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REMARK ON PERIODIC BOUNDARY-VALUE PROBLEM FOR
SECOND-ORDER LINEAR ORDINARY DIFFERENTIAL
EQUATIONS
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ABSTRACT. We establish conditions for the unique solvability of periodic bound-
ary value problem for second-order linear equations. We make more precise a
result proved in [3].

1. INTRODUCTION

Consider the periodic boundary-value problem
v =pt)u+qt); u(0)=u(w), v'(0) = (w), (1.1)

where p,q : [0,w] — R are Lebesgue integrable functions. By a solution of given
in (T.1) equation, as usual, we understand a function u € AC"([0,w]) such that for
almost all ¢t € [0, w].

Definition 1.1. We say that the function p € L([0,w]) belongs to the set V~(w)
(resp. VH(w)) if for every u € AC*(]0,w]) satisfying
u'(t) > p(t)u(t) forae. te€[0,w], u(0)=u(w), u'(0)=1u'(w),
the inequality
u(t) <0 forte[0,w] (resp.u(t)>0 forte [0,w]) (1.2)
is fulfilled.

It is clear that if p € V'~ (w) (resp. p € VT (w)), then the homogeneous problem
' =p(t)u;  u(0) = u(w), v'(0) = u'(w)

has no nontrivial solution. Consequently, by virtue of Fredholm’s alternative, the
problem is uniquely solvable. Moreover, if ¢(t) > 0 for t € [0,w], then the
unique solution u of the problem satisfies (L.2)).

It is also evident that if p € V~(w) (resp. p € V' (w)) and the functions
u,v € AC([0,w]) satisfy differential inequalities

u’(t) > pt)u(t), ") <pt)v(t) for a.e. t e [0,w]
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and boundary conditions
uD(0) = uD(w) = 0@ (0) —vD(w), i=0,1,
then the inequality
u(t) <wv(t) forte[0,w] (resp.u(t)>wv(t) forte [0,w])

holds.

Properties of the sets V'~ (w) and V1 (w) plays a crucial role in the theory of
periodic boundary value problems for nonlinear equations (see, e. g., [3, 2]). There-
fore, it is desirable to establish sufficient conditions for the inclusion p € V~(w),
resp. p € V1T (w). One can find several integral conditions in [3].

Theorem 1.2 ([3, Theorem 11.1]). Let p £ 0 and

*” S w .
"1+ 4
Thenp € V™ (w).

The main result of this article makes more precise Theorem [[.2] In particular,
it covers also the case when ||[p]_|1 > 4/w.

Below we use the following notation: R =] — oo, +oo[. For x € R, we put
2]+ = 5(|2 + @) and [z]- = 3(|a] — 2).
Let w > 0 and A €]0, 2]. Then
1—2\ ;12
Ay N) = |———|
(M) [2w(1 — )\)]

The set AC*([a,b]) consists of absolutely continuous functions u : [a,b] — R
whose first derivative is also absolutely continuous on [a, b]. The set L([a, b]) consists
of Lebesgue integrable functions f : [a,b] — R. If f € L([a,b]) and A €]0, 3], then

we put ,
1= ([ 176 as) ™

By L, we denote the set of w-periodic functions f : R — R such that f € L([0,w]).
Now we are able to formulate main results.

Theorem 1.3. Let p £ 0, X €]0, %[, and

1]l <%+AW(A)II[p]—IIA, (1.4)

1l < ekl (1= 1=+ 5 AuOllip)-112)

w
+ 7 oM PL+ A P11
Then the inclusion p € V~(w) holds.

