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HIGHER DIFFERENTIABILITY FOR SOLUTIONS TO
NONHOMOGENEOUS OBSTACLE PROBLEMS WITH 1<p<2

ZHENQIANG WANG

ABSTRACT. In this article, we establish integer and fractional higher-order
differentiability of weak solutions to non-homogeneous obstacle problems that
satisfy the variational inequality

[ (G, D0, Dt~ w) do > [ (FP2F. Do - w) da,
Q Q

where 1 < p < 2, ¢ € Ky(Q) = {v € uo + Wol‘p(Q,R) :v > 1 ae in Q},
ug € WHP(Q) is a fixed boundary datum. We show that the higher differ-
entiability of integer or fractional order of the gradient of the obstacle ¥ and
the nonhomogeneous term F' can transfer to the gradient of the weak solu-
tion, provided the partial map x — A(z,§) belongs to a suitable Sobolev or
Besov-Lipschitz space.

1. INTRODUCTION

This article is devoted to studying the higher differentiability properties of the
gradient of the solutions u € W1P(£) to the variational inequality

/«uaDMJX¢—Msz/ﬂFV*RD@—u»m, (L1)
Q Q

where 2 C R" (n > 2) is a bounded domain, the function ¢ : Q — [—o0, +00),
called obstacle, belongs to the Sobolev space Wli)’cp(Q), and

Ky (Q) := {v € up + Wy P (L R) : v > 9 ae. in Q}

is the class of the admissible functions, with ug € WP(Q) is a fixed boundary
datum. Moreover, ¢ € Ku(Q), F € LP(Q,R") is a given exterior force and the
vector field A(x,€) : Q x R® — R” is a C'-Carathéodory function, namely, A
is measurable in = for all £ € R™ and differentiable in ¢ for almost all x € €.
Meanwhile, we assume that A is a p-harmonic operator, that is it satisfies the
following p-ellipticity and p-growth conditions with respect to the £-variable. There
exist positive constants v, y, I and an exponent p € (1,2) and a parameter u € [0, 1],
such that

(A(z,6) — Az, m), & —n) > v|¢ — ]2 (1® + &> + )=, (1.2)
|A(w, &) — Az, m)| < TJE =l (12 + €2 + [n]>) =, (1.3)
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A2, )] < 7(® + 16T (1.4)
for all £&,7 € R™ and for almost all z € Q.

In the previous decades, the study of the regularity theory for obstacle problems
has been developing rapidly as a popular topic in calculus of variations and par-
tial differential equations. The obstacle problems can be dated back to the work
of Stampacchia and Lions [9, 24]. Stampacchia discussed the special case ¥ = xg
firstly, and then Lions and Stampacchia proposed the theory of variational inequali-
ties in order to solve the regularity of obstacle problems. In an earlier work, Fichera
[10] solved the elastostatic problems with unilateral constraints, namely, the Sig-
norini problem with ambiguous boundary conditions. These problems can be solved
by applying methods of functional analysis, and then the regularity of the solutions
were connected to the obstacle problems.

It is often observed that the regularity of the solutions to the obstacle problems is
affected by the obstacle itself. For linear obstacle problems, obstacle and solutions
have the same regularity [3} [5, [16], but nonlinear is not like this. Therefore, people
pay more attention to the nonlinear case in recent years [19, 20]. A first result
was about the Holder continuity of the weak solutions to the obstacle problems by
Michael and Ziemer [23], it was related to the Holder continuity of obstacle itself.
Choe [0] established the Hélder continuity of the gradient of the weak solutions
when the gradient of the obstacle is Holder continuous. Many recent works focus
on the regularity of solutions to variational problem. Most of papers give that the
regularity of the solution depend on the regularity of the obstacle itself and the
nonhomogeneous term F', provided an advisable assumption is given on the map
x — A(z,§). It is worth noting that there is not higher differentiability for the
solution of obstacle problems even though the obstacle and nonhomogeneous
term are smooth.

The aim of this article is to extend some higher differentiability results in [11] to
non-homogeneous elliptic obstacle problems under the suitable conditions on the
z-dependence of A. We make a suitable estimate of the nonhomogeneous term F
by using the crucial Lemma and other assumptions on A(zx,§), thus obtaining
new conclusions in Sobolev or Besov-Lipschitz space. First, we show that a higher
differentiability property of integer order, provided the partial map = — A(x,§)
belongs to a suitable Sobolev class. More specifically, we assume that the partial
map z — A(z, &) belongs to Wlf)cn (Q) for any & € R™. Equivalently, there exits a
function ¢ € L} (€2) such that

DA, )| < o) (1 + |€7) "7, (1.5)
see [16]. Since A(x,&) is a C! function with respect to &, (1.3]) implies

[DeA(,€)| < e(u® +[6*) "=,
for all £ € R™\ {0} and for almost every z € Q.
Now we are in position to state our main results of this paper. For convenience,
we introduce a special function V, : R" — R", defined as V,(£) := (u® + |§|2)p4;2§
for £ € R™. The first result we prove reads as follows.

Theorem 1.1. Let u € Wl’p(Q) be a solution to the obstacle problem un-

loc

der assumptions ([1.2)-(1.5) for 1 < p < 2 Let V,(Dy) € W ) Du €

loc
Wloc (Q) Wl 2( )} |7—th| < 9|ThDu| fO'l‘

loc

1,max (2% 2,n)( ) D@Z} c Wll ,max( 2% n)
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any 0 > 0 small enough, |m(u — )| > 1, |7, F| > 1, then V,(Du) € W,52(Q).
Moreover, for any Br € ), we have the following estimate

1DV (D) 125 < C[L 4+ 1Dul st ) + 1DVo(DO) |2

g
DYl s s 223 5, + IDF 280 + el
where C, and o are positive constants depending on n, p, R, 0, v, v and T'.

Next we plan to prove that an analogous conclusion holds true in case the obstacle
belongs to a Besov-Lipschitz space, provided the operator A is related to x-variable.
Specifically, given a € (0,1) and ¢ € [1,00), we assume that there is a sequence of
non-negative measurable functions ¢ € L= () such that

o0
Z ||Lk||%n/a(9) <0
k=1

Simultaneously, we have

p—1
A2, €) — Ay, €)] < () + o))z — y|* (1 + €)=, (1.6)
for each ¢ € R™ and almost every z,y € € such that 2 *diam(Q) < |z — y| <
27 F+1diam(Q). For ease of statement, we will shortly write then that (iz)n €
(/).
Now we state the Besov regularity of the obstacle.

Theorem 1. 2 Let u E w, ’p( ) be a solution to the obstacle problem (1.1|) under
assumptzons and . for 1 <p<2. Let V(DY) € By, 1,.(9), D?y €
L= (Q), FeWw, N (). Then V,(Du) € B;gloc( ), for any ¢ < 22— and

loc loc

B € (0,1). Moreover, for any Bsr € 2, we have the estimate

ThV (Du)
|| |h|OzB ”Lq(“‘f‘hml/ (BR/2))

<C1+ ||Du||Lp (Bar) + HV (D¢)||Bo‘ (Bar) + ||D2¢||L" %5 (Bar)

[ea
+ ”F”Wl’%(Bm) * ”(Lk)k”eq(L"/“(BzR)) )
where C' and o are positive constants depending on n,p,q, R, a,v,~v and T'.

In the Besov-Lipschitz space we discussed above, if ¢ = oo, we still have a
fractional differentiability property of the obstacle. More specifically, we prove the
following result.

