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DYNAMICS OF STOCHASTIC LOTKA-VOLTERRA
PREDATOR-PREY MODELS DRIVEN BY THREE
INDEPENDENT BROWNIAN MOTIONS

SHANGZHI LI, SHANGJIANG GUO

ABSTRACT. This article concerns the permanence and extinction of stochastic
Lotka-Volterra predator-prey models perturbed by three independent white
noises. We establish some criteria and present some numerical simulations
that illustrate our theoretical results. It is shown that the presence of strong
noise on either the intra-specific interaction rate or the inter-specific interaction
rate may lead to complete different dynamical behaviors from the deterministic
case.

1. INTRODUCTION

Predator-prey interaction is one of the basic interspecies relations in nature and
society [3}, [6, [TT], [26]. Because of environmental stochastic perturbations, more and
more researchers are interest on the following stochastic predator-prey model driven
by three independent Brownian motions Wi (-), Wa(-) and Wj5(-):

dXi(t) = X1(t)(a1 — b1 X1 () — c1 Xo(t))dt

(t
+ (mXT () + X1 (6)dWi (t) + pr X (8) Xo (1) dWa(t),
ng(t) = Xg(t)(ag — bQXQ( ) + CQXl(t))

+ (2 X3 (t) + v Xo (1)) dWa (t) + pa X1 (t) Xo (t)dWs(t).

where X;(t) and X»(t) denote the quantities of prey and predator populations,
respectively, a1 and as are intrinsic growth rates, positive constants b; and by
represent the intra-specific interaction rates, positive constants ¢; and ¢ represent
the inter-specific interaction. More precisely, ¢; is the death rate per encounter
of prey due to predation, and co/c; is the efficiency of turning predated prey into
predator. The dynamics of without noise (i.e., pj =v; =p; =0 for j =1,2)
is quite simple [I, 22]. However, the presence of noise makes have more
complicated dynamical behaviour. For example, in [2] [0 30, 32]) there are a plenty
of results on the stochastic predator-prey model

AX, (1) = X2 (t)(ar — by Xa(t) — e Xo(t))dE + 41 X3 ()W (2),
dXo(t) = Xo(t)(—az2 — ba X (1) 4+ 2 X1 (2))dt + 2 Xo(t)dW (2),

(1.1)

(1.2)
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where all the parameters are positive and the intrinsic growth rates are perturbed
stochastically. Arnold, Horsthemke and Stucki [2] investigated the sample paths of
equation . Rudniki et al [27, 28] 29] investigated the convergence of densities
of the distributions of the solutions of (L.2). Mao, Sabanis and Renshaw [21]
investigated the existence and uniqueness of the positive solution of the following
model, where the intra-specific interaction rates are perturbed stochastically,

dX,(t) = X1 (t) (a1 — b1 X1 (t) — ex Xa(4))dt + g X7 (£)AW (1), L3
dXo(t) = Xa(t)(—az — by Xo(t) + ca X1 (t))dt + po X3 (t)dW (t). 43

Dang, Du, and Ton [5] proved that the densities of either converge in L' to an
invariant density or converge weakly to a singular measure on the boundary as well.
It is natural to ask what happens to dynamical behaviour of model in which
there are noises and perturbations on both inter-specific interaction rates intra-
specific interaction rates. As we know, there are few literatures in this direction.
For convenience, by assuming v; = 72 = 0 we shall investigate the system

dX(t) = X1(t)(a1 — b1 X1 (t) — e Xo(t))dt

+ ule (&)dW1(t) + p1 X1 () Xo2(t)dWs(t),
dXo(t) = Xo(t)(ag — ba Xa(t) + co X1 (t))dt

+ e X2 (1) dWa (1) 4 pa X1 (8) Xo(t)dW5(2t).

Stochastic perturbations on intrinsic growth rates a; and as will be investigated in
our another paper.

Much effort has been devoted to the study of prey-predator systems with a; >
0 > ap (that is, the intrinsic growth rate of the prey population is positive while
the intrinsic growth rate of the predator population is negative); See, for example,
[5l [10], (16, 21]. In such prey-predator systems, the predator population relies on a
single species for food. In a real world, most species feed on more than one species.
Therefore, in this paper we shall not confine our attention only to the case where
a1 > 0 > ag and shall distinguish four cases (i.e., a3 < 0 and a2 < 0, a1 < 0 < ag,
a1 > 0 > ag, a; > 0 and as > 0) to investigate the dynamics of system .
To make the ecological model more accurate, we consider three different white
noises in one model, since both the intra-specific interaction rates and inter-specific
interaction rates might be perturbed by environmental randomness.

One of important concepts in stochastic population models is stochastic perma-
nence, which indicates that the species will survive forever. Thus, another purpose
is to describe the effect of the three white noises on the stochastic permanence of
. In particular, we want to see whether and how large intensities of noises
could lead to extinction even though the population persists in the associated de-
terministic system, and also to see whether and how large intensities of noises could
lead to the permanence of the population even though some population dies out in
the associated deterministic system.

Finding conditions ensuring the stochastic permanence is drawing plenty of at-
tentions (see, for example, [10]). Some useful methods such as Lyapunov-type
functions and ergodicity have been proposed [8 [I7]. Thus, it is interesting to
develop much sharper or more general criteria by formulating more general and
better candidates for Lyapunov functions. Recently, Nguyen and Yin [23] studied
the coexistence and exclusion of stochastic competitive Lotka-Volterra models by
establishing a threshold in terms of dynamics on the boundary. Different from

(1.4)
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the Lyapunov method, in this paper we shall develop Nguyen and Yin’s approach
in [23] and introduce two thresholds A; and A to determine the permanence and
extinction in stochastic prey-predator system . In particular, we know that
Lotka-Volterra models laid a theoretical foundation for competition among species
[13, 18, [19]. Here, we should point out that our approach is applicable for a variety
of other stochastic Lotka-Volterra competition models.

