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A WEIGHTED (p,2)-EQUATION WITH DOUBLE RESONANCE

ZHENHAI LIU, NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. We consider a Dirichlet problem driven by a weighted (p, 2)-Laplacian
with a reaction which is resonant both at +co and at zero (double resonance).
We prove a multiplicity theorem producing three nontrivial smooth solutions
with sign information and ordered. In the appendix we develop the spectral
properties of the weighted r-Laplace differential operator.

1. INTRODUCTION

Let Q € RY be a bounded domain with a C2-boundary 9. In this article we
study the weighted (p, 2)-equation:

—Aptu(z) — A"u(z) = f(z,u(z)) in Q,

(1.1)
u|aQ =0, 2<np.

Given a € L™ () with 0 < é < essinfga and r € (1,00), we denote by A% the
weighted r-Laplace differential operator defined by

A%y = div(a(z)|Dul""2Du), Yu e W, (Q).

In problem we have the sum of two such operators with different expo-
nents. So,the differential operator driving the equation in is not homogeneous
and of course is space dependent. The reaction (right-hand side) of (1.1)), is a
Carathéodory function f(z,z) (that is, for all x € R, z — f(z, ) is measurable and
for a.a.z € Q,x — f(z,) is continuous) which exhibits (p — 1) sublinear growth
as * — £oo and resonance can occur with respect to the principal eigenvalue of
(—Agl,WOl P(Q)) (see the apendix). Also at zero, we can have resonance with
respect to some nonprincipal eigenvalue of (—A?, H}(€2)). So, our problem has
double resonance. Using variational tools from the critical point theory together
with truncation techniques and critical groups, we prove a multiplicity theorem for
problem , producing three nontrivial smooth solutions, all with sign informa-
tion and ordered.

Recently a three solutions theorem for a superlinear weignted (p, ¢)-equation
without resonance at zero, was proved by Liu-Papageorgiou [12], extending the
well-known semilinear work of Wang [20]. Here we complement the aforementioned
work of Liu-Papageorgiou [12], by examining the sublinear, double resonance case.
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Our hypotheses allow for resonance to occur as x — +o0o with respect to the
principal eigenvalue of (—Af*, W, P(€)) and as & — 0T with respect to a higher
eigenvalue of (=A%, H}(2)). So we have a double resonance situation which has
not been examined in the past.

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

The analysis of problem (1.1)) uses the Sobolev space WO1 P(Q2) and the Banach
space C3(Q) = {u € CY(Q) : ulspq = 0}. The Poincaré inequality implies that on
WyP(€) we can use the equivalent norm

|ul| = | Dull, for all u € W, P(Q).

The Banach space C}(f) is ordered with positive (order) cone Cy = {u €
C3(Q) : u(z) > 0 for all z € Q}. This cone has a nonempty interior given by

intCy ={ueCy:u(z) >0 forall z € Q, g—z\ag < 0}

with % = (Du,n)g~y where n(-) is the outward unit normal on 99Q.

If u: Q — R is a measurable function, then we set u*(z) = max{+u(z),0} for
all z € Q. Both are measurable functions and we have u = u™ —u™, |u| = u™ +u~
and if u € Wy (Q), then u® € WP (Q).

Let V : Wy P(Q) — W12 (Q) (1% + i = 1) be the nonlinear operator defined
by

(V(u),h) = /sz [a1(2)|DuP~2 4 a(2)|Du|?"2)(Du, Dh)g~ dz  Yu, h € W, P ().

This operator is continuous and strictly monotone, thus maximal monotone too
and of type (S)4 (see [6, p. 279]).
Let X be a Banach space and ¢ € C'(X,R). We say that () satisfies the
“C-condition”, if the following property holds:
Every sequence {uy, }neny C X such that {p(un) bnen € R is bounded,
and (1 + [|un|lx)¢’ (un) — 0 in X*, admits a strongly convergent
subsequence.
A coercive functional ¢ € C(X,R) satisfies the C-condition (see Papageorgiou-
Rédulescu-Repovs [16],p. 369).
Given ¢ € CH(X,R) and ¢ € R, we define the sets

Ko={ueX:¢(u)=0}, ¢°={ueX:pu)<c}

For a topological pair (Y2,Y7) with Y1 C Yo C X and k € Ny, by Hi(Y2,Y7) we
denote the k*"-singular homology group with integer coefficients. Given u € K,
isolated, the critical groups of ¢ at u, are defined by

Cr(o,u) = H(e°NU, o NU\ {u}) for all k € Ny,

with U a neighborhood of u such that K, N ¢°NU = {u}.The excision property
of singular homology, implies that the above definition of critical groups at u, is
independent of the particular choice of the isolating neighborhood U.

Suppose that ¢ € C1(X, R) satisfies the C-condition and —oo < inf ¢(K,). Then
the critical groups of ¢(-) at infinity are

Cr(p,00) = Hip(X, ) for all k € Ny, with ¢ <inf p(K,).
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The Second Deformation Theorem (see [16] p. 386]) implies that the above definition
is independent of the choice of the level ¢ < inf p(K,,).

By A% (p) we denote the first eigenvalue of (—Agl,WOl’p(Q)). We know that
A9 (p) > 0 is simple, isolated and is the only eigenvalue of (—Ag, W, P(2)) with
eigenfunctions of constant sign. By 4;(p) we denote the positive, LP-normalized
(that is, ||@1(p)]l, = 1) eigenfunction corresponding to A% (p). If a € CO1(Q) (i.e.
the space of all R-valued Lipschitz functions on ) and 0 < é < minga;, then
the nonlinear regularity theory (see Lieberman [I1I]) and the nonlinear maximum
principle (see Liu-Papageorgiou [I3] [14]), imply that 41(p) € int C;. We denote
by {A22},,cn the sequence of distinct eigenvalues of (—A®, HL(Q)). We know that
Ae2(2) — 400 as n — oo and the sequence exhausts the set of eigenvalues of
(—A® H}(2)). In the appendix, we present in detail the main spectral properties
of (—A21, W, ?(Q)) and of (—A®, H}(Q)).