Theorem 1.3. Let u € Wl’p(Q) be a solution to the obstacle problem (1.1) under

loc

assumptions . . forl<p<2. Iffor any & € R™ and almost every x,y € €,
there exists a € (0,1) and a function ¢ € LIOC( ) such that
p—1
A, €) — Aly, ©)] < (uz) + )|z —y|*(1® + [€*) =, (1.7)
then, provided 0 < o < 6 < 1, V,,(Dy) € 2<>01OC( ), D%y € Ll’gcm (Q), F e
1 _np

W (@), we have Vy(Du) € B3

loc 2,00,loc
Bir € £, we have the estimate

Vo(DW)] g () < C[1+ DUl Lo(mam) + Vo (DY) 5 _ (0

(), for any B € (0,1). Moreover, for any

R
2
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FID2I, 2y o+ I

g
L7235 (Ban w I L”/“(Bm] ’

1,_nP
W n—2a (By

where C' and o are positive constants depending on n,p,q, R, a, 3,6,v,v and I.

It is worth mentioning that in integer and fractional order cases, the fundamental
tools are the difference quotient method and Calderén-Zygmund type estimates
proved in [4].

This article is organized as follows. In Section[2] we give notation and preliminary
results. Section[3]is devoted to the proof of Theorem [I.1} while Section []is devoted
to the proofs of Theorems and

2. NOTATION AND PRELIMINARY RESULTS

In this section we will list some definitions and recall a few of fundamental tools
for the proof of our main results in the following content. We shall use C' or ¢ to
denote a general constant that may depend on different parameters, even within
the same line of estimates. Relevant dependencies will be appropriately emphasized
using parentheses. In the following, B(z,7) = B.(z) = {y e R" : [y — 2| < r} € Q
will denote the open ball centered at z of radius » > 0. For a function u €
LY(B,(x)), the symbol

1
u(z)de == ——— u(x) dx
e %= B o

will denote the integral mean of the function u(x) over the open ball B,.(xg). Next
we recall a crucial result for the function Vj, see [1l [13].

Lemma 2.1. Let p € (1,00), p € [0,1]. There is a constant ¢ = ¢(n,p) > 0 such
that

Vo (&) = Vo) ?
1€ —n?

p—2
2
’

— p=2
Tt P+ ) < < e(p? + €17 + Inl*)

for any &, n e R™.
Particularly, there is a constant ¢ = ¢(n,p) > 0 such that
16172 — Inl"~*n] < cl§ —nl"~".
In addition, for any ® € C?(R™), there exists a constant C = C(p) > 0 such that
CTUD*® (4% + |DR)™F < [DV,(D®)[* < C|D*@2(4? + |DD|?) "=

2.1. Difference quotients. To obtain the higher differentiability of the gradient
of the weak solution, let us recall some results of the finite difference operator.

Given h € R™, for every function v : R” — R, the finite difference operator is
defined by 7pv(x) := v(x + h) — v(x). We start with the description of some basic
properties that can be founded in [14].

Proposition 2.2. Let F and G be two functions such that F,G € W1P(Q), with
p € [1,00), and we consider the set

Q= {z € Q : dist(z,00Q) > |h|}.
Then
(a) mF e Wl’p(Q‘m) and Dl(ThF(x)) = Th(DlF(it))
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(b) If at least one of the functions F or G has support contained in Q, then

/ F(z)m,G(z) dz = / G(z)T_pF(z) dz.
Q Q
(¢) We have
T(FG)(x) = F(z + h)mG () + G(2)m, F(2).

The next result about finite difference operator is a kind of integral version of
the Lagrange Theorem.

Lemma 2.3. If0<p <R, |h] < ?, p € (1,00), and F, DF € LP(Bg), then

/ (@) Pz < (n, p)|h|? /B \DF(2)da.

P

Moreover

/|F(x+h)\pdx§/3 |F(z)|Pdx.

Bp R
For each function v : R® — RY and h € R, we denote
TsnU(x) := v(x + hes) — v(z),

where e, is the unit vector in the z; direction for any s € {1,...,n}. Now we recall
the essential Sobolev embedding property that is proved in [I4].

Lemma 2.4. Let F :R" — RN, F € LP(Bg) with p € (1,00). Suppose that there
exists p € (0, R) and M > 0 such that

3 / (o n F(@)|Pdz < MP|R]P,
s=1 Bp

for all h with |h| < %. Then F € WYP(B,) N L%(Bp). Moreover
IDF||Le(5,) < M,
IFll 22 (B,) < (M + |[FllLe(sg)),
with ¢ = ¢(n, N,p, R, p).

Now we introduce a fractional version of Lemma [2:4] whose proof can be found
in [18].

Lemma 2.5. Let F € L?(Bgr). Suppose that there exist p € (0, R), a € (0,1) and
M > 0 such that

Z/ |Ten F(z)|2dz < M?|h|?,
s=1 By

for all h with |h| < %. Then F € L"%ﬂ(Bp) for all g € (0,a). Moreover

IFl, 2y ) < o0+ Flz2(),

with ¢ = ¢(n, N, R, p,a, ).

Next we give a Sobolev embedding theorem, which includes the fractional version,
see [8,[12].

Lemma 2.6. Assume that Q C R™ has the extension property.



6 Z. WANG EJDE-2022/62

(a) Let p € [1,n). Then there exists a constant ¢ = ¢(n,p, Q) > 0 such that

”f”Lq(Q) < C”f”Wl,P(Q)
for all f € WHP(Q) and p < ¢ < n%p'
(b) Leta € (0,1) andp € [1,2). Then there exists a constant ¢ = c(n,p, a, ) >
0 such that
”f”L“(Q) < C”fHWf’:P(Q)
forall f €e WoP(Q) and p < q¢ < 12—

— n—ap’

2.2. Besov-Lipschitz spaces.

Definition 2.7. For a given « € (0,1), and p,q € [1,00), we say that v belongs
to the Besov-Lipschitz space By (R") if v € LP(R") and

ol @ = Wl + [l gy < oo (2.1)

. .f |Tho(z)|P , \a/p dh \1/4
Wlga , @ny = (/n (/ s d:z:) |h|”> < 0. (2.2)

It is worth noticing that By ,(R™) is a Banach space. We can say that a function
v € LP(R™) belongs to By ,(R") if and only if T € Lq(“‘f%; LP(R™)). In addition,
for h € Bs(0) where 6 > 0 is a fixed constant, we can simply to obtain an
equivalent norm of , that is

|Thv(z)|P | \a/P dh \1/4
vllBs @) = [[v]l Lo @n) + (/ (/ 7dx) —) < 00,
p,q( ) (R™) {Inl<s} R |h|ap |h|n

this is so because

|Thv(x)|P a/p dh \1/4
e @) T < ¢e(n,p,q, @, 6)||v]|Lr@n) < 00
(/{|h|>6} (/R |h|P ) |h|") Ly (R")

Definition 2.8. For a given a € (0,1), and pe [1,00), ¢ = o0, we say that v
belongs to the Besov-Lipschitz space By . (R") if v € LP(R") and

[Tpo()|P NP
L5,y = S0P ( / ) de) < . (2.3)

where

Similarly, we can take the supremum over |h| < d in and obtain an equiva-
lent norm. According to the construction of the norm of Besov-Lipschitz space, it
is easy to see that By (R") C LP(R"). Now we give the Sobolev-type embeddings
for Besov-Lipschitz spaces, see [15].

