H(Y)) such that
V(P2 < ClIVellipzreyn,  for all o € HY(Y™).
(b) There exists an extension operator P € L(VE, H}(Q)) such that
(i) P°u =w in §;,
(ii) [|[Peullz2(0) < Cllullr2(a.)
(iii) |VPull 2@y < ClIVullz@.~-
Note that Lemma provides a Poincaré inequality in V¢ with a constant
independent of ¢, that is
[ullve < ClIVulliz2 -
Let us consider the elliptic boundary value problem
—div(4A*Vu.) = f in Q.
(A*Vu.) -n. =0 on IT*, (2.2)
u: =0 on Of).
Now we recall the homogenization results for , its proof is available in [4].

Theorem 2.2. Let f € L?(Q2). Under the hypotheses (1.1)-(1.3)), the solution u.
of (2.2) satisfies
(i) Pfu. — u weakly in H}(Q),
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(il) (A=Vu.) — (A°Vu) weakly in [L2(Q)]Y,
where u is the solution of the problem
—div(A°Vu) = 0f in Q,
u=0 on 09,

and A° is the same matriz as obtained in [4].

Remark 2.3 ([4, Theorem 2]). The homogenized operator A° and the limit func-
tion u do not depend on the extension operators.

2.1. Linearized version and the adjoint problem. In this section we linearize
the nonlinear problem and also introduce the adjoint problem of . It is
very useful to follow a dual approach introduced by Lions [I7]. We conclude this
section by finding an expression for optimal control in terms of dual variable.

We assume that f € C*(R) and define the function

oy = {1 Rote @
The assumptions on f (see (|1.3])), implies that
peC’(R) and 0<p(s) <7y, forallseR. (2.4)
To the function p, we associate the linearized problem
—div(A*Vye(2,v:)) + p(2)Ye (2, Ve) = Xw. Ve In O,
(A*Vy.) -n. = eg® — hey. on T, (2.5)
Ye(z,v:) =0 on IN.
Let us define the operators L. and L} as follows
Le: L¥(we) — L*(S2) = (ve = 9e(2,02)]s.) (2.6)
LI L*(S:) — L*(we) : (912 = @elu), (2.7)
where ¢ = p:(z, 1) satisfies the adjoint of , which is given by
—div("A: Ve (2,916)) +p(2)9e (2, 01c) = 5.1 in Qe
(*A.Vp.) - n. = —hep. on Ty, (2.8)
ve(z,01) =0 on 99.
Now we shall give a detailed calculation for the adjoint of the problem
. Multiplying by ¢. € V. and integrating by parts, we obtain

- / (AEVye) *NPe — / (AEV:UE) *NePe
290 oT.

+/Q AEVysVstL/Q p(2)yepe (2.9)

e
= / VePe -
We

By the very definition of the operator L} we see that the right side in this identity
is nothing but the duality pairing (ve, LE¢1c)w.. Thus, the right hand side of (2.9)
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can also be written as

(0s LE@1 Yo, = (Leves p12)s, = / Yeore = (85, yeo12)an

€

Since . € V,, a new integration by parts in (2.9) yields:

/8 (heye — g% )pe + /Q Vy:("A"V.) + / P(2)Yepe = (0s.,YeP1e) .,
T& =

Qe

which can also be written as

/ hs‘psys - / 595906 +/ (tAsv@b:) *NeYe +/ (tAsv@s) *NYe
0T on

; oT.
- / div(*A°V.) - ye + / P(2)Yepe
QE Qa

= <5SE>y5(p15>QE-
Comparing the coefficients of y. both sides, we obtain the adjoint problem (2.8]).

2.2. Optimal control. In this section, we obtain the optimal control by using the
Fenchel-Rockafellar’s duality theory, and we also establish an interesting relation
between the optimal control and a solution of the adjoint .

We define the cost functional as follows

IE(’U,S) _ %H’UEH(Q)ME? if “95(27115)‘55 — Yie |O,SE < a, (2-10)
i +00 otherwise.
Let us decompose I%(v) as
IS (ve) = F(ve) + G(Leve),
where
1 0 if [y, — <a,
F(u.) = Z|lv|2,. and G(Lcv.)= i lers. = trellose s g4y
2 e oo otherwise.

Now we state a lemma, which gives the existence of a unique control minimizing

the above cost functional (2.10)).

Lemma 2.4. For a given z € L*(Q.), let I5(v:(2)) (defined by ([2.10)), be a cost
functional associated to the linearized problem (2.5)). Then by classical linear control
theory (see [18]), it is well known that there exists a unique minimal norm control

vX(2), which minimizes I (v.) in the sense that

€
LWi(z)= min I(v:) < +0o0. (2.12)
ve€L?(we)

Let us denote by yf := y.(z,v(2)) as the corresponding solution of (2.5). We
are now in a position to define the operator F.:

Foo LX) — L2(0); 2z (2,02 (2)). (2.13)

Let Z. be a fixed point of the map F.. The existence of a fixed point is proved
in the Theorem Then the limit v (zo) of the optimal controls v*(Z.) is the
minimal norm control, among all the controls v satisfying

