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EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS
FOR FOURTH-ORDER ELLIPTIC PROBLEMS

MEIQIANG FENG, HAIPING CHEN

ABSTRACT. This article studies a fourth-order elliptic problem with and with-
out an eigenvalue parameter. New criteria for the existence and nonexistence of
positive solution are established under some sublinear conditions which involve
the principal eigenvalues of the corresponding linear problems. The interesting
point is that the nonlinear term f is involved in the second-order derivative
explicitly.

1. INTRODUCTION

Consider the fourth-order elliptic problem
Ay = \f(u,—Au) in Q,

1.1
u=Au=0 on 09, (L.1)

where (A)?u = A(Au) denotes the biharmonic operator, A > 0 is a parameter,
is a smooth bounded domain in R™ (n > 2), and the nonlinear term satisfies

(A1) f:[0,+00) x [0,400) — [0,400) is continuous.

Fourth-order elliptic problems belong to an open problem raised by Lion in [22]
Section 4.2 (c)]. They are important questions for understanding related higher
order problems, and they have important applications in the study of traveling
waves in suspension bridges [6] and in static deflection of a bending beams [15].
Fourth-order elliptic problems have attracted the interest of many mathematicians;
see for example [5, 7, 8, [0} [T, 12} (13, [16}, (19, 20, 21, 241, 25, 26}, 27, 28, 29, [30, 311 32,
33), B4}, 35, [36], [37), [38] and the references cited therein. In particular, Abid-Baraket
[1] studied the existence of singular solution to the biharmonic elliptic problem

A%y =uP in Q,

1.2
u=Au=0 on 09, (12)

where  is a subset of R” (n > 5) with a smooth boundary. Let ¥ be a compact
submanifold of Q without boundary of dimension (n —m) and 4 < m < n. When
p > ;25 and close enough to this value, the authors verified that problem
admits at least one solution which is singular on X.
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Guo-Wei-Zhou [I4] considered the existence, uniqueness, asymptotic behavior
and further qualitative properties of singular radial solutions of the biharmonic
equation

Ay =P in R™\{0},
u>0, and lim wu(z) = 4o0,
|z]|—0

where n > 5 and =5 <p < Z—fi. In addition, the authors also constructed positive

weak solutions with a prescribed singular set for problem .

Let ©Q be the unit ball in R™ (n > 5) and % denote the differentiation with
respect to the exterior unit normal. Arioli-Gazzola-Grunau-Mitidieri [4] studied
the fourth-order elliptic problem

A%y = Xe* in Q,
u= 9u =0 on 09, (13)
On
where A > 0 is a parameter. For 5 < n < 16, the authors proved the existence of
singular solutions for problem by means of computer assistance.

Liu-Wang [23] used a variant version of Mountain Pass Theorem to demonstrate
the existence and nonexistence of positive solution for the fourth-order elliptic prob-
lem

Ay = f(z,u) in Q,
u=Au=0 on 09,

where Q denotes a smooth bounded domain in R" (n > 4).
Recently, Feng [9] studied the Navier boundary value problem

Ay = \f(z,u) in Q,

1.4
u=Au=0 on 09, (14)

where A # 0 is a parameter,  is a smooth bounded domain in R"™ (n > 2). The
author derived some criteria for the existence, multiplicity and nonexistence of
positive solutions to by applying fixed point theorems in a cone.

However, to our best knowledge, there are almost no papers studying the fourth-
order elliptic problem when the nonlinear term f is involved with the second-order
derivative explicitly. In this article, we do some research on this problem.

More precisely, this article has the following features. Firstly, comparing with
[1L 4], 9], T4} 23], we discuss the fourth-order elliptic problem when the nonlinear term
f is involved with the second-order derivative explicitly. Secondly, we find some new
sublinear conditions, which involve the principle eigenvalues of the corresponding
linear systems and do not appear in [, [4 O 14} 23]. In addition, we are going to
employ a simpler method, i.e. the theory of fixed points on cones to demonstrate the
existence of positive solution for fourth-order elliptic problems, which is completely
different from that used in [I, [, T4} [23].

