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SHAPOUR HEIDARKHANI, MASSIMILIANO FERRARA, GIUSEPPE CARISTI,
JOHNNY HENDERSON, AMJAD SALARI

Communicated by Mokhtar Kirane

ABSTRACT. This article concerns the existence of non-trivial weak solutions
for a class of non-homogeneous Neumann problems. The approach is through
variational methods and critical point theory in Orlicz-Sobolev spaces. We
investigate the existence of two solutions for the problem under some alge-
braic conditions with the classical Ambrosetti-Rabinowitz condition on the
nonlinear term and using a consequence of the local minimum theorem due
to Bonanno and mountain pass theorem. Furthermore, by combining two al-
gebraic conditions on the nonlinear term and employing two consequences of
the local minimum theorem due Bonanno we ensure the existence of two solu-
tions, by applying the mountain pass theorem of Pucci and Serrin, we set up
the existence of the third solution for the problem.

1. INTRODUCTION

In this paper we consider the non-homogeneous Neumann problem

— div(a(|Vu(@) ) Vu(@)) + a(ju(@))u(@) = Af(z, u(@) in Q,
1.1
u =0 on 9. (1)
v
Here,  is a bounded domain in RY (N > 3) with smooth boundary 99, v is the
outer unit normal to 99, f: Q x R — R is an L'-Carathéodory function such that
f(z,0) # 0 for all z € 2, A is a positive parameter and « : (0,00) — R is such that
the mapping ¢ : R — R defined by

a([t))t, fort#0,
) =
wlt) 0, for t =0,

is an odd, strictly increasing homeomorphism from R onto R.
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It should be noticed that if ¢(t) = [t[P~2¢, then problem (1.1) becomes the
well-known Neumann boundary value problem involving the p-Laplacian equation

—Apu+ [uP~2u = Af(z,u(z)) in Q,

1.2
@ =0 on 90 (12)
ov

This problem arises in the study of mathematical models in biological formation
theory governed by diffusion and cross-diffusion systems [37]. We refer to the recent
monograph by Kristdly et al. [31] for several related results and examples.

In recent years, quasilinear elliptic partial differential equations involving non-
homogeneous differential operators are becoming increasingly important in applica-
tions in many fields of mathematics, such as approximation theory, mathematical
physics (electrorheological fluids, nonlinear elasticity and plasticity), calculus of
variations, nonlinear potential theory, the theory of quasi-conformal mappings, dif-
ferential geometry, geometric function theory, probability theory (for instance see
[19, 241 B32] [41] 43|, [46]). Another recent application which uses non-homogeneous
differential operators can be found in the framework of image processing (see [14]).
The study of nonlinear elliptic equations involving quasilinear homogeneous type
operators is based on the theory of Sobolev spaces WP () in order to find weak
solutions. In the case of non-homogeneous differential operators, the natural set-
ting for this approach is the use of Orlicz-Sobolev spaces. These spaces consist of
functions that have weak derivatives and satisfy certain integrability conditions.
Many properties of Orlicz-Sobolev spaces can be found in [I, [I8] 20} [38]. Due
to these, many researchers have studied the existence of solutions for eigenvalue
problems involving non-homogeneous operators in the divergence form in Orlicz-
Sobolev spaces by means of variational methods and critical point theory, mono-
tone operator methods, fixed point theory and degree theory (for instance, see
[2, 3L 5 8 9, 10, 1T, 13, 15 16l 221 23] 26, B30] B3, B4, B5] 36, 45]). For example,
Clément et al. in [I5] established the existence of weak solutions in an Orlicz-
Sobolev space for the Dirichlet problem

—div(a(|Vu(z)|)Vu(z)) = g(z,u(x)) in Q,

u=0 on 09, (13)

where © is a bounded domain in RY, g € C(Q x R,R), and the function ¢(s) =
sa(|s]) is an increasing homeomorphism from R onto R. Under appropriate condi-
tions on ¢, g and the Orlic-Sobolev conjugate ®* of ®(s) = fos p(t) dt, they obtained
the existence of non-trivial solutions of mountain pass type. Moreover Clément et
al. in [I6] used Orlicz-Sobolev spaces theory and a variant of the Mountain—Pass
Lemma of Ambrosetti-Rabinowitz to obtain the existence of a (positive) solution to
a semi-linear system of elliptic equations. In addition, by an interpolation theorem
of Boyd, they established an elliptic regularity result in Orlicz-Sobolev spaces. Ha-
lidias and Le in [23], by a Brezis-Nirenberg’s local linking theorem, investigated the
existence of multiple solutions for the problem . Mihailescu and Radulescu in
[34], by adequate variational methods in Orlicz-Sobolev spaces, studied the bound-
ary value problem

—div(log(1 + |Vu|?)|Vu[P~2Vu) = f(u) in Q,
u=0 on 09,
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where  is a bounded domain in RY with smooth boundary. They distinguished
the cases where either f(u) = —AulP~2u + |u|""2u or f(u) = Au|P~2u — |u|"~?u,
with p, ¢ > 1, p+ ¢ < min{N,r}, and r < (Np — N + p)/(N — p). In the first
case they showed the existence of infinitely many weak solutions for any A > 0 and
in the second case they proved the existence of a non-trivial weak solution if A is
sufficiently large, while in [33] they considered the boundary value problem

