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HYERS-ULAM STABILITY OF LINEAR QUATERNION-VALUED

DIFFERENTIAL EQUATIONS

JIAOJIAO LV, JINRONG WANG, RUI LIU

Abstract. In this article, we study the Hyers-Ulam stability of the first-

order linear quaternion-valued differential equations. We transfer a linear
quaternion-valued differential equation into a real differential system. The

Hyers-Ulam stability results for the linear quaternion-valued differential equa-

tions are obtained according to the equivalent relationship between the vector
2-norm and the quaternion module.

1. Introduction

Quaternion is a noncommutative algebra that extend the field of complex num-
bers. Quaternion-valued differential equations (QDEs) are widely used in real life,
such as life science [7, 21], neural networks [17, 20, 26] and quantum mechanics
[2, 3, 14].

In recent years, the basic theory of QDEs has been developed by many re-
searchers. For example, Kou and Xia [15] introduced the definition of Liouville
formula and Wronskian in the sense of quaternion, studied the solution of linear
QDEs, and developed two methods to calculate the fundamental matrix. Kou et
al. [16] proposed a method to find the fundamental matrix of linear systems with
multiple eigenvalues. Zhang [28] studied the global structure of the quaternion
Bernoulli equation. Xia et al. [24, 25] gave the stability results of quaternion peri-
odic systems and the variation of constants formula in the sense of quaternion, and
presented an algorithm for solving linear non-homogeneous QDEs. Chen et al. [4]
derived an explicit quaternion norm estimation in the sense of quaternion, proved
that the first-order linear QDEs is asymptotically stable and Hyers-Ulam stable
and the nth-order linear QDEs is generalized Hyers-Ulam stable. Meanwhile, Suo
et al. [22, 23] gave the expression of solutions for linear quaternion-valued impulsive
differential equations in the sense of complex numbers and quaternion. Further, the
periodic solutions of linear homogeneous and nonhomogeneous quaternion-valued
impulsive differential equations were considered. Chen et al. [5, 6] used Laplace
transform to derive the Hyers-Ulam stability of linear QDEs, and utilized a new
method to study the controllability and observability of linear quaternion-valued
systems from the perspective of complex valued systems. Fu et al. [8] derived the
solutions of homogeneous and nonhomogeneous linear QDEs under the permutation
matrix hypothesis based on delayed quaternion matrix exponential and variation of
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constants. Lv et al. [18] studied the Hyers-Ulam stability of linear QDEs by Fourier
transform. Zou et al. [27] considered the Hyers-Ulam stability of linear recurrence
equations with constant coefficients in the sense of quaternion. In addition, Huang
et al. [9] studied the stability of QDEs by means of the second Lyapunov method
in the sense of quaternion and Zahid et al. [29] derived the exponential matrix of
QDEs.

It is remarkable that Jung [11] proved the Hyers-Ulam stability of first-order
differential systems with constant coefficients by matrix method. Further, Jung
[12, 13] also proved the generalized Hyers-Ulam stability of differential equations
and first-order matrix differential equations. Motivated by [11, 12, 13], we study
the Hyers-Ulam stability of first-order linear QDEs via the different approach used
in [4, 5]. In the current paper, we consider the Hyers-Ulam stability of quaternion
homogeneous differential equation

f ′(t) = λf(t), t ∈ I, (1.1)

and quaternion nonhomogeneous differential equation

f ′(t) = λf(t) + u(t), t ∈ I, (1.2)

where I = [0, s) ⊆ [0,+∞), f : I → H is continuously differentiable function,
u : I → H is continuous function, and λ = a + bi + cj + dk ∈ H is quaternion
constant. Meanwhile, we consider the generalized Hyers-Ulam stability of QDE
(1.1) and (1.2) when λ : I → H is continuous function.

To achieve our aim, we transfer the desired linear QDEs into 4-dimensional real
differential systems. By developing the approach in [11, 12, 13] via the equiva-
lence between the module of a quaternion and the 2-norm of the corresponding
4-dimensional real vector, we provide a new framework to show that linear QDEs
are Hyers-Ulam type stable.