The hypotheses on the data of are as follows:

(HO) Functions a1,as € C%1(Q), and 0 < ¢é < a;(2),az(2) for all z € Q.

(H1) f: Q2 xR — R is a Carathéodory function such that f(z,0) = 0 for a.a.

z €  and

(i) |f(z,2)] <a(2)[1+]z|P7!] for a.a. 2 € Q, all x € R, with a € L>(Q);
(i) limsup,_, 1o Ig’;‘fif% < A% (p) uniformly for a.a. z € Q;
(ili) if F(z,2) = [ f(z,s)ds, then there exists T € (2,p) such that

i Jz e = pF( )

T—Foo |J;|T

= +o00 uniformly for a.a. z € ;

(iv) there exist m € N;m > 2,6 > 0 and n € L*°(Q) such that

n(z) < 5\a2+1(2) fora.a. z€Q,n# 5\;’,;_1(2),
f(z,x)

- <1(z) uniformly for a.a. z € Q;
A92(2)z? < f(z,x)x for a.a. z € Q, all [z <4

Remark 2.1. Hypothesis (H1)(ii) implies that we can have resonance with respect
to A{*(p) as x — Foo. Similarly, hypothesis H, (iv) allows for resonance to occur
with respect to A%2(2)(m > 2) as x — 0.

We introduce the energy functional for problem (1.1)), ¢ : Wg P(Q) — R defined
by
1 1 )
o(u) == | a1(2)|DulPdz+ = | az(z)|Dul*dz— [ F(z,u)dz.
pJa 2 Ja

Q

Evidently ¢ € C1(Wy?(Q)).
Also we introduce the positive and negative truncations of ¢(-), namely the
functionals @ : W, ?(Q) — R defined by

1 1
oi(u) = —/al(z)|Du|pdz—|—f/ ag(z)|Du\2dz—/F(z,:l:ui)dz.
pJa 2 Ja Q

Again we have o1 € CH(W,P(Q)).
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3. THREE SOLUTION THEOREM

In this section we prove that problem (1.1)) has at least three nontrivial smooth
solutions. Our approach uses variational and truncation techniques and critical
groups.

Proposition 3.1. Under hypotheses (H0), (H1), the functionals ¢ and o1 are
coercive.

Proof. We do the proof for ¢ (), the proofs for ¢(), ¢_(+) being similar. We argue
indirectly. So, suppose that ¢ (+) is not coercive. We can find {uy, }nen C Wy (€2)
such that

oi(up) <y for some ¢; >0and all n € N, |Juy,|| — oco. (3.1)
If {u; Y nen € Wy P () is bounded, then from the inequality in (3.1]) and hypothesis

(H1)(i) we have {u}, }nen C WoP(€) is bounded; therefore {uy, nen € Wy () is
bounded, a contradiction to (3.1)). So, we can say that

lu || — oo. (3.2)

.
Let y, = HZ—%H,H € N. We have |ly,|| = 1,y, > 0 for all n € N. We can assume

Yo Sy in WeP(Q), yn =y in LP(Q),y > 0. (3.3)
From the inequality in (3.1]), we have
1/ 1 9 F(z,u))
— [ ai(z Dynpdz—&-i/agz Dy, dz§c1+/7"
p Jo I S J e o Tl
for all n € N. Using hypothesis (H1)(i), we have
|F' (2, usy (2))]
st |2

which implies

dz (3.4)
< e[l +yn(2)P] for a.a. z € Q and all n € N, some ¢ > 0,

F(,ut(-
{W}"EN C L}(Q) is uniformly integrable.

Then invoking the Dunford-Pettis theorem (see Papageorgiou-Winkert [I8], p. 289]),
we can say that at least for a subsequence,

F(oup() w1

= =f in LY(Q). 3.5
s Ly L) (35

Hypothesis (H1)(ii) implies that
N(z) = ¥(2)y(z)? for a.a. z € Q, (3.6)

with 9 € L®(), 9(z) < X2 (p) for a.a. z € Q (see Aizicovici-Papageorgiou-Staicu
[1], proof of Proposition 16). If in (3.4) we pass to the limit as n — oo and use

(13.2) (recall 2 < p), (3.3), (3.5), (3.6), we obtain
a1 (2)|Dy|P dz < / n(z)y? dz. (3.7)
Q Q
First assume that ¢ # 5\‘1“ (p). Using Proposition in the appendix, we have

esllyll? < / a1 (z)|Dy|P dz — / I(2)yP dz for some c3 > 0. (3.8)
Q Q
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From (3.7) and (3.8) it follows that y = 0. But then from (3.4)) we have
/ a1(2)|Dyn|P dz — 0
Q

which implies y, — 0 in W, ?(Q) (see hypotheses (H0)). This contradicts that
lynl = 1 for all n € N.

Next we assume that 9(z) = A% (p) for a.a. z € Q. From and the variational
characterization of A7 (p) > 0 (see in the appendix), we have

/Q ax(2) | Dyl? dz = 53 (p) ]2,

which implies y = B4 (p) with 8 > 0 (recall that y > 0).