—div ((a1(|Vul]) + ag(|Vu|)Vu) = Mu|"® =24 in Q, L4

u=0 on 0%, (14)
where (2 is a bounded domain in RY (N > 3) with smooth boundary, ) is a positive
real number, ¢ is a continuous function and ai, as are two mappings such that
ay(|t)¢, az(|t])t are increasing homeomorphisms from R to R. They established
the existence of two positive constants Ag and A\; with A9 < A; such that any
A € [A1,00) is an eigenvalue, while any A € (0, 1) is not an eigenvalue of the
problem (1.4). Kristdly et al. in [30] by using a recent variational principle of
Ricceri, established the existence of at least two non-trivial solutions for the problem
(1.1) in the Orlicz-Sobolev space W1Lg(£2). Mihiilescu and Repovs in [36], by
combining Orlicz-Sobolev spaces theory with adequate variational methods and a
variant of Mountain Pass Lemma, proved the existence of at least two non-negative
and non-trivial weak solutions for the problem

—div(a(|Vu(z)|)Vu(z)) = Af(z,u(z)) in Q,
u=0 on 0f,

where « is the same as in the problem (L.I), f : @ x R — R is a Carathéodory
function and A is a positive parameter. In [I0] Bonanno et al. studied the problem
(1.1) and established that for all A in a prescribed open interval, the problem has in-
finitely many solutions that converge to zero in the Orlicz-Sobolev space W Lg ().
In [9] they also established a multiplicity result for . In fact, they employed a
recent critical points result for differentiable functionals in order to prove the exis-
tence of a determined open interval of positive eigenvalues for which the problem
admits at least three weak solutions in the Orlicz-Sobolev space W1!Lg (1),
while in [8] under an appropriate oscillating behavior of the nonlinear term, they
proved the existence of a determined open interval of positive parameters for which
admits infinitely many weak solutions that strongly converges to zero, in the
same Orlicz-Sobolev space. In [2] employing variational methods and critical point
theory, in an appropriate Orlicz-Sobolev setting, the existence of infinitely many
solutions for Steklov problems associated to non-homogeneous differential operators
was established.

In [21I] the authors considered eigenvalue problems involving non-homogeneous
differential operators and as an application of their results, they proved the ex-
istence of solutions for non-homogeneous Dirichlet problem. In [I2] the authors
analyzed a class of quasilinear elliptic problems involving a p(-)-Laplace-type oper-
ator on a bounded domain Q C RY, N > 2 dealing with nonlinear conditions on
the boundary. In fact, working on the variable exponent Lebesgue-Sobolev spaces,
they followed the steps described by the fountain theorem and they established
the existence of a sequence of weak solutions for the problem. In [25] using varia-
tional methods and critical point theory the existence of infinitely many solutions
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for perturbed Kirchhoff-type non-homogeneous Neumann problems involving two
parameters in Orlicz-Sobolev spaces was discussed.

To the best of our knowledge, for the non-homogeneous Neumann problem, there
has so far been few papers concerning its multiple solutions.

Motivated by the above facts, in the present paper, we are interested in in-
vestigating the existence of solutions for the non-homogeneous Neumann problem
(1.1). First using a consequence of the local minimum theorem due Bonanno and
mountain pass theorem we obtain the existence of two non-trivial solutions for the
problem in the Orlicz-Sobolev space W'Lg(£2), by combining an algebraic
condition on f with the classical Ambrosetti-Rabinowitz (AR) condition ([4]) (see
Theorem [3.1)). The role of (AR) is to ensure the boundedness of the Palais-Smale
sequences for the Euler-Lagrange functional associated with the problem. This is
very crucial in the applications of critical point theory. Then, combining two al-
gebraic conditions employing two consequences of the local minimum theorem due
Bonanno we guarantee the existence of two local minima for the Euler-Lagrange
functional and applying the mountain pass theorem as given by Pucci and Serrin
(see [39]), we ensure the existence of the third critical point for the corresponding
functional which is the third weak solution of our problem in the Orlicz-Sobolev
space W1Lg(Q) (see Theorems and [3.14)).

Our approach is variational and the main tool is a local minimum theorem for
differentiable functionals established in [6], two of whose consequences are here
applied (see Theorems [2.1] and [2.2).

We should emphasize that in the present paper the method used for analyzing
the multiplicity and existence of solutions for the problem differs completely
from all the methods used in [3, 8, [9] for ensuring the solution of the problem and
similar ones so far. In fact, we establish the existence of two weak solutions for
the problem employing a local minimum theorem and the classical theorem
of Ambrosetti and Rabinowitz under an algebraic condition on the nonlinear part
with the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear term,
which is extremely fundamental in critical point theory. Moreover, by combining
two algebraic conditions on the nonlinear term which guarantee the existence of
two weak solutions, applying the mountain pass theorem given by Pucci and Serrin
we established the existence of third weak solution for the problem (L.1)), while
in [3, [8, 9] the existence of multiple solutions have been established directly using
multiple critical point theorems.

Here, we state two special cases of our results when the Orlicz-Sobolev space
W1La () coincides with the Sobolev space W1P(Q).

Theorem 1.1. Let p > N and g : R — R be a non-negative continuous function
such that g(0) # 0 and

9(§)

g0+ &1

= 400
Putting
t
Gt = [ 9 Vier
0

suppose that
(AR) there exist constants v > p and R > 0 such that, for all £ > R,

0 <vG(6) < &9(8)-
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Then, for each
! prpL
(2k)P meas(§2) 4>0 G(7)

A€ o,
where k 1s a constant such that

[ulloo < Kllullwrr@
for every u € WHP(Q) and

» » 1/p
ey = ([ Fu@lPde+ [ uprar) ™.

the problem
—Apu+ [uP72u = Ag(u) in Q,
(1.5)
% =0 on 09,
v

admits at least two positive weak solutions in WP (Q).

