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p-LAPLACIAN EQUATION WITH FINITELY MANY CRITICAL
NONLINEARITIES

PENGCHENG XIA, YU SU

ABSTRACT. This article concerns the ground state solution of the p-Laplacian
equation with finitely many critical nonlinearities. By using the refined Sobolev
inequality with Morrey norm and variational methods, we establish the exis-
tence of nonnegative ground state solution.

1. INTRODUCTION

We consider the p-Laplacian equation

p—2 k . . .
~ Ay M Y (o PRl R R, € RN, (1)
i=1
where N > 3, p € (I,N), ¢ € (0,A), A = (]\’;p)p7 A, = div(|VulP~2Vu) is

the p-Laplacian, p;, = %(Jyvt(;’) are the Hardy-Littlewood-Sobolev critical upper
exponents, and the parameters «; satisfy the following assumption:
H) 0<ay <---<ap<N,forkeN, 2<k< o0.

Problem (|1.1)) is related to the nonlinear Choquard equation

— Au+V(x)u = (I, * |ul?) |u|?%u, =€ RV, (1.2)

where N;]"" <q < %fg‘ and a € (0, N). For ¢ = 2 and a = 2, problem
goes back to the description of the quantum theory of a polaron at rest by Pekar
in 1954 [I0] and the modeling of an electron trapped in its own hole in 1976 in
the work of Choquard, as a certain approximation to Hartree-Fock theory of one-
component plasma [IT]. The existence and qualitative properties of solutions of
Choquard equations or other related equations have been widely studied in the
previous decades, see [2, [3, [4, [5, [7), [8] T2} [15].

Recall that the Sobolev space DVP(RY) is the completion of C§°(RY) with
respect to the semi-norm

||u||%l)p(RN) - / |Vu|pdm
RN
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It is well known that A = (%)p is the best constant in the Hardy inequality

A/ |U| T < ||u||pD1,p(RN) for all u € DVP(RY).

By the Hardy inequality for ¢ € [0,A), we derive that |lull{ = ||u||pD1,p(RN) -

¢ Jan %dx is an equivalent norm in D*P(R"), and

¢
(1= )l < [ < [l
For a € [0, N), ¢ € [0,A) and p € (1, N), we define the best constant:

g inf ||u||D1p (RN) Cf]RN l\zﬁdx (13)
ot e DN )\ (o) (Jun o HCLERGIPE g7 75 '

[z—y[N

Lemma 1.1 ([6]). Lett,r >1 and 0 < o < N with + + 2 + 822 =2, f € LY(RV)
and h € L"(RYN). There exists a sharp constant C(N,a,t,7) > 0, independent of
f, g such that

cha 7t7 h r-.
// \x_yw 5 (N, ot )| £ eI

Ift=r= 32 then

N+a’

a Ny«
C(N,at,7) = C(N, @) = 75 r(zrv(i)ﬂ @Efv;) "

We introduce the energy functional associated with problem ((1.1)) by

Te(w) = L ul? i / / DI )™ 1/ P d
u) = —||ullr — xdy — — Up|P dx.
¢ p e — 2P, Jrv Jry |z — y|N o p* JrN

We define the Nehari manifold
N, = fue DRV : (I}(w),u) = 0, u 0},

and

¢ = nf Ie(u), ¢ = ueDgnpf(RN)rglggfc(tu) c¢ = inf o 1c(0(1)),

where
I ={T e C([0,1], D**(RYN)) : T(0) = 0, I-(Y(1)) < 0}.

Because of lack of compactness of the Sobolev embedding D'?(RN) < LP" (RN)
and that the functional I is invariant under the weighted dilation, it is hard to
show that the Palais-Smale sequence of I has a convergent subsequence.