Note that Chen et al. [4, 5] studied the Hyers-Ulam stability of first-order matrix
differential equations by using the norm estimation of exponential functions of
quaternion matrices and derived the Hyers-Ulam stability of linear quaternion-
valued differential equations by using the Laplace transform. However, we adopt
a different idea to complete the study. Compared with [4, 5], we adopt a different
approach to deal with the same issue. We state our contribution as follows. We first
transfer the desired differential equation into a suitable differential system. Then,
we apply the knowledge of real differential system via the equivalent relationship
between the vector 2-norm and the quaternion module to obtain the Hyers-Ulam
stability of the original equation. In addition, it is worth to point that the norm
estimation of matrix exponential function can be directly obtained by using the
matrix 2-norm, which is much different from [4, 5].

The organizational structure of this article is as follows. In Section 2, we provide
some necessary preparations and give 2-norm estimation of matrix function eAt (t ∈
I). In Section 3, we give the Hyers-Ulam stability results of f ′(t) = f(t), f ′(t) =
λf(t), f ′(t) = λf(t) + u(t), f ′(t) = λ(t)f(t) and f ′(t) = λ(t)f(t) + u(t) for t ∈ I.
In Section 4, we give two examples to illustrate the validity of these results.

2. Preliminaries

This part introduces some basic symbols, definitions, and concepts of quaternion
algebra [15, 24, 25]. Let H stand for the quaternion set, R represent the field of real
numbers and C represent the field of complex numbers. If a quaternion q ∈ H, then
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q = q0 + q1i + q2j + q3k, where q0, q1, q2, q3 ∈ R and i, j, k are imaginary units
that satisfy ij = −ji = k, jk = −kj = i, ki = −ik = j, i2 = j2 = k2 = ijk = −1.

A quaternion q = q0 + q1i + q2j + q3k can be denote by a 4-dimensional real
vector p = (q0, q1, q2, q3)T ∈ R4, the vector norm of p can be defined as ‖p‖2 =√
q20 + q21 + q22 + q23 . In addition, the module of any quaternion q = q0 + q1i +

q2j + q3k can be expressed as |q| =
√
qq̄ =

√
q20 + q21 + q22 + q23 . It is remarkable

that the module of a quaternion q is equivalent to the norm of the corresponding
4-dimensional real vector of q, i.e.,

‖p‖2 =
√
q20 + q21 + q22 + q23 = |q|. (2.1)

Let f : I → H be a quaternion-valued function, where I = [0, s) ⊆ [0,+∞).
Denote the set of quaternion-valued functions by H ⊗ R, and the derivative of
f ∈ H⊗ R is

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k. (2.2)

We denote a 4× 4 real matrix A by

A = aE +B, (2.3)

where

B =


0 −b −c −d
b 0 −d c
c d 0 −b
d −c b 0

 ,

where E is a 4× 4 unit matrix and b́, c, d ∈ R are not all zero.

Definition 2.1. The QDE (1.1) is called Hyers-Ulam stable on I if there exists
a constant M > 0 such that for every ε > 0 and every continuously differentiable
f : I → H satisfying

|f ′(t)− λf(t)| ≤ ε, t ∈ I,
there exists a solution f0 of QDE (1.1) such that

|f(t)− f0(t)| ≤Mε, t ∈ I.

Definition 2.2. Let ϕ : I → [0,∞) and λ : I → H be a continuous function. The
QDE (1.2) is called generalized Hyers-Ulam stable on I if for every continuously
differential function f : I → H satisfying the inequality

|f ′(t)− λ(t)f(t)− u(t)| ≤ ϕ(t), t ∈ I,
there exists a solution f0 : I → H of (1.2) such that

|f(t)− f0(t)| ≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2ϕ(τ)dτ, t ∈ I,

where Y (t)4×4 is a fundamental matrix of y′(t) = A(t)y(t).

Lemma 2.3 ([19]). The matrix B in (2.3) is diagonalizable.

Lemma 2.4 ([19]). The eigenvalues of the matrix B in (2.3) are

λ1 = i
√
b2 + c2 + d2, λ2 = i

√
b2 + c2 + d2,

λ3 = −i
√
b2 + c2 + d2, λ4 = −i

√
b2 + c2 + d2,

where i is an imaginary unit.
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Lemma 2.5 ([10, Theorem 1.3.3.]). Let A,B ∈ Cn×n. If B is similar to A, then
A and B have the same characteristic polynomial.