Theorem 1.2. Let p > N. Assume that Q is a bounded domain in RN (N > 3)
with smooth boundary 09 such that meas(€2) > ﬁ, where Kk is the same constant
as in Theorem[I.1l Let g : R — R be a non-negative continuous function such that

g(0) # 0,

3 . §
£0+ gp()l = 00, EETOO ng)l =0
and . )
p
Then, for each
D
\e } 2 1 [

f02 g(t)dt’ (2r)P meas(€) fol g(t)dt
problem (L.5)) admits at least three positive weak solutions in WP ().

For a thorough study on the subject, we also refer the reader to [7, 17, 27 [28].

2. PRELIMINARIES

Our main tools are the following theorems, that are consequences of the existence
result of a local minimum theorem for differentiable functionals [6l, Theorem 3.1],
which is inspired by Ricceri’s variational principle (see [42]).

For a given non-empty set X, and two functionals J, I : X — R, we define the
following functions

SUP e 1 (ry,r) I(u) — I(v)

9(r,r) =  inf ,
(7'1 T2) UGJ*I{l(rl,rg) ro — J(’U)
P (7" r ) - sup I(’U) — SUPyej-1(—o0,r1] I(U)
1\"1,72) —
veJ~1(ry,r2) ‘](U) -n

for all 71,79 € R, 71 < 73, and

p (7") o sup I(’U) — SUPye -1 (—o0,r] I(’LL)
2 =
veJ 1 (r,00) J('U) -r

for all » € R.
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Theorem 2.1 ([6, Lemma 5.1]). Let X be a real Banach space, J : X — R
be a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable function whose Gateaux derivative admits a continuous inverse on X*,
and I : X — R be a continuously Gateaux differentiable function whose Gateauz
derivative is compact. Assume that there are r1,19 € R, r1 < ro, such that

1, r2) < p1(r1,r2).
Then, setting I'x = J — A, for each A € (m,m), there s ug\ €
J7Y(r1,re) such that Tx(uox) < Ta(u) for allw € J=1(r1,r3) and Ty (up.») = 0.

Theorem 2.2 ([0, Lemma 5.3]). Let X be a real Banach space, J : X — R be
a continuously Gateaux differentiable function whose Gateaur derivative admits a
continuous inverse on X*, and I : X — R be a continuously Gateaux differentiable
function whose Gateauzr derivative is compact. Fix infx J < r < supyx J, and
assume that

p2(r) >0,

L the functional Ty := J — M is coercive. Then for each

and for each \ > G
S (p%(r),—i—oo), there is ug x € JY(r,4+00) such that Tx(ug ) < Tx(u) for all
u € J71(r,+00) and T (up,n) = 0.

Since the operator in the divergence form is non-homogeneous, we introduce an
Orlicz-Sobolev space setting for problems of this type. We first recall some basic

facts about Orlicz-Sobolev spaces.
Set

O(t) = /t o(s)ds, @*(t) = /t ¢ (s)ds, forallteR.
We observe that ® isoa Young function, thgt is, ®(0) =0, ® is convex, and
tll)rgo O(t) = +o0.
Furthermore, since ®(¢) = 0 if and only if ¢t = 0,

lim&t) =0 and lim % = 400,
t—0 t t—oo

then @ is called an N-function. The function ®* is called the complementary
function of ¢ and it satisfies

O*(t) = sup{st — ®(s); s >0}, forallt>0.
We observe that ®* is also an N-function and the following Young’s inequality

holds true:
st < ®(s) + D*(¢), foralls,t>0.

Assume that ® satisfies the following structural hypotheses

L te(t) to(t)
1 < lim inf <p’i=sup —= < o0 2.1
PR <P T ) @1)
o te(t) L log(2(t))
N := inf lim inf —>——22 2.2
SPGB0 SRR Tlog(t) (22)

The Orlicz space L (2) defined by the N-function ® (see for instance [I] and [29])
is the space of measurable functions u : 2 — R such that

lullLe == sup{/ﬂu(x)v(x) dz; /QCD*(\v(x)Ddx < 1} < 00.
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Then (Le(Q), ||-||2s) is @ Banach space whose norm is equivalent to the Luxemburg

norm
[l = inf{k >0 /Q@(“(Z)) de < 1}.

We denote by W'Lg(£2) the corresponding Orlicz-Sobolev space for problem
(1.1), defined by
ou

1 — . R ) =
W'Le(Q) = {u € La(Q); 7- € La(Q), i 1,...,N}.

This is a Banach space with respect to the norm
[ullie = [[Vulle + llulle,

see [1] and [15].

As mentioned in [8, [T0], Assumption (®g) is equivalent with the fact that ® and
®* both satisfy the Ay condition (at infinity), see [I p. 232]. In particular, (@, )
and (®*,Q) are A—regular, see [I, p.232]. Consequently, the spaces Lg(£2) and
W1Ls(Q) are separable, reflexive Banach spaces, see [1l p. 241 and p. 247].

These spaces generalize the usual spaces LP(Q2) and WP(€2), in which the role
played by the convex mapping t — |t|’/p is assumed by a more general convex
function ®(¢).

We recall the following useful lemma regarding the norms on Orlicz-Sobolev
spaces.

Lemma 2.3 ([30, Lemma 2.2]). On W'Lg(Q) the norms

[ulle = [[[Vullle + [lu]le,

[ull2,0 = max{[|[Vullle, [ulle},

. [ i@l [TE@
lul| = f{,u>0./g[[¢>( ) e )] <1},

are equivalent. More precisely, for every u € W'Lg(Q) we have

[ull < 2/ju

2,0 < 2[|ull1e < 4ffull.
We also recall the following lemmas which will be used in the proofs.