If 5 =0, then y = 0 and as above, we have y,, — 0 in VVO1 P(Q), which contradic-
tion that ||y,|| = 1 for all n € N. Hence y = Si1(p) with 8 > 0 and so y € int C
(since 1 (p) € int Cy, see hypotheses (H0)). Therefore,

uf(2) = 400 for a.a. z € Q. (3.9
Hypothesis (H1)(iii) implies that given any M > 0, we can find v > 0 such that

Mz™ < f(z,x)x — pF(z,z) for a.a. z € Q, and all z > ~. (3.10)
We have
d F(z,x),  f(z2)a? —paP 1 F(z, )
%( aP )= x?p
_ fz,x)x — pF(z,x)
xrpt+1
M for a.a. z € Q, and all z > v (see (3.10));
= gpptl-T ’ - ’
therefore,
F(z,v)  F(z,2) o M [ 11 ]
VP ¥ = p—-Tt0PTT  gpPTT

fora.a. z€Qandallv>xz >~ >0.

Letting v — +o0o and using (H1)(ii), We obtain
1., F(z,x M
,All(p)_ ( > ) > —
D x p—TT

fora.a. z € Q and all z > ~,

= AV (p)a? — pF(z,z) >

"7 fora.a. z € Qand all z > ~,

A (p)a? — pF M
= (p)a? = pF(z, ) > for a.a. z € Q and all z > .

xT p—T

Since M > 0 is arbitrary, it follows that
A (p)a? — pF (2, 2)
xT

From (3.1) and (4.2) (in the appendix), we have
/ A2 (p)(u )P — pF(z,u})]dz < pe; for all n € N,
Q

A\ +\p _ +
:>/ >\1 (p)(un) pF(Zvun) T dy < pc
Q

z
(uah)™ T Juallm

— 400 as ¢ — oo, uniformly for a.a. z € Q. (3.11)

(3.12)
for all n € N.
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Passing to the limit as n — oo in and using (3.2)), (3.9), (3.11] and Fatou’s

lemma, we reach a contradiction. Thls proves that {u;" },en € Wy?() is bounded.
From the first part of the proof this implies that {uy }nen C W0 Ly (Q) ia bounded,
contradicting (3.1]). Therefore ¢4 (+) is coercive. Similarly for ¢(-) and ¢_(-). O

Using Proposition we can produce two constant sign smooth solutions.

Proposition 3.2. Under hypotheses (H0), (H1), problem (1.1)) has two constant
sign solutions ug € int Cy and vo € —int Cy, which are local minimizers of ¢(-).

Proof. From Proposition[3.1]we know that ¢, () is coercive. Also, using the Sobolev
embedding theorem, we see that ¢ (-) is sequentially weakly lower semicontinuous.
So, by the Weierstrass-Tonelli theorem, we can find ug € I/VO1 P(Q) such that

o+ (tt0) = inflip (u) : u € WP ()], (3.13)

Recall that @1(2) € int Cy (see the appendix). Therefore, we can find t € (0,1)
small such that -
0<ti1(2)(z) <¢ forall z€Q, (3.14)

where 6 > 0 is as postulated by hypothesis Hj (iv). Then, using (3.14) and hypoth-
esis (H1)(iv), we have
P

so+<ta1<2>>é%/ﬂal<z>|ml< )P dz+ 2 [X”() Aoz (2)] = eat? — est?

for some positive constants ¢4 and ¢5 > 0. Here we used that ||41(2)]|2 = 1 and
that m > 2.
Since 2 < p, choosing ¢ € (0,1) and small, we have

P (tig(2)) <O,
which implies ¢4 (ug) < 0 = ¢4 (0) (see (3.13)); thus ug # 0. From (3.13)) we have
@' (ug), h)y =0 for all h € W&”’(Q) which implies
(V(ug), h / f(zud)hdz  for all h € W, P(Q). (3.15)

In we choose h = —uy € Wy*(€2) and obtain
¢[Dug |I5 <0 (see hypotheses (HO)
= ug >0, wug#D0.
Then from we have
— Ajtug — A" ug = f(z,up) in . (3.16)

From Ladyzhenskaya-Uraltseva [10, p. 286], we have ug € L>°(£2). Then the non-
linear regularity theory of Lieberman [II] implies that up € Ct \ {0}. On account
of hypotheses (H1)(i),(iv), we can find ¢g > 0 such that f(z,z) > A% (2)z — cga?
for a.a. z € Q and all x > 0. So, if J > cg, then

flz,x) + 92771 >0 foraa. z€ Qandall z>0.

From ([3.16)) we have
—A%ug — A%ug +Juf "t > 0in Q,
which implies ug € int C;, see [I3, Lemma 1]. Note that

SD|C+ = 90+|C+ .
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So uyg is a local C}(Q2) minimizer of () and from [17, Proposition A3], we conclude
that ug is a local W (Q)-minimizer of ¢(-).

Similarly, working now with ¢_(-), we produce a negative solution vy € —int Cy,
which is a local minimizer of ¢(-). O

We assume that K, is finite or otherwise we already have an infinity of solutions
of (1.1)) and so we are done. Then from Proposition and [I6l, Proposition 6.2.3],
we have the following result.

Corollary 3.3. If (HO), (H1) hold and ug € int Cy and vg € —int Cy are the two
constants sign solutions from Propositz'on then Ci(p,u0) = Cr(p,v0) = Ok,0Z
for all k € Ny.

In what follows we denote by E (5\‘112 (2)) the eigenspace corresponding is the eigen-
value Af?(2),¢ € N. We know that E(A]?(2)) is finite dimensional and E(A{?(2)) C
C3 () (see the appendix).

Proposition 3.4. If hypotheses (H0), (H1) hold, then Cyq, (¢,0) # 0, where d,, =
dim H,,, with H,,, = &, B(\{?(2)).

Proof. We consider the C'-functional ¢ : H}(2) — R defined by

w(u)zﬁ/ﬂag(zﬂDu\ dz—/QF(z,u)dz.

