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ASYMPTOTIC STABILITY OF A STOCHASTIC
AGE-STRUCTURED COOPERATIVE LOTKA-VOLTERRA
SYSTEM WITH POISSON JUMPS

MENGQING ZHANG, JING TIAN, KEYUE ZOU

ABSTRACT. In this article, we study a stochastic age-structured cooperative
Lotka-Volterra system with Poisson jumps. Applying the M-matrix theory, we
prove the existence and uniqueness of a global solution for the system. Then
we use an optimized Euler-Maruyama numerical scheme to approximate the
solution. We obtain second-moment boundedness and convergence rate of the
numerical solutions. The numerical solutions illustrate the theoretical results.

1. INTRODUCTION

The determined cooperative Lotka-Volterra system [I3] 20] is described as

dalt) _ z(t)(—anz(t) + ary(t) + ),
jt(t) (1.1)
liTt = y(t)(azz(t) — azy(t) +72),

where x(t),y(t) are the densities of the two cooperative species, 1, s present the
intrinsic growth rates of the two species, a1, aiao are the intraspecific competition
rates, and 92,21 denote the interspecific cooperation rates. This system has
been widely studied and has many applications [8, 24]. In particular, it can be
used to describe the cooperative relationship between multiple species, such as
bees and flowers, algal-fungal associations of lichens, etc. Besides the studies on
the deterministic properties of cooperative Lotka-Volterra systems [4) [16], [21], there
are important studies on stochastic Lotka-Volterra systems [I}, 9} 17, [18]. Especially,
noises with jumps are necessary to describe phenomena that burst out in nature.
For example, the impact of sudden pesticide spraying or tsunami on the population
can not be ignored. There are some works on the stochastic differential equations
with Poisson jumps[3, [7, 22] to consider the discontinuous random effects. One
example is system

dz(t) = z(—aq1(a)z + a12(a)y + r1(a))dt + orxdw(t) + hixdN(t),

dy(t) = ylas (a)z — ana(aly + ra(a))dt + ooydu(t) + hoydN (). P
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Considering the actual biological background of system , population reproduc-
tion is determined by the fertility of female individuals which is related to their
age. According to [2] [5], the birth rate is sensitive to age. Therefore, we need
to include an age-structured fertility rate into system . The age-structured
theory was first introduced by Lotka [I3] to describe the fertility of species and
latter been applied in many systems [111, [19] [26] 29| B0, BI]. For example, Zhang
and Liu [29] focused on the age-structured predator-prey model and discussed the
non-trivial periodic oscillation phenomenon. Solis and Carrillo [19] investigated
the type of theoretical predation of the predator-prey Lotka-Volterra model with
age-structured. However, very few studies are on the cooperative Lotka-Volterra
system. To fill this gap, we establish the stochastic age-structured cooperative
Lotka-Volterra system with Poisson jumps,

X = —%dt b X(—an (@)X + ara(a)Y + ri(a))dt + o1 Xdw(t) + hi XdN (b),
4y = —%dt Y (01(0)X — s (@)Y + 1)t + o2 duw(t) + hoY AN (b),

A
X(£,0) = /0 ()X (t,a)da, € [0,T], (1.3)

A
Y(1,0) = / B(t,a)Y (t,a)da, t € [0,T),
X(0,a) = X,(0), Y(0,a) = Ya(0), ac0,A]

where X (t,a) and Y (¢,a) denote the densities of the two species at time ¢, age a.
d; X and d;Y denote the differential of X (¢,a) and Y (¢, a) relative to t. w(t) is a
standard Brownian motion, N (t) is a scalar Poisson process independent of w(t).
The compensated Poisson process is N (t) = N(t) — A\it, where the parameter \; is
the jump intensity. In the first two equations (¢,a) € @ and @ = (0,7T) x (0, A).
Features of the parameters in system are showed in [27].