Lemma 2.4 (|25, Lemma 2.3]). Let u € W'Lg(Q). Then
(et + e(vu@lde > full”, il <1,
@Gt + (Tu@Dlds = fulpe,if ul > 1,
[ (u@) + e(vat@las < ful, i jul <1,
[ u@D + e(vut@la < fulp” i ul > 1.
Lemma 2.5 ([25, Lemma 2.5]). Let u € WLy (Q) and assume that ||ul| = 1. Then

/Q[@(IU(x)I) +@(|Vu(z)))] dz = 1.
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Lemma 2.6 ([9, Lemma 2.2]). Let u € W!'Lg(Q) and assume that

[ #(u@) + #(vul)ar <
for some 0 < r < 1. Then, one has |ju| < 1.

Now from hypothesis (2.2), by Lemma D.2 in [I5] it follows that W!'Lq(9) is
continuously embedded in W1P0(Q2). On the other hand, since we assume py > N
we deduce that WP (Q) is compactly embedded in C°(Q). Thus, one has that
W1Lg(2) is compactly embedded in C°(Q) and there exists a constant ¢ > 0 such
that

lullos < ¢ l[ullio, for all u € W'Lg(R) (2.3)

where ||ul|o := sup, g |u(z)]. A concrete estimation of a concrete upper bound for
the constant ¢ remains an open question.
Let

3
F(z,§) :/ f(z,t)dt for (z,§) € A xR.
0
Now for every u € WL (), we define I'y(u) := J(u) — M (u) where

J(u) = /Q[<I>(|Vu(x)|)+<1>(\u(x)|)] da, (2.4)
I(u) = /QF(m, u(z)) de. (2.5)

Standard arguments show that I'y € C*(W!Lg(Q),R). In fact, one has

Iy (u)(v) = lim Da(u+ hz) — T (u)

:/oz(|Vu(x)|)Vu(x)~Vv(z) dm+/o¢(|u(x)\)u(x)v(a:)dx
Q

Q
—/\/Qf(m,u(x))v(x)dx.

for all u,v € W'Lg(9) (see [30] for more details).
A function u : Q — R is a weak solution for problem ([1.1]) if

/a(|Vu(x)|)Vu(x) - Vo(z) der/ a(ju(x)))u(z)v(z) dz
Q Q
.\ /Q f(a, u(@))v(z) do = 0,

for every v € W'Lg ().

3. MAIN RESULTS
For a non-negative constant v and a positive constant § with
(0]
v # 2¢(P(6) meas(Q))l/p ,

we set
_ Josup<, F(x,t)dz — [, F(z,0)dx
" — (2¢)P" ®(5) meas(Q)

a(9) :
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Theorem 3.1. Assume that there exist a non-negative constant ~v1 and two positive
constants 2 and §, with v2 < 2¢ and

0

'Y;f ’ygo
m <®(0) < m7 (3.1)

where ¢ is defined in (2.3), such that
(A1> a72 (6) < a’Yl (6)7
(A2) there exist v > p® and R > 0 such that for all |£] > R and for all x € Q,

0 <vF(x,&) <&f(x,8). (3.2)
Then, for each \ €] (QCl)pO %11(6)7 (261)P0 %21(5) [, problem (1.1) admits at least two non-
trivial weak solutions uy and ug in W'Le(2), such that
p° p°
71 V2
<J < .
(2C)p0 (ul) (2C)p0

Proof. Take X := W'Lg(Q). For u € X, put I'y(u) = J(u) — M (u) where J and
I are given as in and , respectively. Moreover, owing that @ is convex, it
follows that J is a convex functional, hence one has that J is sequentially weakly
lower semicontinuous. We see that J is a coercive functional. Indeed, by Lemma
we deduce that for any v € X with ||u]| > 1 we have J(u) > ||u||P° which follows
limy|—4o J(u) = 400. Finally we observe that the functional J : X — R is
continuously Géteaux differentiable while Lemma 2.3 of [30] gives that its Gateaux
derivative admits a continuous inverse on X*. On the other hand, the fact that
X is compactly embedded into C°(Q) implies that the operator I’ : X — X* is
compact. Note that the critical points of I'y are the weak solutions of the problem

(1.1). Choose
A=) e )
2c/ 2¢

and w(z) := 0 for all z € Q. Clearly w € X. Hence

J(w) = /Q[@qvu;(x)\) + ®(jw(z)))] de = / (5) dz = B(0) meas($).

Q
From condition (3.1f), we obtain r < ®(w) < ry. For all w € X, by (2.3) and

Lemma [2.3] we have
lu(@)] < Julloo < cllulli,e < 2¢||lull, forall x e Q.

Hence, since 72 < 2¢, taking Lemmas [2.4] and [2.6] into account one has
JH(—o00,m2) C {u € X;|ju| < %} C{u € X;lu(z)| <7 forall z € Q},
c
and it follows that

sup I(u) < / sup F(z,t)dz.
ueJ 1 (—o0,rs) Q |t <72
Therefore, one has
SUD e/ —1 (—oo,r) I(u) — I(w)
ro — J(w)
20 Josupjyj<y, F(z,t)dz — [, F(x,0)dx
+2° — (2¢)7°®(5) meas ()

19(7’1, ’1"2)

IN

IN

(2¢)
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= (2¢)"" ar, (6).
On the other hand, one has
I(w) = SUPyej—1(—o0,m) (1)
J(w) —ry
W0 Josupy <, Fx,t)da — [, F(z,0)dx
(2¢)° ®(5) meas(€2) —
= (20" 4y, (9).