«Q
llyo(z0,v)|s — y1llo,s < ﬁ
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The duality theory of Fenchel and Rockafellar [I3] 22] shows that the minimization
problem (2.12)) is equivalent to minimizing another non-quadratic functional,

1
o) =3 [ lePae+allenlos - [ mepnds 219
We Se
Thus we obtain
inf  I*(v.) = — inf  J(pu), 2.15
ot 2 (ve) oo < (p1e) (2.15)
where E . .
Ji(p1e) = F*(Lip1c) + G (—p1e),
* * 1
F*(Lip1e) = §||<p8(z7<p16)”g,w5’ (2.16)

G*(Lip1c) = allpicllo,s. + (#1e, Y1e)s. s
and F*, G* are the conjugate functions of F' and G respectively. We have

1
IS (p1e) = 5“906(275016) (2),wE + allpiello,s. = (P1e: Y1) s. - (2.17)

From the strict convexity of JZ, we obtain ¢%_(z) € L?(S:) is the unique optimal
element which minimizes J<(p1.) over L?(S.). Let us denote ¢ := ¢ (2, %), the
solution of (2.8))(with ¢1. = ¢7.). It is well known that the duality theory provides
the extremal relations, which the optimal controls satisfy, namely:

FuZ(2)) + F*(Lpie(2)) — (Lpie(2), v (2))w. = 0,
G(Levz(2)) + G7(=¢1(2) + (#1e(2), LevZ(2))s. = 0.

With the help of the extremal relations satisfied by optimal controls, we derive the
desired relation:

(2.18)

vz (2) = #e (2, 01 (7). - (2.19)
3. STATEMENTS OF MAIN RESULTS

In the first main result, we obtain the fixed point of the operator F. defined
by by using the Zuazua’s fixed point argument [27]. Hence we obtain the
existence of the optimal control for our e-problem , which minimizes the cor-
responding cost-functional . This theorem will be proved in Section

Theorem 3.1. Assume that for given € > 0, A° € M(auy,, o, Q) (see (L1))). Let
f € CH(R) be a real valued function satisfying , Then the operator F., defined
by has at least one fived point Z. € L*(0). Let v} (Z.) be the optimal control
minimizing the functional IZ_, given by . Then the fized element Z., satisfies
the equation:

Ze = Yz (Z:,vZ(2e)),
where y*(Z:,v:(Z:)) is the state solution of the problem (1.2).

Below we state the second main result of this paper, concerning the homoge-
nization of state and adjoint state equations and the convergence of the optimal
controls, which will be proved in Section [5} In the following, we shall need certain
hypotheses:

(H1) If h =0 and g = 0, we obtain uniform (with respect to €) Poincaré inequal-
ity in VL.
(H2) Given the sequence {yi.} C L?(S.), we assume that

yie — g1, L2(S)-strongly. (3.1)
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(H3) For any sequence {p;.} C L?(S.), we obtain

4,0015 — ¢y in L*(S)-weakly.

Remark 3.2. Hypothesis (H1) is essential in order to give a-priori estimates in
H'(Q.). However if we add a zero order term in equation 7 we do not need it,
also see Cioranescu et al. [3] Section 6]. The hypothesis (H2) ensures the inequality
l¢illo.s. < C (o} is the minimizer of the cost (2.14)) and the convergence of
approximate control inequality (L.4). Moreover (H2) and (H3) are needed, in order
to pass to the limit in the adjoint equation and in the cost functional ,
as e — 0.

Since we are interested here in studying the asymptotic behaviour of optimal
controls, it is natural to ask a question: whether the limit of the optimal controls

vZ, is the same as the the optimal control associated to the homogenized problem
(3.5, given below? The following theorem gives a positive answer to this question.

Theorem 3.3. Let us assume that the hypotheses of Theorem [3.1] and (H1)-(H3)
hold. Then there exists 2o € L*(Q), which is the weak limit of the fized points {Z.}
(obtained in Theorem . Moreover, there exists vy € L*(w) which is the weak
limit of the sequence of optimal controls {v:(Z.)} (identified in Theorem[3.])).
Further we obtain
oo = 5 (20),
and up to a subsequence
Py (22,01 (Z2)) — yo(z0,v0)  Ha()-weakly, ase — 0,

where v§(zo) is the minimal norm control among all the controls v satisfying

o
0(20,v)|s — Y1llo,s < —F,
1o (20, v)|s — v 7

with yo(z0,v) being the solution of the homogenized system
— 0div(A°Vyo(20,v)) + 0. (yo(20,v))
=0Oxwv + @MaT(g) — h@yo(zo,v) in Q, (3.2)
Y| Y|
Yo(z0,v) =0 on Q.
The homogenized matrix is
ad) = ﬁ(aﬂ + ajk%), = |YY| (3.3)
and x; satisfy the equation
—div("AV(xi +y:)) =0 inY",
(tAEV(Xi + yz)) ‘n. =0 ondT,

A0 = (

(3.4)
xi is Y -periodic,
My (Xi) =0.
Moreover the adjoint equation (2.8)) can also be homogenized as
oT|
~0div(*A Vo) + Op(z0) 00 = 05501 — h|7</)0 in €,
vl (3.5)

wo =0 on 09,
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where

by L (. X
(A)— |Y|(a”+alk8yk)’ (3.6)

and X; satisfy the equation
—div (A°V(Xj + ) =0 inY",
(AEV()?]- + yz)) ‘ng =0 ondT,
X; is Y -periodic,
My-(X;) = 0.
Let o := po(z0,9}) be the solution of homogenized adjoint equation associated
with 1 = @7, where

. /0
ot :argmm(§/ \<p0|2dx+a\/§H<p1||o7s—H/Sy1<p1ds).