It is extremely hard to find the explicit form of the exact solution to , SO
we target on finding the numerical approximation the exact solution. So we can
describe the changes of number of species and predict the species size of the system.
However, the Euler-Maruyama (EM) method cannot discretize the age-structured
cooperative Lotka-Volterra system directly because the system does not satisfy the
Lipschitz continuous condition and the linear growth condition on the drift coeffi-
cients. There are many numerical approximate methods to deal with the different
algebraic structure of the model, such as the positive preserving method, the trun-
cated EM method, the tamed EM method and Runge-Kutta-Fehlberg method, etc.
[0, 12} 14], 28]. Zhang et al. [28] constructed a positive preserving numerical method
for the stochastic R&D model and proved that the convergence order is 3(1 — %)
Yang et al. [23] constructed the truncated EM method for the stochastic differen-
tial equations to deal with the blasting phenomenon, while, the method is hard
to guarantee the positive numerical solution. Liu et al. [I2] established the tamed
EM approximation for McKean-Vlasov stochastic differential equations with super-
linear drift and Holder diffusion coefficients. The convergence rate was obtained by
replacing the one-sided local Lipschitz condition with the global condition. How-
ever, most of the above mentioned methods focused on the stochastic differential
equations but not involving the age-structured. In this study, we use an optimized
Euler-Maruyama scheme to find a reasonable and effective numerical solution for
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system (L.3). Using the theory of equilibrium point, we have successfully avoided
the restrictions on the coefficients.

Two main contributions in this are the following:

e The existence and uniqueness of the positive global solution of the stochastic age-
structured cooperative Lotka-Volterra system with Poisson jumps (this is proved
for the first time).

e The finite-time convergence and boundedness of the numerical approximation to
solution.

This article is arranged as follows. In section [2| we prove the existence and
uniqueness of the global solution for the stochastic age-structured cooperative
Lotka-Volterra system with Poisson jumps. In section [3] we introduce the EM
approximation method to the system and obtain the 2nd-moment estimations of
this algorithm. The convergence of the algorithm is presented in section 4} We find
a strong convergence order. The numerical simulation is reported in section

2. EXISTENCE AND UNIQUENESS OF A SOLUTION

2.1. Preliminaries. Throughout the paper, let (Q,§, {F:}t>0,P) be a complete
probability space. Here, the filtration {§;}:>0 satisfies the usual conditions (that
is, it is increasing and right continuous with § containing all P-null sets), E denotes
the expectation corresponding to IP. We denote by R’} the positive cone in R", that
is RY = {z € R": 2; >0 forall 1 <i<n}. Y(t,a) and ¥(t,a) are the maximum
and minimum value of the continuous function (¢, a), respectively. For a pair of
real numbers, a and b, we have a V b = max{a,b} and a A b = min{a, b}. For a set
A, its indicator function is denoted by

1, ze€l,
1, =
0, z¢&A.

For x € R™, its norms is denoted by

2] |x1| 4 |ze| + -+ 20|, =1,
x|, = n
(X 3522)1/27 L=2.

Let V = {¢ € L*([0, 4]) : g—‘; € L?([0, A]), where g—‘g is the generalized partial
derivatives with respect to age a}. H = L?*([0,A]) and V — H = H' — V/,
where V' is the dual space of V and H’ is the dual space of H. The norms in
V,H,V' are denoted as |||, | - |, and ||||+, respectively. The duality product be-
tween V, V' is written as (-,), the scalar product in H is denoted by (-,-). C =
C([0,T); H) is the space of all continuous functions from [0, T into H. I?([0,T]; V)
denotes the space of all V-valued processes (P;)sejo,r), L3 = L*([0,T]; V). W :=
(I([0, T); V)N LA C([0, T; H))) = (I*([0, T]; V) N L2 C([0, T); H))).

To discuss the order of convergence of the numerical methods, we have the
following assumptions.

(A1) limy - [Z9(t,a)X(ta)da = Ay > 05 limg - [ B(t, @)Y (t,a)da =

A, > 0.

(A2) The fertility rate of females (¢, a), 5(¢,a) € C([0,T] x [0, A]; H).

(A3) aij(a) € C([0,A;Ry),4,5 € {1,2} and satisfy sup,cpo ) 12(a)azi(a) <

infae[o’A] a1 (Q)QQQ ((1)
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(A4) ri(a) € C([0,A;R) and r;(a) is nondecreasing with —co < r;(0) < 0 <
ri(A) < oo, for i = 1,2, and h,(t) is the continuous function on [0, T] for
i=1,2.

(A5) sup,epo,a] v2(a)azi(a) < 1and 71(0)(1—aiza91)+ai2(r2(A) +agiri(4)) <
0; TQ(O)(l — 04120421) + 0(21(7“1 (A) + 05127“2(14)) < 0.

Theorem 2.1. Under Assumptions (A1)—(A5), for each initial value
(X4 (0),Y5,(0)) € R2, there exists at most one solution (X(t),Y (t)) of system
(1.3) on W.