Hence, from (A1), one has ¥(r1,72) < p1(r1,72). Therefore, from Theorem for
each

p1(r1,re) >

> (2¢)

1 1 1 1 [
(QC)pO a’h (5)7 (20)170 a’YQ (6) ’
the functional I') admits at least one non-trivial critical point u; such that

A €]

r < J(ul) < T,

that is . .
p p
g 72
<J < .
2o <) < G

Now, we prove the existence of the second critical point distinct from the first one.
To this purpose, we verify the hypotheses of the mountain-pass theorem for the
functional T'y. Clearly, the functional I'y is of class C! and T'y(0) = J(0) — AI(0) =
0. The first part of proof guarantees that u; € X is a local non-trivial local
minimum for I'y in X. We can assume that u; is a strict local minimum for 'y in
X. Therefore, there is p > 0 such that infj,_,, =, Tx(u) > T'x(u1), so condition
[0, (I), Theorem 2.2] is verified. By integrating the condition there exist
constants ay, as > 0 such that

F(I‘,t) > a1|t|u —asz

for all z € Q and t € R. Now, choosing any v € X \ {0}, and for convenience, let
. {p(% i fJu] > 1,

~\po, i fJull < 1.
One has

La(ru) = (J = M) (1u)
= /(<I>(|7Vu(x)|) + O(|ru(z)|)) de — )\/ F(z,7u(z))dz
Q Q
< 7P ul? = A¥ay /Q |u(t)]” dt + Aag — —o0

as T — 400, so condition [40, (I2), Theorem 2.2] is satisfied. So, the functional I'y
satisfies the geometry of mountain pass. Moreover, I') satisfies the Palais-Smale
condition. Indeed, assume that {un}neny C X such that {T'y(un)}nen is bounded
and

' (up) — 0 asn— +oo. (3.3)

Then, there exists a positive constant Cy such that

ICa(un)| < Co,  [TA(un)l < Co, VneN.
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Therefore, since

to(t)

0> 20 vE>0

p — @(t) ) > )

we deduce from the definition of I and the assumption (A2) that

Co + Cillunl| = vIx(un) — F&(“ﬂ)(“ﬂ)

= v [ (@(Vua @) + @, (@))) do
= [ V@) Vn () o~ [ il @) () s

Q

Y / (P (& n(2)) — F(&, n(2))(tin(2))) da

o J =) unlos i flun ] > 1,
o .
=) lunll?, i Jlua] <1,
for some C; > 0. Since v > p® this implies that (u,) is bounded. Consequently,
since X is a reflexive Banach space there exists a subsequence, still denoted by

{un}, and u € X such that {u,} converges weakly to u in X. Now, arguing as in
[34], from the continuity of f, we have that

lim I(u,)=1(u), lim I'(u,)=1"(u). (3.4)
n—0oo n—oo
Since
J(u) =Tx(u) = Al(u), YueX,
relations and imply
lim J'(up) = —A"(u), in X*. (3.5)

n—oo

By the convexity of ® we have the convexity of J and thus
J(un) < J(u) + (J (un), up — ).
Passing to the limit as n — oo and using (3.5) we deduce that

limsup J(uy,) < J(u). (3.6)
Since J is weakly lower semi-continuous we have
liminf J(uy,) > J(u). (3.7
By (3.6) and (3.7) we have
lim J(up) = J(u)
n—oo
or

lim [ [®(|Vun (2)]) + @ (Jun (2)])] dw:/[CI’(IW(JJ)IH‘I’(IU(JU)D] dz. (3.8)

n—oo O Q

Since @ is increasing and convex, it follows that
1 1
@ (5IVun(@) — Vu(@)]) + @ (Flun() - u(a)])

< @ (5 (Vun(@)|+ [u(@)) ) + (5 (un(@)] + fu@)]) )

< ‘I’(IWn(ﬂ:)l); e(Vu(@))) ‘I’(Iun(%)\);L S (u@l)
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for all x € Q and all n. Integrating the above inequalities over Q2 we find

0< /Q [cp(%w(un —u)@)]) + @(1|(un —u)(@)|)] da

- Jo @(|Vuy(2)]) dz + [, @(|Vu(z fQ (Jun(2z)]) dz + [, (Ju(z)|) dz
- 2 2
_ Jo[2(IVun(@)]) + @(Jun(2)])] dz + [o [2(|Vu(@)]) + S(ju(x)])] dz

2 )

for all n. We point out that Lemma [2.4] implies

/Q[CP(IV%(I)D + @(fun(2)])] dz < flun [P <1,

provided that ||u,| < 1, and

/Q[‘I’(Wun(x)\) + & (Jun(@)))] dz < un |,

provided that ||uy| > 1. Since {u,} is bounded in X, the above inequalities prove
the existence of a positive constant M7 such that

[ 18190 @)) + @ (@) do < s
for all n. So, there exists a positive constant M, such that
1 1
< - _ — — <
0< /Q (@ (519~ w(@)) + (Gl —w)@)) ] de < Mo, (39)

for all n. On the other hand, since {u, } converges weakly to v in X, Theorem 2.1
in [2I] implies

Ouy, 0
8Zivdx_)/98320dx’ Vv € Lo+ (), i=1,...,N.

In particular this holds for all v € L*°(€2). Hence {8“"} converges weakly to T“
in L1(Q) for all i = 1,..., N. Thus we deduce that

Vug(x) — Vu(z) ae. x € (3.10)

Relations (3.8), (3.9) and (3.10)) and Lebesgue’s dominated convergence theorem
imply

n—oo

lim | [@(%\V(un - u)(x)|> + @(%Kun - u)(:z:)|)} da = 0. (3.11)

On the other hand, the assumption (®g) implies that ® satisfies As-condition.
Thus, by (3.11)) and [16, Lemma A.4] (see also [I, p. 236]) we have

1
Tim |15 (un — w)]| = 0.
So |lun, —ul]] — 0 as n — oo, which implies that {u,} converges strongly to u
in X. Therefore, I'y satisfies the Palais-Smale condition. Hence, the classical
theorem of Ambrosetti and Rabinowitz ensures a critical point us of I'y such that
Ix(uz) > T'a(up). Since f(x,0) # 0 for all € Q, u; and uy are two distinct
non-trivial solutions of and the proof is complete. (I
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Remark 3.2. In Theorem [3.I] we ensured the existence of at least two non-trivial
weak solutions u; and us for , with us obtained in association with the classical
Ambrosetti-Rabinowitz condition on the data by assuming f(x,0) # 0 for all z € Q.
If f(z,0) =0 for all z € Q, uy may be trivial.