The article is organized as follows. In Section 2, we use a well-known fixed point
theorem for completely continuous operators to prove existence results of positive
solution to problem without an eigenvalue parameter. Section 3 is devoted
to analyzing the existence and nonexistence results of positive solution to problem
(1.1) with an eigenvalue parameter. Finally, we give some comments on higher
order elliptic problems and second-order elliptic systems in Section 4.
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2. EXISTENCE OF A POSITIVE SOLUTION WITHOUT AN EIGENVALUE PARAMETER

In this section, we demonstrate a general result of existence of positive solution
to (L.1). Conclusions to be demonstrated in this section are true for all A > 0.
Hence, we may suppose that A = 1 for simplicity and so study

A?u = f(u,—Au) in Q,
u=Au=0 on 0f.

Letting —Awu = v, one can transform the fourth-order elliptic problem (2.1} into
the second-order elliptic system

(2.1)

—Au=v in Q,
—Av = f(u,v) in Q, (2.2)
u=0=v on .

From this system, we derive that
u(z) = /Q Gz, y)(y) dy, (2.3)
o) = [ Glaw)(uly). () do (2.4)
Q

where G(z,y) denotes the Green’s function of —A on €, which satisfies
0 < G(x7y) < C|£U - y|27n’

where n > 3, and C is a constant, which depends only on 2. In addition, for
z,y € Q,x # y, we find that

1
0<G < — =3
1 d
0<G < —In— =2

< Glz,y) < o i B

where d is the diameter of ().
Let the maximum norm in R? be defined by |u| = max{|ul,|v|}, where u =

(u,v) € R2.

We also let £ = C(Q2)? denote the real Banach space of continuous functions
with the norm

[[ull = max{|ullo, [[v]lo},

where || - ||o denotes the supremum norm of the real Banach space C(£2), and
u(z) = (u(x),v(z)) forxe Q.
We define a positive cone in E as
K={ue€E:u(x)>0, vx) >0, z e} (2.5)
For ¢ > 0, we also define
Ky,={u:uek, |u]| <o}, 0K, ={u:ueK, |u| =o}
K,={ueK:|u <o}

Let
K ={weCQ):w(x) >0, ze}
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For u,v € K1, we define 71, T, : K; — C(Q) as

Thu(z) = A G(z,y)v(y) dy, (2.6)

Tyo(z) = /Q G, y) (), v(y)) dy. (2.7)

From the continuity of f, it is clear that 717,75 : K1 — K; are completely continu-
ous.
On the other hand, it is well known that system ([2.2)) is equivalent to the fixed
point equation
u(z) = (Tu(z), Tev(z)) := Tu(z) for x € Q. (2.8)

Since Ty, T5 : K1 — K; are completely continuous, so we derive that T': K — K is
completely continuous.
We define a linear integral operator G by

Guta) = | Gla.yuiu) dy. (29)
We also define a function e(x) on Q by
e(z) = / G(z,y)dy, Yz € Q.
Q

Now we consider the integral operator G defined in (2.9). One can find in Kras-
nosel’skii [I7] and Amann [2] that the linear integral operator G is e-positive, i.e.
for any v > 6, there exist £ = £(v) > 0 and ¢ = {(v) > 0 such that

(e < Gu < (e.

From this and the well-known Krein-Rutman theorem [I8, Theorem 6.2], it is not
difficult to see that py € (0,+00) and that there exists p; € K\{0} so that

o1 = G, (2.10)
where p; = @ and r(G) denotes the spectral radius of G.
For a function f, we define
fo= tim I gy S
lul—0+ U] lul—+oo [u|®

where 0 < o < 1.

Theorem 2.1. Let pu; and @1 be defined as in (2.10). Under assumption (A1), if
fo > p1 and f& < py, then system (2.1) admits at least one positive solution in K.

Next, we shall apply the following fixed point theorem for completely continuous
operators to demonstrate Theorem [2.1}

Lemma 2.2 ([3 Theorem 12.3]). Let P be a cone in a real Banach space E.
Assume Qq,Qs are bounded open sets in E with § € Qi, Q1 C Q. IfA: PN
(Q2\Q1) — P is completely continuous such that either
(i) there exists a ug > 0 such that u — Au # tug for allu € PNOQy, t > 0;
Au # pu for allu e PNOQy, w>1, or
(ii) there exwists a ug > 0 such that u — Au # tug for all u € PN OQy,t > 0;
Au # pu for allu € PN 0OQy, > 1.