Proof. Assume Wy (t) := (X;1(t),Y1(t)) and Ua(t) := (Xa(t), Y2(t)) are two solutions
of (1.3). Applying the It6 formula to | X7 (t) — X2(¢)|?, we have

IX1(t) — X (1) = 2/0 (- a);‘(s) + 8)22(8)

, X1(s) — Xa(s))ds
+ 2/0 (Hiz(V1(s)) — Hi2(P2(s)), X1(s) — Xa(s))ds
2 [ (o (91(6)) = Har (W) Xa(s) = Xas))ds
Y / T (U1(5)) — i (Wa(s))[2ds
+ [ 161:(01(5)) = Guula(s)) s
0
2 / (X1(5) — Xa(s), (J1a(1(5)) — i (Ta(5))) AN (5))
+ 2/0 (X1(s) — X2(5), (G12(¥1(8)) — G1(P2(s)))dw(s)).

Since

O(X1(s) = Xs(s))

< da

Xas) = Xa(s)) < SAIX1(5) — Xa (o)1

and by Assumptions (A1-A5), we have

X2 = Xa0 < (425 + 0 +2) [ [31(9) = Xalo)ds
v2ALE 42+ L) [ s (5) — Wa(s) s
0
2 [ (X0(6) = Xa(6). (Gaa(W(5)) = Gro(Wa(o)) o (s)

+ 2/0 (X1(s) = Xa(s), (J1o(V1(8)) = J12(¥2(5)))AN (5)).
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E sup |X1(s) —X2(3)|2
0<s<t

t
< (A%3% 4+ A+ 2)/ E|X1(s) — Xa(s)|?ds
0
t
L o(L2 4207 + M L2) / EW, (s) — Wa(s)2ds @2.1)
0

28 s / (X2 () — Xa(r), (Cra(a(r)) — Cra(Wa(r)))deo(r))

+2E sup /OS(Xl(T) = Xa(r), (J12(V1(r)) = J1a (V2 (r)))dN (r)).

0<s<t

Applying the Burkholder-Davis-Gundy (BDG) inequality, we have

E sup /OS(Xl(T) = Xo(r), (G12 (V1 (7)) = Gra(V2(r)))dw(r))

0<s<t

1 : (22
< GELsup [Xa(s) ~ Xa(o)) + L} | ENA(s) ~ Wa(o) s,
0<s<t 0
and
Boswp [ (X1(0) = Xa0), (10 (01(0)) = 1o (W(r))aN 1)
PRS0 (2.3)

< LE[ sup [X1(s) — Xo()?] + kL2 / E[Wy(s) — Wa(s)[2ds,

0<s<t

where k; and ko are determined by the BDG inequality. Substituting (2.2)) and
(2.3) into ([2.1)), we have

E sup |Xi(s) — Xa(s)[?

0<s<t
1 t
< SE[sup |X1(5) — Xa(s)?] + (A2 + Ay +2) / E sup [Xy(s) - Xa(s)[ds
0<s<t 0 0<r<s

t
+2(L2 4202 + M L2 + k1 L? + ko L?) / Eoiug |X1(s) — Xa(s)|ds.
0 <r<s

Then

E sup |X;(s) — Xa(s)[?

0<s<t

t
<AL+ 27 + ML+ ki L3 +k2L§)/ E sup |¥;(s) — Uq(s)|?ds (2.4)
0

0<r<s

t
+2(A2W2+A1+2)/ E sup [Xi(s) — Xa(s)|*ds.
0

0<r<s
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Similarly, we have
E sup |Yi(s) — Ya(s)|?

0<s<t

D(A2H + Ay +1+242)) / E sup |Yi(r) - Ya(r)|dr (2.5)

0<r<s

+2(3L§+2p§+A1L§+2k1L§+2k2L§)/ E sup |Yi(r) — Ya(r)|?ds.
0 0<r<s

By (2.4) and (2.5), we deduce that

E sup |W1(s) — Wa(s)]? < 20/ E sup [U4(r) — Us(r)|2ds, Vi € 0,7,
0<s<t 0<r<s

where C' > 0 is a genetic constant whose values may vary for its different appear-

ance. L is defined in Lemma 3.1. Now, by the Gronwall’s lemma, we obtain the

uniqueness of the solution. O

Theorem 2.2. Under Assumptions (A1)—(A5), for each given initial value
(X4 (0),Y5,(0)) € R%, there exists a nonnegative global solution (X (t),Y (t)) of

system (1.3) on W.

Proof. Tt is easy to see that for any given initial value (X,,(0),Yq,(0)) € R2,
there exists a local solution (X (¢,a),Y (¢t,a)) € W when t € [0, 7.), where 7, is the
explosion time of system (1.3)). Next, we need to show that 7, = oo, a.s.