Let (2, F, {F}i>0, P) be a complete filtered probability space with the filtration
{F}i>0. We suppose that p; # 0, i = 1,2, so that the diffusion is non-degenerate.
Let X, (t) = (X1,4(t), X2,2(t)) be the solution to with initial value x = (21, z2).
Denote that Ri’o = {(x1,22) : 1 > 0,29 > 0}. Throughout this paper, suppose
that p; >0, p; > 0,4 =1,2. For each x € Ri"o, it is proved in [20] that the solution
X, (t) remains in Ri’o with probability 1. It is easy to see that the solution X (t)
is a Markov process.

This article is organized as follows. In Section 2, we investigate the dynamics
on the boundary of the solutions and then derive some thresholds that are used to
determine extinction and permanence. In particular, we state our main theoret-
ical results and describe the main difference between the stochastic system
and its associated deterministic system. In Section 3, we perform some numerical
simulations to illustrate our theoretical results. Section 4 is devoted to the proof
of the extinction and weak convergence to a boundary distribution of species of
system with a; < 0. Section 5 is devoted to the dynamics of system
with a; > 0 > as. In Section 5, we provide the proof of the weak convergence to
a boundary distribution and coexistence of the species of in the case where
a1 > 0 and ay > 0.

2. MAIN RESULTS

To state our main result, we need to introduce an auxiliary process. For each
fixed j = 1,2, consider

dip(t) = () (aj — by (t))dt + p0* (1) AW, (8), (2.1)
where Wy (t) and Ws(t) are defined as in (1.4). Let 1);, be the solution to
starting at z;. Equation with a; > 0 has a unique invariant probability
measure 77 in (0, 00) with density (see [5] for more details)

= G oo (2054
fj(qﬁ)fd)zlexp(ui - 2) for ¢ > 0.

Here ¢} is a normalizing constant. Moreover, for every x > 0 and p < 3,

1 T o)
1 — p = . é P £* =
p{ Jim 7 [ vi0a =2 [ s -1 (22)
By direct calculation, we have
2
a; = ijjl + %QJ‘Q when aj > 0. (23)

The following two quantities play an important role in our analysis:

2
AL =ag + Q11 — %Qm when a; > 0,

2
A2 = a1 —c1Q21 — %Qm when ag > 0.
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We start with the case where the prey population has a negative intrinsic growth
rate, and have the following result on the stochastic system (|1.4) with a; < 0.

Theorem 2.1. (i) Ifa; < 0 andaz < 0 then every solution X, (t) to with
ingtial value © € Ri’o satisfies that almost surely lim,_, o X, (t) = (0,0).
(i) If a1 < 0 < ag then every solution X, (t) = (X1 4(t), X2,z(t)) to with
initial value © € Ri_’o satisfies that almost surely lim;_,oo X1 ,(t) = 0 and
the distribution of Xa ,(t) converges weakly to m5.

As for the deterministic system associated with , we see that both prey and
predator population die out when a; < 0 and as < 0, and that the prey population
goes extinct and predator tends to as/by when a; < 0 < ag. Comparing with
the deterministic system associated with , Theorem implies that the three
white noises affect only the the amplitude of the oscillation of sample paths instead
of the long-time behavior of solutions to system with a; < 0. In particular,
the assumption that a; < 0 implies that almost surely lim;_,o 91.,(t) = 0, and
hence the density of the unique invariant probability measure of is exactly the
Dirac delta function 6(-). In this case, A1 is actually equal to as. As we shall see
later, the sign of A; determines whether the predator dies out or not.

Theorem 2.2. (i) If a1 > 0 > ag and Ay < 0 then every solution X,(t) =
(X1,5(t), Xo,2(t)) to (1.4) with initial value x € Rio satisfies that almost
surely limy_, oo Xo 5(t) = 0 and X ,(t) converges weakly to 7.
(ii) If a1 > 0 > ag and Ay > 0 then for any initial point x € Ri’o, system (|1.4)
is permanent, i.e., its solution X,(t) has a unique invariant probability
concentrated on ]Rf_’o.

It is easy to see that Theorem unifies and improves the results obtained by
Dang et al [5] who investigated the asymptotic behavior of system (1.3). As for the
deterministic system associated with , we see that there exists a unique globally
asymptotically stable (GAS) equilibrium (aq/b1,0) when 0 < ajca < —agb;, and
that there exists a unique GAS equilibrium ((a1b2 — agc1)/(b1be + c1c2), (a1c2 +
agbl)/(blbg + 0102)) when aico > —asby > 0. In particular, if 0 < ajcs < —agby,
then it follows from that

azby r3 asp?

2
P2

A - - = = - =
1 < a2 o Q11 o @12 2a, Q12 5

In view of Theorem i), we obtain the following result.

Q12 < 0.

Corollary 2.3. Assume that 0 < ajco < —agby, then every solution X,(t) =
(X1,2(t), X2 (1)) to (L.4) with initial value x € Ri_’o satisfies that almost surely
limy 00 Xo 5(t) =0, X1 2(t) converges weakly to ;.

The above corollary implies that if the predator population of the deterministic
system associated with dies out eventually, then the presence of noise in
cannot change this extinction tendency but either accelerate or delay the extinction
of the predator population. However, if there is a stable coexisting equilibrium in
the deterministic system associated with 7 then Theorem implies that the
presence of immoderate noise may cause the predator population to die out as well.
This is exactly the essential difference between the stochastic system and its
deterministic system. This interesting observation can also be obtained in the case
where a; > 0 and as > 0. Namely, we have the following result.
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Theorem 2.4. Assume that a; > 0 and as > 0.
(1) If Ay > 0 and Ay < 0 then every solution X, (t) = (X1,.(t), X2,5(t)) to (1.4)
with initial value x € Rﬁ_’o satisfies that almost surely limsup,_, o Xo »(t) >
0, limy_yo0 X1.2(t) =0 and Xz 4(t) converges weakly to 5.
(ii) If A1 < 0 and Ay > 0 then every solution X, (t) = (X1,5(t), X2,4(t)) to (1.4)
with initial value T € Ri’o satisfies that almost surely limsup,_, o X1 (t) >
0, lim_yo0 X2 »(t) = 0 and X1 5(t) converges weakly to m3.
(iii) If Ay > 0 and Ao > 0 then for any initial point x € Ri’o, then system (|1.4)
is permanent, i.e., its solution X.(t) has a unique invariant probability
concentrated on R,

If a > 0 and p2 = 0 (i.e., there is no random influence on the inter-specific
interaction term of prey population), then we have A\; > 0, which together with
Theorem i)(iii) implies the permanence of Xy ,(t) for all z € ]Ri’o and the
existence of an invariant probability measure. Namely, we have the following result.