Let u € H,,. Since H,, C C(9) is finite dimensional, all norms are equivalent and
so we can find p > 0 such that

u€ Hy, and ||ul| < p = |u(z)] <6 for all 2z € Q,

with 6 > 0 as postulated by hypothesis (H1)(iv). So for u € H,, with |[ul| < p, we
have
1 ya
Y(u) < §[||DU||§ — A (2)[ul3] <0 (3.17)

(see hypothesis (H1)(iv) and the appendix). On account of hypotheses (H1)(i),(iv),
given £ > 0, we can find ¢, > 0 such that

1
F(z,x) < 5[77(2) +ela? +co|zP for a.a. 2 € Q and all z € R. (3.18)
Then for v € Hy,pq = F;, from (3.18)), we have
1
P(u) > 5[/ az(2)|Dul? dz — / n(z)u? dz — e||ul|3] — é|ju||P for some & > 0
Q Q
1
> gler = s lull® = ecljull?

m—+1

for some positive constant ¢; (see Proposition [4.2)).
Choosing ¢ € (0, A;?,(2)cr), we obtain

¥(u) > cgllul|® — é|lulP  for some cg > 0.
So, we can find pg € (0, p] such that
Y(u) >0 forallu€ Hyyr, 0< |lul| < po. (3.19)
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Then (3.17) and (3.19) imply that ¢(-) has a local linking at u = 0. So, invoking
[16, Theorem 6.6.17], we have

Cdm (¢7 O) 7é 0.

Let ¢ = 1/)|W01,p(9). Since W, *(Q) < H{ () continuously and densely, using [I5)
Theorems 16 and 17] (see also Chang [12, p. 14]), we have

C(¥,0) = C(¥,0) for all k € Ny, (3.20)
which implies Cy, (¢,0) # 0. Note that

A 1 a1|loo
o) =)l = > [ a@IDup dz < ICIETTS (3.21)
P Ja p
Also for all h € WyP(€), we have
! () — (), b)) = / a1(2)| DulP~2(Du, Dh)g dz
Q
< lalloe / |Duf’~"|Dh| dz
Q

< llar[loo | Dully = [ DR]lp5

therefore,
o' (u) — o' (u)|| < collul[P~  for some g > 0. (3.22)

Recall that we assume K, is finite (otherwise we already have an infinity of distinct
nontrivial smooth positive solutions and so we are done). Then from ,
and the C!-continuity property of critical groups (see Gasifiski-Papageorgiou [6], p.
836]), we have

C(p,0) = Cr(1h,0) for all k € N,
which implies Cy,, (¢,0) # 0 (see (3.20)). O

Next we will produce a third nontrivial solution which is nodal. To do this, we
need some auxiliary results. Note that hypotheses (H1)(i),(iv) imply that we can
find ¢19 > 0 such that

flz x)x > X222 — ¢pglzfP for a.a. z € Q and all z € R. (3.23)
Then leads to the auxiliary Dirichlet problem
—A%u(z) — Au(z) = A2 (2)u(z) — crolu(2)PPu(z) in Q, (3.2
u|aQ =0.

Reasoning as in [13, Proposition 3], we have the following result.

Proposition 3.5. If hypotheses (HO) holds and m > 2, then problem (3.24)) has a
unique positive solution w € int C'y. and since the equation is oddv = —u € —int Cy.
is the unique negative solution of problem (3.24)).

Using Proposition [3.5] we can produce extremal constant sign solutions for prob-
lem (L.1)), that is, a smallest positive solution and a biggest negative solution.
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Proposition 3.6. If hypotheses (HO), (H1) hold, then problem (L.1)) has a smallest
positive solution
U € int C+
and a biggest negative solution
) € — int O+.
Proof. Let S; (resp. S_) denote the set of positive (resp. negative) solutions of
(1.1). From Proposition and its proof, we know that
045 CintCy and 0#S_C —intCy.
Moreover, we know (see Filippakis-Papageorgiou [4]) that
S+ is downward directed
(that is, if uy,us € Sy, then there exists u € S such that u < uy,u < ug),
S_ is upward directed

(that is, if v1,ve € S_, then there exists v € S_ such that vy < wv,vy < w).
Next we show that

u<uforalueS;, wv<vforallves_. (3.25)

To this end, let v € S; C int C; and introduce the Caratheodory function k4 :
Q x R — R defined

\az + _ +yp—1 ifp <
oy (22) = {)\m (2)zt — cio(z™) if x <wu(z

A2 (2)u(2) — ero(u(2))P~' if u(z) < 2. (3.26)

We set Ky (z,2) = [ k+(z,5)ds and consider the C'-functional o : WP (Q) = R
defined by

1 1
U+(u):];/Qal(z)|Du|pdz+i/Qag(z)|Du|2dz—/QK_s_(z,u)dz.

From hypotheses Hy and (3.26)), we see that o () is coercive. Also, by the Sobolev
embedding theorem o (-) is sequentially weakly lower semicontinuous. So, we can
find @ € Wy (Q) such that

oy (1) = inf[oy (u) : u € Wy P(R)]. (3.27)

Since u € intCy, we can find ¢t € (0,1) small such that ti,(2) < u (see [16)]
Proposition 4.1.22]. Then using (3.26) and since m > 2 we have (by taking ¢ € (0,1)
and small, o4 (t41(2)) < 0 which implies

0 (@) <0=04(0) (see BZD):
thus, @ # 0. From (3.27) we have that (o, ,h) = 0 for all h € WyP(€). Therefore,
(V(a),h) = / ky(z @)hdz for all h € W) *(%). (3.28)
Q
In (B:28) first we use the test function h = —a~ € W, *(Q) and obtain ¢|Da~ 5 <
0, hence @ > 0,4 # 0.
Next choosing b = [i — u]* € W, *(2) in (3:28), we have

(V(a), (@ —u)t) = / (A2 (2)u — crou? (@ —u)t dz  (see (3.26))
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< / Fou)(i—u)tde (see (3.23)
Q
= (V(u), (@ —u)T) (since u € S,),
which implies @ < u, from the monotonicity of V(+)). So, we have proved that
@ € [0,u], i # 0. (3.29)

Then (3.29)), (3.26), (3.28), and Proposition [3.5|imply that & = @ € int C;+. This in
turn implies @ < u for all u € S;. Similarly, we can show that v <7 for allv € S_.