Theorem 2.6. The eigenvalues of matrix A in (2.3) are

λA1 = a+ λ1, λA2 = a+ λ2,

λA3 = a+ λ3, λA4 = a+ λ4.

Proof. According to Lemma 2.3, there exists a unitary matrix P such that B =
PDP−1, where D = diag{λ1, λ2, λ3, λ4}. Since

A = aE +B = PaEP−1 + PDP−1 = P (aE +D)P−1,

matrix A is similar to matrix (aE +D). According to Lemma 2.4 and Lemma 2.5,
it can be concluded that the eigenvalues of matrix A are λA1, λA2, λA3, λA4. The
proof is complete. �

Definition 2.7 ([10, Definition 5.7.12.]). A norm ‖ · ‖ on Cn and a matrix norm
‖ · ‖m on Cn×n are compatible if ‖Ax‖ ≤ ‖A‖m‖x‖ for all A ∈ Cn×n and x ∈ Cn.

In this article, we use the 2-norm of matrix A ∈ Cn×n that is defined as

β = ‖A‖2 = max{
√
λ : λ are eigenvalues of matrix A∗A}, (2.4)

where A∗ = ĀT = AT represents the conjugate transpose of matrix A. Now we
have the following 2-norm estimation of matrix function eA·.

Lemma 2.8. For a matrix A ∈ Rn×n, one has ‖eAt‖2 ≤ eβt for t ∈ I, where β is
defined in (2.4).

Proof. In fact,

‖eAt‖2 =

∥∥∥∥ +∞∑
n=0

Antn

n!

∥∥∥∥
2

≤
+∞∑
n=0

tn

n!
‖An‖2

≤
+∞∑
n=0

tn‖A‖n2
n!

≤
+∞∑
n=0

tnβn

n!
= eβt.

The proof is complete. �

3. Main results

In this section, we study the Hyers-Ulam stability and generalized Hyers-Ulam
stability of first-order linear QDEs.
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3.1. Hyers-Ulam stability of f ′(t) = f(t), t ∈ I. In this subsection, we consider
the Hyers-Ulam stability of QDE (1.1) when λ = 1.

Theorem 3.1. If λ = 1, then for any ε > 0 and every continuously differentiable
f : I → H satisfying

|f ′(t)− f(t)| ≤ ε,
there exists a solution f0 : I → H of (1.1) such that

|f(t)− f0(t)| ≤ ε,
that is, QDE (1.1) is Hyers-Ulam stable.

Proof. Let v(t) = f ′(t)− f(t), then |v(t)| ≤ ε and

f ′(t) = f(t) + v(t). (3.1)

By (2.2), we have

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k

= f1(t) + f2(t)i+ f3(t)j + f4(t)k + v1(t) + v2(t)i+ v3(t)j + v4(t)k

= (f1(t) + v1(t)) + (f2(t) + v2(t))i+ (f3(t) + v3(t))j + (f4(t) + v4(t))k.

If two quaternion-valued function are equal, then their corresponding real and imag-
inary parts are the same. Therefore,

f ′l (t) = fl(t) + vl(t), l = 1, 2, 3, 4, (3.2)

and the solution of nonhomogeneous ordinary differential equation (3.2) is

fl(t) = Cle
t + et

∫ t

0

e−τvl(τ)dτ, l = 1, 2, 3, 4,

where Cl = fl(0) ∈ R.
Furthermore, we can derive the solution of QDE (3.1) is

f(t) = f1(t) + f2(t)i+ f3(t)j + f4(t)k

= C1e
t + et

∫ t

0

v1(τ)e−τdτ +
(
C2e

t + et
∫ t

0

v2(τ)e−τdτ
)
i

+
(
C3e

t + et
∫ t

0

v3(τ)e−τdτ
)
j +

(
C4e

t + et
∫ t

0

v4(τ)e−τdτ
)
k

= et(C1 + C2i+ C3j + C4k)