Corollary 2.5. Assume that a; > 0, ax > 0, and ps = 0.
(1) If A2 < O then every solution X, (t) = (X1,5(t), X2,4(t)) to with ing-
tial value © € ]Ri’o satisfies that almost surely limsup,_, o Xa »(t) > 0,
limy 00 X1,2(t) =0 and Xo . (t) converges weakly to 3.
(ii) If A2 > 0 then for any initial point x € Ri’o, then system s permanent,
i.e., its solution X,(t) has a unique invariant probability concentrated on
R%°.

The dynamics of the deterministic system associated with with a3 > 0
and as > 0 can be classified in terms of the sign of a1bs — ascy. In fact, the
associated system has a unique GAS equilibrium (0, as/b2) when 0 < a1be < agcy,
and has a unique GAS equilibrium ((a1bs —agcy)/(b1bs+c1c2), (a1ca+asbr)/(b1ba+
c1¢2)) when ajby > asc; > 0. Even though the associated deterministic system
is permanent, as we shall see, the presence of strong noises on the intra-specific
interaction rate of the prey and predator may result in the extinction of the prey or
predator population. On the other hand, even though the prey population of the
associated deterministic system goes to extinction (for example, in the case where
0 < a1be < ascy), the stochastic system may be permanent. In fact, we shall
see in the subsequent numerical simulations that that strong noise on the intra-
specific interaction rate of the predator population may lead to the permanence of
the prey, which is different from the deterministic case.

Theorems and[2.4 means that the signs of A; and Ay determine the asymptotic
behavior of the solution X, (t) to with initial value z € Ri’o. A natural
question is: what happens to the solution X, () when A; Ay = 0?7 In fact, the set E =
{(a1,a2,b1,ba, c1,c2, i1, 12, p1, p2) € R? x Rio : A Ay = 0} has Lebesgue measure 0
in the space R? x ]Ri’o, and hence is negligible in the sense of the Lebesgue measure.
Nevertheless, it is very interesting to explore the asymptotic behavior of the solution
of with parameters (a1, as, b1, ba, c1, Ca, i1, 2, p1, p2) € E. Unfortunately, this
question remains open and we have to resort to new techniques. Finally, we do
believe that our methods are applicable to stochastic predator-prey models with
different types of functional response functions (i.e., replacing X (¢) X2 (¢) of system
by some function of X;(¢) and Xs(t)) (see [14], 15, 24] [31]) as well as to
stochastic models with Markovian switching [12] 25].
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3. NUMERICAL SIMULATIONS

To illustrate our theoretical results, we perform some numerical simulations of
the solutions to , from which we find some interesting phenomena completely
different from its corresponding deterministic system. By comparing the trajecto-
ries of the stochastic system with those of the associated deterministic system,
we clarify the effect of the intensity of each while noise on the dynamics of system
(1.4) and provide some reasonable biological interpretation. As we shall see in
Theorems and and Figures [9] and different from the associated deter-
ministic predator-prey system, strong noise on the intra-specific interaction rate
of prey results in the extinction of the predator species even though the predator
population persists in the associated deterministic system, while strong noise on
the intra-specific interaction rate of the predator population may lead to the per-
manence of the prey even though the prey population dies out in the associated
deterministic system. Furthermore, the population of the prey (or, predator) could
decrease when there are strong noises on its corresponding intra-specific interaction
rate, and strong noise on the inter-specific interaction rate of the prey population
(or, the predator population) results in its extinction.

By applying Milstein scheme in [7], we have the following discretization system

of model (|1.4)),

1
Xiy1 = X + Xi (a1 — b1 Xg — e1Y3) At + X2 [ &1 p VAL + i,u%(fik — 1)At]
1
+ XY [p1&sx VAL + 50%(531@ - 1)At],
1
Vg1 = Yi + Yi (az — 0o Y + 2 Xp) At + Vi (2o VAL + gﬂg(fg,k — 1)At]

1
+ X1k [p2bsx VAL + iﬁg (& — DAL,

where At is the time increment and &; i, &2, and &35 (B = 1,2,3,...) are inde-
pendent Gaussian random variables which follow the standard Normal distribution
N(0,1).

We first illustrate Theorem by the stochastic systems

dX; = X¢(—0.1 — 0.3X, — 0.25Y;)dt + 0.1 X2dW; (¢) + 0.1X,Y,;dWs(¢),

dY; = Y;(—0.1 — 0.25Y; + 0.1X;)dt + 0.1V, 2dWa(t) + 0.1X,Y;dW5(2),
and

dX; = X¢(—0.1 — 0.3X; — 0.25Y;)dt + g XFdW (t) + p1 X, YidWa(t),

3.2
dY; = Y3(0.2 — 0.25Y; + 0.1X,)dt + poY;2dWa(t) + po X, Y;dWs(t). (3.2)

It is easy to see that the deterministic system associated with has a unique
GAS equilibrium (0,0), and that the deterministic system associated with
has a unique GAS equilibrium (0,4/5). Obviously, Theorem [2.1{i) is illustrated
by Figure [1, from which we see that both the prey and predator population go
to extinction very fast and that the three white noises have no effect on sample
paths of system . If the intensities of the three white noises is moderate, for
example, 1 = ps = p1 = p2 = 0.1, then the solution X; of system goes to
zero while the solution Y; oscillates around the value 2 after some initial transients

5
and the distribution of Y; converges weakly to 75 (see Figure . In fact, we can



EJDE-2022/32 STOCHASTIC LOTKA-VOLTERRA PREDATOR-PREY MODELS 7

see that the larger the intensities of the white noises are, the larger the fluctuations
of the solution Y; will be. However, too large intensity ps will make the solution
Y, become more close to zero while too large intensity p; will make the solution X
vanish more rapidly (see Figures [3[ and .