We choose a positive constant kg > 1 such that for any initial value

1 1
(Xao(o)vyao(o)) € [kiakO} X [k*’ko]
0 0
Then, for each k > kg, the stopping time 7 is defined by
1 1

T, =inf{t Na €[0,7) : (X,Y) ¢ (?k) X (E’k)}

Next, we should prove that 7 is an increasing function and limy_, o, 7% = 7T, where
Too < Te. Assuming that there are two constants T > 0 and € € (0,1) such that
P{7o < T} > e. Then, for the constant ko, there is an integer ki satisfying

P{r, <T} >e,Vk > k. (2.6)
Now, for any constants ¢, ¢, > 0, we define a function V : W — R by
V(X)Y) =cp(X —logX — 1) 4+ ¢, (Y —logY —1).
Using the It6 formula [I5], we have

LV(X,Y)

1 0X

= Cm<1 — Y7 —% + X(—OZHX + CY12Y + 7’1)> +
1 1) 4

+ cy<1 v B +Y (1 X — Y + r2)> + iAl(th% + cyhg)

(CIU% + Cyag)

il ST

— _ — 1 _ _
< 0" diag(cy, ¢y )R — C(AV + R) + E\I/T(diag(cz, cy) A+ AT diag(cy, c,)) ¥
41 41 2 2y, 1 2 2
+ ¢y ; d X +¢y ; d Y+ - (cggo1 +cyo3) + §>\1(th1 + cyh3)
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<cglog Ay +cylog Ay — cx log |/ ~(t,a) X (t,a)dal

1
+cy log|/ B(t,a)Y (¢, a)da@ (cxal + ¢,05) + U diag(cy, cy)R

1 -
— C(A¥ + R) + §A1(c$h1 + cyh3) + imT(diag(cz, cy) A+ AT diag(cy, c,))¥,

where
= () =) =)
A= (o) i) e = (5 2)

By Assumptions (A1)-(A5), since —A is a nonsingular M-matrix, we have
LV(X,Y)

A
< cgplog Ay +cylog Ay — cx log | / v(t,a) X (t,a)dal

1
+ ¢y log|/ B(t,a)Y(t,a da” (cz0f + cy03)

+ 0" diag(cy, cy)R — C(AV + R) + Al(cmhl + cyh3)
<cglog Ay +cylogy — [

1 X d
os] [0 ada
A
+ ¢y log | /0 B(t,a)Y (¢, a)da” +{R" diag(cy, c,) — CA}T

1
+ (czaf + cyag) —TiCy — T2Cy + 5)\1(th% + cyhg),

N |

and
LV (z,y) |RT diag(ca, ¢y) — CA| - W] 4+ C < My (1 + |¥)). (2.7
Letting My = Y% and Ms = ¢, A ¢y, we obtain

czN\Cy

MyV(X,Y) = 2V e (X~ 1~ log X) + (Y — 1~ log V)] > V(X,Y).

Ca Ny
Since || = (X2 + Y?)1/2 < X 4V, it yields
2
[P <2(X —1—-logX)+2(Y —1—-1logY)+4<4+ MV(X,Y). (2.8)
3
By (2.7) and (2.8)), we obtain
LV(X,)Y) < My(1+V(X,Y)),
where My = M;(5V 2/M3). Then, we have

EV(X(tAT),Y(tAT)) < V(Xo,Yo) + E o My(1+ V(X(s),Y(s)))ds
0

t
< M5+ My / EV(X(sA1k),Y(sA\T7g))ds,
0

where M5 = V (X, Yy) + MyT.
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By the Gronwall inequality, we have
EV(X (e AT),Y (1 AT)) < MseMaT,

According to (2.6) and for any k > k1, w € Q, (¢,a) € Q, X (7, w) and Y (7, w)
equal either k or %, hence we have

V(X (1, w), Y (T, w))

> [ez(k— 1 —logk) + cy(k — 1 —logk)] A [cz(% —1+1logk)+ cy(% —1+1logk)],
and

MseMsT > elc, (k—1—log k)+c,(k—1—log k)] A [cm(%—l—&—log k)—l—cy(%—l—&—log k)].
Taking k — 0o, we obtain a contradictiion, co > MzeT > co. (]