+

∫ t

0

e(t−τ)(v1(τ) + v2(τ)i+ v3(τ)j + v4(τ)k)dτ

= etq +

∫ t

0

e(t−τ)v(τ)dτ,

(3.3)

where q = C1 + C2i+ C3j + C4k = f(0) ∈ H. Notice that

lim
t→+∞

f(t)

et
= f(0) +

∫ +∞

0

e−τv(τ)dτ

exists, since |v(τ)| ≤ ε. Let

f0(t) = et
(
f(0) +

∫ +∞

0

e−τv(τ)dτ
)
. (3.4)

Obviously, when λ = 1, f0(t) is a solution to QDE (1.1).
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Next, combining (3.3) and (3.4), we have

|f(t)− f0(t)| =
∣∣ ∫ +∞

t

et−τv(τ)dτ
∣∣

≤
∫ +∞

t

|et−τv(τ)|dτ

≤ εet
∫ +∞

t

e−τdτ ≤ ε.

The proof is complete. �

Remark 3.2. When λ = 1, which is the special case of QDE (1.1), we take
the approach that two quaternions are equal then their real and imaginary parts
correspond to each other.

3.2. Hyers-Ulam stability of f ′(t) = λf(t), t ∈ I. In this subsection, we con-
sider the Hyers-Ulam stability of QDE (1.1) when λ 6= 1.

Theorem 3.3. There exists M > 0 such that for any ε > 0 and every continuously
differentiable f : I → H satisfying

|f ′(t)− λf(t)| ≤ ε,

there exists a solution f0 : I → H of (1.1) such that

|f(t)− f0(t)| ≤Mε,

that is, QDE (1.1) is Hyers-Ulam stable.

Proof. Let v(t) = f ′(t)− λf(t), then |v(t)| ≤ ε and f ′(t) = λf(t) + v(t). By (2.2),
we have

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k

= (a+ bi+ cj + dk)(f1(t) + f2(t)i+ f3(t)j + f4(t)k)

+ v1(t) + v2(t)i+ v3(t)j + v4(t)k

= af1(t)− bf2(t)− cf3(t)− df4(t) + (bf1(t) + af2(t)− df3(t)

+ cf4(t))i+ (cf1(t) + df2(t) + af3(t)− bf4(t))j + (df1(t)− cf2(t)

+ bf3(t) + af4(t))k + v1(t) + v2(t)i+ v3(t)j + v4(t)k.

(3.5)

Obviously, equation (3.5) is equivalent to the following real linear differential system
f ′1
f ′2
f ′3
f ′4

 =


a −b −c −d
b a −d c
c d a −b
d −c b a



f1
f2
f3
f4

+


v1
v2
v3
v4

 . (3.6)

Let y = (f1, f2, f3, f4)T , v = (v1, v2, v3, v4)T , and

A =


a −b −c −d
b a −d c
c d a −b
d −c b a

 .
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Then system (3.6) can be written as y′(t) = Ay(t) + v(t), and the solution for
system (3.6) is

y(t) = eAty(0) + eAt
∫ t

0

e−Aτv(τ)dτ, (3.7)

where y(0) = (f1(0), f2(0), f3(0), f4(0))
T ∈ R4.

In addition, QDE (1.1) can be represented as y′(t) = Ay(t), t ∈ I. Let

y0(t) = eAty(0), t ∈ I. (3.8)

Obviously, y0 = (f1, f2, f3, f4)T is a solution to QDE (1.1).

By (2.4) and Theorem 2.6, the 2-norm of A is ‖A‖2 =
√
a2 + b2 + c2 + d2. Next,

set M = e
√

a2+b2+c2+d2s−1√
a2+b2+c2+d2

. Then by (3.7), (3.8) and Definition 2.7, using Lemma

2.8, we have

‖y(t)− y0(t)‖2 ≤
∫ t

0

‖eA(t−τ)v(τ)‖2dτ

≤
∫ t

0

‖eA(t−τ)‖2‖v(τ)‖2dτ

≤ ε
∫ t

0

e
√
a2+b2+c2+d2(t−τ)dτ

=
ε√

a2 + b2 + c2 + d2
(e
√
a2+b2+c2+d2t − 1)

≤ ε√
a2 + b2 + c2 + d2

(e
√
a2+b2+c2+d2s − 1) = Mε.

