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A WAVELET METHOD FOR SOLVING BACKWARD HEAT
CONDUCTION PROBLEMS

CHUNYU QIU, XIAOLI FENG

ABSTRACT. In this article, we consider the backward heat conduction problem
(BHCP). This classical problem is more severely ill-posed than some other
problems, since the error of the data will be exponentially amplified at high
frequency components. The Meyer wavelet method can eliminate the influence
of the high frequency components of the noisy data. The known works on this
method are limited to the a priori choice of the regularization parameter. In
this paper, we consider also a posteriori choice of the regularization parameter.
The Holder type stability estimates for both a priori and a posteriori choice
rules are established. Moreover several numerical examples are also provided.

1. INTRODUCTION

Wavelet theory has been widely developed in the late of the previous century.
The multiscale analysis and wavelet decomposition are now still subjects of intensive
development. At the same time, the investigation of mutual interactions between
wavelet theory and ill-posed problems has never stopped. Some results have been
applied to the analysis of some inverse problems. Wavelet methods have advantages
for use in certain inverse problems: 1. They allow for the decomposition of an
object into multiple resolutions (or scales). This is a particular advantage for high
precision inversion of the objects; 2. The localization of wavelets in both time and
frequency makes them quite useful for analyzing local features; 3. Wavelets have
excellent data compression capabilities for spatially variable objects, such as signals
characterized by singularities or images determined primarily by a set of edges; 4.
Some methods of denoising, based on thresholding of the wavelet coefficients, have
been proven to be nearly optimal for a number of tasks across a wide range of
function classes [13].

We emphasized that Meyer wavelets possess specially important significance for
solving many ill-posed problems. Meyer wavelets have the property that their
Fourier transforms have compact supports. This means that they can be used to
prevent high frequency noise from destroying the solution, i.e., by expanding the
data and the solution in a basis of Meyer wavelets, high-frequency components can
be filtered away. Within V;, which is generated by the father wavelet of Meyer, the
original ill-posed problem is well-posed, and we can find a regularization parameter
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J depending on the noise level of the data such that the solution in V; is a good ap-
proximation of the original problem. Moreover, the combination of Meyer wavelets
method with the fast Fourier transform (FFT) can build high-speed algorithm.

Meyer wavelet techniques have been used by Reginiska et al [18, 19], Hao et al [10],
Eldén [6], and Wang [24] to solve the inverse heat conduction problems (IHCP), and
by Vani [23], Qiu et al [17] to solve the Cauchy problem for the Laplace equation.
However, they all used the a priori wavelet method, and did not consider the a
posteriori error estimate. Since the numerical results for the a posteriori method
do not depend on the a priori information, the a posteriori wavelet method is more
effective to solve practical problems than the a priori method. In this paper, we
continue to study the a priori wavelet method, and then focus on the a posteriori
wavelet method and its numerical solution.

Although the application of wavelet theory in differential equation has been
mostly focused on numerical computation, the connection between the wavelet the-
ory and differential equation is also searched all the time. Shen and Strang in [21]
have introduced the concept of heatlets in order to solve the heat equation using
wavelet expansions of the initial data. The heatlet is a “fundamental” solution to
the heat equation, when the initial data is expanded in terms of the wavelet basis,
the solution to the heat equation is then obtained from an expansion using the
heatlets and the corresponding wavelet coefficients of the data. In [11] the authors
combined heatlets with quasi-reversibility method to regularize the backward heat
equation, and obtained some theoretical error estimates. However, there are no
numerical results.

In the present paper, we consider the following backward heat equation in a strip
domain by a Meyer wavelet method.

