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1 PSEUDO ROTATING-PERIODIC SOLUTIONS FOR
DIFFERENTIAL EQUATIONS

DANDAN LI, JIAYIN DU

ABSTRACT. In this article, we combine rotating periodic functions with u er-
godic functions to obtain a new class of functions called pu pseudo rotating
periodic functions. Then we study the existence and uniqueness of p pseudo
rotating periodic solutions for linear systems, semi-linear systems, and non-
linear systems by exponential dichotomy.

1. INTRODUCTION

Researchers pay a lot of attention to the existence and uniqueness of all kinds of
periodic solutions. Newton [I6] was the first person who mentioned the existence
of periodic solutions. Then, Bohl and Esclangon gave the concept of quasi-periodic
functions. In 1931, Bohr [5] obtained the concept of almost periodic functions.
Hale [12] studied their properties. In 1955, Bochner [2], [3] gave the concept of
almost autonomous periodic functions. His student Veech [I8] researched the group
properties of this kind of functions. Shen and Yi [17], Liang and Xiao [10} 1T 13} 21],
Campos and Tarallo [6], Wang and Li [19] also achieved a series of results in the field.
Recently, many researchers have studied rotating periodic functions and obtained
a series of results; see [14} [15] 20} 22] 23] 24} 25].

In the past, because of the development of ergodic perturbation theory, the study
of systems with perturbations gradually became one of the focus in the field of
dynamics. Soon after, Frechét gave the definition of asymptotically almost periodic
function.

Definition 1.1. A function f € C(R™) is called asymptotically almost periodic if

f=9+0, (1.1)
where g € AP(RY), and ¢ € Co(RT) = {h € C(RT) : lim;_, 1 o h(t) = 0}.

However, there were some shortcomings about asymptotically almost periodic
functions. For example, the indefinite integral of asymptotically almost periodic
function may not be asymptotically almost periodic function. Hence, Zhang [26]
put forward the concept of pseudo almost periodic functions.

Definition 1.2. A function f € C(R)(C(€2 x R)) is called pseudo almost periodic if
f=9+¢ (1.2)
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where g € AP(R)(AP(Q x R)), and ¢ € C1(R)(C1(Q2 x R)). Here,

Ci(®) = (hecm), tm oo [ nola o},

(1.3)

T

Cl(QxR) = {h€C(QxR): lim zir/ |h(t, z)||dt = 0},

where g and ¢ are called the almost periodic component and the ergodic perturba-
tion, respectively, of the function of f.

Moreover, the completeness and translation invariance of pseudo almost peri-
odic function were also proved in [26]. Then, Ait [I] gave the concept of generalized
pseudo almost periodic functions by extending the ergodic perturbation part of the
function f to an unbounded function. And he proved the existence and unique-
ness of generalized pseudo almost periodic solutions for differential equations with
exponential dichotomy.

In 2006, Diagana [9] introduced a new class of functions called weighted pseudo
almost periodic functions, which generalize the classical pseudo almost periodic
functions.

Definition 1.3. A function f € BC(R, X) is called weighted pseudo almost periodic
if it can be expressed as f = g + ¢, where g € AP(X) and ¢ € C3(R, p). Here,
Co(R, p) ={h € BC(R,X) : Tlir)go o )

s
| m@lowde =0y )
Similarly, he obtained the completeness and translation invariance of weighted
pseudo almost periodic function.
In 2012, Blot [4] gave the definition of 1 pseudo almost periodic functions, which
further expanded the weighted pseudo almost periodic functions.

Definition 1.4. A function f € BC(R,X) is called p pseudo almost periodic if it
can be expressed as f = g + ¢, where g € AP(X), and ¢ € C5(R, u). Here,

. 1
C3(R,p) = {h € BC(R, X, ) : rlggo ul—r, 7]

/ Ch@ldu) =0}, (L5)

where p represents a measure function defined on R.

Blot et al, transformed the density function p of weighted pseudo almost pe-
riodic function into measure function by measure theory. They also proved the
completeness and translation invariance of y pseudo almost periodic function by
introducing measure equivalence. In this article, we introduce a kind of pseudo
rotating-periodic functions and prove the existence uniqueness of pseudo rotating
periodic solutions.

