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MACLAURIN SERIES FOR sin, WITH p AN INTEGER
GREATER THAN 2

LUKAS KOTRLA

ABSTRACT. We find an explicit formula for the coefficients of the generalized
Maclaurin series for sin, provided p > 2 is an integer. Our method is based
on an expression of the n-th derivative of sin, in the form
2n 21

Z Ak, singfl(:c) Cosgfp(x) , x€(0, 7r—p),

k=0 2
where cosp stands for the first derivative of sin,. The formula allows us to
compute the nonzero coefficients

_limg o4 sin;nmq) (z)

an = (np + 1)!

1. INTRODUCTION

Let us consider initial value problem
—(ju'PP7?u’) = (p = DufPPu =0,

uw(0)=0, /' (0)=1, (L.1)

where p > 1 is a given parameter and u: R — R is a function such that u € C*(R)
and [v/|P72u’ € C1(R). It is known that the solution of exists and is unique
(see Elbert [9]). Since the pioneering work of del Pino, Elgueta and Mandsevich [§],
this solution is usually denoted by sin,. Note that it generalizes the sine function
which is the unique solution of for p = 2. Moreover, the function sin, also
satisfies the generalized trigonometric identity

|sing (z)|P + |cosp(x)P =1, z€R, (1.2)

where cos,(z) = % sin,(z), which resembles the classical trigonometric identity

for p = 2. We also define

1
1 27
=2 ds = .
™ /0 (1—s2)1/7 7~ psin(n/p)
Let us note that the function sin, is odd, 2m,-periodic, and sin, (z) = sin, (7, —x)
see, e.g., [9]). These properties are frequently used when the function sin, is
P

2010 Mathematics Subject Classification. 34110, 33E30, 33F05.

Key words and phrases. p-Laplacian; p-trigonometry; approximation;
analytic function coefficients of Maclaurin series.

(©2018 Texas State University.

Submitted April 24, 2017. Published July 1, 2018.

1



2 L. KOTRLA EJDE-2018/135

evaluated numerically. In fact, any evaluation of sin, at an arbitrary point z € R
can be reduced to an evaluation of sin, at a point in the interval [0, m,/2].

It turns out that the system of functions {sin,(km, )} > has applications in
approximation theory, see Binding et al. [4] for pioneering work in this direction.
Indeed, there exists pg > 1 such that, for p > po, {sin,(km, x)}:;“{ forms a Riesz
basis of L%(0,1) and a Schauder basis of L"(0,1) for any 1 < r < +oo. The
approach from [4] was corrected and improved by Bushell and Edmunds [7] where
the value py was established as the solution of the transcendental equation

2 272

po sin(m/po) R

Boulton and Lord [5] use the basis {sin, (km, x)}°5 in their numerical implementa-
tion of the Galerking method for finding an approximate solution to the boundary-
initial value problem

x,t ( (,t)|"” 2%@,15)) — g()
( ,0)=0, z¢€(0,1), (1.3)
U(Ovt) (1 )*0 t>0,

where g € L2(0,1). It appears that this choice of basis leads to very accurate results
using only few terms of this basis. However, a main drawback of the Galerkin
method in [5] is the evaluation of the values of the function sin, on [0, 7,/2]. In [5],
the inverse function of sin,,

x
. 1
arCSlnp(x) = A m ds, x € [0; 1] ) (14)

is used for that purpose. The function sin, on [0,7,/2] is then evaluated using
numerical inverse of the function arcsin,, which is a very time consuming process.
Since the problem and its generalizations appear in various applications, see
e.g. Smreker [23] (bulding of wells), Leibenson [15] (extraction of oil and natural
gas), Wilkins [24] (bulding of rock-fill dams), Aronsson et al. [I], Evans et al. [10]
(sandpile growth), Kuijper [I3] (image analysis), and Bermejo et al. [3] (climatol-
0gy), it is important to find a more efficient numerical implementations of sin,. Last
but not least, the generalized Priifer transform using sin, and its derivative appears
to be a very efficient theoretical tool in studying various initial and/or boundary
value problems for quasilinears equation of the type (or some of its generalization)