Up = Ugy, —0O0<z<o00, 0St<T,

u(z,T) = pr(z), —oo <z <00, (1.1)

where we want to determine the temperature distribution wu(-,¢) on the interval

t € [0,T) from the data ¢r(x). Backward heat conduction problem is a classical

ill-posed problem [12, 14], and is known as the most severely ill-posed problem,

which has been studied by many authors by different methods [1, 2, 4, 20, 22, 25].
Let g(&) denote the Fourier transform of g(z) defined by

G(E) = —— Ooe_”“' x)dx
79 = o= [ e glajaa. (1:2)

and || f|| g denote the norm on the Sobolev space H*® defined by

< 2 2\s 1/2
1= ([ 1F@Pa+era) " (13)
When s =0, || - ||go := || - || denotes the L?(R)-norm, and (-,-) denotes the L?*(R)-

inner product. It is easy to know that L*(R) C H*(R) for s < 0.

We assume that there exists a solution u(x,t) satisfying (1.1) in the classical
sense and u(-,t) € L?(R) for 0 < t < T. Using the Fourier transform technique to
problem (1.1) with respect to variable x, we can get the Fourier transform u(&,t)
of the exact solution u(zx,t) of problem (1.1):

(e, t) = e TG0 (¢), (1.4)

ell

el2
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or equivalently,
1 > i€x E2(T—t) ~
u(w,t) = \/72?/ et TG (€)de. (1.5)

For any ill-posed problem some a priori assumptions on the exact solution are
needed, otherwise the convergence of the regularization approximate solution will
not be obtained or the convergence rate can be arbitrarily slow [7]. When we
consider problem (1.1) in L?(R) for the variable z, we assume there exists an a
priori bound for ¢o(x) := u(x,0):

ol = lJu(-, 0)[ < E-. (1.6)

From the formula (1.5) and the Parseval formula, we know

looll? = / €T G (6)Pd. (L.7)

For a concrete ill-posed problem, not all regularization methods are effective. For
example, for the severely ill-posed problems with growth rate of magnitude factor
reaching or exceeding 0(6752), v >0, — oo, the Mollification method with Gauss
kernel suggested by Murio [15] cannot deal with them. Problem (1.1) considered in
the present paper just is the case as the magnitude factor €7 (T—1), Therefore, the
Mollification method is not effective both in theory and numerical computation. In
addition, the convergence rate and numerical results are also not completely the
same for different regularization methods. For example, for the Modified method
suggested by [16], the theoretical convergence rate for problem (1.1) is only loga-
rithm type not Holder type. So construction of specific regularization methods for
different ill-posed problems is significant.

The main goal of this paper is to provide a Meyer wavelet method for solving
the backward heat equation (1.1). Our method of proving stability estimates is
constructive: We construct a stable solution to the problem for both a priori and
a posteriori choice rules.

The outline of this paper is as follows. In Section 2, a brief survey on some
fundamental properties of Meyer wavelet is presented. On this basis, we give the
Meyer wavelet regularization method to solve the problem (1.1) for both a priori
and a posteriori parameter choice rules, and obtain the error estimates of the a
priori and a posteriori situations respectively. In Section 3, four numerical exam-
ples are provided, and the comparison of numerical effects for a posteriori wavelet
method with other methods for Examples 3.1 and 3.2 are also taken into account.

2. WAVELET REGULARIZATION AND ERROR ESTIMATES

Let ¢(x),1(xz) be Meyer scaling and wavelet functions respectively. Then from
[3] we know

- 4 4 ~ 8 2 2 8
supp ¢ = [—gﬂa 57], supp ¢ = [—gﬂa —57] U [gﬁa gﬂ,

and ;i (z) = 2%1/1(2ja: — k), j,k € Z constitute an orthonormal basis of L*(R) and

N 9 9 _
supp ¥, (§) = [f§7r2j, f§7r23} U [§7T2j, §7r2j], k € Z. (2.1)

elb

el7
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The multiresolution analysis (MRA) {V;};ez of Meyer wavelet is generated by

Vi={p:kE€L}, @i :=22022x—k), jkel,
. ey (2.2)
supp @jk(§) = [-372’, on2’], k€ Z.