040 — stochastic X 040 | — stochastic .
—— stochastic Y —— deterministic £

0.35 1 —— deteministic X 0.35
| —— deterministic Y

0 10 20 30 40 50 000 005 010 015 020 025 030 035 040
x

(a) (b)

0000  *

777777

0000 00625 0050 0075 0100 0125 0.150 0.175
B3

FIGURE 1. Numerical solutions to (3.1) with initial value
(X0,Yp) = (0.4,0.4): (a) trajectories of solutions; (b) phase por-
trait; (c) top, right and inside of the box are the marginal and joint
density distribution of solution (X,Y), respectively.

We next consider the stochastic system
dX; = X;(0.2 — 0.3X; — 0.25Y;)dt + g X2AWy (t) + p1 X Y;dW3(2),

3.3
dY; = Y;(—0.1 — 0.25Y; + 0.1X,)dt + pa Y2dWa(t) + pa X Y;dWs(t), (8:3)

whose associated deterministic system has a unique GAS equilibrium (%, 0). We
first consider system with parameters pu; = us = p1 = po = 0.1. An easy cal-
culation yields that \; &~ —0.0363. Figure |5[shows that the solution of model
oscillates around the deterministic equilibrium (%, 0) after some initial transients,
that is, Y; goes to extinction and X; weakly converges to 7}, which illustrates The-
orem i) and Corollary as well. We also observe that increasing the intensity
p2 or py has little influence on the dynamical behaviours of (X,Y) of (3.3). Fix
the intensities o = p; = p2 = 0.1 and increase the intensity pq from 0.1 to 1, or fix
the intensities 1 = ps = p1 = 0.1 and increase the intensity p, from 0.1 to 1, then
we have \; ~ —0.0647 and A\ ~ —0.2538, respectively. This, together with The-
orem [2.21), implies that the predator population dies out. This theoretical result
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12 — stochastic X
stochastic Y

—— stochastic
deterministic.

—— deterministic X

06

e,

04 i .

0 25 50 75 100 125 150 175 200 000 005 010 045 020 025 030 035 040
X
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oo o1 o'z o's ola

FIGURE 2. Numerical solutions to (3.2) with initial value
(Xo,Yp) = (0.4,0.4): (a) trajectories of solutions; (b) phase por-
trait; (c) top, right and inside of the box are the marginal and joint
density distribution of solution (X,Y"), respectively.

is illustrated by Figures [6] and [7, from which we can see that Y; goes to extinction
faster if po becomes larger.
Now we consider the stochastic system

dX, = X,(0.37 — 0.3X; — 0.25Y;)dt + pg X2dW () + p1 X, YedWs(t),

3.4
dY; = Y;(—0.1 — 0.25Y; + 0.24X,)dt + o Y2dWy(t) + p2 X Y;dWi3(t), (3.4)
whose associated deterministic system has a unique GAS equilibrium (g, %).

We first consider system with parameters pu; = pus = p1 = p2 = 0.1. Direct
calculation yields A\; ~ 0.1826. This, together with Theorem ii) implies that the
two species (X,Y) coexist. This theoretical result is illustrated by Figure |8 from
which we can see that the solution of model oscillates around the deterministic
equilibrium (47/54,98/225) after some initial transients. We also observe that the
increase of the intensity of pe and p; has no much influence on the dynamical
behaviours of solutions X; and Y; of (3.4). Fix the intensities ug = p; = p2 = 0.1
and increase pq from 0.1 to 2 (see Fig, or fix p1 = p2 = p1 = 0.1 and increase
p2 from 0.1 to 1 (see Figure 7 then we have Ay = —0.0277 and A\; = —0.5552,
respectively. This, together with Theorem [2.2|1i), implies that Y; goes to extinction
and X; weakly converges to a boundary distribution #}. Indeed, we can find out
that the larger intensities 1 and/or po, the faster the convergence of Y; to 0, which
means that strong noise whether on the intra-specific interaction rate of prey or
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—— stochastic
deterministic.

(c)

FIGURE 3. Numerical solutions to (3.2) with initial value
(Xo,Yy) = (0.4,0.4) and parameters pu; = p; = p2 = 0.1 and
o = 1: (a) trajectories of solutions; (b) phase portrait; (c) top,
right and inside of the box are the marginal and joint density dis-
tribution of solution (X,Y’), respectively.

inter-specific interaction rate of predator results in the extinction of the predator
species.
Now we consider the stochastic system

dX; = X;(0.2 — 0.6X; — 0.35Y;)dt + 1 X2dWy(t) + p1 XY, dWs(t),

3.5
dY; = Y,(0.5 — 0.5Y; + 0.3X,)dt + Y2 dWa (t) + pa X, YidWs (1), (3:5)

whose associated deterministic system has a unique GAS equilibrium (0, 1). First,
we choose the following parameters p1 = pa = p1 = p2 = 0.1. An easy calculation
yields A\; = 0.5 and Ay = —0.1515, which togethers with Theorem implies that
X goes to extinction and Y; converges to a boundary distribution 75. From Figure
we can see that the solution of model oscillates around the deterministic
equilibrium (0, 1) after some initial transients. To find out the effect of intensity of
noises on the dynamical behaviours of X; and Y;, we shall increase the intensity p1,
po, p1 and po, respectively. If we increase the intensities p; and po, respectively,
there is nothing new about the trajectories of X; and Y;. If we fix pg = po = p2 =
0.1 and increase intensity p; from 0.1 to 1, we have A\; = 0.5 and Ay =~ —0.6416 and
find that X; converges to 0 faster (see Figure . This means that strong intensity
of noise on the inter-specific interaction rate of the prey leads to a faster speed of
extinction of the prey. Next, fix 1 = p1 = p2 = 0.1 and increase po from 0.1 to
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—— stochastic X —— stochastic
12— stochasticY —— detoministic
— detemninistic X

—— detemministic Y

o'o o1 o'z o o'a o's

FIGURE 4. Numerical solutions to (3.2) with initial value
(Xo,Yp) = (0.4,0.4) and parameters p; = ps = p2 = 0.1 and
p1 = 2: (a) trajectories of solutions; (b) phase portrait; (c) top,
right and inside of the box are the marginal and joint density dis-
tribution of solution (X,Y’), respectively.