3. EULER MARUYAMA (EM) METHOD

In this section, we apply the EM approximate solution to system , and
discuss the boundedness moments of the scheme. First, we introduce notation.
Hy, (V) = Hi.(X,Y) :=r1(a) X (t,a),
Hyy (V) := H1y(X,Y) :=r2(a)Y (¢, )
G12(0) := G1,(X,Y) := 01 X (t,a) := 01 X (),
G1y () 1= Gy (X,Y) 1= 0 (ta) = 0 (1),
Hy, (V) := Hy, (X, Y) := X(t,a)[—11(a )X(t,a) + 0412( )Y (t,a)],

Hay(0) = Hay(X,Y) 1= Y (t,0) a1 (0) X (1, @) — aza(a)Y (1, 0)],
J1o(¥) = J12(X,Y) := ha () X (L, ) == ha (1) X (1),
Jiy(V) := J1y(X,Y) 1= ha(D)Y (¢, @) := ha(£)Y (2).
The equilibria of are: Ey(0,0), Ey (T;(l‘?),O), 2(0 ,ng‘j ), and E,(z*,y*),

where
o+ = a22(@)ri(4) + a1z(a)ra(4) « _ _omi(a)ra(4) + azi(a)ri(4)
aq1(a)ass(a) — aja(a)as(a)’ aqp(a)ass(a) — arz(a)aszi(a)’
Lemma 3.1. Under Assumptions (A1)—(A5), for each ¥1,1%s € W, we have
| Hog (1) — Hao(¥2)] < p1lthr — 2]t < 22p1|th1 — thala,
|Hay (1) — Hay(2)] < paltby — a1 < 22 paltpy — thala,
|H1z(1) — Hio(Y2)] V [G1a(¥1) — Gra(¥2)| V |12 (Y1) — J1a(¥2)| < Lifthr — ¢2l,
[Hiy (V1) = Hiy(¥2)| V |G1y (Y1) — Gry (¥2)] V |1y (1) = J1y ()] < Loty — o2,
where Ly, Lo are constants, p1 = 2x* — r1(0) + ara(z* + y*), p2 = 2y* — r2(0) +
ag1 (z* +y*), U] (t,a) = (zi(t,a),y:(t,a)), (i =1,2).

The proof of this lemma is similar to that in Yang et al. [25], we omit it here.

Corollary 3.2. From Lemma we can conclude that there exist constants K
and Ko such that

[Hio ()| V [Gra (W) V [J12 ()| < K1 (1 + [4]),
[Hiy ()| V [Gry (D) V [J1y (¥)] < Ko (1 + []),
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and
- Hop(4) <2'2p1(1+ [0), y- Hay(v) < 2'2pa(1 + [9]%),

where Y(t, a) is the numerical solution of and ¥(t,a) = (z(t,a),y(t,a))".

From now on, we fix T > 0 and the time step A € (0,1). Let tx = kA for
k =0,1,2,...,[T/A], where [T/A] denotes the integer part of T/A. Then, we
form the discrete time EM solutions by setting X (0) = X,(0), Y (0) = Y,(0) and
computing

8$k

Tppr=ap+ { — e T ri(a)zy — arn(a)zpay, + ar2(a)Teyr A + o1z Awy,

+ hi2 AN,
Y1 =y +{ — % + ro(a)yr + a1 (a@)zpyr — as2(a)yryr A + ooy Awy,
+ hoyr AN,
where Awy, = wy, ,, — wy,, ANg = Ny, — Ny

The continuous time process is defined as

oty =wo— [ Py / {r1(@)2(5) — a1 (@)F()2(5) + a1 (a)E(s)g(s) s

e

0

+/0t01x(s)dw(s)+/ h1Z(s)dN (s),

0

vy =~ [ Bdst [ ra(@ae) + an(a(s)3(s) - ama)gte)ds
+/0 agy(s)dw(s)—i—/o ha§(s)dN(s). (3.1)

where
(%] (%]
z(t) = Zl‘kl[tk,tkﬂ)(t)a y(t) = Zykl[tk,tkﬂ)(’f)
k=0 k=0

are the step processes. We can easily see that Z(t) = zj and g(t) = yy for ¢t €
[tk tit1) when k = 0,1,2,...,[X]. In the following proof, we use ¢ (t) = (z(t),y(t))
to represent the numerical solution of the system (1.3).

Theorem 3.3. Under Assumptions (A1)-(Ab), there exists a constant C > 0 such
that

sup E[ (1) < C,
0<t<T

where C' dependents only on T
Proof. Applying the Itd formula to the first equation of (3.1]), we have

t 8 t
o) = ool + 2 [ (<254 Hus b Hacsa(o)ds + [ 116 Pds

t t t ,
+2/0 (x(s)7G1xdw(s))+2/0 (x(s),ledN(s))—l—/\l/O |J1z|“ds.