Lemma 2.9. Suppose that o € (0,1).

(a) Ifl<p< Zandl <q<p) = nf’;p, then there is a continuous embedding
B& (R") < LPa(R™).

(b) Ifp= 7 and 1 < q < oo, then there is a continuous embedding By ,(R™) —
BMO(R™), where BMO denotes the space of functions with bounded mean
oscillations [14].

The following lemma describes the relationship between Besov-Lipschitz spaces,
see [15].

Lemma 2.10. Suppose that 0 < f < a < 1.
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(a) If1 <p<+o0 and 1< q<r < 4o, then By (R™) C By (R").
(b) Ifl<p<+4ooandl <gq,r< +oolé then By ,(R™) C BS .(R™).
(¢) If 1< g < oo, then BE ,(R") © BY ,(R").

The following lemma is follows from the definition of the local Besov-Lipschitz
spaces, and its proof can be found in [2].

Lemma 2.11. A function v € L, () belongs to the local Besov space Bf ,.(Q)
if and only if

ThU
||W||Lq( dn_.1p(B)) < OO

ThR|™

for any open ball B C 2B C Q with radius rg. Here the measure is restricted

to the ball B, ,(0) on the h-space.

dh
R

As we know, the Besov-Lipschitz spaces of fractional order o € (0,1) can be
characterized in pointwise terms. Given a measurable function v(z) : R™ — R, a
fractional a-Hajlasz gradient for v is a sequence (tx); of measurable, non-negative
functions ¢ (z) : R™ — R, together with a null set N C R™, such that

lv(z) —o(y)] < (w(z) + i (y))|z —y|*
whenever k € Z and x,y € R*\N are such that 27% < |z — y| < 27%+L. We say
that (vx) € ¢9(Z; LP(R™)) if
1/q
ledklenaoy = (3 Ikllfon) < o,
keZ

Now we give a necessary and sufficient condition of a function v to belong to the
Besov-Lipschitz space By (R™), which was proved in [I7].

Theorem 2.12. Let0 < a < 1,1 <p<ooandl < q < oo. Letwv € LP(R™).
One has v € By (R™) if and only if there exvists a fractional a-Hajlasz gradient
(tk)r € LUZ; LP(R™)) for v. Moreover

[vllBg vy 2 inf [|(er)klleg(rr),
where the infimum runs over all possible fractional a-Hajlasz gradients for v.
Now we give a crucial lemma, which proof can be found in [IT].

Lemma 2.13. Let 2 C R" be a bounded open set, 1 < p < 2,0 < a <1, and
1 <qg< 0. Then
V;’(Dw) € Bg,q,loc(Q) = D’L/) € By (Q>

p,q,loc

Moreover, for any all B € Q and 0 < p < R, we have
[DYlga (8, < C[L+ IDY| Loy + Vo (DY) 35 (8]

where C' and o are positive constants depending on n,p,q and «.
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2.3. VMO coefficients. To prove our main results, we shall introduce the related
content of VMO coefficients. For convenience, given a ball B C {2, let us introduce
the operator

Ap(©) = Alw.€)da.

Definition 2.14. Suppose that B C 2 is an open ball, 1 < p < oo, setting
A —A
0 (u+ [6P)T

we say that z — A(x, €) is locally uniformly in VMO if for each set K €  we have
that

7

lim sup sup][ V(z,B)dz =0. (2.4)
R=0r<RaoeK B, (z0)

The next lemma is an important tool, which proof for p > 2 can be found in [7],
but it holds exactly in the same way for 1 < p < 2.

Lemma 2.15. Let A be such that (1.2)), (1.3)), (1.4) and (1.5 or (1.6)) hold. Then
A is locally uniformly in VMO, that is (2.4]) holds.

Next we shall give a Calderén-Zygmund type estimate for solutions to the ob-
stacle problem with VMO coefficients. Its proof can be found in [4].

Theorem 2.16. Let p > 1 and ¢ > p. Assume that (1.2)), (1.3), (1.4) hold, and
that x — A(z,§) is locally uniformly in VMO. Let u € Ky (2) be the weak solution

of the variational inequality (1.1)). Then
Dy, F € LL (Q) = Due LL_(Q).

loc loc

Moreover, there exists a constant C = C(n,p,q,v,v,T') such that

][ |Dul9dz < C[1 +][ |F|9dx +][ | Dy|9dx + (][ | Du|Pdx)/?)
Br Bar Bar Bagr
for all ball Br such that Bop € €.

3. HIGHER ORDER INTEGER DIFFERENTIABILITY

Existence of weak solutions to the variational inequality can be easily
proved through classical theories, so in the paper we will concentrate more on
the proof of the regularity results. The key point is to choose an appropriate test
function ¢ in such that ¢ turns to be admissible for the obstacle class Ky (£2).
It is worth noticing that for the higher order integer differentiability, unfortunately,
we cannot get a similar result as [I1, Theorem 2.2] so that we must require a higher
regularity of v and .

Proof of Theorem[I.]. Let us fix a ball Bg such that Bg C Bygr € § and arbitrary
radii % <r<ly<ls<Ar<R,with1l < X< 2. Let us consider a cut off function
n € C5°(By,) such that 0 <n < 1,7 =1on B, and |Dn| < 5. Because of the local
nature of our results, with no loss of generality, we suppose R < 1. Let us consider
@ :=u + Qv for any 0 € [0,1] and a suitable v € W, ?(2) such that
u—1+6v>0. (3.1)

It is easy to see ¢ € Ky (€2) since ¢ = u+ 0v > 1p. Now, for [h| < £, we consider
vi(z) = 0’ (@) (u — ¥)(@).
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From the regularity of u and 1, we have v; € Wol’p(Q). Moreover, vy satisfies (3.1)).
Indeed, for almost every x € Q and for all 6 € [0, 1]

u(@) = () + Ovi(2) = u(@) — () + 0n* (2)mh(u — ¥)(2)
= u(z) — (@) + 00 (2)[(u — ) (x + h) — (u—¥)(2)]
= 0 () (u — ¥)(z + h) + (1 = 0n°(2)) (u — ¥)(2) 2 0,

since u € Ky (2) and n € [0, 1].
Therefore, we can use ¢ = u + fv; as an admissible test function in variational
inequality (1.1)), thus we have

/Q<A($7 Du(z)), D[n*(@)[(u — ) (x + h) = (u — ) (x)]])da

(3.2)
> /Q<\F(I)\”’2F(fr)7 D[n?(@)[(u — ) (@ + ) — (u — ¢)(2)]])dz.