2, then we have Ay =~ 0.0818 and A\; =~ 0.5. Figure shows that X; is away from

0 and (X, Y?) coexist, which further illustrate Theorem (iii). This implies that

strong noise on the intra-specific interaction rate of the predator population may

lead to the permanence of the prey which is different from the deterministic case.
Finally, we consider the system

dX, = X,(0.8 — 0.6X, — 0.35Y;)dt 4 1 X2dW4 (£) 4 p1 X, Y:dWs(t),

3.6
dY; = Y;(0.5 — 0.5Y; + 0.3X,)dt + Y2 AW (t) + po X, YidWs(t), (3.6)

whose associated deterministic system has a unique GAS endemic equilibrium
(5/9,4/3). For the parameters uy = ps = p1 = pa = 0.1, we have Ay = 0.4485
and A1 ~ 0.8868. This, together with Theorem iii)7 implies that the two species
(X, Y:) coexist. This theoretical result is illustrated by Figure from which we
can see that the solution of model oscillates around the deterministic equilib-
rium (5/9,4/3).

We next study the the effect of intensities of noises on the dynamical behaviours
of . Fix ps = p1 = p2 = 0.1 and increase u; from 0.1 to 1.1, then we have
Ao &2 0.4485 and A\; =~ 0.7005. From Figure we see that the two species coexist,
but the solution X; becomes closer to 0 and the probability distribution of the
solution of Y; becomes closer to the invariant measure 75. Fix puy = p1 = p2 =
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—— stochastic X
—— stochastic Y

087 —— deterministic X
—— deteministic Y

040 —— stochastic
~—— deteministic

0.3 -

> 0.2

0.0 | c—

o3 ola o's o'e o7 o's o'e

FIGURE 5. Numerical solutions to (3.3) with initial value
(X0,Yy) = (0.4,0.4) and parameters p3 = pg = p1 = p2 = 0.1:
(a) Trajectories of solutions; (b) phase portrait; (c) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

0.1 and increase po from 0.1 to 1, then we also observe that (X,Y) coexists but
the solution X; is closer to the trajectories of ¢, (t) and the solution Y; is closer
to 0 (see Figure . This implies that the population of the prey and predator
could decrease when there are strong noises on their corresponding intra-specific
interaction rate, respectively. Increasing the intensity p; from 0.1 to 1 while fixing
p1 = p2 = pa = 0.1, we have A; =~ 0.8868 and Ay =~ —0.0416, which satisfies the
assumption of Theorem [2.4{i). In fact, we see from Figure that the solution
X, is eventually extinct. As we increase the intensity p; further, the solution X;
converges to 0 faster. In this case, strong noise on the inter-specific interaction
rate of the prey population results in the extinction of the prey species. Similarly,
increasing the intensity p2 from 0.1 to 1.1 while fixing p1 = pe = p1 = 0.1, we have
A1 = —0.1681 and Ao =~ 0.4485, which together with Theorem ii) implies that
the solution Y; goes to extinction. This theoretical result is illustrated by Figure
[I8 As we increase intensity po further, Y; converges to 0 faster. We see that strong
noise on the inter-specific interaction rate of the predator population leads to the
extinction of the predator population .
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FIGURE 6. Numerical solutions to (3.3) with initial value
(Xo,Yp) = (0.4,0.4) and parameters pu; = 1, ps = p1 = p2 = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

4. PROOF OF THEOREM [2.1]

Lemma 4.1 ([12, 20, 21]). For every p € (0,3), there exists a positive constant M,
such that Efot | Xz (s)||Pds < My(t + ||z]]) for all x € Ri’o and t > 0.

Note that

T 9 T
B [ 15 X5 O0aW0) + X OWa0)]| =B [ (X200 + 22 XE . (0)a

then by Lemma [£.1] and Chebyshev’s inequality, we see that for any ¢ > 0, there
exists a positive constant M such that

]P’{‘ /OT 15 X 5, (E) AW (t) + pjxg_j,w(t)dwg(t)‘ < A?m } >1—¢.  (4.1)
>

We define the stopping time of X, as 77, =inf{t > 0: X;,(t) > o}, j = 1,2.
For R > 1 and § > 0, let
DI —(0,6] x [R™',R], DI° =[R™" R] x (0,4].
Then we have the following results.

Lemma 4.2. Forany j=1,2, R>1,T>1,¢>0 and o > 0, there is a positive
constant § such that P{r7, > T} > 1~ for all x € Df"s,
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FIGURE 7. Numerical solutions to (3.3) with initial value
(Xo,Yp) = (0.4,0.4) and parameters 3 = po = p; = 0.1, p2 = 1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

13

The proof of the above lemma is similar to that in [23] and hence we omit it.
The following result means that X ,(t) is close to v ,(t) if X5_; »(t) is small for

a sufficiently long time.

Lemma 4.3. For any j = 1,2, R,T > 1 and positive constants ¢, v, and -y, there

exists a positive constant o such that for all x € D?g‘;,

P{|v;+(t) — X; ()| < v and |®; . (t)| <y for allt € [O,T/\Tg_j,w]} >1-—g,

where ®; () = 71/};‘,1(0 — 7)(]-,1(15)'

The proof of the above lemma is similar to that in [23] and hence we omit it.

