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REGULAR TRAVELING WAVES FOR A REACTION-DIFFUSION
EQUATION WITH TWO NONLOCAL DELAYS

HAIQIN ZHAO, SHI-LIANG WU

ABSTRACT. This article concerns regular traveling waves of a reaction-diffusion
equation with two nonlocal delays arising from the study of a single species with
immature and mature stages and different ages at reproduction. Establishing a
necessary condition on the regular traveling waves, we prove the uniqueness of
noncritical regular traveling waves, regardless of being monotone or not. Under
a quasi-monotone assumption and among other things, we further show that all
noncritical monotone traveling waves are exponentially stable, by establishing
two comparison theorems and constructing an auxiliary lower equation.

1. INTRODUCTION

It is well known that many species, such as Ixodes ticks, may exhibit totally
different ages at successful reproduction [I0]. To understand the influence of dif-
ferent ages at reproduction on the evolution of such populations, Lou and Zhang
[10] considered a species (Izodes scapularis ticks) with two classes of individuals,
1 and 2, with different ages at reproduction, 71 and 7o, respectively. Based on
the Mckendrick-von Foerster equation, they derived the following reaction-diffusion
equation with two nonlocal delays:

My = DMy, = (u g(M)M +pe™™ [ Ta(Dyrm, o = ) F(M (st = 7))y
R (1.1)
+ (1 — p)e 27 / Do (Doro,x —y) f(M(y,t —m2))dy, x€R, t>0,
R
where I';(D;7;, z), i = 1,2, are the kernel functions which satisfy
(HO) Ti(Ds7i,-) € C(R,R), Ti(Dy7y, ) = Li(Dimi, —x) > 0, [ Ti( Dy, y)dy =1,
and [, T;(Di7;,y)eMvldy < oo for any A > 0.

2

In [10], T;(D;Ti, ) = VArD;re” 7 fori = 1,2. In this model, M (z,t) represents
the total adult tick density at time ¢ and location x; D > 0 is the diffusion coefficient
of mature individuals; p € (0,1) and 1 — p are the proportions of eggs at birth rate
for classes 1 and 2, respectively; d; > 0 and D; > 0 are the death rate and diffusion
coefficients of immature individuals for class i, respectively; p and the function
g(+) denote the density-independent and density-dependent death rate of adults,
respectively. The functions f(-) and g(-) satisfy the following assumptions
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(H1) f,g € CH(Ry,Ry), f(0) = g(0) =0, ¢'(u) > 0 for u > 0, and there exists
u, > 0 such that f'(u) > 0 for u € (0,u.) and f'(u) < 0 for u € (us, +00).

(H2) (pe=h™ + (1 — p)e=92™) f/(0) > p and f(u)/u is non-increasing in u €
(0, +00).

It is clear that f is an unimodal function. In biological literature, two types of
such functions which have been widely used are the Richer type function: f(N) =
aNe ®™ a,b > 0, and the Beverton-Holt type function: f(N) = #]X,m, m >
1,a,b > 0.

From (H1) and (H2), equation has exactly two equilibria 0 and M, >
0. As mentioned in [I4], a traveling wave is called a regular traveling wave if
it decays exponentially at minus infinity (see also Definition below). Under
the assumptions (H1) and (H2), the authors in [I0] established the existence and
non-existence of monostable regular traveling waves of in the case where
M, < u, (i.e. quasi-monotone case) and M, > u, (i.e. non-quasi-monotone case).
In particular, the regular traveling wave is increasing in the quasi-monotone case,
while it may be non-monotone in the non-quasi-monotone case. They also give
some results on the existence, uniqueness and stability of bistable traveling fronts
of with quasi-monotonicity. However, to the best of our knowledge, there
has been no results on uniqueness and stability of the monostable regular traveling
waves for such reaction-diffusion equations with two nonlocal delays. The aim of
this paper is to solve these problems.

We remark that, in recent years, there have been a few of interesting results de-
voted to the uniqueness of monotone traveling waves for various diffusion equations
[2, B, 6] [16], 18] 20, 22]. For example, Wang et al. [I6] proved the uniqueness of
monotone traveling waves for a class of delayed reaction-diffusion equations. How-
ever, such method, if not impossible, can not be applied to study the uniqueness of
non-monotone traveling waves. In this paper, we adapt nontrivially the technique
developed in Diekmann and Kapper [5] and Aguerrea [I] to study the uniqueness
of the regular traveling waves of which may not be monotone. More precisely,
based on establishing a necessary condition on the regular traveling waves (Lemma
, we prove the uniqueness of all noncritical regular traveling waves regardless
of whether they are monotone or not (Theorem [2.4)).