—(Ju'[P7?u) = g(@)ulP~u = f(x)

(under various conditions on ¢ and f) see, e.g., [9], Reichel and Walter [21], and/or
Benedikt and Girg [2]. In Brown and Reichel [6], a numerical method based on
the Priifer transform was proposed. Again the main drawback the method was the
lack of an efficient numerical implementation of sin,. To address the issue in this
paper we obtain explicit formulas for coeflicients of the Maclaurin series of sin,.
This is very difficult task in general and we are not able to deal with this problem
for all p > 1. As a starting point for further research in this direction, we provide
such formulas for any integer p bigger than 2. Let us note that even this partial
result can already be used in practical applications, since with p — 400 is
considered as a model for sandpile growth (see [I] and [I0] for more details).
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More precisely, our goal is to find Maclaurin series for sin, provided p is even
and generalized Maclaurin series for sin, provided p is odd. Generalized Maclaurin
series is defined as

—+oo
Z apxl|z]™, r>1.
n=0

Peetre [20] conjectured that the radius of convergence of generalized Maclaurin
series for sin, is m,/2 for any p > 1. Local convergence of generalized Maclaurin
series was studied in Paredes and Uchiyama [19]. Peetre’s conjecture [20] was
proved in Girg and Kotrla [IT] for when p > 2 is an integer. It remains to find the
coefficients of the (generalized) Maclaurin series. One can employ and follow
the ideas presented in Lang and Edmunds [I4]. Since

r 1 11 1
' = | ————ds==azF (=, -, 14 —;aP), 0,1),
arcsiny, () /0 TENE S=x9 1<p’p +p z?), x€0,1)

where 2 F1(a, b, ¢; z) is Gauss’s hypergeometric function,

. 400 ]_"(k + %) .’Ekarl
arcsing,(z) = Z L DT & (1.5)

k=0 P

where I' stands for the gamma function. We can obtain desired coefficients using
the well-known procedure for inverting power series (see, e.g., Morse and Fesh-
bach [I8] p. 411 - 413]). Our aim is to derive the coefficients independently of the
inverse function. It was shown in Girg and Kotrla [12] that the nonzero coefficients
correspond only to the monomials z*P*1, k € N. Then

+o0 Sinl(?np—&-l) (0)

np+1 _"p P
(np+ 1)1 wel )

sin, (z) =
n=0

for p even. In addition, it was proved in [I2] that the series

io lims o4 siny™ ™ (z) np+1
— (np+1)!

coincides on [0, 7,/2) with the series obtained by formal inversion of (1.5)) provided
p odd. Hence, by the oddness of sin,,

400 1. i (np+1)
lim, 04 sin, (2) T,
i — § np _r P
Slnp(x) - ~ (np+ 1)' .’Ell‘| ’ T e ( 2 ) 2 )
It remains then to find an explicit formula for
1
ni= ——— lim sin™V(z), peN, p>2.

(np+ 1)l =0+ P

Notation: In the presented paper, the symbol [] represents the product of a
(possibly finite) sequence of terms as usual. In addition, we define

J2

[[vi=1

1=J1

for any sequence b; provided j; = jo + 1.
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Theorem 1.1. Let p > 2 be an integer and
+oo
i = nx|x|™? €(——=,—=). 1.6
sing() = 3 analel”, 2 € (<) (16)

Then ag =1, g = and forn > 2,

1
p(p+1)’

_ ) W
an—mz Z

Cip=1 dp=ii+1
i1#p—1i2#2p—1

(n—1)p i1—1

> [ Ie-1-tu-)]-0e-1-@-1)

'Z‘V,Lflz’in72+1 mi=1

lnfﬁé(l—_ll)l)—l (17)

<| I @e-1-m-2)|0-Cr-1)-G-2)...
mo=1t1+1

<[ I (=1e-1) - — -1 (-1

Mp—1=tn—2+1
x (p=1) = (in-1 = (n = 1)) [n(p — 1) = (in—1 —n + D!