Since

(- 90 ,x(s)) = — /OA z(s)dqx(s) = ;[/OA W(S,a)ac(s,a)da}2
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1 A A
f/ 72(s,a)da/ z2(s,a)da
2.Jo 0

LA (5, 0)(s, )

IN

IN

by the assumptions we have

2 () <

t t t
202 + A%52(s,a) / ja(s)[2ds + 2 / (Hyo + Hag,o(s))ds + 2 / (2(s), Gradu(s))
0 0 0
t t t
+/ ||G1w\|2ds+2/ (ledN(s),m(s))—i—/\l/ |1 2ds
0 0 0

¢ ¢ ¢ ¢
< |x0|2+A2’yQ(s,a)/0 |x(s)|2d5+2/0 |H1z|2d5+2/0 |H2x|2ds+/0 lz(s)|>ds
¢

+2/0 (x(s),Gde(s))—i—/O G| ds+2/0 (JlIdN<s),x(s))+A1/O \Jh |2ds

t t
< Jaof? + (A% -5 +1) / ja(s) 2ds + [(3 4+ A1) L3 + 4p3] / p(s) s

+2/0 (x(s),Glxdw(s))+2/O (x(8), J1zdN(s)).
Then

t
E sup |o(s)? < (AQ-?2+1)/ E sup |o(s)|2ds
0

0<s<t 0<s<t

B+ AR + 497 / E sup [$(s)2ds

0<s<t

+ E|zo|* + 2E sup / (z(r), G1zdw(r))
0

0<s<t
+ 2E sup / (IC(T),ledN(T))~
0

0<s<t

By the BDG inequality, we obtain

s t
E sup / (2(r), Gradw(r)) < 11E[ sup \x(S)\QHClLf/ El[p(s)*ds,  (3.3)
0<s<t Jo 0<s<t 0

E[ sup |(s)|%] + Cs / El(s)2ds,  (3.4)

s ~ 1
E sup / (z(r), J1zdN(r)) < =
0 8 To<s<t

0<s<t

where C] and C5 are determined by the BDG inequality.

According to (3.2)), (3.3), and (3.4, we have

t
E sup |z(s)]* < [(38+ A1 + 201 +2Co) L3 + 4,0?]/ E sup [¢(s)|*ds
0

0<s<t 0<s<t

t
+ 2E|zo|® + (A% - 5% + 1) / E sup |z(r)|*ds.
0

0<r<s



EJDE-2023/02 LOTKA-VOLTERRA SYSTEM WITH POISSON JUMPS 11

Similarly,

t
E sup |y(s)]* < 2E|yo|* + (A%B% +2A; + 1)/ E sup |y(s)]*ds
0<s<t 0<s<t

(3.6)
+[(B+2M +2C +202)L3+4p3]/ E sup [¢(s)[*ds.

0<s<t
By (3.5) and (3.6]), we have
E sup [4(t)?
0<s<t

t
< 9Bl + 2A2(F2 v 7) + 2 + 4] / E sup [(r)[ds

0<r<s

t
+ (6 +2\1 + 201 +2Cs) (LT V L3) +2(p3 V p3)] / E sup |v(s)|*ds.

0<s<t
By Gronwall’s inequality, Esup,c(o 7y [1¥(t)]> < C. O
Based on Theorem we can prove the convergence of () and ¢(t).
Theorem 3.4. Under Assumptions (A1)—(A5), we have
E sup [p(t) — o) < CA,
0<t<T

where C' only dependents on T .

Proof. First, we have

. t 9u(s) ¢ ¢ ¢
xz(t) —z(t) = — ds+ | [Hiz + Hozlds+ | Gizdw(s)+ [ Ji1zdN(s),
tr da tr tr tr
thus
(1) — z(t)]”

t t t t
§4|/ 696(8)ds|2+4|/ [H1$+H2w]ds|2+4|/ Gudw(s)|2+4|/ TiadN(s)[2
te da te te Ly

t t t t
§4A/ |8L(3)\2ds+4A/ |H1w—|—H2$|2ds—|—4|/ ledw(s)\2+8|)\1/ Tids]?
tr aa tr tr

ty

t t t
<an [ 22 2 48 [+ s+ 41 [ Grdu(o)P?
tr tr

ty

t t
+8\/ JudN(s)|2+8\>\1/ Tiads|?.
tr

ty

by Lemma

E sup |z(t) — Z(t)|> < 5E sup max
tE[O7T]| ( ) ( )| te[0,T] k=0 1,...,N71| th

t
- 2
+ 8E su max / J12(Y)dN (s

te[OpT]k =0,1,...,N— 1| te 1 ('(/}) ( )‘
dz(s )| ds +8TC[L? + 2p; + 8AIL3]A.