In addition to the uniqueness, another interesting problem is the stability of
traveling waves. In recent years, the squeezing technique and the weighted energy
method have been widely used to study the stability of monostable traveling waves
for reaction-diffusions with single delay, see [4 [8, @, [IT], 12, [16]. We will use a
different approach [7, 13} [17] to study the stability of the traveling waves of the
reaction-diffusion equation with two nonlocal delays. More precisely, by es-
tablishing two comparison theorems and constructing a lower auxiliary equation,
we show that all noncritical monotone traveling waves (traveling fronts for short)
of are exponentially stable. In particular, the exponential convergence rate is
also obtained (Theorem [3.3)).

The rest of this article is organized as follows. In Section 2, we first establish a
necessary condition on the regular traveling waves. Then, we prove the uniqueness
of all noncritical regular traveling waves of with or without quasi-monotone as-
sumptions. Section 3 is devoted to the exponential stability of noncritical traveling
waves.
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2. UNIQUENESS

In this section, we prove the uniqueness of all noncritical regular traveling waves.
We first give the definition of (regular) traveling waves [14] 21].

Definition 2.1. A bounded solution wu(z,t) of (1.1)) is called a traveling wave
(solution) with speed ¢, if u(x,t) = U(x + ct) for some function U(-) which satisfies

U(—o0) =0 and lgiminf U(&) > ¢ for some constant € > 0, (2.1)
—+00
where ¢ and U(+) are called the wave speed and the wave profile, respectively.

Further, if there exists a constant 8 > 0 such that lim.,_ U(&)e B¢ = ¢ for
some g > 0, then U(z + ct) is called a regular traveling wave solution.

It is clear that the wave profile U(:) of the traveling wave of satisfies
DU"(&) = cU'(§) — pU (&) — g(U(§)U(E)

+w1/RFl(Dm,y)f(U(f—y—CTl))dy (2.2)

+uwr / To(Dayra, ) f(U(E — y — ema))dy =0,

where w1 = pe_dlﬁ and woy := (1 — p)e—dzﬁl
As in [10] one can easily verify that the characteristic equation

A=Dv® — p+wif (0)e ™ 1 () + wa f (0)e ™ 2 (v)

AW) _

v

limV—Hroo )\Ejy) = 400,

admits a principal eigenvalue A(v) > 0 with lim, o4
where

i(v) ::/Fi(DiTiay)e_Vydya 1=1,2.
R
Moreover, there exist c,, v, > 0 such that
Avs) Av)

Cy = = inf ,
Vs v>0 v

and for any ¢ > c,, there exists a unique v1 := v (c) € (0, v,) such that A(v1) = cvy,
and A(v) < cv for any v € (v1, V).
We define

Ale,v) := Dv? —cv — v+ w1 f(0)e ™y (1) + wa f/(0)e™ Y v (v).
It follows from [10, Lemma 4.3] that
0

EA(C*, V)’V:V* = 0.
Furthermore, if ¢ > ¢, then the equation A(c,v) = 0 has two positive real roots
v1 = vi(c) < vy < g := w(c) such that A(e,v) > 0 for v € R\ (v1,12) and
A(e,v) <0 for v € (v1,13).

Using the method in the proof of Lou and Zhang [I0, Theorem 4.5], one has the
following result.

Lemma 2.2. Assume (H1) and (H2). Then for each ¢ > ¢, equation (1.1) admits

a traveling wave U(x + ct) which satisfies

M~ <liminfU(§) < limsupU(§) < M+

{—+o0 £—+o0

A(cy, Vi) =0,
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for two constants M* > 0 and limg oo U()e™1¢ = 1. Moreover, if M, < u,,
then U (&) is non-decreasing and U(+00) = u..

From Definition we see that the traveling waves obtained in Lemma [2.2] are
regular traveling waves. We now give a necessary condition on the regular traveling
waves, which will play a critical role in proving uniqueness.

Lemma 2.3. Assume (H1), (H2), and ¢ > ¢.. If W(x + ct) is a reqular traveling
wave of (L1)) with limg_, o W (€)e™P¢ = q for some B,q > 0, then

lim W(&)e ¢ =q.
£——o0

Proof. Tt suffices to show 8 = v, which is done in two steps.

Step 1. We show that A(c¢,8) = 0. Denote Ay = Ci—vcu;w(“m for some
constant L > 0. It is clear that A_ < 0 < A4 are two roots of the equation:
DX —ch — (u+ L) = 0. Take L > 0 large enough such that Ay > «a. Let
1 := 4+ L and define

HW)(€) = [L — g(W(E)W () +wi / Ty (Dyr, ) fW(E =y — em))dy
+ wy AF2(D2727y)f(W(§ —y —cT2))dy.