Then A has at least one fived point in PN (Q2\Qy).
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Proof of Theorem[2.1. Assume that there is 71 > 0 such that
u—Tu#0, YuekK, 0<|ul<r. (2.11)

If not, then there is u € 9K, such that Tu = u. Considering fy > 1, there are
€ >0 and r* > 0 such that

f(a) > (e +m)ul, VueR: with |u| € [0,7%]. (2.12)
Suppose that ¢ = (1, 1), where ¢ is defined as (2.10). We demonstrate that
u—Tu#Cp YuedK,, (>0, (2.13)

where 0 < r < min{r;,7*}. If not, then there are u € 9K, and ¢ > 0 so that
u—Tu = (p. Then (2.11)) indicates that ¢ > 0 and

vo = Cp1 + Thve > (1.
Set

¢* = sup{(lvo = (o1} (2.14)
Then we obtain that 0 < { < (* < 400 and vg > (*p1.

So, for each z € Q and u € 9K, we derive from (2.7), (2.10), (2.12), and (2-14)

that
volz) = / Gz, y) f(uy)) dy + o (2)

> /Q G(a,y)(e + v (y) dy
> / Gl ) (e + 1) o (y) dy (2.15)

= (e + m)C* /Q G, y)en(y) dy

_ (@)
=(e+m)¢ o

So we derive that )
¢ = (€+u1)C*I >

which is a contradiction. Thus, (2.13]) holds.

Next, turning to f& < p1, there are £; > 0 and ry > 0 so that

f(u) < (p1 —e1)ul*  Vue R with |u| > rs.
From the continuity of f, there is Ly > 0 such that
f(u) < Ly, VueR? with [u] <.
Hence we obtain that
f(w) < (u1 —en)u|*+ Ly, YueRi. (2.16)

Moreover, it is not difficult to see that v < |v].
Let Ly = max{1, |u| — (141 — €1)|u|*}. Then

v < Lo+ (u1 —e1)|ul®, Vu,veRy. (2.17)
Assume that R is large enough (R > r) so that

Liéllo , (11 =)l
R Rl—a

<1, (2.18)
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where L = max{Li, Lo}, and ¢ € C?(Q) satisfies

—A¢p=1 inQ,
¢=0 on 0. (2.19)
We claim that for all u € 0K g, we have that
p>1=Tu# pu. (2.20)

As a matter of fact if there are u € 0Kr and g > 1 so that Tu = pu, then it

follows from and ( - ) that
pote) = [ Gla)fta)dy

< /Q G(z,9) (s — e0)[ull® + Ly) dy

(2.21)
= (o= el + L) [ Gy
< (1 — el + L)l lo-
Similarly, from and - it follows that
/ G(z,y)v
< / G, y) (i — en)[ul|® + Lo) dy o)

= (1 — en)lJull® + L) / Gz, y) dy

< ((Ml —&1)|lul|* + L2)|9llo-
Taking the maximum in ) and -, we have

ullvl\o < (g —en)[uf|* + L1) |0,
plliullo < (k1 —en)l[al|* + L2)l[¢llo-
This indicates that

plall < (= en)llaf® + L)ll¢]o-
Hence it follows from (2.18) that

Lijgllo , (p1 —e1)l[gllo
STR T Rma b

which contradicts g > 1. So (2.20) holds.

Applying (ii) of Lemma to and yields that T possesses a fixed
point u in Kg\K, with r < |lu|| < R. It follows that system admits at least
one positive solution u with r < ||u|]| < R. This completes the proof. O

One of the contributions of Theorem is to use a simple method, i.e. the
theory of fixed points for completely continuous operators to prove the existence of
positive solution for biharmonic problems.