Proof of Theorem (z) By exponential martingale inequality, we have P(€27)
1 — ¢, where

QF = {/O (1 X,2(s)dAW;(s) + pj X5—j,2(5)dW3(s))

11
<In-+ 5/ (L3 X7,(s) + p3 X3, .(s))ds for all t > o}, ji=12
c . : ,

>
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FIGURE 8. Numerical solutions to (3.4) with initial value
(X0,Yy) = (0.4,0.4) and parameters p3 = pg = p1 = p2 = 0.1:
(a) trajectories of X and Y7; (b) phase portrait; (c) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

Applying Itd’s formula to the first equation of (1.4]) yields that for w € Qf and
t>0,InX,(t) <Inz+ ln% + ayt and so

1
limsup — In X4 ,(t) < a1, (4.2)
t—o0 t
which implies that almost surely
. 1t
tli>ngo X1,2(t) =0, tlggo ;/0 X1 5(t)dt = 0. (4.3)

Similarly, applying It6’s formula to the second equation of (1.4) yields that for
w € QF and t > 0, we have

1 t
In X5 ,(t) <lnzs +1n < + aot + ¢y / X1 2(t)dt, (4.4)
0

which together with (4.3) implies that almost surely lim; o, X5 ,(¢) = 0. The proof
is complete. O

Lemma 4.4. Assume that a3 < 0 < as, then for any ¢ > 0, R > 1, there are
T =T(,R) > 0 and 09 = do(s,R) > 0 such that P(Q*) > 1 —¢ for all x =
(x1,22) € D2R’5°, where QF = {In X5 ,(T) —Inze > %lagT}. Moreover, there are
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FIGURE 9. Numerical solutions to (3.4) with initial value
(Xo,Yp) = (0.4,0.4) and parameters pu; = 2, ps = p1 = p2 = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

T =T(s) and 61 = 01(s) > 0 such that

N-1
1
li]{]njup N Z P{Xs,(kT) <&} < for all z € RZ®. (4.5)
e k=0

Proof. As stated in the proof of Theorem m(i)7 limy 00 X1,2(¢) = 0 almost surely
and hence for any given positive constant ¢ < as/(2p2) there exists 77 > 0 such
that almost surely

I 1 [t
X1,:(t) <5, 2/ Xi2(s)ds <, 2/ X7 ,(s)ds <<
0 0

for all ¢ > T;. Choose 0 = (s, R) > 0 such that byo + p30? < as/4. Lemma
implies that there exists dy = do(s, R) > 0 such that P(Q%) > 1—¢ for all z € D&,
where Qf = {75, > T1}. Let Tp > 16M2R/(s2a2), then it follows from that
P(QF) > 1 —¢, where

2 {’ /OTz 112 X2, (1) AW () + ple,z(t)dwg(t)) < %@TQ},

Let T = T} A T5, then applying Itd’s formula to the second equation of (1.4) yields
that In X5 ,(T) —Inzy > iagT forxz € D,f"s“ and w € QF = Q5NQF. Consequently,
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FIGURE 10. Numerical solutions to (3.4) with initial value
(Xo,Yp) = (0.4,0.4) and parameters ps = 1, g = pg = p; = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

we obtain P(Q%) > 1 —¢. Similarly to [23, Proposition 3.2], we conclude that there
are T' = T'(s) and §; = d1(s) > 0 such that (4.5) holds, which implies that X , is

away from zero for all z € ]Ri’o. The proof is complete. O

Proof of Theorem [2.1](ii)). As in the proof of Theorem [2.1fi), limy—o0 X1 2(t) = 0
almost surely. In view of (4.2]), there exists a positive random variable C; such that
X1,2(t) < Crexp{(ai + €)t} for t > 0 and sufficiently small e. It is easy to see that
there exists R > 1 such that

limsupP{X,(t) € C} > 1 —, (4.6)

t—o0
where C 2 {R™! < 1 V25 < R}. Using a similar argument as the proof of [23|
Proposition 4.1], there exists § > 0 such that P(Q%) > 1—c forall z € Df”é, where
2 = {|®2.(t)| <1}. By Lemma[£.4] there exist T > 1 and §; > 0 such that

N1
. 1 .
h]{/njctlop N EO P{X5,(T) <1} <s. (4.7

Note that C; £ C\(DF? U {(z1,22) : 2o < 61}) is compact and that X(t)
is not recurrent in Ri_’o (see [23, Proposition 4.1] for the related proof). Then
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FIGURE 11. Numerical solutions to (3.5) with initial value
(X0,Yy) = (0.4,0.4) and parameters p3 = pg = p1 = p2 = 0.1:
(a) Trajectories of solutions; (b) phase portrait; (c) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

the non-degeneracy of the diffusion implies that X (¢) is transient and hence that
lim;, oo P{X,(¢) € C1} = 0. This together with (4.6) and (4.7)) implies that
| N-1

lim sup — IF’{Xm iT) e D’”} >1- 2,

N_)OOP N ; (iT) 1 =
and hence that there exists ig such that P{X,(ioT) € D™} > 1 — 3¢, which
together with Markov property implies that P {|®2 ., (t)| < 1} > (1 —3¢)? > 1 —6¢
for all x € Ri’o.

In what follows, we shall show that X ;(t) converges to 1s ,(t). It follows from
Ito’s formula that

d[62pt@%,x (t)] = 62pth(w2,m (t)) Xl,z(t)a X2,ac (t»dt
+ €29 (12,0 (1), X1, (1), Xo,0(£))AWs (£) + 20677 D5 (1)

where p = min{as, —a; — ¢} and

hws2.y) =2 (cax = p3e’) l(% N 1) +2u3(¢ y)(% - i)
+p§x—z 2a2<$_§>2,
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FIGURE 12. Numerical solutions to (3.5) with initial value
(Xo0,Yy) = (0.4,0.4) and parameters pq = po2 = pa = 0.1, p1 = 1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

g, x,y) = 2/)2%(% - i)

For each v > 0, we have P(2%) > 1 — ¢, where
t
0% = { | 9(02.5), X1 (5), Xaa ()W (s
0

<oty [ 0060, X9 Xaa(o))ds}

and m, =

2o

ln%. For w € Q§,
t

erttb%,x(t) < ’y—!—/ 62”Sh(1/)27x(3),X17x(s),X27x(s))ds
0

t
oy [ 0 1 (5), X 4(5) X ()

Thus for w € QF NQE, T, (t) = et ®3 (t) satisfies

t 2 ! _
) ) d
To(t) < 4 572 / exp{2(ar + )T (5)ds + C (g3 + 2 + o 3) / ds

o as 0 2/}2,.7:(8)
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FIGURE 13. Numerical solutions to (3.5) with initial value
(Xo,Yp) = (0.4,0.4) and parameters 3 = p; = p2 = 0.1, pg = 2:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside are the marginal and joint density distribution of solution
(X,Y), respectively.

¢
+4Cim.,p3 / U, (s) exp{(2(p + a1 + €)t}ds.