Using [8, Theorem 5.109], we can find {u,}ney € S4 decreasing (since Sy is
downward directed) such that

infS, = TlLrelfR’Iun
We have
(V(up), hy = / f(z,up)hdz for all h € WyP(Q) and all n € N, (3.30)
Q
T <u, <u; forallneN (see (3.25)). (3.31)

Choosing h = u,, € Wy*(€2) in (3:30) and using (3:31) and (H1)(i), we infer that
{tn}nen € Wy P(Q) is bounded. So, we may assume that

Uy 50 in WoP(Q), wu, — @ in LP(), asn — oco. (3.32)
In we use h = u, —1U € Wol’p(Q), pass to the limit as n — oo and use (3.32]).
We obtain lim, oo (V (un), 4y, — @) = 0 which implies
U, — 0 in WyP(Q) (the (S) -property of V(-)). (3.33)
Passing to the limit as n — oo in and using , we obtain
(V(a),h) = /Qf(z,ﬂ)hdz for all h € W) P(9),

w<i (see (3.31)),

Therefore, & € S; Cint Cy and @ = inf 5.
Similarly for S_ which is upward directed and so the sequence {v,}nen C S—
such that sup S_ = sup,,cy vn, Will be increasing. (I

Now we try to produce a nontrivial solution of (1.1} in the order interval
[0,4] = {h € W} P(Q) : 5(2) < h(2) < a(2) for a.a. z € Q}.

On account of the extremality of 4 and v any such solution distinct from @ and ©
will be nodal.
To this end, we introduce the following truncation of the reaction f(z,-)

f(z,0(2) ifz<o(z)
e(z,x) =< f(z,7) if 9(z) <z <d(z) (3.34)
fza(z) ifa(z) <.
Also, we consider the positive and negative truncations of e(z, -), namely the func-

tions

ex(z,2) = e(z, £x7). (3.35)
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All three functions are Caratheodory. We set
E(z,z) = /ff e(z,8)ds, FEi(z,z)= /I e+(z, s)ds.
0 0
Then we consider the C'-functionals w, w : Wy'?(Q2) — R defined by

w(u) = 1/a;l(z)\Du|pdz—i—1/ as(z)|Dul? clz—/E(z,u)dz7
pJa 2 Ja Q

1 1
w(u) = B/ﬂal(zﬂDu\p dz + §/QCL2(2')|DU|2 dz—/QEi(z,u) dz.

Using ([3.34) and (3.35)), we can easily show that
Kw - [67'&] N C(%(Q)a Kuur c [07’&] N C+7 wa - [’@0] N (_C+)'
The extremality of 4, v implies that

K, C[6,4]NCy(Q), K, ={0,a},K, C {0}

11

(3.36)

Now, we can generate the third nontrivial smooth solution of ([1.1) which is nodal.

By intcy g [0, @] we denote the interior in C(Q) of [6,a] N CL(Q).

Proposition 3.7. If (HO), (H1) hold, then problem (l.1)) has a nodal solution

Yo € [’f},fb] N O&(ﬁ)

Proof. First we show that 4,0 are local minimizers of w(-). To this end, note that
w. (-) is coercive (see (HO) and (3.34), (3.35] - Also, it is sequentially weakly lower

semicontinuous. So, we can find @ € W, ?(2) such that
wy (@) = inflwy (u) : u € WP (Q)).

Since @ € int C'; as before for t € (0,1) small (at least such that ti(2) <

have
wy (£41(2)) <0,

= w4 (1) <0 =wi(0),
=u # 0.
From (3.37),(3.38) and (3.36)) we infer that @ = @ € int Cy. Note that

w|C+ = w+|C+7

= 4 is a local C}(Q)-minimizer of w(-)
= 4 is a local W,*(€)-minimizer of w(-);

see Papageorgiou-Ridulescu-Zhang [I7, Proposition A3].
Similarly for ¥ € —int C;. using the functional w_(-), we have

C’k(w,ﬂ) = C’k(w,f)) = 5k70Z for all £ € Ng.

Next we show that
Cdm (w,O) 75 0.

Consider the homotopy
h(t,u) = (1 —t)p(u) + tw(u) for all (t,u) € [0,1] x Wy (Q).
Suppose we can find {(t,, un) }nen € [0,1] x W, P(Q) such that
ty = tin [0,1], un, — 0in Wy P(Q), Rl (tn,u,) =0 forallneN.

(3.37)
@), w

(3.38)

(3.39)

(3.40)

(3.41)
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From the equation in (3.41)) we have
(V(un),h) = / [(1—1tn)f(2,un) + the(z, un)hdz (3.42)
Q

for all h € Wy'P(2) and all n € N,

From (3.41)), (3.42)), and [10, Theorem 7.1], we know that we can find ¢17 > 0
such that
Up € L®(Q), [unllco < c¢11 for all m € N.

Then the nonlinear regularity by Lieberman [II], implies that there exist a € (0,1)
and cq2 > 0 such that

u, € Cy*(Q), lunllcie@ < c1z,  forallneN, (3.43)
Since Cy*(Q) < CA(Q) compactly, from (343) and (B-41) it follows that wu, — u
in C3(Q). This implies
Un € Infey g [0,4] for all n > ng
(recall & € int Cy and © € —int C). Therefore, {uy, }rn>n, C Ky; see (3.34)).
But we have assumed that K, is finite (see the proof of Proposition 3.4, There-

fore (3.41]) can not be true and then the homotopy invariance property of critical
groups (see [0, p. 836]) implies

Ck(p,0) = Cx(w,0) for all k € Ny, (3.44)
Then (3.44)) and Proposition imply that (3.40) is true.