Then the representation of the optimal control v§(zo) in terms of this dual variable
pp is v5 = 0(05) 0

Remark 3.4. We refer to [I1, Theorem 6] for the homogenization results of the
parabolic equations.

4. PROOF OF THEOREM [3.1]
Proof. Let ¢ € V. be a test function in (2.8]), the variational formulation is given
by:
/ (tAEVgag)ch—F/ p(z)<p5<p—|—h5/ gaggaz/ D1 (4.1)
Qe

. aT. S.
Let 2, — 2o in L?(€2.), as n — oo and denote ¢, = p.(2,). Using ¢, ., as a test
function in (2.8) (written for ¢. = ¢, ), since h is a positive real number, using
the regularity of A and a property of the linearized function p, we obtain

O‘mllv@EH[QL%QE)]N < |penllo,.lleicllo,s. - (4.2)

Again using Poincaré’s inequality on the right hand side,

am|@enlli 0. < lloenlia.lecllo.s.-

This gives

[eemllre. < C, (4.3)
where the constant C' depends on the ellipticity constant ., on trace, Poincaré
constant, but independent of €. Thanks to (4.3), up to a subsequence (in n), we

obtain
(Ps,n — @E,O ‘/5 ‘WeakIY7
) (1.4)
Pen = @eo L (QE) -strongly.

To pass to the limit in the variational formulation (4.1) (as n — o), let ¢ € V¢,
and consider the following:

(/ p(zn)wa,nsodx—/ p(zo)%,owdx) +h€(/ %,nwdﬂc—/ QDE,O‘de)
Q. Q. Q. Qe

Since @ n — ¥c 0, L?(Q.)-strongly, as n — oo, therefore it suffices to consider the
limit of first term only.

/p(zn)WE,n@dm_/ p<ZO)<P€,O<de
Q.

€
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= /Qsp(zn)(%,n —%,o)sad:wr/ (p(zn) —p(zO))%,wdﬂ:-

Qe

Now p(z,) is bounded in L>°(£2.), so we obtain

p(zn) — p(20), L=(Qe) -weakly™. (4.5)
This gives us,
| pdgenpds = [ po)eopds, forall g € V. (46)
Qe Qe
Thus (4.5) and (4.6) shows that
P(2n)Pen — P(20)pe0 VI -weakly (as n — o0). (4.7)

Now we shall show that the convergence (4.7)) is actually V* -strong (as n — 00).
Let ¢ € V, and consider the following:

’/ P(2n) e npdx *P(Zo)we,ocpdx’
| (4.8)
< ‘/Q P(2n)(Pe,n — @e,O)‘de’ + ‘ /Q (p(2n) —p(zo))(p&()(pdx‘.

Let us first evaluate the norm estimate of the first term on the right hand side of
(4.8). We consider the following:

‘/ p(zn)(QOa,n - ‘PE,O)@dm‘ < Ip(zn) || Lo Q)" [¢e.n — @eollLr (QE)HQOHLPS (Qe)-
Qe

Observe that [|p(z,)] e (.) < vmeas(Q:)"/P1. We choose p1 = N, ps = p3 = 5y,
for N > 2; otherwise p; = ps = 4 and p, = 2. Thanks to the choice of ps, the
injection H*(£.) — L?(€2.) is compact and we obtain

lpen — @eollLre — 0, asmn — oco.

Note that the injection 4 from V. — LP3(().) is continuous, so

lellzrs < llill cevey,Los o) - leellve,
so that the first term in (4.8)) goes to zero. On the other hand,

||/Q (P(2n) = p(20))¢e.00da|| < llp(zn) — p(20)]lLor () |02 0ll o2 2 2] s

with ¢ = %, Q2 = q3 = 1\2,—1_\[2, N > 3, otherwise q; # 2,92 = g3 = 4. Thanks
to this choice, H'(Q.) — L%(.) is continuous and in a similar way as above, a

bound can be obtained. It follows by Lebesgue Dominated convergence theorem
and the bounds of p(z,) (see (2.4)) that

Ip(zn) = p(20)llLn — 0, asn — oo.
Thus the second term on the right hand side of (4.8]) also vanishes and hence we
obtain
P(zn)@en — P(20)pe0 V. -strongly, asn — oc. (4.9)

Next we show that .o = ¢e(20). For that we multiply adjoint (2.8)) (written for
©en), by the test function ¢ € V; and integrate by parts,

/ AEV@E,n-Vapd:E—i—/ p(zn)gog’ngodx:/ p1epdo. (4.10)
Qe

= Se
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Passing to the limit in (4.10) as n — 0o, we obtain

/ A55V<pE,O~V<pdx—|—/ p(zo)gos,o(pdm:/ p1epdo,
Qe Qe

=

and this shows that . o = ¢-(20). Now we shall show that the convergence (4.4)
is V.-strong. We take ¢, , € V. as test function in adjoint (2.8) (written for z = z,
and ¢, = @, ) and pass to the limit in the variational formulation, as n — co. In

view of (4.4) and (4.9), we obtain

lim tAsv‘ps,nVQOE,ndm :/ P1epe,0do _/ p(ZO)SOE,O Qe odr. (4.11)

n—ee Jo Se Q.