Finally, by (2.1), we obtain |f − f0| ≤Mε. The proof is complete. �

Remark 3.4. When s < +∞, QDE (1.1) is Hyers-Ulam stable.

3.3. Hyers-Ulam stability of f ′(t) = λf(t) + u(t), t ∈ I. In this subsection, we
consider the Hyers-Ulam stability of QDE (1.2).

Theorem 3.5. There exists M > 0 such that for any ε > 0 and every continuously
differentiable f : I → H satisfying

|f ′(t)− λf(t)− u(t)| ≤ ε,

there exists a solution f0 : I → H of (1.2) such that

|f(t)− f0(t)| ≤Mε,

that is, QDE (1.2) is Hyers-Ulam stable.

Proof. Let v(t) = f ′(t)−λf(t)−u(t), then |v(t)| ≤ ε and f ′(t) = λf(t)+u(t)+v(t).
By (2.2), we have

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k

= af1(t)− bf2(t)− cf3(t)− df4(t) + (bf1(t) + af2(t)− df3(t)

+ cf4(t))i+ (cf1(t) + df2(t) + af3(t)− bf4(t))j + (df1(t)− cf2(t)

+ bf3(t) + af4(t))k + (v1(t) + u1(t)) + (v2(t) + u1(t))i+ (v3(t)

+ u3(t))j + (v4(t) + u3(t))k.

(3.9)
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Obviously, equation (3.9) is equivalent to the following real linear differential system
f ′1
f ′2
f ′3
f ′4

 =


a −b −c −d
b a −d c
c d a −b
d −c b a



f1
f2
f3
f4

+


v1 + u1
v2 + u2
v3 + u3
v4 + u4

 . (3.10)

Let y = (f1, f2, f3, f4)T , w = (v1 + u1, v2 + u2, v3 + u3, v4 + u4)T , and

A =


a −b −c −d
b a −d c
c d a −b
d −c b a

 .

Then system (3.10) can be written as y′(t) = Ay(t) + w(t), and the solution for
system (3.10) is

y(t) = eAty(0) + eAt
∫ t

0

e−Aτw(τ)dτ. (3.11)

In addition, QDE (1.2) can be represented as y′(t) = Ay(t) + u(t). Let

y0(t) = eAty(0) + eAt
∫ t

0

e−Aτu(τ)dτ, (3.12)

where y(0) = (f1(0), f2(0), f3(0), f4(0))T ∈ R4. Obviously, y0 = (f1, f2, f3, f4)T is
a solution to (1.2).

By (3.11), (3.12) and Definition 2.7, using Lemma 2.8, we have

‖y(t)− y0(t)‖2 ≤
∫ t

0

‖eA(t−τ)v(τ)‖2dτ

≤
∫ t

0

‖eA(t−τ)‖2‖v(τ)‖2dτ

≤ ε
∫ t

0

e
√
a2+b2+c2+d2(t−τ)dτ

=
ε√

a2 + b2 + c2 + d2
(e
√
a2+b2+c2+d2t − 1)

≤ e
√
a2+b2+c2+d2s − 1√
a2 + b2 + c2 + d2

ε = Mε,

where t ∈ I = [0, s) ⊆ [0,+∞) and M = e
√

a2+b2+c2+d2s−1√
a2+b2+c2+d2

.

Finally, by (2.1), we can get |f − f0| ≤Mε. The proof is complete. �

Remark 3.6. Notice that QDE (1.2) is Hyers-Ulam stable when s < +∞.

3.4. Generalized Hyers-Ulam stability of f ′(t) = λ(t)f(t), t ∈ I. In this
subsection, we consider the Hyers-Ulam stability of QDE (1.1) when λ : I → H is
a continuous function.