Lemma 2.3. Let ||G]|o denote the norm of the linear integral operator
- [ cputs) do (223)
Then G maps C(2) into C(Q).
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Proof. Let R be large enough (R > r) such that

L|Gllo , (11 —e1)lGllo
<1,
R | R
where L is defined as in (2.18]).
If there are u € 0Kg and p > 1 so that Tu = pu, then it follows from (2.7)) and

[@10) that

(2.24)

() = / G, y) f(u(y)) dy

< / G, y)(u — e0)[[ul* + Ly) dy (2.25)

— (1 — en)llull® + L) / Gly) dy

< (1 =) [[ul[* + L)[[Gllo-
Similarly, from (2.6)) and (2.17)) it follows that

() = /Q G, y)o(y)) dy

< /Q G, y) (11 — 1) [u]]® + Lo) dy (2.26)

= (o= el + L) [ Glap)ay
< (11 —e)[[uf|* + L2)[|Glo-
Taking the maximum in (2.25) and (2.26)), we have
pllvllo < ((u1 —en)llal|* + L1)|Glfo,
pllullo < (g1 —e)l[ul|* + L2)[|Glo-
This indicates that

plhall < ((p1 —e1)llul[* + L)[|Gllo-
Hence it follows from (2.24]) that
LiiGllo , (11 —e1)lIGllo
< <1,
H > R + lea
which contradicts p > 1. So (2.20)) holds. d

Now we use the following assumptions:
(A2) there exist €2 > 0 and r3 > 0 such that

f(u) > (e + p1)v, Vu e R2 with [u| € [0,73];
(A3) for 0 < a < 1, there exist e3 > 0 and 4 > 0 such that
f(a) < (ug —ez)u®, Vue Ri with |u| > ry,
From the proof of Theorem we can derive the following results.

Corollary 2.4. Under assumptions (A1)—(A3), system (2.1) admits at least one
positive solution in K.

Corollary 2.5. Under assumption (A1), if fo > u1 and fS =0, then system (2.1)
admits at least one positive solution in K.
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Corollary 2.6. Under assumption (Al), if fo = oo and fS& < p1, then system
(2.1) admits at least one positive solution in K.

Corollary 2.7. Under assumption (Al), if fo = oo and fS = 0, then system (2.1)

admits at least one positive solution in K.

It is easy to see that the conditions in Corollary [2.7] does not depend on the y;

defined in (2.10).

3. EXISTENCE OF POSITIVE SOLUTION TO (|L.1)

Letting —Au = v, one can transform the biharmonic problem (l.1)) into the
second-order elliptic system

—Au=v in €,
—Av = Af(u,v) inQ, (3.1)
u=0=v on Q.
From (3.1)), we derive that

u(z) = / Gz, y)o(y) dy, (3.2)

v(z) = A . G, y)f(uly), v(y))dy, (3-3)

where G(z,y) denotes the Green’s function of —A on Q.
Because, for z,y € Q C R™ (n > 2), G(x,y) is nonnegative, continuous (when
x # y) and symmetric, there must exist three points xg, yo and zo with xg # yo # 20,
which are interior points of §2, so that
G(z0,y0) = G(yo, o) > 0;
G(wo, 20) = G(20,T0) > 0;
G(20,90) = G(yo, 20) > 0.

So there exist 7,702,735 > 0 and three disjoint small closed balls By, Bo, B3 C (2

such that
G(‘T,y) > T1, V(I7y) € (Bl X BQ) U (BQ X B1)7

G(yv'z) > T2, V(y,Z) € (BQ X B3) U (BB X B2)7 (34)
G(x,2z) > 13, V(x,2)€ (By x Bs)U(Bs x By).
Here
By ={x € Q:|z— x| <},
By ={z € Q:|x—yo| <}, (3.5)
Bs ={x € Q: |z — 2z <4},
where 6 > 0 is small enough. It is not difficult to see that meas B; = meas By =
meas Bs.
Let | - | denote the maximum norm in R? defined by |u| = max{|ul, |v|}, where
u = (u,v) € R2. We also let E = C(Q2)? denote the real Banach space of continuous
functions with norm
[[u]] = max{[[ullo, [[v]lo},

where | - |lo denotes the supremum norm of the real Banach space C(£2), and

u(z) = (u(z),v(z)) for x € Q.
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We define a positive cone in E as
K={ueckE: u(x) >0, vx) >0,z (3.6)
For ¢ > 0, we also define
Ky={ueK:|uf <g}, 9K,={ueK:|ul=o},
K,={u€ K :|ul <o}
Let
Ki={uelC): ux)>0, x€Q}.
For u,v € K1, we define 71,73 : K1 — C(Q) as