The proof of Theorem is based on a method of rewriting higher derivatives
of sin, introduced in [II]. The method is described again in Section [2[ for the
convenience of the reader. Theorem is proved in Section

Let us note that the above-mentioned definitions of sin, and cos, are not the
only ones found in the literature (see, e.g., Lindqvist [16]).

2. HIGHER ORDER DERIVATIVES
Let us state some basic notation from formal languages.

Definition 2.1. (Salomaa and Soittola [22], 1.2, p. 4, and/or Manna [I7], p.
2-3, p. 47, and p. 78) An alphabet (denoted by V) is a finite nonempty set of
letters. A word (denoted by w) over an alphabet V' is a finite string of zero or more
letters from the alphabet V. The word consisting of zero letters is called the empty
word. The set of all words over an alphabet V' is denoted by V* and the set of all
nonempty words over an alphabet V is denoted by V. For strings w; and ws over
V', their juxtaposition wjws is called catenation of wy and ws, in operator notation
cat : V* x V* — V* and cat(wy,ws) = wiws. We also define the length of the
word w, in operator notation len : V* — N U {0}, which for a given word w yields
the number of letters in w when each letter is counted as many times as it occurs
in w. We also use reverse function rev : V* — V* which reverses the order of the
letters in any word w (see [I7, p. 47, p. 78]).

We consider the alphabet V' = {0,1} and the set of all nonempty words V.
Thus words in VT are, e.g.,

“077’ “1’7’ “01’77 “1077’ “1177 .
For instance, cat(“1110”, “011”) = “1110011”, and
rev(“010011000”) = “000110010” , len(“010011000”) = 9.
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TABLE 1. Differentiability of sin,(z)

p, k zin (0,7m,/2) | (=7p/2,7m,/2) | R

p=2 Cc> Cc> Cc>
p=2k keN\{1} Cc> (O ct
p=2k+1,keN c> cr ct
peR\N, p>2 c> Clrl ct
pe(1,2) C Cc? C?

Let m € N, k € NU{0},0 < k <2m2 —1 and (k)2,,_2 be the string of bits of
length m — 2 which represents binary expansion of k (it means, e.g., for £k = 3 and
m =25, (3)2)5,2 = “011”).

The differentiability of sin,(x) at z = 0 was studied in [I1I] leading to the results
in Table [1I

In particular, sin,(-) € C*>°(0,7,/2). Let

T := {asin}(-) cos) (:) : a,q € R},
and Dy: T'— T and D.: T'— T be defined as follows:

nd—1(. 1—(¢—1) .
D, asing(-) cosil,_q(-) — {gqup (+) cosp (), a# 8, (2.1)
) q=Vy,

and

—a(1—q)sind™(Yeosy PTI(), g #£1,

Dcasing(-)coséfq(') = {0 (2.2)

q=1.
Finally, we define Dy, ,, in two steps.

Step 1 We create an ordered (m — 2)-tuple d m—2 € {Ds, Dc}™ 2 (cartesian prod-
uct of sets {Dg,D.} of length m — 2) from rev((k)2,m—2) such that for
1 <i<m-—2, dgm—2 contains Dy on the i-th position if rev((k)2,,—2)
contains “0” on the i-th position, and dy ,, contains D on the i-th position
if rev((k)2,m—2) contains “1” on the i-th position (it means, e.g., for k = 3,
and m = 5, we obtain ds 5_2 = (D¢, D¢, Dy)).

Step 2 We define Dy, ,,, as the composition of operators Dg, D, in the order they
appear in the ordered m — 2-tuple dj ,,—2 (it means, e.g., for k = 3, and
m =5, we obtain D3 5 = (D, 0D, 0 Dg)).

Let us point out that it is possible to recover the index k£ from the positions of D,

in Dy . We will denote by j(k) > 0 the number of D, in Dy ., and, if j(k) # 0,

we denote by iy,42,...,7() its positions counted from back (i.e., in the order of
application of Dy and/or D). Then
]C — 2m727(i171) 4 2m727(i271) L+ 2m727(ij(k)71) . (23)

If j(k) =0, k=0.