Recently, Su et al. [14] studied the existence of ground state solution for (1.1)
with the additional condition

(H2) % > (k+1) Ntar for i =1,...,k, where C(N,a;) and Sy o are

C(Nay)* Pai
defined in Lemma and (|1.3)) respectively.
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Applying this condition, they showed that
Co > C¢. (14)

As an application of inequality (|1.4)), they proved that the dilated subsequence of
Palais-Smale sequence weak converges to nonzero function. And then they estab-
lished the existence of ground state solution to (I.1). Hence, condition (H2) plays
a key role in [I4].
It is natural to ask
Can we find a nontrivial solution to (|1.1)) without assuming (H2)?

To the best of our knowledge, there is no affirmative answer in the literature. An
answer to this question is given in the main result of this article:

Theorem 1.2. Assume that N > 3, p € (1,N), ¢ € (0,A) and (H1) holds. Then
equation (1.1) has a nonnegative ground state solution.

This article is organized as follows: In Section 2, we study the ground state
solution of limit equation. In Section 3, we prove Theorem

2. GROUND STATE SOLUTION OF THE LIMIT EQUATION

To study (1.1]), we consider the problem
k
— Apu= 5" (L, # [P ) o 20+ [uP 20, zeRY. (21)
i=1

We introduce the energy functional associated with problem (2.1)) by
A g, L
U dxdy—— u
To(u) = H HD”RN) Z? o /]RN/RN |z — y|N o Y P* JRN

We define

co = inf, Jnax Io(T (1)),

where
I ={Y € C([0,1], D"P(RY)) : T(0) = 0, IH(Y(1)) < 0}.
Lemma 2.1. Assuming the conditions of Theorem[1.9 The following conclusions
hold:
(i) there exists {v,} C D¥P(RN) such that

Io(vn) = cos  [IIH(vn)llp-1p@yy =0 asn — oo

and {vy} is uniformly bounded in D**(RY), and limy, o0 [5n |on|P" da > 0;
(ii) for each u € DVP(RN)\ {0}, there exists a unique t, > 0 such that t,u €
ANO.
(111) co=Cy=Cy= infueNo Io(u) > 0.
Proof. (i) Clearly, Iy satisfies the mountain pass geometry. Then there exists a
(PS). sequence {v,} C DVP(RYN) of Ij at level ¢y > 0. It is not hard to prove that
{v,} is uniformly bounded in D*?(RY).
We now show that lim,,_, o fRN |v,|P"dz > 0. Suppose on the contrary that

lim |un|P"dzz = 0. (2.2)

n—oo RN
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It follows from (2.2)) and Lemma [1.1] that

; P,
hm/ / [on (@ |x ﬁv"(a)' dedy =0, fori=1,... k. (2.3)
RN JRN -

n—roo

By using (2.3]) and the definition of (PS)., sequence, we obtain

1
co+o(l) = ;H“nn%l,p(mzv)a

o(1) = HunH%l,p(RN)~
These equalities yield ¢y = 0 which contradicts ¢y > 0.
(ii) For u € D¥(RN)\ {0} and t € (0, 00), we set

g1 (t) = I() (tu)

2 o / / o)
= —lUu ., X
p | IDEREY) 2 ph, Jry Jry oyl Y

P .
— —*/ |ulP dex,
P JrN
25|

k Do
! t :tp71 P _ t2'pzi71/ / ( )| 7'd d
91(t) [l vy ; on Jov |z —yNa Y

— / lulP” dz.
RN

We know that g’l() = 0 if and only if

p 129
29, ~ )P Juy) [P P —p P*
[l D1 ey = § t /RN /RN e dzdy +t » |ul?” da.

We set

and

k
p=yewr [ ] I O I g s o[ ar
=1 Ry Jry T =yl RN

Then we obtain that lim;_gg2(t) — 0, limy_eo g2(t) — 00, and go(+) is strictly
increasing on (0,00). Then there exists a unique 0 < ¢,, < oo such that
> [ullprp@ny  te <t <00,
g2(t) § = ||U||pD1,p(RN)a t=ty,
<Nullprp@ny 0<t<tu.
This shows that t,u € N°. Moreover, we have
<0, t,<t< oo,
g(t)4=0, t=tu,
>0, 0<t<ty,.
This implies that g1(-) admits a unique critical point ¢, on (0, 00) such that g;(-)
takes the maximum at ¢,,.