Now, taking ¢. o as a test function in the adjoint equation (with ¢. = ¢, ), we
obtain the following:

/ tAEVgaEp -V odr = / V1ePe,0d0 — / P(20)¢e,0 - Pe0de. (4.12)
Qe

€ Qs

Comparing (4.11) and (4.12), we get
lim tAEVgoem, Ve ndr = / tAEVgos,o - Ve odz.
n— oo Q. Q.
We conclude that ¢, — @e 0, Ve -strongly (energy convergence), as n — oo, since
we know that ([, tA°Vv - Vudr)'/? is equivalent to the standard H'-norm defined
over V.. Now using the coercivity property of the functional, we show the following
licllo,s. < C, (4.13)
where C' independent of n and e. For if (4.13) holds, then it follows by Banach-
Alaoglu-Bourbaki theorem, that there exists &5 such that i (z,) — &%, L*(S.)-
weakly, which would then imply for another subsequence (in n)
Ve(zn, P1c(2n)) — we(20,£%), Ve -strongly. (4.14)
The inequality (4.13]) will be proved by contradiction. We assume on contrary that
[#7e(zn)ll0.5. = +o0, asn — oo.

Since ¢7_(2n) is the minimizer of JZ , for each n, we obtain

JE (01e(2n)) < JE (12), forall g1 € L*(S.). (4.15)

Zn
On the other hand, thanks to the convergence ¢¢ , — ¢¢ 0 (Ve-strong), we see that
1
I 01) = 5 [ leclen)Pde +allorclos. ~ [ nepredo,
We

=

converges to

1
o) =5 [ lec)Pde +alpidos. - [ nepredo

Therefore from (4.15), for fixed 1.,
J: (pi.(zn)) < C, Cis independent of n and .

€

This contradicts the coercivity of the functional JZ , since

JZ (#1e(2n))

i >a>0.
g3 (zn)llo, 5. —o0 [|01-(2n)]l0,s.
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Next, arguing as we as we did in (4.3]), we obtain

1= (205 #1e(zn))lv. < C(p7)- (4.16)
In view of (4.13)) (thanks to Banach-Alaoglu-Bourbaki theorem) we obtain
i (2n) = & L*(S.)-weakly, as n — o0. (4.17)

It remains to identify the limit: & = ¢j_(29). For that, we show that £° is the
minimizer of JZ , that is to show

JE(€°) < JE (p1e), for all g1 € L2(S.). (4.18)
Since we know that ¢7_ is optimal element for J; , we obtain

Jjn (‘Pia(zn)) < '];:n (1), forall ¢y € L2(56)7
hence

liminf JZ (¢7.(2)) < liminf JZ (¢1c) = J5, (p1c), for all o1 € L*(S:).

20
Therefore in order to prove , it remains to prove that

J5(€°) < Timinf JZ (91, (20))- (4.19)
Let us recall that

(gl = 3 [ leeCen pilen) P+ allgicCeallos. = | mepitenio
From we obtain
limninfaHgoIs(zn)Ho,SE 7/5 Y1ePle(2n)do > lin%infaH{E 0,S: 7/5 y1:£"do.

Also from and Fatou’s lemma, we obtain

limninf |Lpe(zm<p’1‘€(zn))|2dx2/ |<P6(207§E)‘2d$-

We We

Thus we obtained (4.19)) and hence (4.18)). In other words we proved that

& = ¥i(20)-
Together with this relation, convergence (4.14)) holds for the whole sequence, that
is,

pe(2n, P1e(2n)) = @=(20, P1c(20)) Ve - strongly. (4.20)
In view of the relation (2.19)), we know that
0z (2n) = $e(zn, P1c(2n))|w.
v (20) = @< (20, 01 (20)) o

It follows by (4.20) that vZ(z,) — v}(20) strongly in H!(w.). Using this conver-
gence in state equation (2.5)), and an analogous proof to obtain (4.20]) from adjoint
problem ({2.8)), we get the following:

Ye(2n, v2(2n)) = ye(20,02(20)) Ve -strongly.

Hence F. is continuous for fixed £ > 0.
Next we show that F. is compact (uniformly in €). Since we obtain (2.4)), for
given z € L%(Q.), it follows by [11, Theorem 6] that under the hypothesis (H2), the
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sequence of minimizers {3, } are uniformly bounded in L?(S) (also see [28, Lemma
2]) and thus satisfy

1N *
gspika — ¥ LQ(S)'WeakIYv (421)
where ] minimizes the functional
* 1 * *
7i) = 30 [ Ionlda+avBligilos =6 [ moide
By (4.2) and (4.21)), we obtain
lpe (2, 01) 1,0, < Cli@illo.s, (4.22)

where C' is independent of z and €. This implies that

T2 (#1e(2)) < Clg1)-
Again using coercivity of JZ, we see that ||¢i.]lo,s and hence ||¢:(z, ©ic)l1.0. is
bounded by a constant independent of z and . Consequently by (2.19) and (4.22)

we obtain

Using (2.4) and (4.23) in the variational formulation formulation (2.1), it is easy to
see that y.(z,v¥(z)) is bounded. Hence by Schauder’s fixed point theorem, F. has

at least one fixed point in L?(£.). O

[02(2)llow. < C. (4.23)