Now, we point out an immediate consequence of Theorem

Theorem 3.3. Assume that there exist two positive constants § and v, with v < 2¢

and
(0]

AP
2(0) < (2¢)?” meas(2)’

such that (A2) in Theorem holds. Furthermore, suppose that

Josupjy <, F(z,t) dz Jo F(x,0)da
yP° (2¢)P° ®(5) meas(2)

(3.12)

Then, for each
\e } D (6) meas(9) AP’ [
Jo F(z,0)dz’ (2¢)P° [, supyy <, F(z,t)dz U

problem (1.1)) admits at least two non-trivial weak solutions uy and ug in W' L (£2)
such that

0
P

2o

Proof. The conclusion follows from Theorem by taking 3 = 0 and v2 = 7.
Indeed, owing to the inequality (3.12)), one has

fﬂ SUD g < F(z,t)de — fQ F(z,6)dz

0<J(up) <

5 =
a,(9) vP° — (2¢)P° ®(§) meas(2)
»0
(1 (29 <I>Si) mcas(Q)) fQ SUD|f<y F(J?,t) dz
<

vP° — (2¢)P° ®(5) meas(Q)
_ Jo SUD ¢ <+ F(x,t)dx

ot
Jo F(z,0)dzx
(2¢)P" ®(5) meas(Q)

= ap(9).

In particular, one has
0,(3) < 38 Sup“jf wr)dr

which follows

1 P’ 1 1

(20)P" [ sup)y <y F(z,t) da < (2¢)P” a4, (6)

Hence, Theorem concludes the result. ([l

Now, we give an application of Theorem [2:2] which will be used later to ensure
the existence of multiple solutions for non-homogeneous Neumann problems.
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Theorem 3.4. Assume that there exist two positive constants 5 and § with 7 < 2c
and

(5 —VO
(9) > (2¢)P” meas(Q2)’
such that

/sup F(sc,t)dx</F(x,5)dx,
Q Q

[t|<¥

F
lim sup (z.8) <0
el —+o0  [€P

uniformly in R. (3.13)

Then, for each X\ > X, where

- (2¢)P° ®(8) meas(Q) — 4
(2c)r° (fQ F(z,0)dz — fQ SUP|4|<5 F(z,t) dx)
problem admits at least one non-trivial weak solution it € W' Lg(Q) such that

—p0
_ g
J(u) > —.
(U’) (20)p0
Proof. Take the real Banach space X as defined in Theorem [3.3] and for v € X put
I'x(u) = J(u) — A (u) where J and I are given as in (2.4) and (2.5]), respectively.
Our aim is to apply Theorem to function I'y. The functionals J and I satisfy
all required assumptions in Theorem Moreover, for A > 0, the functional
'y is coercive. Indeed, fix 0 < € < ———t—oor. From (3.13)) there is a function

cPO meas(Q)\°
pe € LY(Q) such that
Fa,t) < elt]” + pe(z),

for every z € Q and t € R. Taking (2.3) into account, it follows that, for each
u € X with |lul| > 1,

() — M (u) = /Q(<IJ[|Vu(a:)|) + & (Ju(z)])] de — )\/QF(x,u(x))dx

> full - e / (@) [P dz — Allpe 2o
Q
> (1= Aec® meas(Q) ul™ — Mlpellr(o -

and thus
| ”lim (J(u) = M (u)) = +o0,
ul|—+oc
o0 -
which means the functional I'y is coercive. Choosing 7 = (;cﬁ and w(x) = 0 for

all z € Q, and arguing as in the proof of Theorem we obtain that
20 Jo F(z,0)dz — [, supy <5 F(x,t) dz
(2¢)P° ® () meas(Q) — 77° '

So, from our assumption it follows that p(¥) > 0. Hence, from Theorem for
each A > A, the functional I'y admits at least one local minimum # such that

p(F) = (2¢)

_pO
J(w) > (;FT The conclusion is achieved. O
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Now, we point out some results in which the function f has separated variables.
To be precise, consider the problem
—div(a(|Vu])Vu) + a(ju))u = A0(x)g(u) in £,
ou (3.14)

520 on 0f2

where 0 : ) — R is a non-negative and non-zero function such that 6 € L*(Q) and
g : R — R is a non-negative continuous function.

Put G(t) = [ g(€)d¢ for all t € R.

Since the nonlinear term is supposed to be non-negative, the following results
give the existence of multiple positive solutions. To justify this, we point out the
following weak maximum principle.

Lemma 3.5. Suppose that u, € W'Lg(Q) is a non-trivial weak solution of the
problem (3.14). Then, u, is positive.