Thu(r) = ; G(z,y)v(y) dy, (3.7)

Tyo(z) = A / G, y) fuly). v(w)) dy. (3.8)

Under assumption (A1), it is clear that Ty, 75 : K1 — K are completely continuous.
On the other hand, it is well known that system (3.1)) is equivalent to the following
fixed point equation:

u(z) = (Tu(z), Tzv(x)) := Tu(z) for x € Q. (3.9

Since T},T3 : K; — K, are completely continuous, we derive that T : K — K is
completely continuous.
Let G denote the linear integral operator defined as in (2.9). For each function

f, we define
. f(u) . f(a)
= lim -2, o= 1
fo \u|£%+ lu| ’ T \u|i>n}roo luje’

where 0 < a0 < 1.

Theorem 3.1. Let p; and 1 be defined as in (2.10). Under assumption (A1), if
fo > pa1 and fS < pa, then system (3.1) admits at least one positive solution in K
for each

A M
T [, p1(2)dz’
where
M = max ¢ (x). (3.10)

reB;
Proof. Assume that there is r; > 0 such that
u—Tu#0, YueK, 0<|ul <r. (3.11)

If not, then there is u € 9K, so that Tu = u.
Considering fy > p1, there are € > 0 and r* > 0 such that

f(u) > (e 4 m)lul, VueR2 with [u| € [0,7]. (3.12)
Suppose that ¢ = (1, 1), where ¢y is defined by (2.10). We demonstrate that
u—Tu#{p VYuedK,, (>0, (3.13)

where 0 < r < min{ry,r*}. If not, there are u € 9K, and ¢ > 0 so that u —Tu =
Cp. Then (3.11)) indicates that ¢ > 0 and

vo = Cp1 + Thvg = (1. (3.14)



10 M. FENG, H. CHEN EJDE-2023/52

Set
¢* = sup{¢lvo = (o1}
Then we obtain that 0 < ¢ < (* < +o00 and vy > (F¢;.
g for any x € By and u € 0K,., we derive from , , , , and
(3.14]) that

1M@=AéG@wMWWD@+@M@
> A A G(z,y)(e + p1)vo(y) dy

>\ / Gl ) (e + )¢ 1 (y) dy
Q

= A(s+u1)é*/QG(z,y)e01(y) dy

> Ae+ pa)¢” . G(z,y)p1(y) dy (3.15)
> Ati(e 4 p)¢ ., e1(y) dy

2 (e m)C [ oy x 2

e fBiWSDI(Z)dZTl(E + )¢ . e1(y) dy x (PE\(;)

= (e +u1)C*@L(1x)-

So we derive that )
"> (e +u1)C*I > (7,
which is a contradiction. Thus, (3.13]) holds.
Next, turning to f& < pi, there are £; > 0 and ro > 0 such that
f(u) < (p1 —e1)ul®  Vue R with |u| > rs.
By the continuity of f, there is L; > 0 such that
f(u) < Ly, VueR? with [u] <.
Hence we obtain that
fw) < (= e)lu]* + L1, VueRIL. (3.16)
Moreover, it is not difficult to see that
w < ul < [ul + (1 — 1) |,
Therefore, there is a constant Ly > 0 small enough such that
u < Lo+ (p11 —e1)||ul| (3.17)
Assume that R is large enough (R > r) such that