Theorem 3.7. Let ϕ : I → [0,∞) and λ : I → H be a continuous function. QDE
(1.1) is generalized Hyers-Ulam stable that is for every continuously differentiable
function f : I → H satisfying the inequality

|f ′(t)− λ(t)f(t)| ≤ ϕ(t), t ∈ I,
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there exists a solution f0 : I → H of (1.1) such that

|f(t)− f0(t)| ≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2ϕ(τ)dτ, (3.13)

where Y (t)4×4 is a fundamental matrix of y′(t) = A(t)y(t).

Proof. Let v(t) = f ′(t) − λ(t)f(t), then |v(t)| ≤ ϕ(t) and f ′(t) = λ(t)f(t) + v(t).
By (2.2), we have

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k

= a(t)f1(t)− b(t)f2(t)− c(t)f3(t)− d(t)f4(t) + (b(t)f1(t)

+ a(t)f2(t)− d(t)f3(t) + c(t)f4(t))i

+ (c(t)f1(t) + d(t)f2(t) + a(t)f3(t)− b(t)f4(t))j

+ (d(t)f1(t)− c(t)f2(t) + b(t)f3(t) + a(t)f4(t))k

+ v1(t) + v2(t)i+ v3(t)j + v4(t)k.

(3.14)

Obviously, equation (3.14) is equivalent to the following real linear differential sys-
tem 

f ′1
f ′2
f ′3
f ′4

 =


a(t) −b(t) −c(t) −d(t)
b(t) a(t) −d(t) c(t)
c(t) d(t) a(t) −b(t)
d(t) −c(t) b(t) a(t)



f1
f2
f3
f4

+


v1
v2
v3
v4

 . (3.15)

Let y = (f1, f2, f3, f4)T , v = (v1, v2, v3, v4)T , and

A(t) =


a(t) −b(t) −c(t) −d(t)
b(t) a(t) −d(t) c(t)
c(t) d(t) a(t) −b(t)
d(t) −c(t) b(t) a(t)

 .

Then system (3.15) can be written as y′(t) = A(t)y(t) + v(t), and the solution for
system (3.15) is

y(t) = Y (t)η + Y (t)

∫ t

0

Y (τ)−1v(τ)dτ, (3.16)

where η ∈ R4.
In addition, when λ : I → H is a continuous function, QDE (1.1) can be repre-

sented as y′(t) = A(t)y(t). Let

y0(t) = Y (t)η, (3.17)

where η ∈ R4. Obviously, y0 = (f1, f2, f3, f4)T is a solution to QDE (1.1).
Next, by (3.16), (3.17) and Definition 2.7, we have

‖y(t)− y0(t)‖2 = ‖Y (t)

∫ t

0

Y (τ)−1v(τ)dτ‖2

≤ ‖Y (t)‖2‖
∫ t

0

Y (τ)−1v(τ)dτ‖2

≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2‖v(τ)‖2dτ

≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2ϕ(τ)dτ.
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Finally, by (2.1), we obtain (3.13). The proof is complete. �

Remark 3.8. When λ : I → H is a continuous function, QDE (1.1) is generalized
Hyers-Ulam stable.

3.5. Generalized Hyers-Ulam stability of f ′(t) = λ(t)f(t) + u(t), t ∈ I. In
this subsection, we consider the Hyers-Ulam stability of QDE (1.2) when λ : I → H
is a continuous function.

Theorem 3.9. Let ϕ : I → [0,∞) and λ : I → H be a continuous function. QDE
(1.2) is generalized Hyers-Ulam stable that is for every continuously differentiable
function f : I → H satisfying the inequality

|f ′(t)− λ(t)f(t)− u(t)| ≤ ϕ(t), t ∈ I,

there exists a solution f0 : I → H of (1.2) such that

|f(t)− f0(t)| ≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2ϕ(τ)dτ, (3.18)

where Y (t)4×4 is a fundamental matrix of y′(t) = A(t)y(t).