Then by (2.2)), we obtain

DW(€) — W' (&) — mW(E) + H(W)(€) = 0. (2.3
It follows that
13 00
W(E) = m{/_w e’\(f_S)H(W)(s)ds+/§ e’\+(5_S)H(W)(s)ds},

which implies that

3
W(g) = ﬁ [ / A )i

N (2.4)
+)\+/ 6)\+(£_S)H(W)(S)d8]
1
Since W(—o0) = 0, by (2.4), it is easy to verify that W/(—oo) = 0. Integrating
both sides of ([2.3]), we obtain

3
DW(E) =W ()~ [ [~ W(s) + HOV)(s)ds, (2.5)

—00

Let V(&) = W(&)e 5. Then V(—o0) = ¢ > 0 and W' (&) = V' (£)ePs+ BV (€)eP.
From , we infer that

£
DV'(€) = —DBVI(E) + eV (€) — e / (W (s) + HOV)(9)lds.  (2.6)

It is easy to verify that i
. lim e P H(W)(¢)
= Jim_e {0~ gV W) +1 [ TDim ) F V€~ y = cr)dy

£——o0
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+n [ TaDara ) FOV(E —y = era))dy}
R
= Lq+ qw(B),
where w(f) 1= wi £ (0)e™ By (B) + wa f'(0)e~ 2P ~5(B), by which we obtain

3
lim efﬁg/i [~ W (s) + H(W)(s)]ds

£——o0
=2 Jim e H V() + HOV)E) 27
= %[—u +w(B)]
From it follows that
Jim V() = Dﬁ[ DB + B+ p—w(B)] = Dﬂm ¢.B).  (28)

Since V(€) is bounded, lim¢_, o V'(§) = 0; therefore A(c, ) = 0.

Step 2. We complete the proof by showing A(c, ) > 0 for any « € (0, 8). Denote
Z(€) = W(€)e ¢ for a € (0,8). Then Z(d00) = 0. Thus, we may assume that
Z (&) attains its maxmimum at §; € R. Hence,

0=2'(&) =W (&)e ¢ —aW (&)e o

and

W(s—y—cn)=2Z(s—y— cn)eo‘(s_y_”i) < Z(fl)eo‘se_o‘(y"’c”),
for each z,y € R, i = 1,2. By assumption (H2), we see that f(u) < f/(0)u for
u > 0, and hence, for any s € R,

H(W)(s)

<L)+ er [ DD ) OW (s~ = endy
+ wa / La(Da2,y) f(0)W (s —y — cm2)dy
R
< {L—I—f’(O)/Fl(DlTl,y)[wle_o“”1 +wge_o‘cm]e_o‘ydy}Z(gl)eo‘s
R

= {L + [wie™* Ty () + wge_acﬁvg(a)]f’(O)}Z(ﬁl)e“s =: L1 Z(&)e™*
Combining (2.4) and noting that Ay > «, it holds
aW (&) = ’(51)

1 (oo}
A / A s)eastJrM/ A (61-9) s g

7D/\+— &

(2.9)

)\+— « A_ >\+—Oé

|
o, )
o

LW
vt

Then
L+ [wle_a”wl(a) + wge_am’m(aﬂ 1(0)
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>D(a— M)A —a)=—-Da?® —ca+p+L,

and hence, A(c,a)) > 0 for any o € (0, 8). Since A(c, o) is strictly convex, we obtain
A(e,a) > 0 for any « € (0, 3). Therefore, it must be § = v;. This completes the
proof. ([

We are now ready to give the uniqueness of the regular traveling waves of (1.1).

Theorem 2.4. Assume (H1), (H2), and that f'(u) < f'(0) foru > 0. Let Uy(x+ct)
and Us(x + ct) be two regular traveling waves of with speed ¢ > c.. Then there
exists & such that Uy (€ + &) = Ua(§).

Proof. By a translation in Lemma we can assume that limg_, o, U;(€)/e"1¢ =1
for ¢+ = 1,2. We define

I(€) = [U1(§) — Ua(§)]/e*, € €R.

Obviously, we have W (+o0) = 0.

Next, we show that II(-) = 0. We first prove II(§) < 0, V¢ € R. Suppose for
the contrary that maxeeg II(€) > 0. Since II(£oo) = 0, there exists & such that
I1(&) = maxeer II(€) > 0 and II(§) < II(&) for any € < &;. Then II'(§;) = 0 and
IT"(&1) < 0. Those imply that

(U1 = Ua) (&) =T0(&)e" s >0,
(U = Us)'(&1) = [IT'(&1) + mII(€1)]e S = 14 T1(& e S,
(U = Us)"(&1) = [T (&) + 2 T1 (&) + vT1(&)]e S < v3TI(& )e .