O+ DLl , A+ D — el _

- o , (3.18)

where ¢ satisfies (2.19)).
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We claim that for all u € 0K g, we have that
w>1=Tu# pu. (3.19)
As a matter of fact, if there are u € 0Kg and p > 1 so that Tu = pu, then it

follows from (3.8)), (3.9) and (3.16) that
p(x) = A/QG(a?,y)f(U(y))dy

<A / G, y)(ur — &) [ul]® + Ly dy o0

= M =)l + L) [ Glan)dy
< A((p1 = e)[[ul|* + L)@ llo-
Similarly, from (3.7), (3.9) and (3.17)) it follows that

pu(z) = / G, y)o(y)) dy

Q

< /Q Gl ) (1 — en)l[ull* + L2) dy (3.21)

= (o= el + L) [ Glap)dy
< ((m = e)[all* + La)llflo-
Taking the maximum in (3.20)) and (3.21)), we have
plollo < M = en)lal|® + L)l o,
pllullo < (1 — 1) [[ul|* + La) [ 4]]o-
This indicates that
pllall < A+ 1)((1 = e)[u]|* + L) ¢llo,
where L = max{Ly, Ly}. Hence it follows from (3.18)) that

< A+ DLl n A+ 1) (p1 —e1)[[8llo
- R Rl-«
which contradicts p > 1. So (3.19) holds.

Applying (ii) of Lemma to (3.13) and (3.19)) yields that T" possesses a fixed
point u in Kz\K, with r < |lu|| < R. It follows that system (3.1)) admits at least

one positive solution u withr < |lul| < R. This completes the proof. O

<1,

In the proof of Theorem we use a new technique to prove that (3.15]) holds,
which is different from that used in proving (2.15)). From the proof of Theorem
we can derive the following results.

Corollary 3.2. If (A1)—(A3) hold, then system (3.1) admits at least one positive
solution in K for each
M

A > ,
T i [, p1(2)dz

where M is defined in (3.10]).
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Corollary 3.3. Under assumption (OAI), if fo > w1 and f& =0, then system (3.1))
admits at least one positive solution in K for each

A> M
T i [, 1(2)dz’
where M is defined in (3.10)).

Corollary 3.4. Under assumption (Al), if fo = oo and f& < p1, then system
(3.1) admits at least one positive solution in K for each A > Ao, where A\g > 0 is a
finite number.

Corollary 3.5. Under assumption (Al), if fo = oo and fS, = 0, then system (3.1)
admits at least one positive solution in K for each X > Ao, where Ao is defined in

Corollary[37)
Let

foo = lim m

lu|5+oo |ul

Theorem 3.6. Under assumption (A1), if fo > 1 and foo > p1, then system
(3.1) admits no positive solution for any A > X, where A > 0 is a finite number.

Proof. Considering (A1), if fo > p1 and foo > p1, then there are positive numbers
€3, €4, h1, and hy such that hy < hy and for u € R3 and |u| < hy, we obtain

f(a) = (p1 +e3)lul, (3.22)
and for u € R%, |u| > ho, we obtain
fa) = (p1 +e4)lul. (3.23)
Letting
p* = min {ul + e3, 1 + €4, min{f(uu) :|ul € [hl,hz]}} >0,
we have
f(u) > p*lul, ueR?. (3.24)

Let u be a positive solution of system (3.1). We will demonstrate that this leads
to a contradiction for A > \ = ﬁ.
p*711 meas By

In deed, for z € By and A > A, we derive from (3.4), (3.8), (3.9)), and (3.24) that
o) = A [ Gla)f(ulw). o) dy

> A/g_lG(x,y)(u* +¢es5)lulldy
= 2i* [l /Q Gla,y) dy

>3l [ Gl dy
Ba

> Ap*||ullmr meas B

> Ap*||ul|my meas By

= [[ul].

This indicates that ||u|| > ||u||, which is a contradiction. O
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Corollary 3.7. Under assumption (A1), if fo > 0 and foo > 0, then system (3.1
admits no positive solution for any X\ > Ao, where A\g > 0 is a finite number.