Proof. Let v(t) = f ′(t)− λ(t)f(t)− u(t), then |v(t)| ≤ ϕ(t) and f ′(t) = λ(t)f(t) +
u(t) + v(t). By (2.2), we have

f ′(t) = f ′1(t) + f ′2(t)i+ f ′3(t)j + f ′4(t)k

= a(t)f1(t)− b(t)f2(t)− c(t)f3(t)− d(t)f4(t)

+ (b(t)f1(t) + a(t)f2(t)− d(t)f3(t) + c(t)f4(t))i

+ (c(t)f1(t) + d(t)f2(t) + a(t)f3(t)− b(t)f4(t))j

+ (d(t)f1(t)− c(t)f2(t) + b(t)f3(t) + a(t)f4(t))k

+ (v1(t) + u1(t)) + (v2(t) + u1(t))i+ (v3(t) + u3(t))j

+ (v4(t) + u3(t))k.

(3.19)

Obviously, equation (3.19) is equivalent to the following real linear differential sys-
tem 

f ′1
f ′2
f ′3
f ′4

 =


a(t) −b(t) −c(t) −d(t)
b(t) a(t) −d(t) c(t)
c(t) d(t) a(t) −b(t)
d(t) −c(t) b(t) a(t)



f1
f2
f3
f4

+


v1 + u1
v2 + u2
v3 + u3
v4 + u4

 . (3.20)

Let y = (f1, f2, f3, f4)T , w = (v1 + u1, v2 + u2, v3 + u3, v4 + u4)T , and

A(t) =


a(t) −b(t) −c(t) −d(t)
b(t) a(t) −d(t) c(t)
c(t) d(t) a(t) −b(t)
d(t) −c(t) b(t) a(t)

 .

System (3.20) can be written as y′(t) = A(t)y(t)+w(t), and the solution for system
(3.20) is

y(t) = Y (t)η + Y (t)

∫ t

0

Y (τ)−1w(τ)dτ, (3.21)

where η ∈ R4.
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In addition, when λ : I → H is a continuous function QDE (1.2) can be repre-
sented as y′(t) = A(t)y(t) + u(t). Let

y0 = Y (t)η + Y (t)

∫ t

0

Y (τ)−1u(τ)dτ. (3.22)

Obviously, y0 = (f1, f2, f3, f4)T is a solution to QDE (1.2).
Next, by (3.21), (3.22) and Definition 2.7, we have

‖y(t)− y0(t)‖2 = ‖Y (t)

∫ t

0

Y (τ)−1v(τ)dτ‖2

≤ ‖Y (t)‖2‖
∫ t

0

Y (τ)−1(w(τ)− u(τ))dτ‖2

≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2‖v(τ)‖2dτ

≤ ‖Y (t)‖2
∫ t

0

‖Y (τ)−1‖2ϕ(τ)dτ.

Finally, by (2.1), we obtain (3.18). The proof is complete. �

Remark 3.10. When λ : I → H is a continuous function, QDE (1.2) is generalized
Hyers-Ulam stable.

4. Examples

Example 4.1. Consider the quaternion-valued differential equation

f ′(t) = (−i− j − k)f(t), f(0) = i+ j, t ∈ I. (4.1)

Let v(t) = f ′(t)−(−i−j−k)f(t), then |v(t)| ≤ ε and f ′(t) = v(t)+(−i−j−k)f(t).
Equation (4.1) can be written in the form

f ′1
f ′2
f ′3
f ′4

 =


0 1 1 1
−1 0 1 −1
−1 −1 0 1
−1 1 −1 0



f1
f2
f3
f4

+


v1
v2
v3
v4

 . (4.2)

Let y = (f1, f2, f3, f4)T , v = (v1, v2, v3, v4)T , and

A =


0 1 1 1
−1 0 1 −1
−1 −1 0 1
−1 1 −1 0

 .

We can obtain that the eigenvalues of A are λ1 =
√

3i, λ2 = −
√

3i, λ3 =
√

3i, and
λ4 = −

√
3i. The solution for system (4.2) is

y(t) = eAt(0, 1, 1, 0)T + eAt
∫ t

0

e−Axv(x)dx. (4.3)

In addition, QDE (4.1) can be represented as y′(t) = Ay(t). Let

y0(t) = eAt(0, 1, 1, 0)T . (4.4)
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Obviously, y0 = (f1, f2, f3, f4)T is a solution to QDE (4.1). We can find the 2-norm

of A is ‖A‖2 =
√

3. Next, combining (4.3) and (4.4), we have

‖y(t)− y0(t)‖2 = ‖eAtf(0) + eAt
∫ t

0

e−Axv(x)dx− eAty(0)‖2

≤
∫ t

0

‖eA(t−x)v(x)‖2dx

≤
∫ t

0

‖eA(t−x)‖2‖v(x)‖2dx

≤ ε
∫ t

0

e
√
3(t−x)dx

=
ε√
3

(e
√
3t − 1)

≤ ε√
3

(e
√
3s − 1),

where t ∈ I = [0, s) ⊆ [0,+∞).