Similarly, if we define
va (@) = 1 (& — ) T_p(u — ¥)(2),

we have vy € Wy P(Q), and v, satisfies (3.1)).
So we can also use ¢ = u + fvs as an admissible test function in (1.1]), thus we
obtain

/Q<A(a?a Du(z)), D[’ (x = h)[(u = ¥)(z = h) — (u — ¢)(2)]])dz

(3.3)
> /Q<IF(:10)I”_QF(SC)»D[772(aj = h)[(u =) (@ —h) = (u—)(z)])dz.
By means of a simple change of variable in , we have
/ (A(z + h, Du(z + h)), D[ (2)[(u = ¥)(z) = (u = ¥)(z + h)]])dz
@ (3.4)

> /Q<|F(x + h)[P72F(x + h), DIn*(x)[(u — ) (z) — (u — ¢)(x + h)]])da.
We can add (3.2) and (B4), thus obtaining
/Q<A(m +h, Du(z + ) — Az, Du(x)),
D[ (@)[(u — ) (@ + h) = (u— ) (z)]])dx
< [4F@+ PP+ h) = F@P*F)

Dl (@)[(u = ¥) (@ + h) = (u = ¥)(2)]])da,

which implies

/Q (A(x + b, Du(z + h)) — A(z, Du(x)), 1(x)[Du(z + h) — Du(z)])de
- /Q (A(z + h, Du(z + h)) — Az, Du(x)), i (2)[Dib(a + h) — Di(a)))de

T / (A(x + b, Duz + 1)) — Az, Du(x)), 20(2) D)y, (u — ) (z))dx
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< /Q<|F(:n + B)P2F (z + h) — |F(2)[P2F(x), 0 (2)[Du(z + h) — Du()])dx
- /Q<|F(x +h)PTEF(x + h) = |F(2) P72 F(2),n* (@) [Dy(z + h) — Dy (2)))dz
+ /Q<|F(w +h)PTEF(x + h) = |F(2) P72 F (@), 2n(2) Dy () 7 (u — ¥)(2)) da.
We can write the previous inequality in the form
I:= /Q (A(z + h, Du(z + h)) — A(z + h, Du(x)), 7*[Du(z + h) — Du(x)])dx
< /Q(A(z + h, Du(z + h)) — A(z + h, Du(z)), n*[Dy(x + h) — Di(x)])dx
- /Q (A(z + h, Du(x + h)) — Az + h, Du(x)), 20Dy (u — ) (z))dx
- /Q (A(x + h, Du(z)) — A(z, Du()), ®*[Du(x + h) — Du(z)])da
+ /Q (A(x + h, Du(z)) — A(z, Du(z)), ®*[D(x + h) — Dip(x)))dz
— /Q (A(z + h, Du(x)) — A(x, Du(x)), 2nDnry,(u — ) (z))dz
+ /Q<|F(9c +h)|[P2F(z + h) — |F(z) P72 F(z),n*[Du(x + k) — Du(z)])dx
— [P+ B 2F(a+ ) = [F@PF @) 7Dl + ) = Do) da
+ [ PG+ B 2F(a+ ) = [F@)PF (@), 20D, (= ) (@) do
= [[+ T+ 1V +V +VI+VII+VIII +IX.
so we have

I <|HI|+ ||+ [IV|+ |V|+ |VI|+|VII|+ |VIII|+ |IX]. (3.5)
Next, we estimate I, [T, I1I,IV,V,VI,VII,VIII and IX.
By ellipticity assumption (|1.2)) we have
> y/ (12 + | Du(@) 2 + |Du(z + b)[2) "7 | Dul?dz. (3.6)
Q

For the term II, by assumption (1.3) and using the fact that |7, Dy| < 0|7, Dul,
we have

TS T [ 322 + DU + 1Dute + 1)) Dl D
¢ . (3.7)
< 5/ P02 + | Du(@)]? + |Du(e + h)|?) > |7 Dulda.
Q

For the term 11, by Young’s Inequality with exponents (p, p’%l) and |7, (u—1)| > 1,
we obtain

I11) < 2T / 0Dl (4 + | Du()? + [ Du(z + h)[2)*F [m, Dul |7n (1 — ) |da
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= / 07T (42 + | Du()[2 + | Du(z + h)[2) "2 |m Dul?dz
Q

+ (“;;?W/BM |D(u — ) 2dz. (3.8)

To estimate IV, we use assumption (|1.5), Young’s Inequality with exponents (2, 2)
and Holder’s Inequality with exponents (3, -"5) to obtain

IV < [ (bl +1Dula) P+ [Dute + b)) 5 3P Dulde
Q

= / (12 + [Du()[? + |Du(z + h)[?)*= |7, Dul*dz
Q

+C(s)|h|2(/B (u2+\m@)ﬁﬂm@m)ﬁ)ﬁd;p) "

X (/Bl? L”dm)z/n.

Assumption (1.5)) also implies

p—1
VI [ 1hu + D) 5 D
Q

< [ MBI 4 1DUP)F (2 4 1DU @) + Dot + B

2

x (12 + [D(@)[* + | Doz + h)[2) T |7 Dy |da

n(p—1 n(2—p) ooE
<l ([ + 1D+ Dp@) + Dot + P )
B,
n 2/n 2
X (/ L da:) +c/ |7 Vo (DY) dx
B, Bi,
2/n 2n(p—1) 2
< olp)2 n 2 2 2nle—
< c|h| (/Bl2L dx) K/Blz(u + |Du|?) dm)
2 2 2y 2E=p) =2
([ 62 +1Dp@F + Dyt + mF) T dr) "
l2
el [ DV, (Dw) Pz, (3.10)
Ar

where we also used Young’s Inequality with exponents (2,2), Holder’s Inequality
with exponents (%, "), Lemma and Lemma

2'n
For the term VI, arguing as we did for the estimate of V', we obtain

p—1
VI <2 /Q IRu(u® + | Duf®) " | Dl — 1) d
C p—1
< & [ Al + |Du®) T o — )l
Q

¢ 2/n n(p=1) w2
—|n)? D(u—)|"d 2 4+ |Duf*) 224
R||(/BM (u—v)|"dz) (/Bm<u+|u|> z)

IN
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+%|h|2</3

Using Lemma Lemma Young’s Inequality with exponents (2,2) and
|7 F'| > 1 for the term VII, we obtain

-2

2/ =
dz) "(/ (u2+|Du\2)25n—%3dx) . (3.11)
B

la

la

|VII| < / n?||F(z 4+ h)[P2F(x + h) — |F(x)|P"2F (2)||7 Du|dx
Q

(3.12)
< c(n7p)\h|2(/ |DF|*dx +/ |D?ul?dx).
Biar B
Arguing analogously, for the terms VIII and I.X, we have
\VIII| < / n?||F(z 4+ h)|P72F(x + h) — |F(2)[P72F ()| |7, Di|dx
Q
(3.13)
<coupiP( [ I0FPar+ [ D).
Ar B~
and
[1X] < 2/ Nl|F(z + )P F( + h) — | F(2)P2F ()| |Dnllmh(u — ¢)|dz
° (3.14)

< C(%p)hﬁ(/% |DF|2dx+/BM |D(u—w)\2dx).