(iii) Clearly, Iy is bounded from below on N°, and ¢ > 0. Indeed, it follows
form Lemma (ii) that ¢y = &. Notice that for any u € DVP(RN)\ {0}, there
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exists > 0 large, such that Ip(fu) < 0. We define a path ~ : [0,1] — DVP(RY) by
v(t) = ttu. Clearly, v € I' and consequently, co < &. On the other hand, for every
path v € T', we let g3(t) := (I(y(t)),v(¢)). Then g3(0) = 0 and g5(t) > 0 for t > 0
small. We have

(1) = ST GW)A0)
k o) fuly) P )
Z ;9_2 pa /RN/]RN |;L‘—y|N P dxdy—(%—}%)/RUM dz >0

1=1

which implies
(Io(v(1)), (1)) < plo(y(1)) = plo(tu) < 0.

Then there exists i € (0,1) such that g3(f) = 0, i.e., y( ) € N So ¢y > ¢. O
We recall that a measurable function v : RN — R belongs to the Morrey space
lul| .= mvy With ¢ € [1,00) and @ € (0, N], if and only if
ey = 5w BTN [y < .
R>0,z€RN B(z,R)

Lemma 2.2 ([9, Theorem 2]). For p € (1,N), there exists C > 0 such that for ¢
and ¥ satzsfymg <e<1,1<9<p*, we have

(/RNIU

for all uw € DVP(RY).

/p* _
) <Ol
£ (RN

Proof of ground state solution for . We divided our proof into two steps.
Step 1. Note that {v,} is a bounded sequence in D''?(RY). Up to a subsequence,
we assume that
v, = vin DYPRY), v, s vae inRY, v, = wvin L] _(RY)
for all € [p,p*). From Lemmas (i) and 2.2] there exists C' > 0 such that
vnllcox—p@yy = C > 0.
On the other hand, since the sequence is bounded in D?(RY), and (see [13]),
DVP(RNY e LPT(RN) — £PN=P(RY),
we have
[vnllcrv—» @y < C.
Hence, there exists a positive constant which we denote again by C such that for
any n we obtain
< lvnllgov—r RN) & <ch

So we may find ¢, > 0 and z,, € R" such that

1

on B(xn,00)

N-p

Let 0, (%) = 00" vn(2n + 0nz). We need to verify that

C
lun(y)[Pdy > ”uanpN r@®Y) T 9, = (1 > 0.

Io(0n) = Io(un) = co,  |[Io(0n)|l p-1.0ryy = 0 as n — oo,
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For all ¢ € DVP(RY), we have

[{To(tn), @) = [{T(vn), @n)]
< L6 (n)llp-2.0 @) |Pnll e )
= o(V)[[@nllprr@y),

_N-p
where ¢, = on 7 o(7%). From ||@n || pre@wy) = [|¢l|p1ery), we obtain

115(0n) | p-1p@yy = 0 asn — oo.
Thus there exists v such that
U, — v in DYP(RYN), 5, = vae. in RY, 4, — o in L], (RY)
for all r € [p,p*). Then

) 1
[ imwray = on(y)Pdy > Cy > 0.
(0.1) oh JBenon)
This implies v # 0.