This article is organized as follows: in section 2] we show the concept of y pseudo
rotating periodic function and exponential dichotomy. The basic properties of the
space of y1 pseudo rotating periodic function are shown in section 3} In section[d] we
prove the existence and uniqueness of u pseudo rotating periodic solution for linear
systems, semi-linear systems, and non-linear systems. Finally, section [5] verifies the
flexibility of our conditions by an example.
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2. 1 PSEUDO ROTATING PERIODIC FUNCTION

Firstly, we give some notation. B denotes the Lebesgue o-field of R. M is the set
that consist of all positive measures p on B satisfying u(R) = 400 and u([a,b]) <
+o0, for all a,b € R (a < b). We denote the space of all n-order orthogonal matrices
by O(n). BC(R,R™) denotes the Banach space of all bounded continuous functions
from R to R", equipped with the supremum norm || f|| = sup,cg || f(©)|l-

Definition 2.1. A function g € BC(R,R") is said to be (T, Q) rotating periodic if
there exist T > 0 and @ € O(n) such that

gt+T)=0Qg(t) VteR.

Definition 2.2. A function g € BC(R x R™,R"™) is said to be (T,Q) rotating
periodic if the exist T' > 0 and @ € O(n) such that
gt +T,x) = Qg(t,Q 'z) VteR.

We denote the space of rotating periodic functions by RP(R, R") (RP(RxR"™, R")),
equipped with the supremum norm.

Remark 2.3. If @ = id or Q = —id, then a (T, Q) rotating periodic function is the
usual T-periodic function or T-anti-periodic one, respectively. If for some positive
integer ko such that Q% = id, a (T, Q) rotating periodic function is a subharmonic
one. If for all positive integer k1 such that Q** # id, then a (T, Q) rotating periodic
function is a quasi-periodic function.
Definition 2.4. Let u € M. A function ¢ € BC(R,R") is called p-ergodic if
1 T
limi/ o(t)||du(t) = 0.
Jim s [ loto)ldut
Definition 2.5. Let u € M. A function ¢ € BC(R x R™, R") is called p-ergodic if
1 T
limi/ o(t, z)||du(t) = 0. 2.1
tim e [ lott)utt (2.1)
We denote the space of all such functions by E(R,R™, u), E(RxR™ R™, 1), equipped
with the supremum norm.

Remark 2.6. If p is the Lebesgue measure, then the p ergodic function ¢ is the
same as the function given by Zhang [26]. If the Radon-Nikodym derivative of
with respect to the Lebesgue measure on R is p, the p-ergodic function is a Weighted
ergodic one by Diagana [9].

Definition 2.7. Let u € M. A function f € BC(R,R™) is said to be p pseudo
rotating periodic if f is written in the form

f=9+¢,
where g € RP(R,R"), and ¢ € E(R,R"™, p).
Definition 2.8. Let 4 € M. A function f € BC(R xR™,R") is said to be u pseudo
rotating periodic if f is written in the form

f =g+ (ba
where g € RP(R x R",R"), and ¢ € E(R x R",R"™, ).

We denote the space of such functions by PRP(R,R"™, 1) (PRP(RxR"™ R"™, 1)),
equipped with the new norm || f||1 = |lgl| + ||2|l-
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Consider the system
&= A(t)z, (2.2)
where A(t) is a continuous matrix on R and X (¢) is a fundamental matrix of system
(2.2)) satisfying X (0) = id.

Definition 2.9 ([8]). The system of differential equations (2.2)) is said to possess
exponential dichotomy on R, if there exist a projection matrix P and constants
K >1,a >0, such that

X)) PX ' (s)|| < K exp(—a(t —s)), t>s,
IX(t)(I —P)X ()] < Kexp(—a(s —t)), t<s.
We define the Green’s function as follows

Ut 5) = {X(t)PXl(s) t>s,

~X()I - P)X~Y(s) t<s. 2:3)

3. BASIC PROPERTIES

For p € M, and 7 € R, we define p,(4) = p({a + 7:a € A}) for A € B. Then
we make the following hypothesis.

(H1) Let pu € M, there exist 8 > 0 and a bounded interval I such that u,(4) <
Bu(A), when A € B satisfies ANT = 0.

Lemma 3.1. If u satisfies (H1), then (PRP(R,R™, ), - |l1) s a Banach space.