5. PROOF OF THEOREM [3.3]
This proof is completed using several steps.

Proof. Let Z. be a fixed point of the operator F.. Let v = v*(Z.) be the optimal

controls satisfying (1.2)-(1.4]). Note that (4.23]) holds true for every z, in particular
for 2 = z.. This implies that there exists vg € L?(w), such that up to a subsequence

we obtain

v¥(z:) — Ovg LZ(w)-Weakly, (5.1)

Xw.VE(Ze) = Oxwvo  H~'(€)-strongly.

Step 1. Let us consider the variational formulation (2.1)) (for ve = v} := v1(Z:))
and take the test function ¢ = y.(= y.(v¥)) € V¢, to obtain

/ ATy Vyeda + he / yey-dor(z)
Q. OTe

=/ viye+6/ geyada(:c)—/ f(ye)yedz.
QJE aT QE

Using (1.1)), the assumption on (A°(z)), we get that the left hand side of the
equatio is at least am||Vy€||[2L2(Qe ~ +hel|yel|3r. . Taking the norm estimates
on both the sides of the , using , the uniform Poincaré inequality (H1)
and [3, Corollary 5.4], we derive that

(5.2)

amlYellFrany < @mllVYelFre oy + hellyell3r.
< C (Ivtllow. + Moz (@) + 1 fli2@o~) IVYellip2oy~
< CNlyell .-

Hence ||y || g 0.y < C, for some constant C' independent of .
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By [4, Lemma 1], there exists a linear continuous extension operator P® €
L2(Qe, L2(Q)) N L(VE, HY(Q)) such that

1Pyell1,0 < Cllyellia. < CC. (5.3)

Thus there exists yo(vg) € H'(2) such that up to a subsequence,
Pey. — yo(vo) HJ(Q)-weakly. (5.4)
Hereafter we denote by yo := yo(vp).

Step 2. Now we want to identify the limit equation satisfied by yo. To get that,
we want to pass to the limit in Equation ([5.2)), as ¢ — 0. For that we first define a
linear form u¢ on Wy *(Q), for any h € L (9T.), 1 < p' < oo, as follows:

€T

< pf . >= 6/ h ( ) @do(z), forall p € W, *(Q).
or. ¢

It follows from [2], [7] that
115, — up, strongly in W, *(Q)’, (5.5)

where, < pp, o >= up ngoda:, and pp = ﬁ fBT h(y) do(y). In particular, when
h € L>(9T), we obtain

u5, — pp strongly in W—12°(Q).
For h =1, pup becomes p = |‘6TT|‘ and

lim < p®, phy. >= lim 5/ ohy. do(x), for all o € Wy*().
e—0 e—0 T

From (5.5, with h = 1, we obtain

E—

T
lim s/ phye = m/ phyodz, for all p € D(Q). (5.6)
oT. Yl Jao

Let & = A*Vy,. in Q. and let {Nf be its extension by zero to the whole of (2. By

the property of A° and the boundedness of y. (see (5.3)), we obtain £° is bounded
in (L?(Q))Y. Hence there exists & € [L%(Q)]"V such that

€~ ¢ [L3(Q)]N-weakly. (5.7)

To obtain the equation satisfied by &, take ¢ € D(f2) as the test function in the
variational formulation (5.2)), we get

/QE €6V<,0da:+/ﬂs f(ys)ﬁﬁdx+hs/8T6 yepdo () :/w v:(p+5/ Fodo(z). (5.8)

. T.

It follows by (5.7)),
lim [ &V = / EVeda, (5.9)
e—0 Q Q

and since f is uniformly Lipschitz and P°y. — yo, we get f(P°y.) — f(yo). By
[15, Lemma 3.1], (also see [8, Theorem 3.5]), we get

||};||/Qf(yo)dm strongly in L*(Q). (5.10)

lim [ xo.f(Py:)edx =
e—0 Q
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Using (5.1), (5.6), (5.9), (5.10) and [3, corollary 5.4], we pass to the limit in

(ase — O), and obtam the followmg

or|
f(vo) dfv+h yggodx
|Y‘ / |Y| (5 11)
|Y*|/ |/ '
= XwVo @ + Mor(9)~r [ ¢du.
v /., ey
Hence ¢ satisfies
. Y= 0T | |Y*| oT| .
—div(§) + f(yo) + h=—ryo = Xw0 + Moar(g inQ. (5.12)
€4y ) w0 =y v (

It remains to identify the limit &.