Now, plugging (3.6)-(3.14) into (3.5)), choosing a sufficiently small value of &, we
obtain

/ 772(#2 + |Du(a:)|2 + |Du(x + h)|2)pT_2 \ThDu|2d:L'
Br

c 2 2
<< /B ID(u— ) Pdz

r
n—2

n == 2/n
+c|h|2(/ (1% + |Du()[? + | Du(z + h)[?) 72 d:z:) (/B Lndx)
1

2 l2
+anp(

l2

"(:D* ) n—
) [( /B (42 + | Duf?) 55 ) 5

la

il [ DV, (Dv) s
A

r

c 2/n np-1) e
—|n)? D(u —)|"d 2 4+ |Dul?) 224
+R||(/BM| (u—)|"dz) (/BM(M+| uf?) 56 da)

C _np__ =
+ —|h? / ) / p? + |Du|?) T3 dx
RECf, ) (BQ( |Duf?) )

+c|h|2(/ |DF\2d:v+/ |D2u\2d:y)
B)\,,‘ B)\'r

+c|h|2(/B |DF\2da:+/B (D% Pz
AT A

T
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€02
+ﬂm(ém

By Lemma the left-hand side of (3.5]) can be bounded from below as follows

|DF|?dx + / |D(u — w)|2dx). (3.15)

Bir

/ 72 (4 + | Du(a)? + | Duz + 1)) % |7, Duf*dz > / iV, (Du) [2d.
Br BR/2

By Lemma and Young’s Inequality with exponents (4, ") to (3.15]), we obtain

n—2

/ |71V, (Du)|?dx < c|h|? {/ (n* + |Du|2)%dx —|—/ Sdx
Br/2

Br Br

+/ (u2+|Dw\2)ﬁdx+/ |DF|dx
BR BR

+/ |D2u|2dx+/ \D2¢|2dx+/ | Du|"dx
Br Br Br
+/ |Dz/;|”dx+/ DV, (D) 2dz ]
BR BR
=: M|h|?,

for a suitable ¢ = ¢(n,p, R, 0,v,7,T).
So applying Lemma for a suitable choice of C' and o, we obtain

gy + 1DV (D)2

I DV (D)l 52(5,) < C 1+ 1Dl s

An
n—

2" (

ag
DY 12 L)

n—2 JL)(BR

|+ IDF s, + I

so the conclusion is established. O

4. HIGHER ORDER FRACTIONAL DIFFERENTIABILITY

This section is devoted to the proofs of Theorems and The proof of
Theorem [T.2] is the same as the proof of the one presented in the previous section
until the estimate . Differences come when starting estimate I7-1X, in which
the different assumptions on the partial map z — A(x, &) and on the obstacle come
into play.

4.1. Proof of Theorem Our starting point is the estimate

v [ P+ IDu@) + Dute + W) Dufds
Q
< {I|+ T+ IV 4+ |V + |VI| + |VII|+ |VIII]| 4+ |IX].

(4.1)

Let us observe that, since V,,(Dv) € BY ..

2n np
and , Vp(DY) € L' **(Q2) and Dy € L' **(£2). Moreover, because F' €
L% (), by Theorem [2.16] we have Du € L' ** (Q).

loc loc

Now we consider the term I, by assumption (|1.3)), we obtain

(Q) for ¢ < -22 then by Lemmas

n—2a’

17| < r/ n?(u? + |Du(x)|? + | Du(z + h)|2)‘%2 |75 Du|| 7, D3| dzx. (4.2)
Q



14 Z. WANG EJDE-2022/62

Setting By := {z € Q : |[Du()|?> + |Du(z + h)|? > |Dy(x)|?> + |Dy(z + h)|?} and
Ey :=Q\ Eq, so (4.2) becomes

1T [ 2+ 1Du@)? + 1Dute + ) Dl Dol

E,

+r/ P2(4% + | Du(@)? + |Du(z + )2) % |y Dul [y Dypldz (4D
E,
= IIl + IIQ
Using Young’s Inequality with exponents (2,2) and Lemma we have
TR <T [ P +1Dula) + [Dute + b)) |7 Dul
Eq
p—2
< (12 + Dy (@)]* + [Dy(x + h)|?) * |mp Dy|da
(4.4)

<e / (4 + | Du(@) 2 + | Du(x + h)[2) 5% [m Dulda
Q

+C’(n,p,F,5)/ 7V, (D) P,

l2

Similarly, for the term Il5, we obtain

|V (DY) dx + C(n, p,T) / (uP + | D|P)dz.
B,

| < C(n,p.T) /

By,

Noticing that Dy € L **(2) and p < —2E—_ then by Holder’s Inequality with

loc n—2a’

exponents (5=, —5-), we obtain

20(/% np n—nZoc

/ |Dy[Pdz < (wnR"> ( / DY —Hadx)

BR BR
n—2a
<Cupre( [ puEa) T
Br
where w,, is the measure of the ball of radius 1 in R™. Then
|IT,| < C(n,p, r)/ |71 V(D)2 d
B
? (4.5)
+CnpDFR| [ (14 Dyl )da]
Br

Plugging (4.4) and (4.5) into (4.3)), we obtain

111 < ¢ [ 7+ IDu@)? + [Dute + 1)) T [ DuPda
Q

+Cup L) [ mVy(Du) P (4.6)

l2
n—2a

+C(n,p, T) R / (1+ [ D[ 755 )dar
Br
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For the term I1I, by assumption Young’s Inequality with exponents (-£1,p),
Lemma and D(u — 1) € L' ** (), arguing like in (4.5)), thus obtaining

121 <28 [ 0Dl + 1Dl + | Duta + b)) 5 7 Duln (= )] ds
Q

<e / 7T (42 + | Du(@)|? + | Duls + h)[2) 3 |7, Duf2da (47)
Q

n—2«

C TL,p,F,€ _np_
+ S ([ 10— v ar)

For the term IV, by assumption (1.6 and Young’s Inequality with exponents (2,2),
we have

IV < B [ 0P 0n(a) + enlo o+ W)? + D)5 | Dulde
Q
< [ 1P+ IDu@) + |Duta + W) T [ Duldo
Q

+ C(€)|h|2a/B (i(2) 4 wr(z + 1) (142 + | Du(z)|? + | Du(x + b))/ ?dz,

l2

where 27F2 < |p| < 27 1E for k € N. Then by using Hélder’s Inequality with

o _n ]
exponents (g%, —%5-) and Lemma we obtain

VI <& [ G2+ Du@)f + Do+ W) F [mDufdo
Q

+ C(n,p, o, €)|h|*™ (/ (tr(x) + ez + h))”/o‘dx) 2o/

Br
X (/ (ﬂ% + |Du
Br

Now we apply Theorem with ¢ = =22 thus obtaining

n—2a’
][ | Du| 725 da
Br

SC[”]{%R'FW};“WJFJ{B \leﬁdaw(][ |Du|pdx)ﬁ]

2R Bar

n—=2a
n

Then for the term I'V, we obtain
[IV| < 5/ n*(u® + |Du(z)|? + | Du(x + h)|2)p%2|7'hDu|2dx
Q

+ C(n,p, o, €)|h)*® (/ (g () + ez + h))"/“dx) 2ol

Br
X {l—k/ |F
Bar
n n—2a

+ (/BQR \Du|pdx) nfza] !

(4.8)

e o

e dr + / | D
Bar
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To estimate the term V, we consider 27 ¥ & < || < 27*1 & for k € N, using (L.6),
Young’s Inequality with exponents (2,2) and Lemma thus obtaining

VI b [ o 0(o) + a4 1)+ [Duf?) 2 . Dl
Q

< |h\a/B (k@) + (@ + h) (1 + | Duf®) "= |7, Dy|

l2

X (42 + [Dy(@)? + [De(a + b)2) T (12 + Dy ()2 + [Dy(x + h)[2) 5 de

< clne /B (@) + ta( + 1)2 (2 + [Duf2)p?

la

x (42 + [D(@)? + | Dy (x + h)[?) = do
+C/BR 7V, (D) 2da

By using Hélder’s Inequality with exponents (4%
[2:3] the previous estimate becomes

Vi< C|h|2a</B (tr(x) + g (z + h))n/adx)m/"

la

g (/B (4 + [Du?) 557 (12 + DY) + [ Dw(x + h)2) 275’5’2:213%)"#

l2

n

20 m) (z(pp,l), ﬁ), and Lemma

+ c/ |7V, (DY) | d
Br

2a/n
< c|h|2°‘</ (@) + 0o + h))"/o‘d:p)
Br
np np 2(p—1) n—2a
x (/ (5 4 |Du|m)dx) v
Br
2—p n—2«