Proof. Arguing by a contradiction, assume that the set A = {z € Q; u.(z) <0} is
non-empty and of positive measure. Put u; () = min{u.(z),0}. By [22| Remark
5] we deduce that u; € WLg(Q). Suppose that ||u.| < 1. Using this fact that wu.
also is a weak solution of (3.14) and by choosing v = u, since

to(t)

O(t)

and using the first inequality of Lemma and recalling our sign assumptions on
the data, we have

N LA /A [@(1Vu.(@)]) + P (| ()] do

pOS Vt>07

< 2 [ 1V @) T @) + e (@) (2)]] da
Po Ja

= L a1V @)) [T @) + alfue (@)D ()] d
Po Ja

— L [ bw)gun(@)yu () do <0,
Po Ja

ie.,
0
||u* ||€V1Lq>(./4) <0,

which contradicts that u, is a non-trivial weak solution. Hence, the set A is empty,
and wu, is positive. The proof of the case ||u.| > 1 is similar to the case ||u.| <1
(use the second part of Lemma[2.4]instead). For the case [|u.| = 1, we may assume
lltusll w1 Ly (a) = 1, and arguing as for the case |lu.| < 1, and using Lemma we
have

[l w1 Ly () = /A[CP(VU*(fE)) + @ (Ju. (z)])] do

1
< — [ 8(@)g(u.(2)u(z) dz < 0,
Po Ja
which also contradicts with the fact that u, is a non-trivial weak solution. There-
fore, we deduce u, is positive. [
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Setting f(z,t) = 0(x)g(t) for every (x,t) € Q X R, the following existence results
are consequences of Theorems respectively.

Theorem 3.6. Assume that g(0) # 0 and there exist a non-negative constant v,
and two positive constants yo and &, with vo < 2¢ and

il g
(2¢)P” meas(Q2) <20)< (2¢)P” meas(§2)’
such that
G(n) — G(9) < G(y2) — G(9)

7{)0 — (2)P° ®(5) meas(£2) 750 — (2¢)P"®(5) meas(Q)
Furthermore, suppose that
(AR) there exist constants v > p° and R > 0 such that, for all € > R,

0 <vG(§) < &g(8)-
Then, for each X €)1, Ao[, where

A = 1 (2c) ®(6) meas(Q)
(2c)r" H9IIL1(Q)( (1) = G(9))
Ny = 1 (20) ®(6) meas(Q)
(2c)P° H9||L1(Q) (G(r2) = G(9))

problem (3.14)) admits at least two positive weak solutions uy and ug in W' Le(S2)
such that

p° p°

1 V2
— < J < —=—
(2¢)P" (1) (2¢)p"

Theorem 3.7. Assume that g(0) # 0 and there exist two positive constants 6 and
v, with v < 2¢ and

(o]

AP
(9) < (2¢)r° meas(Q2)’

such that
G(v) 1 G(9)

77 = (20)" meas(Q2) B(5)°
Furthermore, suppose that (AR) holds. Then, for every
O (5) meas() AP’
1011 (2)G(8) " (2¢)P° 10| L1 () G(7)

problem (3.14)) admits at least two positive weak solutions uy and ug in W' Leg(S2)
such that

(3.15)

AE

gl
(2c)P”
Theorem 3.8. Assume that g(0) # 0 and there exist two positive constants y and
0 with %y < 2c and

O<J(U1) <

_ :yiﬂ
®(8) > B M (3.16)

such that
G(7) < G(3) (3.17)
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and

lim sup G(©) <0.
[€]——+o0 |£‘p0

Then, for each \ > X\, where
(207" ®(5) meas(Q) — 77
(20)° 101l L1 () (G(8) = G(F))”
problem admits at least one positive weak solution 1y € W'Lg(Q) such
J(uy)

,71’
> o

Now we illustrate Theorem by presenting the following example.
Example 3.9. Let 3 < N < p, and let Q € RY be a domain such that

p(p+2)

meas({2) > (2V/3)P+2¢p [(p + 2) log(1 + ¢2) — 2]’

(3.18)

and let
o(t) =log(1 + |tA)[t|P~%, teR.
It is easy to see that, ¢ : R — R is an odd, increasing homeomorphism from R onto
R, and one has
po=p and p’=p+2.
Thus the relations and are satisfied (see [16, Example 2] for the details).
Now we define the function g : R — R by

C
t) =
90 = 55

Clearly, ¢ is a non-negative continuous function, g(0) # 0 and

G(t) = emretanlt/c) _ 1 vt eR.

6arctam(t/c) )

Thus /o)
arctan(§/c) __ 1

lim sup G(e) = lim sup £ Ty

|&|—~+o0 ‘€|p0 €] =400 |§|p

By choosing § = ¢ and 7 = v/3¢/3 < 2c we clearly observe that (3.16) and (3.17)
are satisfied. Indeed,

GH)=¢e"8 —1<e™* —1=3G(5)
and by (3.18) we have

_ P c  op+1
B(5) = B(c) = —log(1+ ) — g/ :
p P Jo

1+ 52 5
cP 2 [° cP cp+2
> —log(1 4 ¢?) — 7/ P ds = —log(1 +¢*) — ——
p P Jo p p(p+2)

L G2y
(2¢)Pt2meas(2)  (2¢)?” meas(£2)
Hence, by applying Theorem for every
(2¢)PT2®(c)meas(Q) — (?c)p*'2
(2c)Pt2meas(Q)(e™/4 — e7/6) 7
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the problem

A anZ -
—div (log(1 + |Vul?)|Vul[P7>Vu) +log(1 + [uf?)|ulP~?u = =2 +Cu2 et e in Q
0
5, =0 onoo

has at least one positive weak solution.
A further consequence of Theorem is the following existence result.
Theorem 3.10. Assume that g(0) # 0 and

gli%lJr GEg = +o00. (3.19)
Furthermore, suppose that (AR) holds. Then, for every A €]0, \3[ where
x 1 ol
N R Ol i 053 G
problem admits at least two positive weak solutions in W'Lg ().