0
In view of (2.2)), there is T'= T'(¢, R) > 0 such that P(Q%) > 1—¢ for all x = (21, z2)
with zo € [R™!, R], where

1/ ds
Qm:{f/ —— < 2Q2, 2, t>T}.
! t 0 Qp%,w(s) a2

Thus, for all w € QF NQE N QT and t > T,

t
B () < ma(t) + / ma(s) T (s)ds,
0
where
02
ma(t) = +2Q2, 2C3 (3 + 2 4ma 3 )t

ma(t) = Cip3(5 + 4m.,) exp{(2(p + a1 + €)s}.
It follows from Gronwall’s inequality that

By <m@) + [ maomats e { [ maarfas
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FIGURE 14. Numerics of solutions to with initial value
(X0,Yy) = (0.4,0.4) and parameters p3 = pg = p1 = p2 = 0.1:
(a) trajectories of X and Y7; (b) phase portrait; (c) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

for all w € Q5§ NQE N QT and ¢ > T, and hence that almost surely

lim ¢§7w(t) < lim e 2! [ml(t) + /Ot mq(s)ma(s) exp { /: mg(r)dr}ds} =0.

t—o0 ~ t—oo

The proof is complete. O

5. PROOF OF THEOREM

This section is devoted to the case where the prey population has a positive
intrinsic growth rate while the predator population has a negative intrinsic growth
rate, that is, a3 > 0 > ay. We have the following result.

Lemma 5.1. Assume that a; > 0 and A\ <0, then for any R > 1, ¢, > 0, there
exists 0 > 0 such that for all x € D?’é,

1

IP’{ lim sup 7 In X5, (t) <0 and |®1 ,(t)| < 'y'} >1- 3.
t—o0

Proof. Note that for each R > 1, there is R = R(e,R,T) > 1 such that P{R™! <

X1.(t) <Rforallt € [0,T]} >1—eifz € [R™',R] x [0, R]. By Lemma[4.3] for

any R, T > 1, ¢,y > 0, there exists ¢ > 0 such that P{[®1,(t)] <+ forall ¢t €

t,TATS,]} >1—¢forallze D% Set F(z,y) = —co(z +y) + 1p3(z — y)2.
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FIGURE 15. Numerical solutions to (3.6) with initial value
(Xo,Yp) = (0.4,0.4) and parameters 1 = 1.1, g = p1 = p2 = 0.1:
(a) trajectories of solutions; (b) phase portrait; (c) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

Choose A € (0,—X1) and 9 € (
we can find k1, k2 € (0,1) and

[SENIPYg

> 0 such that

| FG 510006 2 00 - x 9= a3 30,

1

| Femfi@s <

2

21

,—2L). Since [;° F(¢,0)fi(¢)d¢ = az — A1 < oo,

There exists Ty = T»(s, R) such that for all s > 0, x € [R™}, R] x [0, R] and t > Ty,

1 t
P{;/ Liny <o o (3 F ($1.0(s), k1)ds — (a2 + A) = 2d
0

1 t
> E/o 1{52—1§¢171(5)}F(¢1,m(3)a’fl)ds} >1—g,

and hence P(Q%) > 1 — ¢, where

1 t
¢ = {a2 — E/o 1{51Swl,m(S)Sfirz_l}F(/I/Jl’z(s)7Kl)ds < —)\forallt> Tz}.
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FIGURE 16. Numerical solutions to (3.6) with initial value
(Xo,Yp) = (0.4,0.4) and parameters puz = 1, yg = p1 = p2 = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

Hence, for w € Qf N {Y, > Tz}, we have

1t 2
—/ (ag + 2 X1 () — &Xfx(s))ds < =X (5.1)
t 0 ’ 2 ’

for all t € [Ty, .], where ¥, = inf{t > 0 : [®1.(t)] > 7 A (k1x3)}. In view of
, for w € QT N QL N{Y; > Ta}, we have In X5 ,(¢) < Inxy + ln% — Mt for all
t € [T3,9,], which together with Lemma implies that there exists 6 = (s, R)
so small that Ind + ln% — Ty < Ing and P(QZ) > 1 —¢ for all z € DI°, where
Qf = {¢e £ 9,75, > To}. Consequently, P(2%) > 1—3¢, where QF = Q¥NOENNE.

As a result, for all x € Dém and w € SNV, we have

- 1 -
In Xy, (tAT5,) <Inzy —|—lng —AMtATy,) <Ing forall t > T.

and so t A 7'2&796 < 7'25@ for all t > 15, x € D2R’5 and w € O, which means that

Tgx =Y, =00 forall x € Df’ﬁ and w € Q. The proof is complete. g

Lemma 5.2. If a3 > 0 > ay and Ay < 0, then for any R > 1, ¢ > 0, there exists
0>0and T = T(s,R) > 0 such that P(2,) = 1 —¢ for all x € Df";, where
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FIGURE 17. Numerical solutions to (3.6) with initial value
(Xo,Yp) = (0.4,0.4) and parameters p; = 1, g1 = po = pa = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

Q, = {In X, ,(T) — Inz > 1a1T}. Moreover, there are T = T(<) and ba(s) > 0
such that

N-1
1 -
lim sup N g P {Xlﬁw(sz) < 62} << forallz € RZ°. (5.2)
N —o00 k=0

Proof. By the exponential martingale inequality, we have P(2{,) > 1 — ¢, where
t

! 1,1
% = { [ patas(aWae) <+ 5 [ iuda(oas)

It follows from It&’s formula that for w € Qfy and ¢ > 0, Inty ,(¢) < Inzo+In %—&—agt,
and hence

1
limsup — Ing () < az <0,
t—soo o
which implies that lim;_, o 12 . (t) = 0 almost surely. There exists T5 > 0 such that

P(QF,) > 1 —¢, where

. {Tig /0T3 (a1 — er () +9) — pQ—%(%,z(t) + ﬁ)2>dt > Zal}.