Nothing that g(u)u is increasing, it holds g(Uy(£1))U1(&1) — g(U2(£1))U2(&1) > 0.
Using f/(u) < f/(0) for u > 0, direct computations show that

(cv1 — DU)II(E) e
< (U = Ua)'(&1) — D(Uy = Uy)" (&1)
= —u(Ur = U2)(&1) — [9(U1(€1))U1(&1) — 9(Ua(§1))U2(&1)]

+w1/RI‘1(D171,y)[f(U1(§1 —y—cn))— f(U2(& —y —cm1))ldy
+w2/RF2(D2Tz,y)[f(U1(§1 —y —cm)) = f(U2(é1 —y — c72))]dy

< —ullE)e e+ f(0) [ Ti(Dym.o)
R
x max{0,U1(& —y —cr) — U2(&1 —y — cm1) }dy

+ wa f'(0) / Do (Dato,y) max{0,U; (&1 —y — c12) — Ua(&1 — y — c72) Hdy
R
= —pll(&1)e” S 4wy f(0) / I'y(Di11,y)
R
x max{0,TI(& —y — ey )e Y dye T1V1 18
+ wa f'(0) / Do (Dary,y) max{0,II(& — y — cro)e "1 Ydye cT2V1 181
R

which yields
(ev1 — DU)II(&)
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< uTI(E) + w1 £(0) / Iy (D1, y) max{0,TI(E, — y — en))e™"V} e

+ waf'(0) / Do(Dyra,y) max{0, IL(E, — y — c7))e"V}dye ™"
R

In view of
(cvy — DUDTI(&;)
= —pll(&1) + w1 f/(0)e™ Ty (v1))TI(&1) + wa f'(0)e™ 2 ya (v1)TI(&1)

=TI + o f(0)e T / Ty (Dyry, y)e 1 VII(E) ) dy

et O | Ta(Dara,y)e M IH1)dy,
R
we conclude that

w f'(0)e” /Rlﬂl(Dlﬁ’ y)[e” " I1(&1) — max{0,I1(§1 —y — cm1))e "V }dy

+wa f'(0)e” / Ly (Do, y)[e” " I(&L) — max{0, I, —y — cra))e™ ¥ }]dy
R
<0.
In view of II(y) < TI(&) for all y € R, we obtain

wy f(0)e= T /RFl(DlTl,y)[e_"lyH(fl) —max{0,11(§&, —y — cmy))e ¥} dy = 0.

Consequently, there exists y; > 0 such that

e"YITI(&) = max{0,T1(§ — y1 — cmy)e 191}
Since I1(&;) > 0, we obtain II(&;) = II(&; —y1 —cm1), which contradicts I1(§) < II(&;)
for £ < &. Hence, I1(§) < 0, V¢ € R. Similarly, one can easily show that II(§) > 0,
V¢ € R. Thus, II(-) = 0, i.e. Uy (-) = Us(-). Since we have made possible translations

of U1(&) and Uy (§), it holds Uy (- +&y) = Us(+) for some & € R. This completes the
proof. (Il

3. STABILITY

This section is devoted to the stability of monotone traveling waves under the
quasi-monotone assumption, i.e. M, < u,. In this case, the traveling wave U (z+ct)
with speed ¢ > c, given in Lemma is non-decreasing and U(+o00) = M,.

For studying the stability of the traveling front U(z + ct) with speed ¢ > ¢, in
addition to (H1)-(H2), we need the following assumption:

(H3) M, <wu, and p > —g'(M,)M, — g(M,) + (w1 + wa) f/(M.);

(H4) T'1(:) and I'y(+) have compact supports.

Recall that w; := pe~“™ and wsy := (1 — p)e~92™. For simplicity, we may assume
[—7i, 7] = suppD; for some r; > 0, i = 1,2. It is easy to see that the second part
of (H3) means that the unique positive equilibrium is stable.

Consider the linear equation

M'(t) = —(p+ gy (M))M(t) + f/(M)wr M(t — 1) + w2 M(t —m2)]. (3.1)
Clearly, its characteristic equation has the from
A= —(u+ G(M) + f/ (M) wre™™ + wpe™7] (3:2)
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Lemma 3.1. The characteristic problem (3.2)) has a principal eigenvalue A < 0.

Proof. The existence of the principal eigenvalue A of (3.2)) follows from [I5], Theorem
5.1]. It remains to show A < 0. Suppose on the contrary that A > 0. Then

A= —(u+ g (M) + /(M) wie ™™ + wpe 7]
< — (k4 g (M) + f'(M,)[wr + ws] < 0.