X (/ (M%.HDM%)GZQ:) P +c/ |ThV;,(Dw)|2dx.
Br Br

Using Young’s Inequality with exponents (

P P :
SoT) 27p), we obtain

a/n
Vi<e [ InVDu)Pde-+ ([ (o) + e+ h)/ede)

Br

< [1+ / F|™5s da + / |Dy| "5 da (4.9)
BQR B2R

n n—2a

+ (/BQR |Du|pdx) n_%} "

Now we consider the term VI, taking 27%£ < |p| < 27F+1 2 for | € N, using as-
sumption (|1.6] .7 Holder’s Inequality with exponents (5% 7 ”Za) (pf 7,p) and Lemma
[2.3] we obtain

Vil < Ihla/ 0| Dnl(ue(@) + (@ + h) (1% + | Dul®) = [ — ¢)|da

Il (/B (x)—&-Lk(Jc—i-h))%dac)M/n
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n—2a

2 2 n(p-—1) n
< ([ G+ 1DuP) T 7w — )] da)
Br

2a

< ;h|a(/BR(Lk(x) +Lk(w+h))ﬁdx) "
x 2 4 |Dul?) T g e / ) dn)
([, G s pupy=ma) = ([ )
< C(n;f’a)lh‘*“(/BR(Lk(x)+Lk(x+h))£dx)2a/"

p—1 n—2a n—2«

Notice that {i;}, C L™ *(Q) C L2x () with the estimate

2 a/n n/a a/n o
ekl 2 sy < ( /B 12de) /B el dz) " < R uk ey (410)
R R

By Young’s Inequality with exponents (ppj,p) and (4.10)), the previous estimate

becomes

C(n,p,a)

|VI| < lea

|h|°‘+1(/B ’(Lk(x)+Lk(x+h))n/o‘da:>a/n

n—2«

X [(/ (u5= +|Du\%)dx) B
Br

i (/B ID(u - )| =5 da) 7]
M

a/n
T b ([ o)+ la+ ) ode)

x [1+/ |F|%d:c+/ | D) 755 d
Bar Bar

n n—2a

+ (/BzR \Du|pdm>m] "

It remains to estimate VII, VIII, and IX. For the term VII, using Young’s
Inequality with exponents (p’%l,p), Lemma Lemma , and Holder’s Inequality

with exponents (5%, —%5-), we have

(4.11)
<

[VII| < / 7]2||F(x+ h)|p72F(x+ h) — |F(£L‘)|p72F($)||ThDU|d$
Q
< Coln, p)e / (2 + [Du(@)? + [Du(x + 1)) % [mDulPde (4.12)
Q

n—2«a
n

+Clupachrree( [ DFHds)
Br
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n n

50 T ), Lemma

For VI1I, using Holder’s Inequality with exponents (527, p) and (
2] and Lemma [2.3] we have

\VIII|

< / WPIIF (@ + h)P72F (2 + h) = |F(2) P72 F (2)| |7, Dy |dz
Q

< O(mp)h'p(/BR IDF\”dx)ple (/BR |D2¢,|pdz)1/p (4.13)
<coplrre( [ 1prH ) Y / D2t a)
R R

Arguing as we did for the estimate of VIII, for the term I X, we obtain

[1X]| < 2/§277\D77|||F(x +h)[P2F (z + h) = [F(@)[P72F (2)] | (u — ¢)|dz

p—1

< (Wlhl”(/m |DF|pde’)T(/B (IDufP + |D|P)dx)' /P

R
. 4.14)
< (nap)|h|pR2a</ |DF|md$) P |:1+/ ‘F'Edl‘

R Br Bar

n n—2«a
+/ |Dw|7nf5adz+(/ |Durda) ]
BQR BZR
Plugging (6), (1), (@J), @I), @11), @12, E13), and @14) into (1), and

then choosing € = XTL/Co)’ we obtain

/ |Tth(Du)|2dx
Bry2

n—2«

§cR2a[/B (1 + | Dy|75= )dz] ™
R

n—2«a

C _np n
+emhP ([ 1D v ds)

Bar

+elnp( / (tn(a) + oxlar+ ) /o)

Br

n

x [1+/ |F|%da:+/ | Dy |55 d + (/ |Du|pdx) T sk
Baogr Baor Bar

C (o7 n/o a/n
o [ mVDoPde + i W ([ o)+ oo+ m)ed)
Br Br

X [1+/ |F|7nfgadz+/ |Dw|7nfgadx+</ |Du|pdm> *} g
Bar B

2R Bagr
+c|h|”R2a</ IDF
Br

n—2a

T d:c) "

n—2a p—1 n—2a

TR ( / DF[Edr) "7 / D2 dr)
Br Br

n—2a p—1

+c|h|pR2@—1(/ DR T {1+/ P75
Br Bar
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n n—2«

+ / Dy %gudm—k( / |Du\pdm> ‘} v (4.15)
BQR B2R

Now, we use a covering argument [5] to the balls of the integrals in (4.15)), whose
radii are proportional to R, we have R o |h|® for 8 € (0,1) and a sufficiently small
value of |h|, then (4.15) becomes

/ |71, V(D) |*dx
Brya

n—2«
n

<anf?[ [ (41Dl

n—=2a
n

+anpt-o123( [ D@ -y)

Bar

+ c|h|* (/B (e () + ep(z + h))"/adx) 2o/

n n—2a
< 1o [ PRy [ puRde s ([ pupan) T T
Bar Bagr Bor

a/n
+C/ ITth(D¢)I2dx+CIh\°‘"’+aﬁ“(/ (k@) + vy + )"/
Br B

R

= dx)

n—2«

X [1+/ |F|nf’éada:+/ | D | 7255 dze + (/ |Du|sz)"’2‘”} B
B2R B2R BZR

n—2a

+c\h|1’+2a5(/ |DF\7nT5adx) g
B

R

n—2a p—1 n—2a

+c\hl”*2“ﬁ(/ |DF\7nf3adx) o (/ |D2¢|7nf§adx) g
B Br

R

n—2a p—1

+c\h|p—ﬁ+2aﬁ(/ DF|dr) T [1+/ |75 da

+/ |D| 7%= da + (/ |Du|pdx)m} . (4.16)
Bar Bar
Since a, 8 € (0,1), by setting
p1=2aB € (0,2), pa=p(l-pB)+2aB¢€(0,4),
p3=2a€(0,2), p=a—-F+af+1=(a+1)(1-7p)+2a8¢c(0,3),
ps=p+20B€(L4), ps=p—LF+2a5¢€(0,3),

we have

in p; = p; = 2a0.
i pi =m af

We divide both sides of (4.16) by |h|>**”, and notice that |h|72%% < |n|=2* for
|h| < 1,0 < a,B8 < 1. Then we have
V,(Du)|?
[ wiour,
BR/2 |h"

n—2«a n—2«a

4 c\h|p<1—ﬂ)(/ |D(u— )| 75 do)

Bar

< C[/BR(” |Dy| 75 )de |
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2a/n
+c|h\2“(1*ﬁ)(/3 (11() + i + )"/

R

n—2a
n

><[1+/ |F|%dx+/ |Dw|%dx+(/ |Du|de)ﬁ}
Bagr Bar Bar

2
+C/ |71 V(DY) dz+c\h|(“+1)(1*5)(/
Br

| |2 Br

X [1+ / Ia
Bar
n—2a

+c|hv’(/ \DF| 7% dg) ™=
Br

(Lk(fﬂ) + Lk(l‘ + h))n/ad.’r) a/n

n n—2«

“hdos [ poldes ([ pupds) ]
BZR B

2R

n—2a p—1

n—2a
+c|h\P(/ \DF|%dx) T (/ |D2¢|%dx)
Br Br

n—2a p—1

+c|h\P—5(/ |DF|%dx) m [1+/ |F| 7% da
Br Bar

n n—2a
—I—/ | Dep| 725 da: + (/ |Du|pdas) nfza} e (4.17)
Baor Bar

Next we take the L? norm with the measure ﬁ—h restricted to the ball B(0, %).