The orthogonal projection of a function g € L#(R) on space V is given by P;g :=

> nez( 9 ear)ear, while Qg == >, 5 (9,Y k)Y denotes the orthogonal projec-
tion on wavelet space W with Vy; = V; @ W, It is easy to see from (2.2) and

(2.1) that
— 4
Pro(e) =0, forle|> 1r2 (2.3

_ 4
Qjg9(&) =0, forj>Jand [¢| < §7r2‘]. (2.4)

Since (I — Py)g = ;5 ;@;g and from (2.4), we know

- — 4
(1= P1)g)(&) = Qug(§), for [¢] < gm2”. (2.5)
Lemma 2.1 ([10]). Let {V;};ez be Meyer’s MRA and suppose J € N,r € R. Then
for all g € Vy, it holds the estimate
ID* gl < C2 V¥ |gllr, k€N, (2.6)

where C' is a positive constant and D* = ka'

Define an operator A; : or(z) — u(z,t) by (1.4), i.e.,
Arpr = u(z,t), 0<t<T,

or
Arpr(€) = ST 052(6), 0<t<T. 2.7)

Then we have the following lemma.

Lemma 2.2. Let {V;};ez be Meyer’s MRA and suppose J e Nyr e R,0<t <T.
Then for all g € V; we have

[Aegllmr < 2C exp {22(T — 1) }lgl| -, (2.8)
where constant C is the same as in (2.6).

Proof. From (2.6) we know that

x© /
[l = ([ 1Ag©P@+eydae)

= (/_Z 1" T=05(6) (1 + 52>"d€)1/2
< (/_O:o 12 cosh(€2(T — 1))3(€)2(1 +§2)Td§)1/2
=2( / Z | ;Wﬁ’“a@n?u rerya)”

1/2

co X _ +\2k
o [ 1Y g tiotaora+ ey a)

& k=0

[0] (0]
N N
RN @

)
[\
;]

e26

e27

e28
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(oo}
(T _ t)Qk
<2 Z W||D4kg||Hr
k=0

&0 (T _ t)Qk B
< QCZ WQ(J D% g]) v
k=0 ’

= 2C cosh (22(‘]71)(77 —t)llgllar
< 2C exp {22"(T — ) } |9l -

Let o7 (), 9% (x) be exact and measured data, respectively, which satisfy
lor — @5 llgr < 6, for some r < 0. (2.9)

Since ¢%(z) belongs, in general, to L*(R) c H"(R) for r < 0, r should not be
positive. In general, L? a priori bound for exact solution as (1.6) can only lead
to a Holder stability estimate for the regularization solution, but this a priori
assumption can not ensure the convergence of the regularization solution at t = 0 for
problem (1.1). To obtain a more sharp convergence for the regularization solution,
here we assume, for some s > r, there exists an a prior: bound:

I pollare < E. (2.10)

Denote operator A; j := A¢P;, we can show it approximates A; in a stable way for
an appropriate choice of J € N depending on ¢ and E. In fact, we have

|Avpr — A 0% || e < || Asor — Avgerlae + | Acser — Ae sy llar. (2.11)

From Lemma 2.2 and condition (2.9), we can see that the second term of the right-
hand side of (2.11) satisfies

1At s o7 — A sl = [ AcPs(or — 07)
<20exp (22T — )} | Pr(or — o) lar (2.12)
< 2Cexp {22“_1) (T —t)}s.

For the first term of the right-hand side of (2.11), from (2.3) we have

|Avor — A sor| Er
= [|Ac(I = Py)er|lar

= (/_OO |e$2(T7t)((I_ PJ)QPT)A(f)P(l +52)Td§)1/2

s (2.13)

([, @R ey a)

2 ~ /
([ T Per) P+ ) = ht b
lgl<gm2’

e29
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Noting (1.4) and (2.10), we have

= ([, B r eya)”

R 1 N s 1/2
< s ([ jalePa )
l€]> 4 w2 (14¢€2)= |¢|> 4 w27

(2.19)

1

2
< sup e ——|lpollu:
le|> 427 (1+&)=
< o—t(3m27)? E o122 E
> (%7’(’2‘])5_T — 2(J+2)(s—r)

— 27(J+2)(57T) exp{7t22(J+2)}E.