Evidently w(-) is coercive. Hence
Ci(w,00) = 6k 0Z for all k € Ny; (3.45)

see [16], Proposition 6.2.24]. From ([3.40)), (3.45]), and [16, Corollary 6.7.8], we know
that there exists yo € K, C [0,4] N C3(Q) such that
w(yo) < 0=w(0) and Cy,, _1(w,yo) # 0, or
w(yo) > 0=w(0) and Cy,, +1(w,yo) # 0.

Evidently yo # 0. Since m > 2, we have that d,, > 2. Therefore comparing (3.39)
and (3.46)), we conclude that yo ¢ {@,9}. So, finally we have yo € [0,4] N CE(Q)
and yo ¢ {0, 4, 9} which imply that yo is a nodal solution of (I1.1)). O

(3.46)

If we impose an additional condition on f(z,-), we can improve the conclusion
of the previous proposition.
The new hypotheses on the reaction f(z,x) are as follows:
(H2) For every p > 0, there exists ép > 0 such that for a.a. z € €2, the mapping
x> f(z,2) 4+ 0,2P~! is nondecreasing on [—p, p].
Proposition 3.8. If hypotheses (HO)—-(H2) hold, then problem (L.1) has a nodal
solution

Yo € 1ntcé(§) [’lA), ’d]
Proof. From Proposition we already have a nodal solution ¥y such that
Yo € [0,7] N Cy (). (3.47)

Let v(z,y) = a1(2)|y|P~ 2y + az(z)y for all z € Q,y € RN, For every u € W, " ()
we have

—divy(z, Du) = =Aj'u — A% u.
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Note that
o0, Yy
V() = Gl lid+ (-2

= (Vy1(2,9)8,B)rv > ¢8> for all y, B € RY.
Then the tangency principle of Pucci-Serrin [I9] p. 35] implies that
yo(z) < u(z) forall z € Q. (3.48)

Let p = max {||a/|sc, [|0]|oc } and let ép > 0 be as postulated by hypothesis (H1)
and (H2). Choose 075 > 0,, we have

| +as(2)id VzeQ,;VyecRY

2,%0) + épy(z))i1 + (0; - 9;))3/(1))71 (3.49)
= f(z,y0) + 058~
1

= —AJyo — A%yo + 05y,

where we used (3.47), (H1), and (H2). Since @ € int Cy,yo € CZ(Q), from (3.48),

we see that for every K C Q compact, we have

0<ck <i(z) —yo(z) forall z € K. (3.50)
Then (3.49), (3.50) and [7, Proposition 3.2] imply that & — yo € int C;. Similarly
we show that yo — © € int C;.. Therefore finally we have yq € intcé @ [0,4]. O

Concluding we can state the following multiplicity theorem for problem ([1.1)).
We emphasize that we provide sign information for all the solutions and the three
solutions are ordered.

Theorem 3.9. (a) If (HO), (H1) hold, then problem (1.1)) has at least three solutions
ug €int Oy, vo € —int Cy, yo € [vo,up] N Cé (Q) nodal.
(b) If hypotheses (HO)—(H2) hold, then problem (1.1)) has at least three solutions

up €intCy, wvop € —intCy, yo € intcé(ﬁ) [vo, uo] nodal.

4. APPENDIX

In this section we present some basic facts concerning the spectral properties of
(=A%, Wy () and a € COH(Q), a(z) > é>0forall z € 0, 1 < r < co. We
consider the nonlinear eigenvalue problem

—A%u(z) = Mu(2)|"2u(z) inQ,
u‘ag =0.

We say that A € R is an eigenvalue of (—A2, W,"(2)) if problem has a
nontrivial weak solution u € I/VO1 "P(Q) known as an eigenfunction corresponding to
the eigenvalue A
R Evidently every eigenvalue ) > 0. We show that there is a smallest eigenvalue
Af(r) > 0. To see this, we minimize the Rayleigh quotient

Jo a(2)|Du|" dz

[[ull7

(4.1)

R(u) . ue Wy (Q),u#0.
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‘We have

0 < A\(r) = inf[W, ue Wy (),u # 0]
r (4.2)

= inf [/Qa(z)|Du|T dz, ue Wy (), |Jull, = 1],

by homogeneity. The infimum in (4.2) is attained. Consider a sequence {u, }nen C
1,r
Wy (2) such that

/ a(z)|Dun|"dz | Ni(r), |[tn]lr =1 for all n € N.
Q

Therefore {u, }nen € WoP(€) is bounded. So, we can assume that
Uy 50y in Wy (), w, — 4y in L7(Q).
We have that
/ a(z)| Dl |" dz < liminf/ a(z)|Duy|" dz = A (r), Ay ||r = 1,
Q n—oo Q
implies
/ a(2)|Day|"dz = Ae(r) >0, |, = 1.
Q

From and the Lagrange multiplier rule, we infer that A¢(r) > 0 is the small-
est eigenvalue of (—A% Wy (). Evidently we can replace @; € W,y (€) by
i1 € I/VO1 P(Q). Therefore we can always assume that @; > 0. The nonlinear
regularity theory (see [II]) and the nonlinear maximum principle [I3] [19], imply
that 47 € intCy. In fact S\‘f(r) > 0 is the only eigenvalue with eigenfunctions
of constant sign. All other eigenvalues have eigenfunctions which are nodal (sign-
changing). The proof of this fact is done along the lines of the corresponding result
for (—A,, Wy (Q)) (see for example Gasiniski-Papageorgiou [5} p. 743]).