‘n
For any k € N, the integral in the third and fifth lines of (4.17) are taken for
2"“% < |h < 2"”‘1%, so it is essential to notice that

R, R R .
Z) = Uk:l (B(O72 k+1z)\B(O,2 kz)) =: Uk):lEk'

It is also worth noticing that the choice of the radius R = |h|? is possible for small
values of |h|. This is because Z_k% < |h| < 2_’“‘1% if and only if o118 < |h| <

27%, for any k£ € N. Thus we have the estimate

V,(Du)|? | \e/2 dh
foyo U, P ee) i
Br “Jey N 1]
4 2
a(n—20)
sz g
Sc/ [/ (1+ Dy -
By (0) -/ Br |h|"
gp(1— dh np Ln%()
vef (D v
B (0) A"\ JB,

> o dh
b [ ([ o) +ate+ wyeds)
k=1 Ek

B(0,

= )dm]

Br |h[™

n g(n—2a)

X [1+/ \F\inf‘;adwr/ | Dep| 7%= da: + (/ |Du|pdx) n—za} =
Bar Bor Bar

D)2 \9/2 dh
+C/ (/ ITth(Qazb)l dx)t] A
Br “JBy Bl |h

4

5w dh

g(a+1)(A=5)
h 2 / (@) + ez + )Y dz) T ——
| ([, @@ +ute+ myede) ™ o
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_n__g(n=2a)
<[1e [ iy [ puEde s ([ pupan)TT] T
Bar B B

2R 2R
(n—2a)q

dh np &
+c/ [pjar/2 L (/ ‘DF|n72adx) :
B (0) h" \

dh n—2a q(p—1) a(n—2a)
ve [ jar n(/ prias) ([ preltear) T
By (0) |h| Br
n—2a q(p—1)

aw=p dh n o
+c/ || : 2ﬁ)—</ |DF|n*gadz> B
Bx(0) A"\ J By,

4

n a(n—2a)

<[1e [ i [ puPEdes ([ pupan) T
Bar Bagr Bar

To simplify notation, we set

(4.18)

s*:/ (1+ |Dul? + |F|? + |DFP + |Dul? + | D + [D*6[P)dz.  (4.19)
Bar

4.18)) can be written as

2 /2
/ (/ ITth(QD:)I dx)(; dh
By(0) “JBy || |h|™

2

where p = %

<C |h|‘“’(1 8) dhn
Br(0) |h]
2 dh
+ CZ/ |h|qa(1 B) / (tr(2) + e (z + h))n/“daz) W
Br
+C (/ de)qmﬂ
B \Jon IR i
+C§:/ |hIW(/ (te(x) + wo(z + h))*dx )zn d};
k=1" Ex Br |h|
+C/ \h|q17/2 dhn +C/ \h|q(p 8) dhn7 o
i & By (0) 1]

where the constant C = C(n, p,q, R, a,v,v,T, S%).
Now we apply Young’s Inequality with exponents (2,2) to the second and the
fourth integrals of the right-hand side of (4.20]), thus obtaining

Vo(Dw)|?  \4/2 dh
Fron (L, P 0e) i
B0 By Al A

2

<C T L}Z . |h|2qa(1—ﬁ)d7}2
B (0) A B (0) Al
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LC (pjate+na-5) 4R
By (0) |h|™
4
> = dh
+C / / () + (2 + W)Y “dx —_—
;Ek(BRu) (et h)/ode) "o
+C |h|qp/2d7h+c |h|7q“’;‘”d7h
B (0) |h["™ B (0) |h[™
2 /2
+C/ (/ Mdz)q dh_ (4.21)
By (0) *JBr |2 |h|™
Noticing that «, 8 € (0,1) and p € (1,2), if we set
1 _
Q1:Ma g2 =2qa(1 - B), g3 =q(a+1)(1-0),
)
4 2 ) 5 2 ’

then we have

¥ := min ¢g; > 0.
1<i<5

Since |h| < 1, we can write (4.21)) as follows

Du)l|? /2
foyo (L, ) i
p© oy 1M ]

2
oo

< cZ/Ek (/BR(Lk(x)+Lk(:v+h))”/"dx)2?ﬁlﬁl

k=1

-I-C;/Ek (/IBR(Lk(x)—i-Lk(x—i—h))"/adx)nZ|hn

D)|? /2
+C (/ |ThVP(2aw)| dl')q dih”n_i_c |h‘ﬂd7hjn
By (0) \Bx |h| |h| By (0) |h|

(4.22)

=L+ L+ 15+ 14
By assumption, we have
Is < VoDVl (5 < o0 (423)
For the term I, by polar coordinates transformation, we obtain

dh R/4
I, = C’/ |n|? = C’/ p’~tdp=C(n,p,q,R,a,8) < o0, (4.24)
By (0) |h|™ 0

since ¥ > 0, i.e. ¥ —1 > —1, which implies the last integral is finite.
We now write the integral I; in polar coordinates, so h € E}, if and only if h = p¢
for 2*’“% <p< 2”““% and some ¢ in the unit sphere S"~! on R™. We denote by
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do (&) the surface measure on S”~ !, then we have

n:cg/r (] @t i)
<oy [T [ ntvates s o

2
L‘{L/Q(BR)da-(g)i
el Te—1
2 P
< C(Z ||Lk||Lq’VL/C¥(BZR)> /k —_— (4.25)
k=1 r

p
P

oo
2
=Cm2Y [l e g
k=1

= CH(Lk)kH?;}q(L“/O‘(an))
< Cll(wk)

2q
ngq(Ln/a(B2R)) < 00,

where we set rp = Q*k% Moreover, for any &€ € S"™! and rp < p < rp_1, by
Lemma [2.3] we have

(e (@) + k(@ + ) Lrse(pry < 2ekllnies,, ) < 2l
4

L”/Q(BQR)'

Recalling the continuous embedding £9(L™/%(Bag)) < £24(L™/*(Byg)), so the es-
timate is easily established.
Arguing as the estimate to Iy, for the term I, we obtain

12 S CH(Lk)kHZq(L"/“(BZR)) < 00. (426)

Inserting (4.23))-(4.26]) in (4.22), we have

ThV (Du) 2
|| |h|a’6 HL‘I(lhm,LZ(BR/Z)) < C<1 + ”V (D¢)||Ba +(Br) + H(Lk)k||gg(Ln/a(B2R)))~

Noticing that the constant C depends on S* given by (4.19)), then for a suitable

exponent o = o(n,p,q, «) Lemma

and Lemma [2.11] we obtain

T Vp(Du)
|| |h|ozﬁ ||Lq(‘h‘n7L (BR/2))

< O+ IDull ooy + VoDV 3g e + 1D 25

o
+ ||F||W1,%(B4R) + 1)kl gaprro(Bar)y |
that is the conclusion. O

4.2. Proof of Theorem To prove the theorem we use the arguments of the
previous section. Differences come when we estimate IV, V and V1.