This contradiction implies that A < 0, and the lemma follows. ]

Let X be the set of all bounded and continuous functions from R to R equipped
with compact open topology. Denote 7 = max{r, 72} and C = C([-, 0], X).
In the sequel, we assume that U(x + ct) is a traveling front of connecting
0 and M, with speed ¢ > ¢.. Take v € (v1(c¢), v.). From the discussions in Section
2, we see that cv — A(v) > 0 for any v € (v1(c),vs). We now define the weight
function
W(z) =e ", (3.3)
We make the following assumptions on the initial data wug(z, s):
(H5) uwo € C, 0 < up(w,s) < M, for any x € R,s € [-7,0], and for any given
2o € R, inf {ug(z, s)|z > x¢ and s € [-7,0]} > 0, and
sup  |uo(z, s) — Uz + cs)|W(z) < oo. (3.4)
z€R,s€[—71,0]

We first give the results on the existence, uniqueness and positivity of solutions for
the Cauchy problem of (|L.1J).

Lemma 3.2. Assume (H1)-(H3), (H5). Then the Cauchy problem of with the
initial value uo(x, s) admits a unique solution u(x,t) satisfying 0 < u(xz,t) < M,
for all (z,t) € R x [—7,+00).

Proof. The existence and uniqueness of solutions can be found in [I0, Section 4].
Moreover, Cpy, := {1 € C : 0 < (-) < M.} is positively invariant. It remains to
show that u(x,t) > 0 for all (z,t) € R x [—7,400). Suppose for the contrary that
there exists (zo,tp) € R x [0, 7] such that u(xg,tg) = 0. Clearly, ¢y € (0,7]. Then
ug(2o,to) < 0 and ug,(zo,to) > 0. Consequently, it follows from that

0>wp / T'y(Dimi, 20 — y) f(uly, to — 1))dy
R

+ wo / Lo(Dat, x0 — y) f(u(y, to — 12))dy,
R
which yields

0=uw / Li(Di71, w0 — ) f(u(y, to — 11))dy
R (3.5)
+ MQ/RFQ(DﬂzJO —y)f(u(y,to — 72))dy-

Without loss of generality, we assume 79 = 7 = max{7,72}. By (3.5, we have
| PaDara, ) (e ~ gt~ 72))dy = 0.
R

Thus, f(ug(zo,to—72)) = 0, which implies that ug(zg, to—72) = 0. This contradicts
to the assumption of ug. Then, u(z,t) > 0 for all (z,t) € Rx[0, 7]. By induction, we
conclude that u(x,t) > 0 for all (z,t) € R x [-7,400). The proof is complete. O
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Now, we are ready to state the stability of the traveling front.

Theorem 3.3. Assume (HO0)—(H5). Then the unique solution u(x,t) of (1.1) with
the initial data uo(x,s),s € [—7,0] satisfies 0 < u(z,t) < M, for (z,t) € R x Ry,
and there exist positive constants p, C' and T} such that

sup [u(z,t) — U(x + ct)| < Ce™ P for allt > Th.
zeR

To prove this theorem, we need some lemmas. In particular, we need to establish
two comparison theorems and construct an auxiliary sub-system. In the sequel, we
always make all the assumptions in Theorem

Given ¢; > 0, ( e RU{—0o0}, and 0 < t; < T} < +oo. Take x = max{ry,rs} +
cmax{ry,72}. We further define the following regions: For { = —oo,

=0, R=Rx[t;—7t], Q=Rx(ts,T1];
and for ¢ € R,
O ={(@t) eR*|C—x<a+at<(tet—7,Ti]},
Q2 = {(a,t) eER*|x + it > (t € [ty — 7. ta]},
Q= {(2,t) e R*|z + 1t > (€ (1, Th]} .

We denote Q¢ = Qé U Qg U Qg Then, we have the following comparison theorems,
which can be proved by using similar methods as in [I9, Lemma 5.2].

Lemma 3.4. Assume (H0)—(H4), and that w®(x,t) : Q¢ — Ry are two continuous
functions satisfying
(i) 0 < w*(x,t),w

(i) wt(z,t) > w (z

(iii) G(w™)(z,t) >0

G(w*) (1)

ow™ 4
= —— — DwE, —w;y | Ti(Dim,y) f(w®(z —y,t —71))dy
R

“(x,t) < M, for all (z,t) € Q;
,t) for all (x,t) € Ql uQ2;
> G(w™)(x,t) for all (z,t) € Q3, where

ot
+ (4 g(w®))w* - wz/ Lo (Dama, y) f (w* (z — y, t — 72))dy.
R
Then wt (x,t) > w™ (x,t) for all (x,t) € QF.