Suppose @ and © are two eigenfunctions corresponding of A%(r) > 0. As above,
we have that @, o € int Cy. Then using the nonlinear Picone’s identity of Jaros [9],
we have

,&7‘

0 < a(2)|Da|" — a(z)|Do|""*(Dd, D(—— ))r~y  for all z € Q
v

T

=0 [a@IDilds~ [ ~(ag0) 7 ds
Q Q G

(using Green’s identity, see [16, p. 34])

- / o(2)|Daf" dz — () ] = 0,

which implies @D% = 9D (see Jaros [9]). In turn this implies D(%) = 0 and so

@ = ¥ with ¥ > 0. Then A%(r) > 0 is simple. Also \(r) > 0 is isolated in the
spectrum of (—A%, Wy (2)). Indeed, if A¢(r) is not isolated, we can find A, | A%(r)
with A, eigenvalue of (=A% Wy (Q)) for every n € N. Let @, € Wy () be an
eigenfunction corresponding to An. We have

— A%y = Ap|in|" 24, for all n € N. (4.3)



EJDE-2023/30 A WEIGHTED (p,2)-EQUATION WITH DOUBLE RESONANCE 15

Normalizing we may assume that |G|, = 1 for all n € N. Then from (4.3) it
follows that {u, }nen C Wy " (Q) is bounded. We can assume that
Gy = Gy in Wy (), Gy — G in L7(Q). (4.4)
We have |ii,]|, = 1. On ([@.3) we act with i, — @, € W, (Q), pass to the limit as
n — oo and use (4.4). We obtain
lim (A% (i), iin — i1s) = 0 (4.5)

n—oo
with A% : Wy (Q) — W=b7"(Q) = W&?"(Q)*(% + & = 1) being the nonlinear
operator defined by

(A%(u),h) = / a(2)|Du|""2(Du, Dh)gw dz  for all u,h € Wy ().
Q

This operator has the same properties as V(-). In particular, (4.5) and the (5)4-
property of A%(-), imply that

G — T in W, (). (4.6)
If in (4.3) we pass to the limit as n — oo, we have
— A%, = N (r)| " 20, in Q, ||, = 1.

Then we can assume that 4, € int C;. From (4.6) and the nonlinear regularity
theory of Lieberman [I], we know that there exist o € (0,1) and M > 0 such that

it € Cp™(Q) and [[iin| ey < M for all n € N. (4.7)

Then the compact embedding of Cy*(Q) into C4 () and ([@.6)) imply that @, — .
in C§(Q). Since 4. € int Cy, we have

{un}nzno C Cy\ {0},

which contradicts that only 5\‘11(7“) > 0 has eigenfunctions of constant sign.
Summarizing, we can state the following basic facts about the spectrum of
(=AW (92)):
e There is a smallest eigenvalue ;\31(7“) > 0 which has a variational character-
ization given by .
. 5\‘11(7") is simple, isolated and the corresponding eigenfunctions are of con-
stant sign and belong in (int C) U (—int Cy).
o If A > 5\‘11(7") is an eigenvalue, then A has nodal eigenfunctions.

Proposition 4.1. If n € L>®(Q) and 1(z) < Xe(r) for a.a. z € Q,n # Xo(r), then
there exists 8 > 0 such that

Olul|” < / a(z)|Du|" dz — / n()|ul"dz  for all u € Wy ().
Q Q

Proof. Arguing by contradiction, suppose we can find {up tnen C VVO1 P(Q) such
that for all n € N, we have

1
/ a(z)|Duy,|" dz — / n(2)|un|"dz < =, ||u,|| = 1. (4.8)
Q Q n
We may assume that

Uy 2w in Wy (Q),  up — uin L7(K). (4.9)
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Passing to the limit as n — oo in and using (4.9), we obtain

[ apur = < [ o)l ds < Sl (4.10)

= [ a@IDul" dz = ) ul; (see @) (4.11)

We claim u # 0. Otherwise we have
e|Dun||m =0 = wu, — 0in Wy (),

which contradicts that ||u,|| = 1 for all n € N. From (4.11)) we see that we may
assume that u € int Cy. Then from (4.10]), we have

[ a@IDar dz < 50l
Q
a contradiction, see (4.2)). This completes the proof. O

If » = 2 (the linear eigenvalue problem), then the spectral theorem for compact,
self-adjoint operators, provides a complete description of the spectrum (—A®, HJ (2))
which consists of a sequence {\%(2)},en C (0,00) such that A%(2) — oc.

We denote by E(A%(2)) the eigenspace corresponding to the eigenvalue \%(2).
We know that E(A\%(2)) is finite dimensional and E(A%(2)) C CA(Q). (standard
regularity theory). Moreover, the elements of E(A%(2)) have the “Unique Continu-
ation Property” (the UCP for short), that is, if u € F(A\%(2)) and u(-) vanishes on
a set of positive measure, then u = 0 (see de Figueiredo-Gossez [3]).

Let H,, = EB;”zlE(j\?@)), fImH = an Then we have

HY(Q) = Hypy @ Hppy1.

In this case we have variational characterizations for all the eigenvalues. So, we
have

. )| Dul|? dz
A{(2) = in [f9|u” tu € Hy(Q),u # 0] (4.12)
2
and for m > 2
. )| Du|?d _
AL(2) =s [w 1w € Hp,u # 0]
Jo a(2)|Dul? dz . '
g [Jo D w0,
[[ull3

In (4.12) and (4.13) the inf and sup are realized on the corresponding eigenspace
E(A5(2)-

Proposition 4.2. Ifn € L®(Q) and n(z) < A%(2) for a.a. z € Q,n # \%,(2), then
there exists 0 > 0 such that

Ollu|l” < / a(z)|Dul* dz — / n(z)|ul?dz for all u € H,,.
Q Q

Proof. If m = 1, then this follows from Proposition[f.1} So, assume m > 2. Arguing
by contradiction, suppose we can find {uy, tneny C Hyy, with ||u,| =1 for all n € N
such that

1
/ a(2)|Duy|? dz — / n(2)|un*dz < = for alln € N. (4.14)
Q Q n
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‘We can assume that

Uy — uin Hy(Q), u, — uin L*(Q). (4.15)

If in (4.14) we pass to the limit as n — oo and use (4.15]), we obtain

/ a(2)| Duf? dz < / n(2)[uf? dz < 32,(2)[Jul2, (4.16)
Q Q
é/a(z)|Du|2dz:;\‘fn(2)Hu||g (since u € H,,, see ([A.13))

Q

=uec E\(2), u#0.