From (2.5), Lemma 2.2, and noting that Q ;o € W; C V41, it is easy to see that
I, satisfies:

= 2(T1) (] — 3 rae)
e (/«;W 0 (1= Pryer] (©P(1L+€)7de)

2 — 1/2
= ([, TR + )
<zm2J

< NAQeor|ur
<20 exp{2%/(T - )}|Qu¢r a7

Denote X as the characteristic function of the interval [—2727, 2727]. We intro-
duce an operator M ; defined by

Mjg=(1-x3 g€L*R).
Noting that o7 € L*(R), so from Parseval formula and (2.1) we have

Quer =Y (er bu)bor = Y _(Br )

kEZ keZ
= (1 = x)@r, V)b
keZ
— Z(MﬂPTM/JJkWJk
keZ.

=QsMjpr.
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So, from (1.4),
1Qreor|lar = 1QiMspr|m < |Msor| ar

([, BrOrQ+eya)

- (/|§|>§w2J [T Bo©1P (1 + §2>Td§)

1/2
1/2

12 (2.15)

B S —CC 2 2)s
</|£|z§7r2J le (1+§2)5;2r| |Bo(&)2(1+ &%) 5)

7§2T

€
< sup S
- \fwzgay GG 2ol z

< 2—(J+1)(s—r) exp{ _ T22(J+1)}E_
Therefore,
I, <2Cexp {227(T —t)} 27T exp { — 722D B
< 2027 HDET) exp (22T —p) — 722D B (2.16)
= 202" D) oxp £ — 422UHOLE,
From (2.14), (2.16) and (2.13), we obtain
|Aror — At st mr
< 27U exp {122/ TVp 4 202~ TV exp { — 1220FDLE (2.17)
< (1+20)27UHDET exp { — 220D B
Combining (2.17), (2.12) with (2.11), we have
1Avpr — Av 97|l ar
< 2Cexp {QQ(J_l)(T —t)}o+(1+ 22~ D= exp {- t22(‘]+1)}E (2.18)
<2Cexp {2*/(T — 1)} 6 + (1 +20)27TIE" exp { — 122/ B,
Based on the above results, we will give the estimates for the a priori and a poste-

riori parameter choice rules, respectively.

2.1. A-priori parameter choice. Now we can firstly give an error estimate be-
tween the wavelet regularization solution A; ;% and the exact solution u(z,t) =
Ao in L2(R).

Theorem 2.3. Suppose that ¢y € L*(R) and (2.9), (2.10) hold forr = s = 0. The
problem of calculating At,Jga‘sT is stable. Furthermore, taking

J* = E log, <ln (?)UT)}, (2.19)

where [a] denotes the largest integer less than or equal to a € R, then the following
stability estimate holds:

| Avpr — Ap o3| < (4C + 1)EV 7§47, (2.20)

where C is the same as in (2.6).

e2x*
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Proof. Note that
exp {22‘]* (T —1)}6

_ El—%(st/T

) T

exp { ~ 1227} E <exp{ ~tn ()

<ep{(T - (2) 5= ()T

VB = BT st/T
and from estimate (2.18) we have
[Acpr — A,y 0[50 = | Acpr — At 7= 07l
< 2CE" 18T 4 (14 20)E 7 64/T
= (4C +1)E'" 7T,
The proof is complete. (Il

Remark 2.4. From the result of reference [22] we know estimate (2.20) is an order
optimal Hélder stability estimate in L2(IR). This suggests that wavelet method must
be useful for solving the considered ill-posed problem. However, from (2.20) we
know when t — 0T, the accuracy of the regularized solution becomes progressively
lower. At t = 0, it merely implies that the error is bounded by 4C + 1, i.e., the
convergence of the regularized solution at ¢ = 0 is not proved theoretically. This
defect is remedied by the following result.

thm2.2| Theorem 2.5. Suppose that pg € H*(R) for some s € R and (2.9) holds for
r <min{0, s}. Take
e 1 E\yr, E,_tmn
I =[S logs (I () (m )™ 7)) (2.21)
where the bracket [a] is the same as in (2.19). Then

|Avor — At go 7 || e

—r

InZ =
< (2C+(1+20) 0
( <;1n§ 4 1n (In ?)—<s—r)/<2T>) ) (2.22)