Step 3. In this step, we identify the limit equation satisfied by £. The idea is to
make use of solutions of the cell problems (3.4). For i =1,...,n, let us define

o, _5( ( )+yz)7 for all € € Q.
where y = Z. By Y-periodicity of ®;c we obtain,
Pe®;. — x; weakly in H'(Q). (5.13)

Let us define 0 := V®;. in Q.. Then

T 9 Ixi Y~

tASHE ) — t L . ) = iy

(4 ’72>j ox; (47eic) = ] (“J’“ = +ajudu)
where

1
qij = |Y| ( + ajz)

Hence
| ES

— Y
(tAEniﬁ)jé |Y||qij weakly in L2(Q), (5.14)

and we observe that 75 satisfies
—div(*A"n5) =0 in Q.,
L 4 : (5.15)
(A n)-v=0 on 7.

Let ¢ € D(Q), multiplying (5.15) by ¢y., and integrating by parts, we obtain

/ (‘A% ) Vpyede + / ("A™n§ ) Vyepdr = 0,

= €

which implies that
/ (A" 05 ) Vyepdx = — / (tA‘E )V Py da. (5.16)
Qa
Now, we take o®,;. as test function in (5.2]), we get

/ AEVyEV(cpq)Z-s)dx—l—/ f(yg)gotbisdx—i—he/ YepPicdo(x)
Q. Q. oT.

:/ v:goq)isdaﬂre/ 9 o®.do(x).
We aTs
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Expressing the integrals over 2 and using the definition of §~5, we obtain

/ EE -VoP®;dx + / A*Vy. - n; odx + he/ Yep®Pido(x)
Q Q

€ oT.

+ / X f (o) o Po®yda
Q

= / X VI QP ®ic + / Fo®ido(z),
Q oT.

€

which can also be written as

/ EE VoP*®,.dx + / A*Vy. - n; odx + he/ Yep®Pido(x)
Q Q

e aT.

+/ XQaf(ye)@PEq)iedx
Q

= / Xw. Vs P @i + E/ 9 o®D;.do(z).
Q T,
Using the relation (5.16]), we obtain

/Q & VP ®,.dr — /Q (1A% ) VipP yedz + he /a | YepPicdo(2)

+ / xo. f(ye)p P Pieda (5.17)
Q

:/Xwev;k(aopsq)ie‘i’e/ gscpfbieda(x).
Q oT.

By (5.7) and (5.13)), we obtain

lim gEV@PECI)ide: / EVor;dr (5.18)
Q
and using and ([5.14] -, we get
Y*
lim (tAsnf)Vgopsygdm: | |/qi~Vg0y0dx, (5.19)
=0Jq Y| Jao

where

OXi
(qz |Y*| / [ + a’jk}a )dy
Analogously as we get (5.6] , we obtain the following using (|5.13)),

. . |oT|
ggr(l) he /(’)TE YepPiedo(x) = hm
The same arguments used for (5.10)), and the convergence , will give us
1im/ Xo. f(ye)p P ®ida = V] / f(yo)pzidz. (5.21)
e=0Jq |Y|

Passing to the limit in (5.17) as € — 0, by means of (5.1), (5.13)), (5.18), (5.19),
and [3| corollary 5.4], we obtain

/§ Vox; |Y||/qzVs0yodx+h |Y||/yosoxz |Y|/f Yo)pxids

\Y*\/ |07 |
XwVopzidr + ——+Mor(g) [ pridz.
Y] Y] Q

YopTid. (5.20)
Q
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Integrating by parts, using Green’s formula and (5.12)) we obtain,
Y|
Y]
Since this is true for any ¢ € D(Q), we have

Y
Y]

—/ & - Va,pdr + qi - Vyopdr =0 in .
Q Q

— ¢V, + q - Vyo=0 1in Q. (5.22)

Let us write (5.22) component-wise, differentiating with respect to z;, summing
over 4, then using (5.12)) we conclude that

Y| Zn 9%y , Y| Y~ |0T| 0T
i =d = - w h .
‘Y‘ i7j:1q J axlx] lV(g) |Y| f(yo) |Y| XwV0o — |Y| MaT( ) + |Y| Yo

This implies that yq satisfies the equation

oT
03 a2 05an) = O+ I Mr () — I
4,5=1

ori,
T’

which can also be written as
or|

—0div(A*Vyo(00)) + 01 (50(00)) = Oxsto + 1o Mo (g) — WIZE] V]

Y]
where A% = (af;) = (gi5), is given by (3.3).
It follows by (H2) and the convergence

yo(vp) in Q,

Y= (v2)]s. = Oyo(vo)ls,

that vy satisfies the approximate controllability inequality

«
1yo(vo)ls = yillo,s < NG (5.23)

Step 4. Existence of optimal control. In this step, we identify the limit vy of the
optimal controls v} (Z.) appeared in (5.1]). A natural question arises: whether vy is
an optimal solution? Here we answer affirmatively to this question.
We start by writing the fixed point identity
Ze = ye(557v:(55)) = y:
By (2.7), there exists zg, such that (up to a subsequence) we obtain
Pz, — 2z H&(Q)-Weakly7

\ (5.24)
Pz, — zy  L°(Q)-strongly,

as ¢ — 0. For a fixed control v, let yo(29,v) be the solution of the homogenized
linearized problem:

— 0div(AoVyo(z0,v)) + 0p(20)yo (20, v)

|0T| |0T|
= 0xwv + —Mor(g9) — h—
p Meorl9) — Ty

yo(z0,v) =0 on .

yo(v) in Q (5.25)
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With this state equation we associate the cost functional

1 0 if [|yo(20,v)|s — y1llo,s < %
2 (v)==|vllz., + ’ R 5.26
D( ) 2” ”0’ 400 otherwise. ( )

By classical linear control theory, there exists a unique optimal control v (zp) such
that

8, (vi(0) = min I%,(v) < oc.