Proof. By hypothesm since V,(Dv) 6 32 o0 Joc(
Vo (Dy) € L= (Q), and so Dy € L 2"( ). Similar to the proof of Theorem ,

loc loc
the estimate to I, [T, ITI,VII,VIII and IX can be treated in the same way. We
only need to use assumption (|1.7)) instead of (1.6) so as to estimate the term IV, V

and V1.

) with 0 < o < § < 1, we have
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For the term IV, using the assumption (1.7]), Young’s Inequality with exponents
(2,2), Holder’s Inequality with exponents (9%, —%—) and Lemma for |h| < %,

20 n—2a
we have

[V

ST [ P00 il + R + D) 7 Dulda
Q
<< [ 4P+ 1Du@) + | Duta + 1)) [ Duldo
Q

+C(e)|hf* / (@) + e+ h))*(® + [Du(@)? + | Dulz + h)*)P 2 de

B (4.27)

lg

< s/ n2(u2 + |Du(x)|2 + |Du(x + h)|2)p%2|ThDu|2d:c
Q

2a/n
+CupadbPe( [ )+ e+ myreds) 1
Br

+/ |F|72%5= dx +/ |Dy| 725 de + (/ |Du|pda:) ’} B
Baogr Baor Bar
For the term V', by the same arguments that we used in the previous section, we
have
2a/n
Vi §c|h\2a(/ (o) + o+ )/ [1+/ F
B Bar
n n—2a
np n—2a n
+/ | Dyp| 755 da + (/ |Du|pdx) ] (4.28)
Bagr Bar
+c/ 17,V (DY) | da.
Br
For the term VI, by assumption , for |h| < %, we obtain

a+1 a/n .
B[ st s [
R Br Bar

n—2a

[ puEde ([ Dupan) T
Bor Bar

Now we plug ([&6), &7), @E12),(E13), @14), [@.27), [@E28), and (E29) into
(4.1), then choosing € = m, we obtain

/ |71V, (Du) [*dz
Br/2

e

R

VIl <

(4.29)

n—2a

< cRZ"‘[/B (1+ \D¢|%)dx]

P ([ D)

+c\h|2”‘(/B (L(x)+L(m+h))”/adx)2a/n

« [H/ \F\%dﬁ/ |D¢|%d$+(/ D) ]
B2r B

2R Bar

n—2«a

= dx)
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e f m V(D) P + g hi* /BR“(*”C) f 1l ) ods)

n n—2a
X[H/ m%dﬁ/ |D¢|%dx+(/ |Durdr)
Baogr Bagr Bar

n—2(x:| n
n—2a

+c\h|pR2"(/ |DF|%dx) E
Br

n—2a p—1

ﬁdx) no (/BR|D2¢

n—2a p—1

+c\h|pR2°‘*1(/ \DF|7nT§adz> T [1+/ |F|52%= da
B Bagr

+[ e
Bar

Now let us notice that |h| < # if and only if |h| < 2775 for any 8 € (0,1).
Recalling the covering argument that we used in the previous section, so we have
R  |h|?. Dividing both sides of by |h|?*# using Lemma and that for
|h| < % <R <1, since 0 < a, B <1, |h|72%8 < |h|~2% we obtain

[ i,
Brya

n—2a

T d:c) "

+c\h|pR2“(/ IDF
B

R

n—2a

o+ ( /B Dufrdz) ] (4.30)
2R

=7

n—2a n—2a

< C[/BR(l + \D¢|%)d:ﬂ} +c|h‘p(1fﬁ)(/B ID(u— ¢)|%d:c) n

2R
2a/n
+C\h|2a(1*5)</ L”/”‘dac)
B

2R

n n—2a

X [1—&—/32R|F|717Lgadx+/BzRD¢|nng<mdm+ (/}32R|Du|pd$)"2a} ™

D 2 a/n
+c/ deerh\(“H)(l’m(/ L"/O‘dx)
Br |2 Bar

X [1+/ P w2hw dr + (/ |Du|pdx)
BzR B2R
n—2a

+c\h|P(/ |DF\7nfgadx) g
Br

n—2a p—1 n—2a

+c\h|p(/ |DF\7nT§udx) T (/ |D2¢|7£2adx) &
BR BR

n—2a p—1

+c\h|P*ﬁ(/ |DF|7nT§adx) T [1+/ F
Br Bar

n n—2

+ / | Dep| 75 dz + ( / |Du|”dx) *} " (4.31)
BZR B2R
Using Young’s Inequality with exponents (5=, —%5~) and (p%l,p), then (4.31]) be-
comes

2
[ o,
Brya

n n—2a

71,—2(v:| n

%dﬁ/ | D
Bar

e5a o
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< c[/ (1+|Dy %ga)dx} + c|h‘p(1fﬂ)(/ |D(u — ) %dgo
Br Bar
+cfhfP0=R [/ e 41 +/ P75 da
Bar Bar
[ el ([ 1upar) ]
Bar Bar
2
+ C/ Mdm _|_ c|h‘(a+1)(1—ﬂ) . |:(/ Ln/adx)%
Br |h| Bar
+1+/ |F|"Z€'adw+/ |Dy| 725 dz + (/ \Du|pd:r) "_M]
Bar Bar Bar
n—2a
+c\h|p(/ |DF\ﬁdx) g
Br
. n—2a ] n—2a
el [( [ 1pFIan) T ([ eleean) ]
Br Br
+c\h|p—5[/ |DF|7 5 dx + 1 +/ |F| 7255 da
Br Bar
717 TL:LOC njlza
o, o () )= o
Bar Bar
By Lemma Vo(DY) € B3 1,.(Q) implies that Dy € B ,.(€). Using
that 0 < o < 0 < 1 and Lemma we have V,(Dy) € B§‘7W7IOC(Q) and Dy €
B]‘;OOJOC(Q). Taking the supremum for |h| < % at both sides of (4.32)), we obtain
[Vp(Du)]Bg,io(BR/2)
< OV, (D) (BR)+C[1+/ Ln/adH/ m&dﬂ/ \DF|7% di
e Bar Bar Bar

Bar Bog Ban

where the exponent o = o(n, p, @) and the constant C' = C(n,p, R, o, v,T'). By the
definition of the norm in Besov-Lipschitz spaces and using Lemma we have

[V},(Du)}Bg’/;(BR/z)

S CIVe(DY) g _(Br) + C{l * /

L"/O‘daH—/ |F|7~ % da
BQR BQR

+/ |DF\%dx+/ |D¢|%dx+/ | D7 5= da
Bar Bar

Bar
+ (/ |Du\pdx) "721 :
Bagr

Noticing for 0 < a < § < 1, we have p < —22- < -"E_then we obtain

n—2«a n—29"

Vo(DW)] e () < C[1+ 1DUl Lo + Vo (D)5 _ ()
' 2

2
DY, oy D,

1,_np
W 'n—2«a (BQR)
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el (B
Applying Lemma to the function V, (D)), we obtain

Vo(DWlses (5,0 < C[1+ DUl + V(DD 55 _(51n)
’ 2

2 g
D20, o+ F D e g+ lellzse )|
The proof of Theorem [I.3]is complete. O
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