Definition [2.1]and the definition of Dy, ,, are taken from [I1] in almost unchanged
form for the convenience of the reader who is not familiar with our previous work.
However, the rewriting diagrams in [I1], where the construction of Dy ,, is visual-
ized, are not included here.
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It follows from the first derivative of the p-trigonometric identity (1.2)) that
sin](f) (x) =— sing_l(m) cosi_p(x) , x€(0, %) . (2.4)
Note that sin,(z) > 0 and cos,(z) > 0 for x € (0,7,/2). Hence, we can use Dy, ,
to express
2m=2_1

siném)(x): Z Dk,msinf)(z)
" (2.5)

2771—2_1
Tp

= ; Dy (—1) sinf ™! (z) cosy (), € (0,7,

for m > 2 be a positive integer. Let us explain the procedure for m = 3 at first. In
that case

% (-1) sing_1 (2) cosifp (x)

=(-1)(p-1) singfz(x) cosz_p(a:)
+ (=1)(2 —p) sinﬁfl(x) cos) P (x) sinz(,z)(a:)
(-D(p-1) sing_Q(x) cos;i*p(:c)
£ (=) = (p— 1)sin = (@) cosh 01D ()
= Dg singf) () + D¢ sinl(f) (x)
for any « € (0,7,/2) by the definition of Dg and D.. The proof of , which
proceeds by induction, can be found in [I1, Lemma 4.5, p. 110].

There are two special cases in composing the symbolic operators for p € N;p > 2,
which can be used for reducing of terms in (2.5)).

Case 1 Assume that there exists k € NU {0}, £ < 2™72? — 1 such that

Dim sinf)(-) = asing(-) cosg(~) . (2.6)
The further application of D, is meaningless since it produce 0 by ([2.2).

The situation (2.6)) occurs, e.g., after p — 2 applications of Dg on sinég)().
Case 2 If there exists k € N, k < 2™~2 — 1, such that

Dy, sin'? (-) = asind(-) cosh(-) (2.7)
then the application of Dg produces 0, see (2.1)). The situation (2.7]) occurs,
e.g., after p—1 applications of Dg on sinéz) (). This is the essential argument
in the proof that the exponent ¢ is always nonnegative, see [11, Lemma 4.6,
p.113] for more details.

3. PROOF OF MAIN RESULT
Proof of Theorem[1.1]. 1t follows from [I2, Theorem 6, p. 3] that

1
— i in(np+1)
ay = (p £ 1) mli%l-y sin,, (x) (3.1)

for p odd, and it is obvious that (3.1)) is valid for p even, since sin,(-) belongs to
C*>®(—mp/2,m,/2) in this case. We obtain ag = lim,_,o4 cosy(z) = 1 for p € N,
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p>2. Let n € Nand z € (0,7,/2). By [II, Lemma 4.5, p. 110]

onP—l_q
sin;"p'*'l) (z) = Z —Dg npt1 sing_1 (x) cosi_p (z)
k=0
onP—l_q
= Z Ao mpt1 Singk.n;H»l (z) Cosll,iqk’m'ﬂ (z),
k=0

where aj np+1 € R and gi npt1 € NU{0}. It follows that

onr—1l_q
L L 1-
lim 51n1(,"p+1)(:c) = E Ak npt1 lim sinmr+1 () cos,” P (x)
z—0+ P ’ z—0+

i1 (3.2)

= E Ak, np+1 -

k=0
Qk,np+1=0
Our first aim is to describe k € NU {0}, 0 < k < 2"7~! — 1 such that gz, = 0. We
use the alphabet V' = {0, 1} introduced in Definition for this purpose and we
employ the formula

Ghnpr1 = J(k)(p = 1)+ (np = 1= j(k))(=1) +p—1 (3-3)

proved in [I1l Lemma 4.5, p. 11)]. Let us recall that j(k) is the number of occur-
rences of D¢ in Dy pp+1. It follows from the condition gx,, = 0 that j(k) =n — 1.
Then k = 0 for n = 1 which implies