It follows from Lemma that we can choose ¢ = &(s, R) > 0 such that by +
1p36% < a1 /4 and P(Q,) > 1 — g, where Qf, = {[¢h2,,(t) — Xo,(t)| < D for all ¢ €
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FIGURE 18. Numerical solutions to (3.6) with initial value
(Xo,Yp) = (0.4,0.4) and parameters py = 1.1, 11 = g = p1 = 0.1:
(a) trajectories of solutions; (b) phase portrait; (¢) top, right and
inside of the box are the marginal and joint density distribution of
solution (X,Y), respectively.

[0,T5 A 77,1} Lemma implies that there exists 6 = d(s, R) such that P(Qf;) >
1—¢ for all z € D where Q% = {r{, > Ts}. Let Ty > 16]\72R/(§2a%), then it
follows that P(2,) > 1 — ¢, where

Ts
a
ot = {| /O i X2 (DAWA (1) + pr Xo o (W5 (1)) < 2173},

Let T' = T3 A Ty, then applying It6’s formula to the first equation of yields
that In X1 ,(T) —Inzy > ;a1 T for x € Dfm and w € Q% = N!4,,QF. Consequently,
P(Q*) > 1 — . Similarly to [23, Proposition 3.2], we conclude that there are
T =T(s) > 0 and d5 = d2(s) > 0 such that holds, which implies that X5 , is
away from zero for all z € ]Ri’o. The proof is complete. O

Proof of Theorem (z) It is easy to see that there exists R > 1 such that
limsupP{X,(t) e C} >1—g, (5.3)
t—o0
where C 2 {R™! <2, Vxy < R}. By Lemma there exists 4 > 0 such that

1
P{lim sup i In X5, (t) < —Xand [P (1) <7} >1-3¢ (5.4)

t—o00
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for all x € DQR’S. By Lemma there exist T5 > 1 and d5 > 0 such that
N1 )

li — P{X; ,(iT; b} <. .

%njgopN; { 1, (Z 5)< 2}_§ (55)
Using a similar arguments as in the proof of Theorem ii)7 we can find ig such
that P{X.(i0T5) € Df’é} > 1— 3¢, which together with (5.4]) and Markov property
implies that

1
]P’{ limsupg In X5, (1) < —)\} > (1-3¢)2 >1— 6.
t—o0

Namely, Xz ,(t) goes to extinction. The convergence of Xj ,(t) to 7§ can be ob-
tained by a similar method to Theorem [2.1{(ii) as well. The proof is complete. O

Lemma 5.3. If a; > 0 > as and Ay > 0 then then for any ¢ > 0, R > 1,
there are T = T(s,R) > 0 and 8y = do(s, R) such that P(Q*) > 1 — 4c for all
z = (z1,22) € DE where QO = {In X5 ,(T) — Inxzy > I\ T}. Moreover, there
are T =T(s) and 02 = d2(s) > 0 such that
| Nl
lim sup N Z P{ Xy, (kT) < &2} << for all x € RY®. (5.6)

N—o00 k=0

Proof. In view of the definition of A1, we have

~ P3 .
az +/0 [Cz(u —v)— ?(u + V)Q]fl (u)du > =S

for sufficiently small v. It follows from the ergodicity of 1 (t) that there is T =
T(s, R) > 1746 M2 R/(c?)?) such that

]P’{ag +;/OT [c2 (Y1, p-1(s) —v) — P2 (1,r(s) +u)2]ds > %} >1-—c.

By the uniqueness of solution, ¢y g-1(t) < ¥1.(t) < 91 r(t) as. for all z €
[R™Y, R]. Thus, we have P(Q;) > 1 — ¢, where

0 = {art 7 [ fea rae) =) = 2 (ra(e) 4007 Jas = 3.

In view of Lemma there is 0 > 0 such that byo+1u30? < % and P(Q7s) > 1—c,
where

Qf6 = {[1..(t) = X1.(t)| <wviorall t € [0,T A75,]}.
It follows from Lemma that there exists 69 = do(s, R) such that P(Qf,) > 1—¢

for all z € D% where QF, = {rg, > T}. Using a similar argument as the proof
of Lemma we have P(2fg) > 1 — ¢, where

T
0y = {| /0 i Xa,a5)AW3(s) + po X1 (Wi ()] < T},

Applying It6’s formula to the second equation of (|1.4) yields that for x € DZR’(S0
and w € Q° =N18, O,
3 5A1

In X ,(T) —Inzy > /0 [ag + ¢ (¢1,z(8) - 1/) — =W z(s) + V)Q]dt T
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> —=T.

A1
7
Consequently, we obtain P(Q%) > 1 — 4¢. Similarly to [23, Proposition 3.2], we
conclude that there are T = T'(¢) and d2 = d2(s) > 0 such that (5.6) holds, which
implies that X5 , is away from zero for all = € Ri’o. (]

Proof of Theorem (m) Lemma implies that X, , is away from zero for all
x € Ri’o. IfP{w:limy_yoo X1,2(¢) = 0} > 0, then it follows from (4.4]) that

1
P(limsup -In Xy ,(t) < 0) >0,
t—o0 t

which contradicts Lemma [5.3} and hence that almost surly limsup,_, .o X1,5(¢t) > 0.
In view of Lemma [£.1] there exists a constant C' > 0 such that

1 t
i [ B+ X ops <
0
According to in [4, Theorem 4.14], there exists a stationary distribution for X, (¢).
This completes the proof. O

6. PROOF OF THEOREM [2.4]

This section is devoted to the case where both the predator population and the
prey population have positive intrinsic growth rates, that is, a; > 0 and as > 0.

Lemma 6.1. Assume that az > 0 and Ay <0, then for any R > 1, ¢, > 0, there
exists & > 0 such that for all x € Df"s,

1
P{ limsup 7 InX14(t) <0 and [P2,(t)] <~} >1-3c.
t—o0
The proof of the above lemma is similar to that of Lemma [5.1] and hence we
omit it. By Lemmas [£.3] and using a similar method to Theorem we can
prove Theorem [2.4(i)(ii). Note that if A\; > 0 and Ay > 0, there exist 77 > 1 and
d2 > 0 such that

N-1

1 .
limsup — Y P{| X1 4 (iT7)| A | X2 (iT7)| < 62} < 2. (6.1)
N— oo N i—0

The proof of Theorem [2.4(iii) is similar to the proof of Theorem [2.2{ii).
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