Finally, by (2.1), we obtain |f(t) − f0(t)| ≤ ε√
3
(e
√
3s − 1). Notice that (4.1) is

Hyers-Ulam stable when s < +∞.

Example 4.2. Consider the quaternion-valued differential equation

f ′(t) = (1 + i+ k)f(t) + (i+ k)t, f(0) = i+ j, t ∈ I. (4.5)

Let v(t) = f ′(t) − (1 + i + k)f(t) − (i + k)t, then |v(t)| ≤ ε and f ′(t) = v(t) +
(1 + i+ k)f(t) + (i+ k)t. Equation (4.5) can be written in the form

f ′1
f ′2
f ′3
f ′4

 =


1 −1 0 −1
1 1 −1 0
0 1 1 −1
1 0 1 1



f1
f2
f3
f4

+


v1

v2 + t
v3

v4 + t

 . (4.6)

Let y = (f1, f2, f3, f4)T , w = (v1, v2 + t, v3, v4 + t)T , and

A =


1 −1 0 −1
1 1 −1 0
0 1 1 −1
1 0 1 1

 .

We can show that the eigenvalues of A are λ1 = 1+
√

2i, λ2 = 1−
√

2i, λ3 = 1+
√

2i,
and λ4 = 1−

√
2i. Also we can show that the solution for system (4.6) is

y(t) = eAt(0, 1, 1, 0)T + eAt
∫ t

0

e−Axw(x)dx. (4.7)

In addition, QDE (4.5) can be represented as y′(t) = A(t)y(t) + u(t). Let

y0(t) = eAt(0, 1, 1, 0)T + eAt
∫ t

0

e−Axu(x)dx. (4.8)

Obviously, y0 = (f1, f2, f3, f4)T is a solution to QDE (4.5). We can find the 2-norm

of A is ‖A‖2 =
√

3. Next, combining (4.7) and (4.8),we have

‖y(t)− y0(t)‖2 = ‖eAt
∫ t

0

e−Ax(w(t)− u(x))dx‖2
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≤
∫ t

0

‖eA(t−x)v(x)‖2dx

≤
∫ t

0

‖eA(t−x)‖2‖v(x)‖2dx

≤ ε
∫ t

0

e
√
3(t−x)dx

=
ε√
3

(e
√
3t − 1)

≤ ε√
3

(e
√
3s − 1),

where t ∈ I = [0, s) ⊆ [0,+∞). Finally, by (2.1), we obtain |f(t) − f0(t)| ≤
ε√
3
(e
√
3s − 1). Notice that (4.5) is Hyers-Ulam stable when s < +∞.

5. Conclusion

We presented the Hyers-Ulam stability and general Hyers-Ulam stability results
for first-order linear quaternion-valued differential equations. We transfer the orig-
inal quaternion problem into a real 4-dimensional matrix problem and develop the
classical approach to derive the main theorems. Recently, Anderson and Onitsuka
[1] studied the Hyers-Ulam stability of perturbations for a homogeneous linear dif-
ferential system with 2 × 2 constant coefficient and obtained some new necessary
and sufficient conditions for the linear system, which have been updated the results
in [11, 12, 13].

Note that the quaternion module is equivalent to the vector 2-norm, not ∞-
norm. If one consider to transfer the idea in [1] for ∞-norm to the same issue
over the quaternions for 2-norm, then it will bring a new and interesting problem:
whether the equivalence of norms always hold over the quaternions? If yes, then
one can try to develop the approach in [1] for linear differential system with 4× 4
constant coefficient and discuss the possible real or complex nonzero eigenvalues,
which is associated with the original quaternion-valued problem. In future work,
we will study such problems.
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