Step 2. For any ¢ € DYP(RY), applying (I}(v,),¢) — 0 and ©,, — ¥ weakly in
DYP(RYN), we obtain

(I5(v), ) = 0. (2.4)

Moreover, by (2.4) and © # 0, we obtain @ € N°. By the Brézis-Lieb Lemma [I],
we have

/ |an|p*dx >/ [alP" dz + o(1), (2.5)
RN

|t (2)[Pa | (y) / / &) [Px|a(y)|Ps
dxdy ———————dxdy +o(1). (2.6
/]RN /]RN |(E—y‘N a &y SN |1._y|N @ ( ) ( )

We set
p“z Pa, 1 1 «
/ / z)| ~ W)l dmdy—#(f—j)/ |ulP de.
p2pal RN JRN Iw—la p p*/ Jen

-3 (:

=1
(2.7)
Applying Lemma 2.5), (2.6), and 4 € N9, we obtain
_ _ 1 7/ — _ . _
Co = ¢o = Ip(v,) — };( 0(Un), Tn) = nh_{rgo K(vy,)
1

Therefore, the inequalities above have to be equalities. We obtain Iy(7) = ¢, which
means that ¥ is a ground state solution of problem (2.1)) at the energy level ¢o. We
know that |8 € DVP(RY) and |V|o|| = |Vo| ae. in RY. Hence, we can choose
v2=0. O
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3. PROOF OF THEOREM

As in Lemma [2.1] we have the following results without proof.

Lemma 3.1. Under the conditions of Theorem[I.3, the following conclusions hold:
(i) there exists {u,} C DYP(RYN) such that

Ie(un) = c¢, M (un)lp-1o@yy = 0 asn — oo,

and {uy } is uniformly bounded in D*P(RY), and lim, oo [5n [, |P” d > 0;
(ii) for each u € DVP(RN)\ {0}, there exists a unique t, > 0 such that t,u €
NS
(iii) Cc = EC = EC = il’lfuej\/g Ic(u) > 0.

We now prove inequality (1.4]).

Lemma 3.2. Assume that the conditions of Theorem hold. Then ¢y > ¢¢ for
all ¢ € (0, 7).

Proof. Since v is a nonnegative ground state solution of equation (2.1f), so we have
I() (17) = Cp and

2)[Pe [o(y) [P

. dzd 0P da. 3.1
11 avy = Z// D ey [ s )

By Lemma there exists tz > 0 such that t;0 € M. We now claim t; < 1. It
follows from t3o € N that

Pl .
e
5. 5(y)[P5i . .
—Zt Pai” / / N vl dzdy + ¢4 _p/ |o|P da.
RN JRY |$—y| @ RN
Putting (3.1]) into (3.2)), we have
5|P
—C/ [P 4
RN [2[P
_Z 2Pa; 7P —1) / / )| o) dxdy+(t§*_p—1)/ o] de,
) S |N o RN

which implies

(3.2)

2, o(y) [P . .
0> i / / dedy + (¢85 7P -1 / ul? dz.
Z RN JRN |=’l”—y|NCY (& ) RN||



8 P. XIA, Y. SU EJDE-2021/102

Note that 2p},, > p and p* > p. Then t; < 1. It follows from (3.1) that
Io(v) — Io(t50)

_1-6 A
= » ||1)HD1 p(RN)*T - v

LIS )P |6 (y) Pi,v,d .
o Z 2. — | N—a; rdy
—~ 2-p, Jrv Jry Iw yl (3.3)
2p
1t 1 o )P o (y)[Pe
:Z[,_l_ z) N)I dady
~lp p 2 pal T3, pm RV JRY Ix—y\ °

It is easy to see that
[0)>0, i) =0, filt) =57 (@)" " - 1),
F200) >0, fo(1) =0, fylte) =85 (8 "~ 1).
Note that 0 < t; <1, 2pj,, > p, and p* > p. Then
filts) <0 for t; € (0,1),
folts) <0 for t; € (0,1).
Hence,
fi(tz) >0 for t; € (0,1)
fa(tz) >0 for ¢tz € (0,1)
Putting two results above into , we have
1o(D) > Ip(tz0).
On the other hand,
|v]?

vz ‘pdx < Io(tz0).
R

I (ts0) = Io(ty0) — £5¢

So in general, we can obtain

Cc < Ie(tst) < Io(ts) < In(0) = Co.
The proof is complete. (Il
Proof of Theorem[1.Z. We divided our proof into four steps.