+5A
tk| da
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According to the Doob inequality, we obtain

t
E sup |z(t) —z(t)|* < 5A/ \MFdS + 8TC[L? + 2p1 + 8N L3)A
t€[0,T) ty da

(k+1)A ,
E|G1.(z,y)|°d
+5k:0,11r}?i(N—1/k |G1z(z,y)|"ds

A
(k+1)A (3.7)
+8)\;  max / E|J1.(2,y)|?ds
k-—o,, GN=1 JpA
<35A \ 82)|2d +8TC[LY + 2p1 + 8ATL]A
tr
+5L3CA + 8\ LICA.
Since
) " dy(s) !
y(t) () = [ a5+ / [Hyy + Ha)ds + / Grydu(s) + [ 1ydN(s)
tr tr 23
we have
ly(t) —5(t)[?

t t t t
§4|/ Mds|2+4|/ [H1y+H2y]ds|2+4|/ Glydw(s)|2+4\/ TiydN ()P
tr 80’ tr tr tr
t t t
§4A/ |8L(S)|2ds+4A/ |H1y+H2y|2ds+4|/ Ghryduo(s)|?
tr aa te tr

t t
+8|/ ledN(s)|2+8\/\1/ Tiyds)?
ty

tr

ty o
§4A/ |%|2ds+8A y(s )[\Hly+|H2y| ds+4\/ Grydw(s)[2
tr

t
+8|/ JiydN (s)[* + 8| A1 J1,ds|?.
tr

Using Lemma we obtain

E sup |y(t) — g(t)|?
t€[0,T)

t
< 4A / |8g—f)\245 + 8TCA[L3 + 2p2] + 8N L3TCA
23
t

2
+ 4E teb[%pT] 0<£n<a§[< . | A Gly(w)dw(s)‘ (3.8)

t
+4FE sup |/kA le(¢)dN(5)|2

t€[0,T)
< 4A /t |6LS')\2ds + C[8T (L% 4 2pa + N2L2) +4L3 + 8\ L3]A.
By (3.7) and (3.8), we deduce that
E sup |(t) —¢(t)]* <4A /tt |81§7§9)|2ds + C'A.
k

te[0,T)
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Then, we obtain the result. g

Theorem shows that the numerical solution converges to the step process.
Now, we can discuss the convergence relation between the true and numerical so-

lution of the system (1.3)).

4. CONVERGENCE RATES OVER THE TIME INTERVAL [0, T']

Theorem 4.1. Under Assumptions (A1)—(A5), there exists a constant C such that

E|W(t) — (t)]* < CA.

Proof. For any t € [0,T], there exists a positive integer k such that ¢ € [tg, txt1],
and

X(t) —2(t) = 7/0 st

[ (006)) 4 HaalW(5) — Fra(505) ~ Haul(5))1ds
fKKmN%D&AMWMM$
[ e96) ~ RGN ).

According to the Tt6 formula, we have

d|X () — a(t)|*

= —a(x(1) — o), 2XOTO, iy 4 o(x0) — a(0), Hia (W) — (51l
$20X(0) — (1), Hao((s) — Hao((s))))
+2(X(0) — (1), (1 (WD) ~ Gaa G0 d(1)
*1GulH0) - GG+ M1ul0) T

+2(X (1) — 2(t), (N1a(¥() — J1a(¥(1)))AN (1))
< APFP|X () — a(t)Pdt + La| X (t) — w(t)*dt + La [ W () — (1) dt
+ X (1) — a(t)Pdt + 203V (1) — (1) *dt
+2(X(t) — 2(t), (Gra(V(t)) — G1a(4(1)))dw(t))
+ LYW(t) — () Pdt + M LI (t) — (¢)[*dt
+2(X (1) = 2(t), (Jia(W() = Jia(P(1)))AN (1)) + M| X (1) — (1)
+ M| J1a (W(#)) = Jia (1)) dt.
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Moreover,
E sup [X(t) —x(t)?
s€[0,¢]
¢
< ((AHF 4+ Ly + M + 1)/ E sup |X(r) — x(r)|*ds
0 s€[0,t]
¢
H(N+ DI+ 20+ DE [ [0(0) — G(s) s (4.1)
0