Proof. Let {f,} be a Cauchy sequence in PRP(R,R"™, ). For all € > 0, there exist
N > 0 such that

|fn(t) — f(@®)]1 <& (m,n >N, Vt €R),
and
fu(t) = gn(t) + én(t) VEER,
fm(@) = gm(t) + dm(t) VEeR.
where g, gm € RP(R,R"™), and ¢y, ¢, € E(R,R™, 11). So, we have
[fn (@) = fm @)1 = llgn(t) + &nlt) — gm(t) — dm(t)[1
= llgn(t) = gm @) + [|n(t) — dm (D]
= Sup |gn (t) — gm ()| + sup [$n(t) — ()] < e.
teR teR
We deduce that
sup |gn(t) — gm(t)| < eVt € R,
teR

sup |on(t) — om(t)| < eVt ER.
teR

According to the definition of Cauchy sequence, we can conclude that {g,} and
{¢n} are the Cauchy sequence of RP(R,R™) and £(R,R™, i), respectively. Then
we use that RP(R,R"™) and E(R,R™, ) are Banach space [7, [4]. Hence there exist
go(t) € RP(R,R™) and ¢o(t) € E(R,R™, i) such that

Jim [lga(t) — o)) =0, lim [l (1) — Go(t)]| = 0.

Let fo(t) = go(t) + ¢o(t). We deduce that fo € PRP(R,R™, ). So we can prove
that (PRP(R,R™, i), || - ||1) is a Banach space. O
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Lemma 3.2. If p satisfies (H1), then (PRP(R x R™, R™ u),| - |[1) is a Banach
space.

The proof of the above lemma is similar to that of Lemma[3.1]

Lemma 3.3. Let i satisfies (H1). Ify € PRP(R,R™, 1), f € PRP(RxR™,R™, 1),
and f satisfies the Lipschitz condition in x, then the convolution product
+oo

(f=U)() = U(t,s)f(s,y(s))ds (3.1)

— 00

is also a pu pseudo rotating periodic function.
Proof. Since y € PRP(R,R", ) and f € PRP(R x R™,R", 1), we have
fy@) = filt,yi (D) + f(Ey@) — f(E (1) + f2(t,91(2))

= filt,y1(t)) + Ft,y(t), 1 (1)),

where y; € RP(R,R"), yo € E[R,R™, 1), fi € RP(R x R*R"), f, € &R x
R™ R™, ). Then
+o0 -

(f*U)(t) = / U(t, 5) 2 (5,10 (3))ds + / Ut 5) F (5 4(5), 1 ())ds

= (f+U)a(t) + (f * U)2(D).
For f1 € RP(R x R™,R™), it is easy to prove that (f * U);(t) € RP(R,R").
Next we prove that (f * U)a(t) is a p ergodic function. i.e.

tim s [ VDa(Olutr) = 0.
Since f satisfies the Lipschitz condition, we have a constant IV such that
1 (s, 9(s)) = F(s, ()| < [1f(s,9(5)) = f(s,31(s))
< Nlly(s) —yi(s)lh
= Nlly2(t)]-

—+oo

Hence, we deduce that

r +oo -

[ || / U(t, 5)F (s y(s), 31 (3))dsl| du(t)
T —+oo

<N / / WU, ) ly2(s) | ds dut)

s +o0
[Tt ms)  dsduto)
= Zl(t) + Z2(t>.
According to (2.3) and definition we conclude that

Zu(t) < / [ KNexp(-alt = )llya(s) | ds du(t)

r —+o0
+ / KN exp(a(t — 5)) lys(s)l| ds du(t)

—rJt

0 r
< / KN lya (s + b)lldu(t)ds

— 00 —-T
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+oo T
+ / KN+ 0dp(0)ds

+oo
,KN/ /Hyst ldu(t)ds

For yo € E(R,R™, ), Joél Blot [4] proved yao(t+s) € E(R,R™, ). Using Lebesgue’s
dominated convergence theorem, we deduce that

Zy(t oo KN ’
lim —210) g/ lim 7/ llya(s + )| du(t)ds = 0.
roe p[=r,r]) T oo roee p([=rir]) S,
Similarly, lim,_ .o M(?(,t)]) = 0. Therefore, we conclude that (f * U)s2(t) is a p
ergodic function. Finally, we obtain that (f * U)(t) € PRP(R,R", ). O

4. EXISTENCE AND UNIQUENESS

Theorem 4.1. Consider the linear system
= Alt)x + f(¢), (4.1)

where A(t) € PR(R,R™), f(t) € PRP(R,R™, ). If the linear homogeneous system
& = A(t)x satisfies exponential dichotomy, then (4.1)) has a unique p pseudo rotating
periodic solution.