E . _(T-t(s—r)
El—%ét/T 1 2T

Proof. Note that

exp{22J**(T— t)}(5 < exp{(T —#)In ((?)1/T(ln ?)_(52}”>}5
E. 1=t = B, _@=tG=n
= (g) B (111?) 27
:El T(St/T(hlg) ’
o E 1/T E _(SQ—Tr)
exp { — 122D E < exp{ —tln ((3) (In g) )}E

Byt By
=(3) T(mz) 7 E

— El—%(st/T(ln ?) (;T
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9= (I H1)(s=7) _ 92(J* " +1)(— 25"

< (1 () 5))

and from (2.18) we know

|Avpr — Ag ger 07|l 1

e . 3
<20BH ()T w1 20)( S ——
%ln%‘f’ln(]nE) 2T
x (I 2) " p kT (n D)
InZ sor _t E._(T-e-n
< (20-1-(1—1-20)( 9 57T> z )El T(St/T(lng) ==t

%ln%—i—ln(lnﬁ)_ 2T

[s2l

where the factor

LnE i (nl) =

is bounded as § — 0%. So, the proof of estimate (2.22) is complete. O

Remark 2.6. When s = r = 0, estimate (2.21) becomes estimate (2.19) and the
convergence speed given by (2.22) is faster than the one given by (2.20) for s > r.
Especially, when ¢ = 0, estimate (2.22) becomes

[ Aopr — Ao,s++ % |l 1

E s—r s—r
< (20+ (1 +20)( 5 =k )(1ng)7%EHO,
%ln%—kln(ln%)_ﬁ g

when § — 0T and s > r. This is a logarithmical stability estimate and an important
improvement to estimate (2.20).

Remark 2.7. Noting that
In £

lim 3 =T,

SOl mE ()T

estimate (2.22) also can be rewritten in the asymptotic form
|Avpr — Av,ge ol e

oer It /T E._(T=t)(s=n)

< (204142007 +o() BT ()T T

as 6 — 0.
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2.2. A-posteriori parameter choice. In this subsection, we consider the a pos-
teriori regularization parameter choice in the Morozov’s discrepancy principle. This
principle has been used by Feng et al [8] to solve the numerical analytic continu-
ation, however the backward heat conduction problem is more severely ill-posed
than the numerical analytic continuation.

Lemma 2.8. Assume conditions (2.9) for r =0 and (2.10) for s =0 hold. If J is
chosen as the solution of the inequalities

1Prgh — 3l <78 < |Pyagh — @bl 7> 1, (2.23)
then it holds
exp(22/T) < 2 (2.24)
~(r—-1)§" '
Proof. From Equations (2.3) and (2.5), we know
[Pr-11 — ||
oo g 12
= ([ M- Preripa)
o (2.25)
. 1/2 N 1/2
<(/ wr©Pd)” + ([ (QurprT()de)
612 §m27 -1 lel<gm2r -
= Ig + I4.
From (1.4),
I3 < exp(f(§7r2‘]71)2T)E < exp(—22'T)E. (2.26)
From (2.15),

I < [(Qu-rpr) (€l < 277 exp(~T2*)E < exp(-2*'T)E, s>0  (2.27)
Combining (2.25) with (2.26) and (2.27), we obtain
I1Ps-1or — pr|l < 2exp(—2*'T)E. (2.28)
On the other hand, by (2.9) for » = 0, (2.23), and the triangle inequality give
1Pr—1or = @rll > (I = Pr-1)@ | = (I = Pr—1)(er — )| > (= 1)8. (2:29)
From (2.28) and (2.29), estimate (2.24) is proved. O