Let y§ = yo(z0,v4(20)) be the corresponding state. Again Fenchel-Rockafellar du-
ality gives the minimum v (zp) as the solution of the adjoint problem, the charac-
terization of which is given as follows:

Given ¢ € L%(S) (which is the limit of ¢1.), we introduce ¢g(z0, 1) as the
solution of the dual problem associated to , that is

— 0div(*AgVo (20, 1)) + 0p(20) o (20, 1)

oT .
= 00sp1 — h||y||<ﬂo(20, ¢1) in Q, (5.27)

@o(20, 1) =0 on L.
Let us now define the dual functional of IY (v) (defined by (5.26))), as follows:

0
I = [ leoldz+ avBlnllos -0 [ mods. (5.29)
w S

Since JSO is convex, coercive and lower semicontinuous, by the direct method of
calculus of variations, there exists a unique optimal element ¢} minimizing the cost
functional J in L2(S). Let ¢f = ¢o(z0,%}) be the solution of associated
with ¢]. Then Fenchel’s duality theory gives us

v5(20) = 0(0) - (5.29)

Step 5. Passage to the limit in the adjoint equation. Let ¢ € V. as a test function
in the adjoint equation ({2.8]) (written for z = Z.) and integrate by parts, we obtain

/ (tAEVgoE)Vgodx—&—/ p(EE)@E@dx—&—he/ <pg<pd0(x):/ p1ep.  (5.30)
Q. Q. OT. Se

Using ellipticity of A., property of linearized function p and the fact that A is a
real positive constant, evaluating the norm estimate on both the sides of (5.30)),

am|eellio. < lleicllos.

hence we obtain
[Ppell1.0 < C.
This will imply that there exists @g such that up to a subsequence,

Pep. — @o, H(Q) weakly. (5.31)

Let us take (° = (*A°V,) in Q. and 68 be its extension by zero on all of 2. Then
(¢ is bounded in L2(Q)". This implies that there exists ¢ such that

(° — ¢ weakly in L(9). (5.32)
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To see the equation satisfied by (, let us take ¢ € D(Q2) as a test function in the
variational formulation ([5.30]), we obtain

/ CEVgpdstr/ p(EE)gosgaderhe/ <p€<pd0(x):/ P1ep. (5.33)
Qe Qe 0Te Se

Expressing the integrals over €2,

/EEV@da:—&—/p(PEQE)PsgoEgodx—I—ha P pdo(x / ds.P1ep (5.34)
Q Q OTe

Using (5.24), (5.31)), (5.32)) and (H3), we pass to the limit in 3) (as e — 0), to

obtain

|0T| Y| /
p(z0)Popdr + h—r wogpda? = dsprpdr. (5.35)
|Y| / Y] Yl Jao
Hence (¢ satisfies
, Y~ or] - |Y”| .
— div(¢) + —5p(20) @0 + h-rPo = dsp1 in Q. (5.36)
Y| Y] Y]

Now, to identify the limit equation satisfied by (, we shall use the cell problems
(3.7). Let us define for i = 1,2, ... the functions

U, = 5( ( )+ yz), for all x € Q., (5.37)
where y = £ and by Y-periodicity of W, we obtain
PV, — x; weakly in H'(9Q). (5.38)
Let us define pf := V¥, in Q.. Then
0 1 X [Y™]
As A50,) = — (aip 222 4 aindpi ) = — (%
( ,U,Z) 3I]( ) |Y|<ak8yk + aik kg) |Y‘ (qzj)7
where
t _ 00X
(1) = 7 (an g, + o)
Hence
— y*
(Amg) - ||Y|(fqij) weakly in L%(0), (5.39)
J

and in view of (3.7]), we observe that u$ satisfies
—div(A®u;) =0 in Q.,
(A%u5)-v=0 on 0T,.
Let ¢ € D(Q2), multiplying (5.40) by v, and integrate by parts,
/ (A*p5)Vepedr + / (A1) Ve pdr = 0,
Q. Q.
which in turn implies that
/ (A%u5 )V pde = — / (M)VwPegoadx. (5.41)
Q. Q
Now, taking ¢W;. as test function in (5.30)),

/ (tAEV‘PE)V((P“I/iE)dw""hE/ @eﬁp‘yiada(m)+/ p<§e)(pe¥7\yiedm
Qe oT- Qe

(5.40)
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= / OcprepVWicda.
Q
Expressing the integrals over 2 and using the definition of z €, we obtain

/ (VP U, dx + / LAV o, - pSpdx + ha/ pepVicdo(x)
Q Q. oT:

+ / Xo.p(P*%.) P oo P Wyeda
Q
= / 535@1690P6\Iji55
Q
which can also be written as

/ ZE -VoP VU, dx —|—/ (tA€V<p€) - pspdx + hs/ wepVicdo(x)
Q Q

€ 8TE

+ / xa.p(PZ:) PP e p P Wicd
Q
:/6S€¢1€¢P5\PZ—E.
Q
Using the relation ([5.41f), we obtain

| & Ve tidn - [ AUVeP pudn e | puptiado(a)
Q Q oT.