Lemma 3.5. Assume (H0), (H4), and that for all Q1,Q2 > 0, the functions
w(z,t) : Q¢ — Ry are continuous and satisfying:
(i) 0 <wh(z,t) and w™ (x,t) < M, for all (x,t) € Q¢;
(it) wt(z,t) > w™(x,t) for all (x,t) € QL UQZ;
(iii) F(wt)(x,t) > 0> F(w™)(x,t) for all (z,t) € Q2, where
ow*
ot

+ pw* — Qo / Ty (Daro,y)w (z — y,t — m2)dy.
R

Flwb)(z,t) = Qi / Ty (Dym, y)w(z — y,t — 71)dy

= 3
Then w* (z,t) > w™(x,t) for all (z,t) € Q.
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Let us define
ud (z,8) = max{ug(z,s), Uz +cs)}, wug(v,s) =min{ug(z,s), U(x+cs)}
for (x,s) € R x [—7,0]. One can easily see that
0 <uy(z,8) <uplw,s), Ulx+ecs) <ug(z,5) < us) (3.6)

for (z,s) € R x [-7,0]. Let u™(x,t) and u*(z,t) be the solution of (1.1]) with the
initial data ug (z,s) and ug (w, s), respectively. Applying the comparison principle
for quasi-monotone systems, we have

0<u (z,t) <u(z,t), Ulx+ct)<u'(z,t) < M.. (3.7
Hence,
lu(z,t) — Uz + ct)| < max {|ut(z,t) = Uz +ct)|, [u" (z,t) = Uz +ct)|} (3.8)
for any (x,t) € R x Ry. We denote
WH(z,t) =u(z,t) = Uz +ct), W (x,t)=U(x +ct) —u (z,t) (3.9
for any (z,t) € R x [—7,00). Thus, we only need to show the exponential conver-
gence of W*(z,t) to 0.
Fix any €y € (0, —\) and choose € > 0 such that
€0 > €+ wree®™ + woee® ™, (3.10)
We define the function g;(u) = g(u)u for u > 0. Then we can take dy € (0, M)
such that for any us > u; > M, — do,
g1(uz2) — g1(ur) > [g1(M.) — €](ug — u1),
Fluz) = flur) < [f/(My) + €](uz — ua).
Since M, > u*(z,t) > U(z + ¢t) and U(+00) = M,, it is clear that U(x + ct)
and u*(z,t) are close to M, as x + ct > 1. To show that u™(z,t) is also close

to M, when = + ct and t are sufficiently large, we need to construct an auxiliary
equation. Take kg € (0, 1] such that for any k € [kg, 1],

> g' (MM, + g(M.) + (w1 +wa) v f'(M.).
Consider the equation
M'(t) = —(p+ g(M))M + wirf(M(t — 1)) + warf (M(t — 7)), (3.12)

where k € [ko,1]. It is easy to see that, for each k € [ko,1], (3.12) has a unique
positive equilibrium M} € (0, M,] which is globally stable. We can further choose
K1 € [ko,1) such that

(3.11)

5
m—§<M?<m. (3.13)

Proof of Theorem[3.3. In view of 0 < V*(z,s) < |ug(w,s) — U(z + cs)|, Vo €
R, s € [-7,0], it follows from (A1) that V*(x, s)W(x) is uniformly bounded on R.
To prove the convergence of UT (x,t) to U(z + ct), we use the following 2 claims:

Claim 1. There exists Ly > 0 such that
0 < WH(x,t) < Lie’@red=rt forall 2 € R,t > 0, (3.14)
where p; = cv — A(v) > 0.
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We only prove the assertion for W™ (xz,t), since the assertion for W~ (z,t) can
be obtained similarly. By (3.4]), there exists sufficiently large L1 > 0 such that

0<WH(z,5)W(z) < sup |U0(9€, s)—U(z+ cs)‘W(:v) < Lie 7,
z€R,s€[—7,0]

which implies that W (z, s) < Lie?*eM¥)s for all 2 € R, s € [—7,0]. We define
W (x,t) = Lie?* Wt yp e Rt > —7.
It is obvious that W (z,s) > W (z,s) for Vo € R, s € [-7,0]. In view of
Av) = Dv? = p+wi f/(0)e Ay (1) + wa f/(0)e AW ya(v),
one can easily verify that
Wy = DW,, — uW + wy f(0) / Ty(Dym, y)W(x —y,t — 71)dy
R (3.15)
+af (0) [ Ta(Dara )W (o = ot = )y

On the other hand, from and it follows that

Wi =DW, — uyWt —[g(u™(z,t))ut(z,t) — g(U(x + ct))U(x + ct)]

+n / Ty Dy, y)lf (' (@ — gt — 7)) — F(U @ —y + ct — er))dy
R

+ ws / Lo(Dara, y)[f(u' (z =y, t — 7)) = f(U(z — y + ct — cm))]dy.
R

(3.16)
Since ¢ is increasing on (0, +00) and f/(u) < f/(0) for all u > 0, we have