Jim, sing?™ (@) = — lim Do sing™ (x) cos; ™ (x) (3.4)
= lim (p—1)! sind (z) cos} () = —(p — 1)! '
by (2.1)), the definition of Ds. Substituting (3.4)) into (3.1) we obtain
1
ap=———-.
p(p+1)
We will assume n > 2 in the rest of the proof. Then
k= 2np—1—(i1—1) + 2np—1—(i2—1) 4.+ an—l—(in_l—l)
by (2.3). Moreover,
VseN, 1<s<n-—1: i;<sp. (3.5)
Indeed, let there exist so € N, 1 <s9<n—1: ¢5 > sop and let
b 0 for sp =1,
1= 2np717(i171) + 27117*1*(i2*1) +...+ 2”p717(i50*171) for So > 2.

The binary expansion (k1)2,i50,1 of kq defines Dkl’i50+1 by the composition of the
symbolic operators Dy and/or D, taking the first is, — 1 operators from Dy, 41 (in
the order of its application). The exponent gk, ;. +1 in Dy, i, +1 siné,z)(j satisfies

Ty igg+1 = (S0 = 1)(p = 1) + (i, =1 — S0 + 1)(—=1) +p— 1 = sop — is, <0
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by (3.3) and the assumption is, > sop. Since ggnp+1 > 0 for any n € NU {0}
and all 0 < k < 2"P~1 — 1 provided p > 1 be an integer, we get the contradiction.
Hence,
1 p 2p (n—1)p
ay = m Z Z e Z ako’np+1 5 (36)
Pl T st iniminatl
where ko = 2np—1=(i—=1) 4 onp=1-(i2=1) 4 = 4 gnp—1-(in-1-1)
It remains to express Gk, np+1 as the polynomial in p. We will apply Ds and/or

D. on sinz(f)(-) recursively. Let us denote by a; the coefficient and ¢; the exponent
obtained by i steps of recursion. The base cases are ag = —1 and ¢ = p — 1 by
(2.4) and inductive clauses are given by (2.1 and (2.2), i.e.,
i Qg if Dy is applied,
a1 =11 et (3.7)
—(1—gi)a; if D. is applied,
and
g —1 if Dy is applied
di+1 = . . . (3.8)
¢ +p—1 if D. is applied.

It follows from the definition of Dy, np+1 that the operator Dy is applied in the first
i1 — 1 steps of recursion. It means that

a1 =—pP-1{p-2)--(p-1-(i1-2)) and ¢,1=p—1-(i1—1).
by . Applying the operator D. on the next position we have
a, =—(p-1p-2)-p-1-(1=2)(-1)(1 - (p—1- (i1 — 1)),
¢, =2(p—1) = (i1 —1).
Applying i — 1 — 47 times the operator Dy and we obtain
a1 =—(p=1)(p—=2)--(p—1-(1 =2)(-1)A = (p—1- (i1 —1)))
xQ2p-1)—=(1—-1) - Q2p-1) - (i2—3))
and
Gi,-1=2(p—1) = (i2 —2)
(provided iz > i; + 1). The application of D, leads to
ai, =—(-1p-2)-1-(1-2)DA-(p-1-(i1—-1)))
xQ2p-1)-(1-1) - Q2p-1)-(i2=3)(-DA - 2(p—-1) = (i2—2)))
and
G, =3(p—1) = (i2—2).
It follows by the recursive application of Dy and/or D, that

i = (D[ T 0= 1= (ma = )] (=11 = (0= 1~ 2 — 1))
<[ T @r-1—m—2)] 00— o1~ (-2)
mo=11+1
ip—1—1
x| I (=01 m-1)

Mp—1=tn—2+1
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X (DA = ((n=1)(p—1) = (in-1 — (n = 1))))
and
G, ,=np—1)— (in-1—n+1),
where i, 1 is the last position of D.. Since the remaining symbolic operators in
Diy np+1 are Dg and qig np+1 = 0 by , we finally get

ako,np+1
i1—1
(D[ I =1 m = )| (=D (1= (= 1= (i~ 1)))
 ip—1
<[ TI ee-1-0m-2)|(-D0-CE-1)-G-2)-
Tma=ii+1 (3.9

<[ I (=De=1)- (- @-1))

TMp_1=in—2+1

X (=)@ =((n=1)(p—1) = (in-1 — (n=1))))

x n(p—1) — (ip_1 *n+1)}!