4. COMMENTS ON HIGHER-ORDER ELLIPTIC EQUATIONS

It is well known that one can change a higher-order elliptic equation into a
second-order elliptic system. Thus we can employ some of the methods used for
studying second-order elliptic systems. However, we find that it is more difficult
to deal with higher-order elliptic equations than second-order elliptic systems. The
main difficulty lies in the right-hand side of the equations. As an example, we
consider the second-order elliptic system

—AU1 = )\fl (Ul, Ug) in Q,
7AU2 = )\fz(’u,l, UQ) in Q, (41)
uy =ug =0 on 99,

where Q denotes a bounded domain in R™ (n > 2) with smooth boundary 052,
A > 0 is a parameter, and for each i € {1,2}, f; satisfies:

(A4) f; : RZ — Ry is continuous.
It follows from (4.1)) that for ¢ € {1, 2},

wle) = X [ Gl (0).uato) d (4.2
where G(z,y) denotes the Green’s function of —A on Q.
Now we define a positive cone in E = C(Q)? as (3.6). Let
Ki={ueCQ):u(x) >0, z€Q}
For uy,us € Ky and i € {1,2}, we define T} : K; — C(Q) as

Tyui(r) = A [ G, y) fi(awr (), u2(w)) dy. (4.3)

Under assumption (A4), it is clear that T; : Ky — K, is completely continuous
for i € {1,2}. On the other hand, it is well known that system (4.1) is equivalent
to the fixed point equation

u(z) = (Tyu(z), Tov(z)) == Tu(z) for z € Q, (4.4)
where u(z) = (ui(z),uz2(z)). Since Ty, Ty : K1 — K; are completely continuous,

we derive that T': K — K is completely continuous.
For each i € {1,2}, let

o= tm 29 (1) = fim LW

luS+oo |ul [u[>0+ |u| ’

where u = (u1, u2).

Theorem 4.1. Under assumption (A4), if (fi)o < p1 and (fi)oo < p1 fori € {1,2},
then system (4.1) admits no positive solution for any A < \*, where \* > 0 is a
finite number.

Proof. Considering (A4), if (fi)o < w1 and (fi)eo < p1 for each ¢ € {1,2}, then
there are positive numbers eg, €7, h3 and hy4 such that hy < hy and for u € ]Ri and
|u| < hs, we derive

fitu) < (p1 —e6)|ul, (4.5)
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and for u € R% and |u| > h, we derive

fi(w) < (p1 —e7)[ul. (4.6)
Letting
\a
ur = max{ul — €6, 1 — €7, rnax{fh(l) s ul € [hl,hg]}} >0,
we have
fi(w) < p**|ul, u e R3. (4.7

Let u be a positive solution of system (4.1). We will demonstrate that this leads

to a contradiction for A < \ = —+ .
I H¢H0

Indeed for z € Q and X < 5\, we derive from (4.3)), (4.4) and (4.7) that
wle) = [ Gl i) ua() dy

éxéammmww@

:mwwéamm@
< ar*ull6lo

< A allliello
= [lu]-
This indicates that ||u|| < ||u||, which is a contradiction. O

Similar to the proof of Theorem [.I] we can prove the following result.

Theorem 4.2. Under assumption (A4), if (fi)o > p1 and (fi)eo > p1 fori € {1,2},
then system (4.1)) admits no positive solution for any X\ > \**, where \** > 0 is a
finite number.

For each i € {1,2}, let
(F)% = Jm S

o [u|—+4o00 \u\‘x ’

where u = (uy,uz). Then, similar to the proof of Theorem we can prove the
following result.

Theorem 4.3. Let u; and @1 be defined as in (2.10). Under assumption (A4), if
there exists i9 € {1,2} such that (fiy)o > p1, and (f;)% < p1 for each i € {1,2},
then system (4.1) admits at least one positive solution in K for each

M
T i [p, 1(2)dz’
where 11, By and M are respectively defined in (3.4), (3.5)), and (3.10).

We believe the following conclusion also holds, but we do not have a proof right
now.

Theorem 4.4. Under assumption (A1), if fo < p1 and fo < pa1, then system
(3.1) admits no positive solution for any A < Ao, where A\g > 0 is a finite number.
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Theorem [4.4] is similar to Theorem [£.1] Since Theorem [£.1]is related to system
(4.1), we can demonstrate that Theorem is correct. But Theore is related
L]

to system (3.1)), which comes from a fourth-order elliptic problem (| , hence we
can not give a proof right now.
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