W < DWW — uW* 4w f(0) / Ly (Dym, ) W (x —y,t — 71)dy
R
(3.17)
+ w2 f(0) / Dy (Do, y) W (z — y,t — 72)dy.
R
Consequently, using Lemma with ¢; = ¢ >0, ( = —o0, T1 = 00, Q1 = w1 '(0),
and Q2 = waf'(0), we obtain W (x,t) < W(x,t) for (z,t) € R x (0,00), that is,
WH(z,t) < LWt = [ er@tel=mt  for (z¢) € R x (0,00).
This proves claim 1.

Claim 2. There exist 7. € R and ¢, > 0 such that U(z + ct), u®(z,t) > M, — &
for any = + ct > v, and t > t,.

In view of ut(z,t) > U(z + ct) and U(4+00) = M., it is clear that there exists
v« € R such that

u“'(x,t)ZU(x—i—ct)zm%WEMfl =M, —dg for x +ct >, and t > 0.

To prove Claim 2, it remains to show that there exists ¢, > 0 such that u™ (z,t) >
M, — dg for any x + ct > v, and t > t,.
We first consider the case v, < x + ¢t < v« + x. By Claim 1,

lu™(z,t) — Uz + ct)| < Lye" = T07rt < et gpi(ra—a)/e (3.18)
from which, we can take Yy < 0 so that
Lyt e=pi(=2)/e < (M, — MF1) /2 for z < Y. (3.19)
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Thus, we conclude from (3.13)), (3.18]), and (3.19) that for x < Yy and ¢ > 0 with
x4 ct € [Y«, v« + X], we have
u”(z,t) > Ul + ct) — Lye? =0 empi(r=—a)/e
M, + M M,— MM
> et M = MP > M, — &,
2 2

which implies that u™ (z,t) > MF* > M, — g for (z,t) € Qo, where to := (7« +x —
Yy)/c and

Qo= {(z,t) ER*|y. <ax+ct <+ xand t >t}
We now define the following regions:
0 = {(I,t) S R2|YO —x<z<Y,te [—T,to +T]},
Qo = {(x,t) e R?|z > Yy, t € [-7,0]},
Q3 = {(z,t) e R?|z > Yy, t € (0,0 + 7]}
By (H5) and Lemmal3.1] there exists ¢ € (0, M) such that u™(z,t) >  for (z,t) €
Ql @] QQ, and
(w1 +w2) f(C) = (1 +9(€)¢ > 0.
We define
g(x,t) :C for all (l‘,t) €U U3,
One can easily verify that u™ (x,t) > u(x,t) for (x,t) € Q; UQy and

u, — Dug, + (p+ g(u(z, t))u(z, t) —wr /RFl(Dm, r—y)f(u(y,t —m))dy

o / T (Dm0 — ) f(u(y, t — 72))dy

= (1 +9(0)¢ — (w1 +wa) f(C) < 0.

According to Lemma [3.4) with ¢; =0, t; =0, Ty = tg + 7 and ¢ = 7, + X, we have
u” (x,t) > u(z,t) = ¢ for (z,t) € Q3. Let us now define the following regions:

Q4 = {(2,1) ERQ"V* <z+ct <yt x,t>to),
Q5 = {(z,1) €R2|x+0t > v, + X, t € [to, to + 7]},
Q6 = {(z,1) €R2’:C+Ct>'y*+x,t>t0+7-}7

and the function wuy(z,t) = T'(t) for (z,t) € Qu U Qs UQg, where T'() is the unique
solution of the initial value problem

T'(t) = =(n+ g(TO)T(t) + mawr f(T(t — 7)) + kw2 f(T(t = 72)), t>to+T,
TO)=¢, 6¢€lto,to+ 7).

It is obvious that T'(¢t) € [0, M 1] for any t > 0 and lim;—,o, T(¢t) = MF!. Further,
we have

u”(x,t) > M >T(t) for (z,t) € Qg = Qo,
U_(J?,t) > C = T(t) for (Z‘,t) € Q5 C QUQ3,

and

(u1)e — D(u1)ee + (1 + g(ur)ur — wy /RIH(Dm,x —y)f(u(y,t —m1))dy
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—wz/RFz(Dﬂzaz—y)f(ul(%t—Tz))dy

=T'(t) + (p+g(T(t)T(t) — w1 f(T(t — 1)) — waf (uar(t — 72))
= (k1 = Dwi f(T(t — 1)) + (k1 = Dw2 f(ur(t — 72))
<0, Vi>to4T

Using Lemma [3.4] again with ¢; = ¢, t1 = tg+ 7, T1 = 00, and ( = v, + X, we have
u”(x,t) > ui(x,t) =T(t) for (z,t) € Q.