Substituting (3.9) into (3.6)) we obtain desired formula (1.7)). The positions i; = sp—

1 are excluded in (1.7)) since it produce zero due to the terms 1 — (s(p—1) — (is —s))
in product (3.9) (see Case 1 in Section [2)). O

4. CONCLUDING REMARKS

Remark 4.1. The proof of Theorem provides a procedure to generate any
coefficient «a,, n > 2 of Maclaurin series for sin,, when p > 2 is an integer. It
is convenient to generate all vectors v € {0,1}"~! with exactly n — 1 occurrences
of “1”s, which satisfy condition , ie.,

VseN, 1<s<n—1: i, <sp.

Let us note that i, is the position of “1” in v. Then the recursions with
ap = —1 and with gg = p — 1 can to applied by all possible vectors v to
obtain the coefficient a, € R. Let us remind that zero and one means that Dy and
D. is applied, respectively, and the order of application Dy and/or D, is reversed.
Finally, the resulting coefficient «,, is given as sum of all a, which is divided by
(np+ 1)L

Remark 4.2. The coefficients «,,, n > 2, can be also computed recursively by the
formula

L (b 1) )
o = (D[ Gmps JCENTE <np+2>]"

( n+1

e X 3

11=1 1d9=121+1
i17p—1i27#2p—1

np—2 i1—1

> [IMe-1-tm-)jt-m-1-@-1)

in—1=in—2+1 mi=1
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[T @r—1—ma—2)]0 - @p-1) - (2 2) -
mo=1t1+1

ip—1
< I =1 = ma—n)]

My =lp—1+1

X (1= (n(p—1) = (in — n))))[n(p — 1) = (in —n)]!

with a1 = —1/(p(p+1)).

Acknowledgments. The author was supported by the project LO1506 of the
Czech Ministry of Education, Youth and Sport. I would like to thank to an anony-
mous referee for their valuable comments and to Petr Girg whose advice helped a
lot to improve the introduction of the paper.

(1

2

[9

[10]

(11]

(12]
(13]
[14]
[15]

(16]

REFERENCES

Aronsson, G.; Evans, L. C.; Wu, Y.; Fast/slow diffusion and growing sandpiles. J. Differential
Equations 181, 2 (1996), 304-335.

Benedikt, J. R.; Girg, P.; Priifer transformation for the p-Laplacian. In Proceedings of the
2007 Conference on Variational and Topological Methods: Theory, Applications, Numerical
Simulations, and Open Problems (2010), vol. 18 of Electron. J. Differ. Equ. Conf., Southwest
Texas State Univ., San Marcos, TX, pp. 1-13.

Bermejo, R.; Carpio, J.; Diaz, J. I.; Tello, L.; Mathematical and numerical analysis of a
nonlinear diffusive climate energy balance model. Math. Comput. Modelling 49, 5-6 (2009),
1180-1210.

Binding, P.; Boulton, L.; Cepicka, J.; Drébek, P.; Girg, P.; Basis properties of eigenfunctions
of the p-Laplacian. Proc. Amer. Math. Soc. 134, 12 (2006), 3487-3494.

Boulton, L.; Lord, G.; Approximation properties of the g-sine bases. Proc. R. Soc. Lond. Ser.
A Math. Phys. Eng. Sci. 467, 2133 (2011), 2690-2711.

Brown, B. M.; Reichel, W.; Computing eigenvalues and Fucik-spectrum of the radially sym-
metric p-Laplacian. J. Comput. Appl. Math. 148, 1 (2002), 183-211. On the occasion of the
65th birthday of Professor Michael Eastham.