+E sup /O 2(X(s) — 2(s), (G1a(¥(s)) — Gra((5)))dw(s))

s€0,t]

+2E Sup}/o (X(s) = (5), (J12(¥(5)) = J12((s)))dN (5)).

s€[0,t

By the BDG inequality, we have
E sup / (X(5) = (), (Gra(¥(5)) — Gral((5)))duv(s))

s€[0,t]
) . ) (4.2)
< GBLsup [X(s) = (o)) + by | EW(s) ~ i) Pds,
0<s<t 0
and s
B sup [ (X(9) = 00, (a(¥() ~ Si(3))dN ()
s€l0,t] JO (43)

< LB sup |X(s) — 2(s)[2] + 2 / EW(s) - §(s)[ds,

0<s<t
where k1 and ko are two positive constants.

Substituting (4.2)) and (4.3) into (4.1), we have

t
E sup |X(s) —x(s)]? < (A%3* + L1 + M\ + 1)/ E sup |X(s) — z(s)|*ds
s€[0,t] 0 relo,s]

t
+2(L3 + 20 L3 +2p% + Ly) / E s?p] |W(s) —(s)|*ds
0 rel0,s
+2(L7 + 20\ L + 203 + L1)E s [0(s) — ¥(s)|?ds
rel0,s

+ 7Bl sup [X(5) = ols)] + 2k [ EJB(s) — G(s)ds
0<s<t 0

+ 3B s 1X(5) = 2l + 2k | B (s) — (o) ds

= LB sup |1X(5) = 2(5)2) + (4257 + Ly + 1 + 1) / E sup |X(s) - a(s)[%ds

2 To<s<t r€[0,5]

t
+2(L3 + 2\ L2 + 207 + Ly + 2Ky + 2k2) / E sup |¥(s) —9(s)[*ds
0 r€(0,s]

t
AL+ + 20+ Ly 2) [ sup [0(6) = (6 ds.
0 s€(0,t

We apply the same method to |Y(t) — y(¢)|> and complete the proof.
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Corollary 4.2. Under Assumptions (A1)—(Ab), the numerical solution of system
(1.3) will converge to the true solution in the sense that

lim E( sup |¥(t) —(#)|?) =0.
Jim E( s [9(2) (1))

From Theorem[.Tand Corollary[4.2] we can conclude that the numerical solution
¥ (t) and the true solution W(t) are close to each other, which shows that the
numerical algorithm constructed in this paper is effective.

5. NUMERICAL EXPERIMENTS

To illustrate the theorems in this paper, we consider the stochastic age-structured
cooperative LV system for numerical simulations,

0X 1 5 1 1
aY 1 1
dpY = —5—dt + Y[sin? aX — e« Y + 3a — 2]dt — dw(t) + y(t)dN (),
1
1
X(t,0) = / X(t, a)da,t € [0,1], (5.1)
o 1—a
|
Y(t,0) = / Y (¢, a)da,t € [0,1],
0o 1—a
X(0,a) = e%,Y(O,a) = e%,a € [0,1],
where aj1(a) = ﬁ, or2(a) = cos?a, ag(a) = sin’a, agy(a) = e =, and
v(t,a) = B(t,a) = . In the first two equations, we have (t,a) € Q We simulate

the EM numerical approximate solution of the two species respectively (see Figure

1).

Xiva)
Yit.a)

Approximate solution X (t,a) Approximate solution Y (¢, a)

FIGURE 1. EM numerical approximate solutions of system (5.1)).

Next, we simulate the true solution of the system by using the method in
literature [I0]. The Figure |2 shows that the true solutions of X (¢,a) and Y (¢,a)
with perturbation, respectively.

Figure 3] and Figure [ are the error between the true solution and the numerical
approximate solution of system . We can observe that the maximum value of
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X(ta)
¥t a)

a ¢ o0 ' a i

True solution X (¢, a) True solution Y (¢, a)

FIGURE 2. True solutions with the perturbation of system ([5.1)).

the squared error of X (¢,a) and Y (¢,a) are below 0.3 and 0.15, respectively, which
means that the numerical approximate solution convergent to the true solution
effectively.

X{takx(ta)

[Hig,ajxta®

a

Error beqtween X (¢,a) and x(t,a) Error square beqtween X (¢,a) and z(t, a)

FIGURE 3. Simulation error in species X (¢,a) of system (5.1)).
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