Theorem 2.9. Assume that conditions (2.9) for r =0 and (2.10) for s = 0 hold.
If the regularization parameter J is chosen as the solution of inequalities (2.23),
then

|Avpr — Aegl| < CE =T8T, (2.30)

where C = (20(%)1*% + (1 + 1T, and the constant C is the same as in (2.6).
Proof. By the Parseval formula and the triangle inequality,
Aver — Av g7l < | Ae 19 — Avserll + 1A sor — Avor| = Is + Is.  (2.31)
From Equation (2.12) and Lemma 2.8,
Is < 2C exp(22=D(T — 1))5
= ZC(exp(QQ(J_l)T))%(S
2F )TT‘* N
(r—1)6

(2.32)

§2C<

e227

e228

e229

e230

e231

e232

e233

e234

e235
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Moreover,
Iy
B / ST~ Pyprfie)Pde
<, ~ Ty ~ 4 2.33
= [T - PO T (- PgrTie) s 25
o R R % e8] N t/T
< ([ 1T - per©rae) T ([l - Prerieae)
By combining (1.6) with (2.23) and (2.33), it holds
12 < B20-7)((1 +1)8)%T. (2.34)
From (2.31), (2.32) and (2.34), we complete the proof. O

3. NUMERICAL ASPECTS

In this section, we want to discuss some numerical aspects of the proposed
method.

3.1. Numerical implementation. Suppose that the vector {®(x;)}Y ; represents

samples from the function ¢r(z), and N is even, then we add a random normal
distribution to each data and obtain the perturbation data

®° = & 4 erandn(size(®)), (3.1)

where the function “randn(-)” generates arrays of random numbers whose elements
are normally distributed with mean 0, variance 02 = 1, and standard deviation
o=1.

The total noise § can be measured in the sense of root mean square error ac-
cording to

5 1 5 2\ /2
6= 10" - oll = (5 ;@ (2:) = D(@)?) . (3.2)
For a given measured function gp‘sT, from Section 2, we have
—_— - Y 2 )~ 2 _ - o~ o~
At,JSOéT(f) = Z(W?p,s@ﬂc)@f @ DG =€ T Z(‘PéT,@Jk)@Jk- (3:3)

kez kez
If no specific instructions are assumed, we will compute the regularization pa-
rameter J according to inequalities (2.23) with 7 = 1.1. By using the Discrete
Meyer wavelet Transform (DMT) and the Fast Fourier Transform (FFT), we can
easily compute the regularized solution according to formula (3.3). Algorithms for
DMT are described in [13]. These algorithms are based on the FFT, and computing
the DMT of a vector in R requires O(N logi N) operations.

3.2. Numerical tests. In this subsection some numerical tests are presented to
demonstrate the usefulness of our method. The tests are performed using Matlab
7.0 and the wavelet package WaveLab 850, which is downloaded from http://www-
stat.stanford.edu/~wavelab/.

Examples 3.1 and 3.2 are from [9] and [16], respectively. In theoretical aspect,
the error estimates of regularization solutions for the wavelet method (WM) and
Fourier method (FM) both are sharper Holder-logarithm type, but it is only weaker

e3.3
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logarithm type for the Modified method (MM). Here some comparison of numerical
result for these three methods are considered. The case with no explicit solutions
is considered in Examples 3.3 and 3.4.

In the following tests, the initial time is chosen as ¢ = 0, and the number of
the discrete points IV is 128. The selection of regularization parameters for Fourier
method and Modified method are chosen according to [9, (2.8) with s = 0] and [16,
(3.24)] in Examples 3.1 and 3.2, respectively.

Let u be the exact solution and v be the approximation of some regularization
method. The absolute error e, (u) is defined as

1 X N\ 1/2
au) = u—vllie = (5 3 u(n) = o)) ",

Example 3.1 ([9]). It is easy to verify that the function
1 2
u(r,t) = ———=e T+& 3.4
() 144t (8:4)
is the unique solution of the problem

Ut = Uge, T ER, t>0,

1 e (3.5)
u(z,T) = ppr(z) := me T, g eR.