Then by the UCP we have u(z) # 0 for a.a. z € . Using this fact in (4.16)), we
obtain

[ a@IDuf dz < 3, )l
Q

which contradicts (4.13]). This completes the proof. |

Acknowledgments. The work was supported by NNSF of China Grant Nos.
12111530282, 12071413, and by the European Union’s Horizon 2020 Research and
Innovation Programme under the Marie Sklodowska-Curie grant agreement No.
823731 CONMECH.

(1

2]
(3]

(10]

(11]
(12]
(13]
14]

(15]

REFERENCES

S. Aizicovici, N. S. Papageorgiou, V. Staicu; Degree Theory for Operators of Monotone Type
and Nonlinear Elliptic Equations with Inequality Constraints, Memoirs AMS 196 (No. 915),
2008, pp. 70.

K. C. Chang; Infinite Dimensional Morse Theory and Multiple Solution Problems,
Birkhauser, Boston, 1993.

D. de Figueiredo, J. Gossez; Strict monotonicity of eigenvalues and unique continuation,
Commun. Partial Diff. Equ. 17 (1992), 339-346.

M. Filippakis, N. S.Papageorgiou; Multiple constant sign and nodal solutions for nonlinear
elliptic equations with the p-Laplacian, J. Differential Equ. 245 (2008), 1883-1922.

L. Gasinski, N. S. Papageorgiou; Nonlinear Analysis, Series in Mathematical Analysis and
Applications, 9. Chapman & Hall/CRC, Boca Raton, FL, 2006.

L. Gasinski, N. S. Papageorgiou; Ezercises in Analysis. Part 2, Nonlinear Analysis. Problem
Books in Mathematics. Springer, Cham, 2016. viii+1062 pp.

L. Gasinski, N. S. Papageorgiou; Positive solutions for the Robin p-Laplacian with competing
nonlinearities, Adv. Calc. Var. 12 (2019), 31-56.

S. Hu, N. S. Papageorgiou; Research Topics in Analysis. Volume I: Grounding Theory,
Birkhauser, Cham, 2022.

J. Jaros; A harmonic Picone’s Identity with applications, Annoili Mat. Pura Appl. 194 (2015),
719-729.

O. A. Ladyzhenskaya, N. N. Uraltseva; Linear and quasilinear elliptic equations, Translated
from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis Academic
Press, New York-London 1968 xviii+495 pp.

G. Lieberman; The natural generalization of the natural conditions of Ladyzhenskaya and
Ural’tseva for elliptic equations, Comm. Partial Differential Equations 16 (1991), 311-361.
Z. H. Liu, N. S. Papageorgiou; Superlinear weighted (p, ¢)-equations with indefinite potential,
J. Convexr Anal. 28 (2021), 967-982.

Z. H. Liu, N. S. Papageorgiou; Nodal solutions for a weighted (p, ¢)-equations, J. Convez
Anal. 29 (2022), 559-570.

Z. H. Liu, N. S. Papageorgiou; Dirichlet (p, ¢)-equations with gradient dependent and locally
defined reaction, Electron. J. Differential Equations, 2021 (2021), no. 34, 1-8.

R. S. Palais; Homotopy theory of infinite dimensional manifolds, Topology 5 (1966), 1-16.



18 Z. LIU, N. S. PAPAGEORGIOU EJDE-2023/30

[16] N. S. Papageorgiou, V. D. Radulescu, D. Repovs; Nonlinear Analysis-Theory and Methods,
Springer Nature, Swizerland AG, 2019.

[17] N. S. Papageorgiou, V. D. Radulescu, Y. Zhang; Anisotropic singular double phase problems,
Discr. Cont. Dynam. Systems-S, 14 (2021), 4465-4502.

[18] N. S. Papageorgiou, P. Winkert; Applied Nonlinear Functional Analysis, De Gruyter, Berlin,
2018.

[19] P. Pucci, J. Serrin; The Mazimum Principle, Birkhauser, Basel, 2007.

[20] Z. Q. Wang; On a superlinear elliptic equation, AIHP-Analyse Nonlineaire, 8 (1991) 43-58.

ZHENHAI L1U
GUANGXI COLLEGES AND UNIVERSITIES KEY LABORATORY OF COMPLEX SYSTEM OPTIMIZATION
AND B1G DATA PROCESSING, YULIN NORMAL UNIVERSITY, YULIN 537000, CHINA.
GUANGXI COLLEGES AND UNIVERSITIES KEY LABORATORY OF OPTIMIZATION CONTROL AND ENGI-
NEERING CALCULATION, GUANGXI MINZU UNIVERSITY, NANNING, GUANGXI, 530006, CHINA
Email address: zhhliu@hotmail.com

NIKOLAOS S. PAPAGEORGIOU
DEPARTMENT OF MATHEMATICS, NATIONAL TECHNICAL UNIVERSITY, ZOGRAFOU CAMPUS, 15780
ATHENS, GREECE

Email address: npapg@math.ntua.gr



	1. Introduction
	2. Mathematical background and hypotheses
	3. Three solution theorem
	4. Appendix
	Acknowledgments

	References