Bushell, P. J.; Edmunds, D. E.; Remarks on generalized trigonometric functions. Rocky Moun-
tain J. Math. 42, 1 (2012), 25-57.

del Pino, M.; Elgueta, M.; Mandsevich, R.; A homotopic deformation along p of a Leray-
Schauder degree result and existence for (|u/|P~2u')’ 4 f(t,u) = 0, u(0) = w(T) =0, p > 1.
J. Differential Equations 80, 1 (1989), 1-13.

Elbert, A, A half-linear second order differential equation. In Qualitative theory of differential
equations, Vol. I, II (Szeged, 1979), vol. 30 of Collog. Math. Soc. Jdnos Bolyai. North-
Holland, Amsterdam-New York, 1981, pp. 153—180.

Evans, L. C.; Feldman, M.; Gariepy, R. F.; Fast/slow diffusion and collapsing sandpiles. J.
Differential Equations 1387, 1 (1997), 166-209.

Girg, P.; Kotrla, L.; Differentiability properties of p-trigonometric functions. In Proceedings
of the 2012 Conference on Variational and Topological Methods: Theory, Applications, Nu-
merical Simulations, and Open Problems (2014), vol. 21 of Electron. J. Differ. Equ. Conf.,
Southwest Texas State Univ., San Marcos, TX, pp. 101-127.

Girg, P.,; Kotrla, L.; p-trigonometric and p-hyperbolic functions in complex domain. Abstr.
Appl. Anal. (2016), Art. ID 3249439, 18.

Kuijper, A.; Image analysis using p-laplacian and geometrical pdes. Proc. Appl. Math. Mech.
7,1 (2007), 1011201-1011202.

Lang, J.; Edmunds, D.; Figenvalues, embeddings and generalised trigonometric functions,
vol. 2016 of Lecture Notes in Mathematics. Springer, Heidelberg, 2011.

Leibenson, L. S.; Motion of mnatural liquids and gases in a porous media. Gostekhizdat,
Moscow, 1947.

Lindqvist, P.; Some remarkable sine and cosine functions. Ricerche Mat. 44, 2 (1995), 269—290
(1996).



EJDE-2018/135 MACLAURIN SERIES FOR sin, 11

(17)
(18]
19]

[20]

Manna, Z.; Mathematical theory of computation. McGraw-Hill Book Co., New York-
Diisseldorf-Johannesburg, 1974. McGraw-Hill Computer Science Series.

Morse, P. M.; Feshbach, H.; Methods of theoretical physics. 2 volumes. McGraw-Hill Book
Co., Inc., New York-Toronto-London, 1953.

Paredes, L. I.; Uchiyama, K.; Analytic singularities of solutions to certain nonlinear ordinary
differential equations associated with p-Laplacian. Tokyo J. Math. 26, 1 (2003), 229-240.
Peetre, J.; The differential equation y'? —yP = +(p > 0). Ricerche Mat. 43, 1 (1994), 91-128.

[21] Reichel, W.; Walter, W.; Sturm-Liouville type problems for the p-Laplacian under asymptotic

non-resonance conditions. J. Differential Equations 156, 1 (1999), 50-70.

[22] Salomaa, A.; Soittola, M.; Automata-theoretic aspects of formal power series. Springer-

Verlag, New York-Heidelberg, 1978. Texts and Monographs in Computer Science.

[23] Smreker, O.; Entwicklung eines Gesetzes fiir den Widerstand bei derBewegung des Grund-

wassers. Zeitschr. des Vereines deutscher Ing. 22, 4 and 5 (1878), 117-128 and 193-204.

[24] Wilkins, J. K.; Flow of water through rock fill and its application to the design of dams. New

Zeeland Engineering 10, 11 (1955), 382-387.

LUKAS KOTRLA

DEPARTMENT OF MATHEMATICS AND NTIS, FACULTY OF APPLIED SCENCES, UNIVERSITY OF WEST
BoHEMIA, UNIVERZITNT 22, CZ-306 14 PLzEN, CZECH REPUBLIC

E-mail address: kotrla@kma.zcu.cz



	1. Introduction
	2. Higher order derivatives
	3. Proof of main result
	4. Concluding remarks
	Acknowledgments

	References