TABLE 1. Regularization parameters for different methods with
e=10"2

T ux(FM) p(MM) J(WM)
0.01 21.4597 0.0046 4
0.04 10.7298 0.0185 4
0.09 7.1532 0.0416 4

Figure 1 illustrates the exact solution and the approximation corresponding to
the three methods at different times ¢ = 0 from 7" = 0.01,7 = 0.04,7 = 0.09
with € = 1072 for Example 3.1 in the interval z € [~10,10]. The regularization
parameters are chosen as in Table 1. Here &%, ¢ and J are the regularization
parameters of Fourier method, Modified method and Wavelet method, respectively.
Figure 2 shows that the reconstruction error obtained by the different methods
for different numbers of discrete points with 7" = 0.01 and € = 1073, It shows
that the number N of discrete points (i.e., the step length) also plays the role
of regularization parameter [5]. According to the general regularization theory,
it should be neither too small nor too large. But usually, in some regularization
methods, the influence of number N is less than the regularization parameter.

Example 3.2 ([16]). The function
u(z,t) = e sin(x) (3.6)
is the unique solution of the problem
Ut = Uge, T ER, t>0,

u(z,T) = or(x) := e Tsin(z), = €R. (37)

eq:2
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Figure 3 plots the exact solution and the approximation by the three methods at
t = 0 from different times 7' = 0.01,T = 0.04, T = 0.09 with ¢ = 10~2 for Example
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T=0.01, epsilon=1e-3
0.1 T T T T

—FM
—o— WM [
—#&— MM

Error for different numbers

2N

FicURE 2. Example 3.1. Reconstruction error obtained by the
different methods for different numbers of discrete points with T =

0.01, e = 1073.

3.2 in the interval € [—3m,3n]. The regularization parameters are also chosen
as in Table 1. Figure 4 illustrates that the reconstruction error obtained by the
different methods for different noisy levels with 7' = 0.01, N = 128. It shows that,
for the different methods, the error between the exact solution and the approximate
solution gets smaller as the noise in the data decreases.

From the Figures 1 and 3, we can also see that, for all methods, the smaller the
T, the better the approximation. This phenomenon conforms to the theory that,
the larger the T, the more ill-posed the problem.

Unfortunately, for general data o, it is not easy to find an explicit analytical
solution to problem (1.1), so we will construct new examples as follows: take a
function pg(z) € L?(R) and solve the well-posed problem

Up = Ugpy, T ER, >0,

U(I,O) = 900(1‘)7 T € ]Ra (38)

to get an approximation to ¢r(z). To avoid the inverse crime, we use the finite
difference to compute this well-posed problem. Here we discretize problem (3.8)
only with respect to the spatial variable z and leave the time variable ¢ continuous,
and then we obtain a system of ordinary differential equations and we can solve
it using an explicit Runge-Kutta method. See the details in [16]. Then we add a
random noise to o7 (z) to get the noisy data p3.(z). At last, we use the proposed
regularized technique to obtain the regularized solution at ¢t = 0.

Example 3.3. We choose a non-smooth function
1 + %7 -3 S x S 07
po(r) =q1—-%, 0<z<3,
0, |x| > 3.
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FIGURE 3. Example 3.2. Exact solution and approximation at
t =0 from T = 0.01 (top), T = 0.04 (middle), T = 0.09 (bottom)
with e = 1072,
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T=0.01, N=128
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FIGURE 4. Example 3.3. Reconstruction error obtained by the
different methods for different noisy levels with 7" = 0.01, N = 128.

Example 3.4. We consider a discontinuous function

1, -3<z<0,
wo(r) =< -1, 0<z<3,
0, |z|>3.

Figures 5 and 6 illustrate the exact and regularized solutions corresponding to
different e for Examples 3.3 and 3.4, respectively. The results show that the ap-
proximation gets better as the noise level e decreases. Although ¢g(x) in Example
3.3 is not smooth and ¢g(z) in Example 3.4 is even non-continuous, our method is
also effective for them.

In summary, from the above different kinds of numerical examples, we can con-
clude that the numerical solution is stable, and the Meyer wavelet method is an
applicable method. This accords with our theoretical results.
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