Remark 1.4. It is not difficult to verify that if (1.3 holds then (1.4]) and (1.5]) are

fulfilled. Indeed, it follows from (1.3) that ||[p]-|j1 < 4/w. Hence, (1.4 holds. On
the other hand, (1.3)) is equivalent to the inequality ||[p]—|l1 + <I|[p]+||1]/[p]-[1 <

el ., 6T < Nl (1 — 2)] o]l and consequenly, (15) holds. Thus,
Theorem generalizes Theorem On the other hand, since A, (1/2) = 0,

conditions (L.4]) and (1.5 with A = 1/2 are equivalent to (1.3]). In other words, one
can regard Theorem as “limit case” of Theorem [1.3

(1.5)
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Corollary 1.5. Let p £ 0 and A €]0,1/2[. Let, moreover, one of the following
two items be fulfilled:

@) llpl-ll: < 4/w and |l[pl+ 1 llp]-1Ix + 5 1Pl lx > sracry 5
(i) [pl-1l < 5+ AuWP-lIx and [[[pl+]1x = 5250 -
Then the inclusion p € V~(w) holds.

To be more concrete, put A = 1/3. Then A, (\) = 1/(16w?) and conditions of
Corollary [T.5] reads as follows:

@) [lp]-ll < 4/w and ||[pl+ 11 p]-ll1/3 + 5 lp)+lhys > 162
(i) Nllpl-1lh < 5 + ez IPl-ll1/3 and [[pl+]l1/3 = 64w.
We postpone the proof of Theorem [L.3| until Section |3 after some auxiliary
propositions stated in Section

2. AUXILIARY STATEMENTS
First of all for convenience of the reader, we recall some known results.

Definition 2.1. We say that the function p € L, belongs to the set D(w) if the
problem

' =pt)u; u(a) =0, u(B) =0
has no nontrivial solution for any a < (3 satisfying 8 — a < w.

Proposition 2.2 ([3, Theorem 9.3]). Letp € L,,,such that p # 0, and f: p(s)ds <
0. Then p € V' (w) if and only if p € D(w).

Proposition 2.3 (|3 Lemma 2.7]). Let p € VT (w), ¢ € L([0,w]), q(t) > 0 for
t € [0,w], and ¢ £ 0. Then the (unique) solution u of the problem (1.1) satisfies
u(t) > 0 fort € [0,w].

Proposition 2.4 ([3| Theorem 8.3]). Let p € L([0,w]). Then the inclusion p €
V= (w) holds if and only if there exists a positive function v € AC*([0,w]) satisfying

V(1) < pt)y(t)  for ae teOw], ¥(0) = y(w),

and

V(w)  (0)
Y(w)  (0)
Let f € L([a,a + w]), then we define

+ meas{t € [0,w] : v"(t) < p(t)y(t)} > 0.

GAﬂuw=m+w—w/ks—@ﬂ$ds
a (2.1)

atw
—|—(t—a)/t (a+w—35)f(s)ds fort € [a,a+ w]

Proposition 2.5. Let A €]0, 1, f € L([a,a +w]), and f(t) >0 fort € [a,a + w].
Then we have the estimates

GuN0) < (t—a)a+w—O)(Ifli — AuWIflh) fortelaatwl  (22)
Go()t) > (t—a)a+w—=ALN)|fllx fortea,a+w]. (2.3)
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Proof. By Hélder’s inequality, we have
t t \
/ fAs)ds = / [(s—a)f(s)] (s —a)"Mds

A
(s—a)f(s)ds) for t € [a,a + w].

Hence,

1/x
/ f)‘ ds
for t € [a,a + w]. Analogously,

Consequently,

G0 > (22T = et — o= ([ Peas)”

atw 1
S ree)]

> (S 5) T G- oo

(/ fA(s)ds I/A—I— (/awf}‘(s)ds)l//\} fort €la,a + w|.