Step 1. Note that {u,} is a bounded sequence in D*?(R™). Up to a subsequence,
we assume that

u, — v in DYP(RY),  w, — va.e. in RN, w, — uin L] (RY)
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for all r € [p,p*). By Lemmas [2.2] and [3.1] (i), there exists C' > 0 such that
[unllgrv—p@ay = C > 0.
On the other hand, since the sequence is bounded in D?(RY), and (see [13])
DYP(RN) < P (RN) < LPN=P(RV),
we have
lwnll oo v —»@ny < C,

for some C' > 0 independent of n. Hence, there exists a positive constant which we
denote again by C such that for any n we obtain

C < |lunllgon—r@yy < C

So we may find ¢, > 0 and z,, € R" such that
1 C
)Py vy ~ gy > O >0

N—p

Let @n(x) = on” up(zn + onx). We need to verify that

Ie(tn) = Ic(un) = c¢, fgl(ﬂn) —0 asn— oo,

where

= 1 ¢ | [P
Ig(un) = EnunH%LP(RN) - 5 . de

k _ * _ *
1 Pa, Pa 1 *
I Sy gy g TGO AR
= 2-pi, Jry Jry |z — y|o p* Jry

Now, for ¢ € DV?(RY), we obtain

~1
[(L¢ (n), )| = (I (un), @n)l
< e (un)ll p-10 @™ |80 | pre (Y
= o(D||pnllprr@ny,

N—p

where @, =05, * ¢

2. Since [|@nllpro@y) = (¢l D1y, we obtain
I}'(an) —0 asn— 0.

Thus there exists @ such that

i, — @ in DY?(RY), @, — @ ae. in RY, @, — @ in L] (RY)
for all r € [p,p*). Then

_ 1
[ fwpray = [un(w)lPdy > C > 0.
B(0,1) On JB(zn,0n)

This implies @ # 0.
Step 2. We now show that {z,/o,} is bounded. If z, /0, — oo, then for any
¢ € D¥?(RY), we obtain

fm [ [T (3.4)

n—oo Jgn |z + 2P
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Using that (IZ-I(ﬂn), ) — 0 and (3.4), we obtain

(Io(@), ) = 0. (3.5)

Moreover, from (3.5) and @ # 0, we obtain @ € A°. Applying Lemma Lemma
B-3), 3-4), [3-5) and @ € N, we obtain

Co > C¢ = C¢
1, . _ .
= Ic(un) — ;)< ((un)vun> = nILH;oK(Un)
> K(u) = Io(a) — —(Ij(u),u)
= Iy(a) > ¢,

which yields a contradiction. Hence, {z, /0, } is bounded.
N—p
Step 3. Let 4, (z) = 00" up(o,x). Then we can verify that

Ie(tn) = Ie(un) = c¢, i) — 0 asn — oo.
Arguing as before, we have
U, — @ in DY?(RY), 4, — @ ae inRY, 4, — ain L] (RY)

for all 7 € [p, p*). Note that {x,0,} is bounded. Then there exists R > 0 such that

N ~ 1
/ an(p)Pdy > / i (9)|Ply = — un(y)Pdy > Cs > 0.
B(0,R) B(22,1) On JB(zn,0n)

As a result, @ Z 0. An argument similar to one in Step 2 yields
(IL(a), ) = 0. (3.6)

From this equality and @ % 0, we obtain & € N€.

Step 4. It follows from @ € N¢, (3.3), (3.4) and (3.5) that

1

Ce=cc= IC(an) p<Ié(an)7an>

= lim K(ay,)

n—oo

_ 1 o\ -
> K(u) = I(a) - §<Ié(u),u>

= IC (ﬁ) > C¢-
Therefore, the inequalities above have to be equalities. We obtain I (%) = ¢¢, which
means that @ is a ground state solution of problem (1.1]) at the energy level c.. We
know that || € DYP(RY) and |V|i|| = |Va| a.e. in RY. Hence, we can choose
w2 0. O
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