In view of lim;_, o T(t) = MF*, there exists t, > to + 7 such that
_ w00
u” (z,t) > M Y > M, —0g forax+ct>y.+x,t>t.

Therefore, U™ (x,t) > M, — dp for any = + ¢t > v, and ¢ > t,.

Completion of the proof. We first consider the case x + ¢t < ~, + x. In this
case, from claim 1, there exists Cy > 0 such that

|ut (z,t) — Uz + ct)| < Lie" @)=t < Cpe=r1t > 0. (3.20)
Next, we consider the case z + ¢t > v, + x. We denote
Q! ={(@,t) ER*|yu <z +ct <yt x, t > Lt

@ ={(z,t) ER*|z +ct > Y + X, T € [tu, tu + 7]},
Q?’Y* = {(z,1) €R2’z+ct > e+ X, >t +TH

Noting that x = max{ry,r2} + cmax{r, 72} and [—r;,r;] = suppTly, i = 1,2, we
have

r—ytct—m)=x4ct—y—cri > Y+ X —Ti —CTi > Vs

for any y € [—r;,r;] and (x,t) € R x [0,00) with = + ¢t > v, + x. It then follows
from Claim 2 and (3.11)) that

31;77; = Ue(z + ct) — u; (z,1)
=DW_, — W~ — (g1 (U(z + ct)) — g1 (u™ (z,1)))

+w / Ty (Dyr, ) f (U — g + et — 7)) — Fu™ (& — gt —70)]dy

s / To(Dara, ) [f (U — y + et — 7)) — flu(x — y,t — )]y
< DW5, — (u+ g, (M.) — W~

+w1[f/(M*)+6]/RF1(D17'1,z—y)W*(y,t—Tl)dy

+ WQ[f/(M*) + 6] [RFQ(DQTQa T — y)Wi(yat - TQ)dy'
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Similarly, we obtain

ow+

5 < PWile = (n+ g1 (M) — )™

+wi [f/(M,) + € /er(DlTl, r—y)WH(y,t —71)dy (3.21)

walf(M.) + 4 / To(Dary. x — y)W* (4, t — m)dy.

Let €9 = min{py, —5\—60}, and choose Lo > 0 such that Ly > max{Cy, M,e(t=+7)},
Now, we define

V(x,t) = Lae™ ", V(z,t) € Qf UQZ UQE.

By (3.20), we obtain

W (z,t) < Coe™ Pt for (x,t) € Qé*,

WE(z,t) < M, for (x,t) € Qz*. (3.22)
Thus W*(x,t) < V(x,t) for all (z,t) € Q¢ UQZ . From (3.10), we obtain
oV (z,t) = egLye 0t
> eLoe™ O 4+ wiee 0T 4 pee 0t T2)
=€V (z,t) +w1€/RF1(D1T1,$—y)f/(y,t—ﬁ)dy (3.23)

+ wge/ Lo(Domo, x — y)f/(y,t — T2)dy.
R

Noting that

A= =(p+ g1 (M) + [ (M )fore ™+ wpe ™7,
it follows from and ¢y < B - €0 < —X that
Ve(a, 1)
= —egloe™
> (o + A\)Lge™ !

= Loe™ " — (u+ gy (M) + f' (M) [wie ™ +wae ] + e}

= —(u+ gy (M))V (2,t) + f' (M )wy /R I'(Dimy, 2 —y)V(y,t —m)dy

eot

+ /(M. )w, / Do (Damo,x — y)V (y,t — 2)dy + eV (2, t)
R

> —(p+ g1 (M) — )V (2, t) + [f' (M) + eJun /RFI(DlTL z—y)V(y.t—7)dy
+ [f' (M) + e|ws /R To(Domo,z — y)V(y,t — T2)dy + eV (2, 1),

by which and (3.23)), we obtain

oV - -
ot > DV — (1 Jr9/1(]\4*) -V
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+wi[f' (M) + €] /RD(Dm,x —y)V(y,t —7)dy

el (M) +d [ Ta(Damayz = )V (st = )iy
R

Consequently, using Lemma withe; =c,t1 =tg+7, Ty =00 and { = v, + X,

Q1 = wi[f' (M) + €], and Q2 = wa[f'(M.) + €], we deduce that

W (z,t) < V(x,t) = Lye ! for all (z,t) € Qg’
Take M := max {Cy, L2 }. From the above discussions, it holds
|ut(z,t) — Uz + ct)] = WE(z,t) < Me™ ! for all z € R, t > T, :=t, + 7.
The proof of Theorem [3.3]is complete. O
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