0

. * . ,YP
Proof. Fix A €]0,\%[. Then there is 0 < v < 2c such that A < ol G

From (3.19)) there exists a positive constant § with

0

o (6 gl
< o o
(¥) (2¢)P° meas(Q2)
such that
1. 101|102y G(6)
A ®(5) meas()
Therefore, the conclusion follows from Theorem (3.3 O

Remark 3.11. Theorem [[.I] immediately follows from Theorem [3.10] by setting
a([t]) = [t[P~2 (for details about this choice of a(|t]), see [0, Remark 3.4]).

Now we illustrate Theorem by presenting the following example.
Example 3.12. Let N =3, Q C R3, p =5 and define
[t["—2¢ :
o(t) = § osarmm A0,
0, ift=0.
It is easy to see that ¢ : R — R is an odd, increasing homeomorphism from R onto
R. By [16l Example 3] one has
. log(@(t))
= — 0 = = _—
po=p—1<p =p=liminf 0
Thus the relations (2.1) and (2.2) are satisfied. Now let
L+t0, [t >1,
t) = -
9(1) {3—1&2, [t| < 1.

In this case, g is non-negative, continuous, g(0) = 3 # 0 and the condition (3.19)
holds. Moreover, taking into account that
£9(8) : E+¢

im === lim =7>
lel—+oo G(E)  lel—>+oo &+ ££7 b
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by choosing v = 7 > p, there exists R > 1 such that the assumptions (AR) fulfilled.
Hence, by applying Theorem [3.10] for every A > 0 the problem

_aiv (—Ve@P G Y @ @) i
‘ <1f)g(1+|w<gc)|)v ( )>  log(l + [u(@)p U = A(u(@) in &
%20 on 092,

has at least two positive weak solutions.

Next, as a consequence of Theorems and we obtain the following result
on the existence of three solutions.

Theorem 3.13. Suppose that g(0) # 0 and

lim sup G(e) <0. (3.20)
|| —+oo [€]P0

Moreover, assume that there exist four positive constants v, §, 5 and 6 with 7 < 2c

and
_.0 0

)<< —
(2¢)P° meas(92) <20) = 20) < (2¢)P° meas(2)’
such that (3.15) and (3.17) hold, and
GO) G(0) - G()
> 21
AP’ < (2¢)P° ®(5) meas(£2) — 47° (3:21)

is satisfied. Then for each

|
10121 G(6) 77 (2¢)P°[|0]| L1y G () U

problem (3.14) admits at least three positive weak solutions uj, uy and v} such that

AEA= ] max {5\, <|I>(5) meas({)

0 0
7P . 7
— >
(26)1)0 (u2) (2C)p0

Proof. First, in view of (3.15) and (3.21)), we have A # 0. Next, fix A € A.
Employing Theorem there is a positive weak solution u] such that

J(uy) <

ol
(2¢)7°
which is a local minimum for the associated functional I'y, as well as Theorem
ensures a positive weak solution uj such that

J(uy) <

_pU

207
which is another local minimum for I'y. Arguing as in the proof of Theorem [3.4]
from the condition ([3.20)), we see that the functional I'y is coercive, and then it

satisfies the (PS) condition. Hence, the conclusion follows from the mountain pass
theorem as given by Pucci and Serrin (see [39]). O

J(u3) >

Now we present the following existence result as a consequence of Theorem [3.13]
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Theorem 3.14. Assume that g(0) # 0,

li{niilip Ggg = +o00, (3.22)
: G(&)
I g - 029

Furthermore, suppose that there exist two positive constants 7 and 0 with 5 < 2c

and
)

_ AP
O(5) > 27 meas(@) (3.24)
such that B
G() G(

)
3 = (20773 (3) meas(2) (3:25)
Then for each
] ®(5) meas(€2) 7" {
161 L1 G(0) " 2c)P° 0]l L1 () G(F) U
problem admits at least three positive weak solutions.

Proof. We easily observe that from (3.23) the condition (3.20)) is satisfied. More-
over, by choosing § small enough and v = 7, one can derive the condition (3.15|)

from (3.22)) as well as the conditions (3.17) and (3.21) from (3.25). Hence, the

conclusion follows from Theorem B.13 O

Remark 3.15. Theorem immediately follows from Theorem by setting
a(ft]) = [¢P~2.

Finally, we present an application of Theorem [3.14] as follows.
Example 3.16. Let N =3, 3 <p <4, and
o(t) =log(1 + [t|*)[t|P~%t, teR.

It is easy to see that ¢ : R — R is an odd, increasing homeomorphism from R onto
R, and one has po = p and p° = p+ 2. Thus relations [2.1)) and [2.2)) are satisfied
(see [16, Example 2] for the details). Now let g : R — R be the function defined by

2
142
Thus g is non-negative and continuous, g(0) # 0 and

G(t) = 2t — arctant for every t € R.

g(t) =1+

Therefore, one has

lim sup 7G(€) = lim 725 — arctang =+o00

e—o+r P(E)  e—or  grF? ’
Jim sup G(&) _ 26 — arctan ¢ _0
g—too [E[P0 Eooo 19

Letting Q C R? be such that

- 1 2(m + ¢) — arctan(w + ¢)
20120 (1 + ¢) 2¢ —arctanc

< meas(2)

)

20129 (7 + ¢)
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T+c

where ®(m +¢) = [ “log(1 + [t[*)|t[P~2tdt, by choosing 7 = ¢ and § = 7 + ¢, we
observe that (3.24) and (3.25) are satisfied. Hence, by applying Theorem |3.14), for

every

) e ] O(m+c) 1 [
2(m + ¢) — arctan(m + ¢)’ 2P+2 meas(2)(2¢ — arctan c) I’
the problem
2
— div (log(1 + [Vul?)|VulP~2Vu) + log(1 + |ul?)]ul?~2u = )\(1 + ﬁ) in Q,
% =0 on 09,

has at least three positive weak solutions.
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