Proof. Since f(t) € PRP(R,R", i), we have a bounded solution (see [8])

+oo +oo
o(t) = / U(t, s)g(s)ds + / U(t, 8)6(s)ds = 21(t) + za(0),

where g € RP(R,R"), ¢ € E(R,R", u). It follows from g(s) € RP(R,R"™) that
z1(t) € RP(R,R™).

Then we will prove that z2(¢) is a p ergodic function. By and definition
we have

[ e

= /_ /_ _ Kexp(=a(t = s)|o(s) ds du(?)
7” +o00
- /_ . Kexp(—a(s —t))[é(s)|| ds du(t)
" 0 T 400
< K/_ /_ ||¢(s+t)||dsdu(t)+K/_ /0 6(s + t)|| ds dpu(t)

0 r 1o ,
:K/_OO /_ ||¢(8+t)||d,u(t)ds—|—K/o /_ 6(s + )| dpa(t)ds

by Fubini’s theorem.

The translation invariance of £(R,R"™, 1) was proved in [], ie. ¢(s +1t) €
E(R,R™, 1). So we can obtain that lim,_, 1 (”[”i(:,)ﬂ) = 0 by Lebesgue’s domi-
nated convergence theorem. Then system has a unique p pseudo rotating
periodic solution. [
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Theorem 4.2. Consider the semi-linear system
z=Alt)zx + f(t,x), (4.2)

where A(t) € RP(R,R"™), f(t,x) € PRP(R x R™,R™, 1), and it satisfies the Lips-
chitz condition in x. If the linear homogeneous system & = A(t)x satisfies exponen-
tial dichotomy and there is a Lipschitz constant N > 0, such that % < 1, then
system has a unique p pseudo rotating periodic solution.

Proof. Firstly, for all y(t) € PRP(R,R"™, 1), we consider the system
&= A(t)z + f(t,y(t)),
which has a bounded solution
“+o0
ot) = [ U9 (5.5 ds

and z(t) € PRP(R,R™, 1) by lemma Then we define the mapping H (y)(t) :
PRP(R,R", ) = PRP(R,R"™, u) by

+oo
Hu)(O = [ Ul f(s.u(s))ds. (43
For all y1(t),y2(t) € PRP(R,R", 1), we deduce that
“+o0
[H (y1)(t) — H(y2)(#)[[1 < /_ [T, s)[[1N[|y1(s) — y2(s)[[1ds

< KN / exp(—a(t — )1y (s) — y2(5)]1ds

“+o0o
L EN / exp(alt — 5))llya(s) — y1(s)|hds

2KN
<

< ——lyi(s) = y2(s)ll1-

Since 258 < 1, the mapping H(y)(t) is a strict contraction. Using Banach fixed

point theorem, there exists a unique y(t) € PRP(R,R", u) such that H(y)(t) =
y(t). So system (4.2)) has a unique p pseudo rotating periodic solution. |

In the following, we replace the Lipschitz condition by the linear growth condi-
tion. Then the existence of p pseudo rotating wave solutions for semi-linear systems
is also going to be proved.

Corollary 4.3. Consider system , where A(t) is an rotating periodic ma-
triz, f(t,z) € PRP(R x R™ R™ u), and f is uniformly continuous function in
x. Suppose that the homogeneous linear system © = A(t)x satisfies an exponential
dichotomy, and the function f satisfies linear growth condition, i. e.

lf(t,z)] <allz|p +b (teR,zeR™), (4.4)
25“ < 1. Then system (4.2)) has a p pseudo rotating periodic solution.

where a > 0,

Proof. Let G := {y € PRP(R,R", u), |lyllx < N1}, where Ny = afg(;’{a. We can
deduce that G is a closed convex subset of the space of Banach. For all y € G, we

have

+oo
1 () (O]l = \\[ U(t,s)f(s,y(s))ds]h
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+oo
< / WUt ) (s, 9()) 1 ds

- t +oo
< (allyll, + b)( / Kexp(—a(t—s)ds+ [ Kexp(alt - s))ds)

t

2K
< (aNl + b)j

< MN;.

By using the uniform continuity of f, for all € > 0, there exist § > 0 such that
llyr — y2]l1 < J, and we have

lf(ty1) — f(ty2)| <e.