+/ Xa.P(P°Z)Pe . p PV, dx (5.42)
Q
= / 555615()0P5\Ifi5.
Qe
In a similar way as we get ([5.6]); using (5.31)) and (5.38)) we obtain

oT
lim ha/ 0epWiedo(x) = hu/ PopTid. (5.43)
oT. Y[ Jo

e—0

Using the property of p (see (2.4))), convergences (5.24)), (5.31)), (5.38) and adapting
the same lines of calculations to get [, eq. (84)], we obtain

Y*

Y] / p(20)Popx;d. (5.44)
Y] Jo

Passing to the limit in (5.42) as ¢ — 0, using (5.31), (5.39)), (5.43), (5.44]) we
have

lim/ X.P(P Z)Pe . p PV, . dx =
e—0 Q

Y* _ oT i
/C-Vsm:idx—| | (tqi)VWod:Hhi' |/<po<pxidx
Q Y1 Jo Y] Jo

|Y*|/ _
id
+ v QP(ZO)%WC €T
Y

= dsp1pride.
Y] /Q

Integrating by parts, using Green’s formula and ([5.36]) we have

Y*
—/ ¢ - Vazypdr + bl /(tqi) -V@opdr =0, in Q.
Q YT Jo
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Since this is true for any ¢ € D(2), we have
Y|
Y]
Let us write (5.45) component-wise, differentiating with respect to x;, summing
over i, using (5.36)), we conclude that

—(-Va; + ('g;) - V@o =0, in Q. (5.45)

Y =\ Poo Y™ _ v 0T _
g =d = - 0 h=—
V] ”E_Zl(q”)acixj iv(¢) V] p(20)Po v ds#n + V]
This implies that ¢, satisfies
- 82@0 ‘6T‘
—0 ;) —— +0 po = 69, —h—¢
,.ngl(q”)f)xixj + 0p(20)Po sp1 Y] P
which can also be written as
: _ _ orT| _ .
- Hdlv(tAOVgOo) + 0p(z0)@o = 0dsp1 — h||Y|<po in Q. (5.46)

Comparing (5.27)) and (5.46]), we get that
@0 = QD()(Z(), (pl) (547)
Now, we pass to the limit in the cost functional JZ , using (H2), (H3), (5.31)

and (5.47)), we have
lim JZ (p1c) = T3, (1), (5.48)

where
0 _
JZQ (()01 ) -

N D

/\<P0|2d$+04\/5\\@1||0,s—9/y1<p1ds.
w S

Step 6. Convergence of the optimal controls of the state equation. By using the
similar techniques as in [28, Lemma 2] one can prove that the minimizers {¢3.} of
the functional JZ (1) (defined by (2.17)), are uniformly bounded, that is

l¢Tellos. < C.

This implies that up to a subsequence (also see [I1, Theorem 6]), there exists an
element £* € L?(S) such that

©f. = 0¢*  weakly in L*(S). (5.49)

Thus up to another subsequence, we have
e (e, p1:(22)) = Opo(20,€")  weakly in Hy(9),
Pe(Ze, p1:(2e)) = Opo(20,€7)  strongly in L*(9).

Next our aim is to show that

(5.50)

£ =1, (5.51)
where ¢} is the minimizer of J2 (¢1) defined by (5.28). To show (5.51)), it suffices
to show that

0 (¢* 0 2
T (§7) < T2 (e1),  Vor € LA(S). (5.52)
Thanks to (5.48), we deduce that

lim inf JZ (7. (Z2)) < lim JZ_(p1e) = J3, (1)
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Therefore it suffices to show that
JSO (£*) < lim iglf Jgg(wia(zf))' (5.53)
E—

Recall the definition of JZ |

_ 1 _ _
I ($1:(3)) = Sl 1 G B o, + @lleielos, — (e y1chiacs.:
then we obtain
liminf (all¢illos. — (@iemiedraes.) ) = avole”

Thus we have
lim inf JZ, (1. (%))

lo,s — 00", y1) 12(3)-

(5.54)

. 1 —_ * (= * *
> lim (5 ll¢: (e 7GR . ) +aVBIE los — 06, i) 1acs)-

By means of (5.50)), the right hand side of (5.54) is J9, (¢*), hence (5.53) is proved
which in turn implies that (5.51)) is proved.

Remark 5.1. Since the minimizer of the functional J? (1) is unique, the conver-
gence ((5.49) holds for the whole sequence.

We have the following convergence
5. (Zo) — 0% (20) weakly in L?(S),
Pe(Ze, 91 (Z2)) = B0 (20, 91 (20))  weakly in Hg(Q).
Hence,

_9

timy % (1) = 5 [ IooPda +avBly;

Finally we write (2.19) for z = Z,
v (Ze) = Pe(Ze, P1c(Ze))|we = Pe(Ze, 01 (Ze))|w. -

O,S—G/ylgpfds.
S

Now we have
vo = 0(po(20, ¥1(20))) | = v5 (20)- (5.55)
This completes the proof of the theorem. O
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