(2.4)
On the other hand, it is clear that
1
A 4 (A=) > = AV for z €0, A]. (2.5)
=
Estimate (2.3) now follows from (2.4) in view of (2.5).
In the same way one can show that
Hao(f)(t) 2 (t —a)(a+w =t)A,(N[[fllx fort€[a,a+w] (2.6)

where
t
H()(®) = (a+w 1) [ (¢=9)f(s)ds
a+aw
+(t—a)/ (s —t)f(s)ds fort € [a,a+ w]
t
By direct calculations one can easily verify that

Ga(f)(t) = (t—a)(a+w = t)|[flL — Ha(f)(t) fort € a,a+w].
Hence, in view of , we get . ([l



EJDE-2018/13 REMARK ON PERIODIC BVPS 5

3. PROOF OF MAIN RESULT

Proof of Theorem[1.3 Extend the function p periodically and denote it by the same
letter. Suppose that [p]_ Z 0 since otherwise it is known (see, e.g., Theorem [1.2)
that p € V~(w). In view of and [IL Theorem 1.2], we have that —[p]_ € D(w).
Hence, by virtue of Proposition the inclusion —[p]- € V¥ (w) holds as well.
Denote by v a solution of the problem

Y= =pOl-y + O]+ 1(0) =yw), Y(0)=7"(w). (3.1)
In view of (1.5)), it is clear that [p]; # 0 and consequently, by Proposition we
have

~v(t) >0 fort e [0,w)].
It is also evident that v Z Const. Now we show that
~y(t)>1 fort e [0,w)]. (3.2)

Put

m:=min{y(t) : t € [0,w]}, M :=max{y(t):te[0,w]}.
Extend the function 7 periodically and denote it by the same letter. Then there
exists a € [0,w] such that

v(a) =m, ~(a+w)=m.

It is cleat that the function ~ is a solution of the Dirichlet problem

V' =@y + @)+ va)=m, (a+w)=m. (3-3)
By direct calculations one can easily verify that

1 1
1(t) =m+ = Ga(pl-)(t) = = Gallpl+)(t) forte€a,at+w],  (34)

where G, is defined by . By Proposition we obtain
Ga(lp]-7)(t) < MGa([p]-)(t)

< M(t - a)(a+w =)l = Aol Ix) for ¢ € a,a+w]
and

Ga(lplH)(®) 2 Ao (M) (t = a)(a+w =t)[[pl1[[x for t € [a,a+w].

Hence, from it follows that

(t—a)a+w-—t

1(t) < m o+ LZOELD (1) - AL ) — A1)

for ¢ € [a,a + w]. Taking now into account that v # Const. we get from the latter
inequality that

M (NPl = el I1) = Ao WPl x> 0
and consequently
A1) <m+ 2 ([Pl = AWl 1n) = AuWpll) — (35)

for t € [a,a +w] \ {to}, where tog = a + .
In view of (1.5), it is clear that

m+ (M (-~ A= 113) — e l[pLel12)
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= m =141 = 2 A Bl + 2 M (1l — Au eI )

<m-1+ %M(n[p]_nl ~AuMllip)-11)

[[[p]+ 1 w w
T (3 Z 16+ 5 A1)

From (3.5) it follows that

lipdlly @y, Bkl
1(0) <m =1 it (0 = D) (6l - AuWlpl-lh)  36)

for ¢t € [a,a + w] \ {to}. On the other hand, (3.5) implies
w w
> - = — - . .
m > M (1= 2 (Bl = Aullipl-ln) ) + 5 AeM Bl lr - (37)
From (3.1)) it follows that

[ ot das = [Tt as (35)

_|_

and consequently

ll[p)+Il1
M= ||[p]7||1'

It M > % then, in view of and ., inequality (3.7) implies that

m > 1 and consequently, (3.2)) holds. Let now M = I[p].+ Then, in view of (3.6)),

I
[[[p)+1l2
1Pl 111
which, together with (3.8) and the condition [p]_ # 0, imply

1]+l < (m = Dllp] -1l + [Pl []1-

Hence, m > 1. Thus, we have proved that . holds.
Now it follows from (3.1]), in view of (3 . that the function v satisfies conditions
of Propositions n 2.4] and therefore peV (w). O

we have

y(t)<m—1+ for t € [a,a+ w] \ {to},
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