From the inequality
1H (y1)(t) — H(y2) (@)1
“+o0

+o0
<[ vesemneds - [ U1 mE)s]:

— 00

< / IXOPXTH () 1llf (5,51(5) = f(5.y2(5)) 11 ds

+oo
+ / IX(E)(I — PYX ()£ (5, 92(s)) — F(s,31(5)) s

t +o0
< [ Kexp(—a(t — s))eds + K exp(a(t — s))eds

t
2Ke
< —

— b

«

we deduce that H(y)(t) is uniformly continuous in x and satisfies (4.2). Then we
have

I ) Ol = A IH @) @)l + 1Lf (8 2)]1 < (a+ sup [A@) )M + 0.

Therefore, the mapping H (y)(t) is equicontinuous. By using Arzela-Ascoli theorem,
there exist a subsequence of {fx(t)} C {f.(t)} € G such that

lim fi(t) = yo(d),

where yo(t) € G. We can prove that H(y)(t) has fixed point in the space G by
Schauder fixed point theorem. Then the system (4.2) has a p pseudo rotating
periodic solution. (I

Theorem 4.4. Consider the nonlinear system

&= f(t,x), (4.5)

where f € PRP(R x R™,R™ u), and f is a continuous differentiable function in x.
Suppose

. Lof

= %(Gy)de -z, ye€PRPR,R" ) (4.6)

0
satisfies the exponential dichotomy, i.e.
[2(t.y) P, @ (s, 9)l| < K exp(—a(t —s)) t>s,

12t y)(I = P,)@ ' (s,9)|| < Kexp(—a(s —1)) t<s,
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where ®(t,y) is a fundamental matriz of system (4.6), and satisfies ®(0,x) = id.
Then (4.5) has a unique p pseudo rotating periodic solution.

Proof. Firstly, we prove uniqueness. Suppose z,y are p pseudo rotating wave solu-
tions of the system (4.5). Let u = z — y. Then we have

u=3—9=f(t,z)— f(t,y)

_ / %(9@« + (1= 0)y)do- (z—y)
0

1
of
= — Ou)do - u.
/0 g Y+ 0u)do - u
Because (4.6)) satisfies the exponential dichotomy, we get a unique solution u = 0,
ile.x=y.
Next we prove existence. It is easy to obtain
. Lor
= f(t,x) = —=(0x)df - x + f(t,0).
0 ax
For all y € PRP(R,R", 1), we consider the equation

X

&= /1 gf (0y)d6 - = + £(1,0), (4.7)
0

which has a solution

£y (t) = / B(t,y) Py (5,) (s, 0)ds

— 00

+oo
- / B(t,y)(I — P,)@ (s,y) (5. 0)ds.

Because f € PRP(R x R",R", i), we easily prove that z, € PRP(R x R",R", u).
For all s € R, there exists a constant M; such that || f(s,0)]s < M;. Then we
consider the set

D ={h e PRP(R x R",R", n), ||h[lx < M},

where M = % + 1. For all y € D, we define the mapping T, (t) = x,(t). We
have
t

1Tl < / 10(t, )P, & (s,9) | £ (5, 0)|| s

+ [ @ - PYE sl ) s

< /t Kexp(—a(t — s))Mids + /OO Kexp(a(t — s))Mds

2K M,

o
< M.

<

Then T},; : D — D and uniformly bounded with respect to y. Because T}, satisfies
the system (4.7)), we have

1
. 0
@l <1 [ S @nasalmy @l + 170yl
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1
0
< [ 15k @ asn + .

X

It follows from f is a continuous differentiable function in x that Tj,; is equi-
continuous. Hence, (4.5) has p pseudo rotating periodic solution by Schauder’s
fixed point theorem. O

5. EXAMPLE
Consider the equation
i = —3x + exp(—t) + 2% exp(—t), (5.1)

for all t € R,z € Q, where Q(C R) is a bounded set.
We will prove that (5.1]) has a p pseudo rotating periodic solution. Let

F(t,2) = (=3z + exp(—t)) + 2® exp(—t) =: g(t, x) + (1, x).
For a given 7 € R, let
gt +71,2) = =3z +exp(—(t+ 1))
= exp(—7)(—3 exp(T)x + exp(—t))
= exp(—7)g(t, exp(7)x).
Therefore, g(t,z) € PR(RT x Q,Q).
If the Radon-Nikodym derivative p is defined by p(t) = 1, then
Jo #% exp (—t)du(t) Jo x%exp (—t)dt

I lim 20
r oo ([0, 7)) Pt [Tt
lim a?(1 —exp(-r)) _ 0.
r—+00 r

Hence, f € PRP(RT x Q,Q, ). By theorem equation (5.1)) has a unique p
pseudo rotating periodic solution.
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