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NORMALIZED SOLUTIONS FOR SOBOLEV CRITICAL
SCHRODINGER-BOPP-PODOLSKY SYSTEMS

YUXIN LI, XIAOJUN CHANG, ZHAOSHENG FENG

ABSTRACT. We study the Sobolev critical Schrodinger-Bopp-Podolsky system
—Au+ ¢u = I+ pluP"2u+ jultu  in R3,
—A¢p+ A%p =4ru® in R3,

under the mass constraint
/ wdr=c
R3

for some prescribed ¢ > 0, where 2 < p < 8/3, pu > 0 is a parameter, and A € R
is a Lagrange multiplier. By developing a constraint minimizing approach,
we show that the above system admits a local minimizer. Furthermore, we
establish the existence of normalized ground state solutions.

1. INTRODUCTION

We consider the Schrédinger-Bopp-Podolsky system
—Au+ pu = Mu + plulP2u+ [u/*u  in R3,
—Ad+ A%p = 41u?  in R3,

where u, ¢ : R®> - R, p >0, A € Rand 2 < p < 8/3. System was suggested as
a model to describe solitary waves for nonlinear Schrédinger equation coupled with
an electromagnetic field in the Bopp-Podolsky electromagnetic theory [I1}, [38]. The
functions v and ¢ denote the modulus of the wave function and the electrostatic
potential, respectively. The Bopp-Podolsky theory is a second-order gauge theory
of the electromagnetic field, which was developed by Bopp [11] and Podolsky [38]
independently to solve the alleged infinity problem in classical Maxwell theory. For
more physical applications, we refer the reader to [0, 12| [13], 16} 17, 21 23] 30] and
the references therein.

In the recent decades, considerable attention has been given to the Schrodinger-
Bopp-Podolsky system from quite a few scientific fields. Siciliano-D’Avenia [22]
studied a Schrodinger-Bopp-Podolsky system with Sobolev subcritical growth,

—Au+wu+ ¢ou = |[ulP?u  in R,
—Ad+a?A%p = 4mu®  in R?,

(1.1)

(1.2)
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where a > 0, w > 0, ¢ #0, and p € (2,3]. They obtained the existence and nonex-
istence results depending on the various ranges of p and ¢ and showed that, in the
radial case, those solutions tend to the solutions of the classical Schrodinger-Poisson
equation as a — 0. Silva-Siciliano [41] proved that the system has no solutions for
large ¢ and has two radial solutions for small q. They also presented qualitative
properties about the energy level of the solutions and a variational characterization
of these extremal values of ¢. Wang-Chen-Liu [44] established the existence, mul-
tiplicity and asymptotic behavior of solutions for the Schrédinger-Bopp-Podolsky
system with general nonlinearities. Figueiredo-Siciliano [24] proved the existence
and multiplicity of solutions for the Schrédinger-Bopp-Podolsky system under pos-
itive potentials.

Chen-Tang [19] studied a critical Schrodinger-Bopp-Podolsky system with a sub-
critical perturbation,

—Au+V(2)u+ du = pf(u) +u® in R3, .

—A¢ +a*A%p = 4ru® in R3, (1:3)
where @ > 0, V, and f are continuous functions, and f(f f(s)ds > tP for p €
(2,6) and t > 0. They showed that system admits ground state solutions
under certain conditions of V' and f. Using different variational techniques, Li-
Pucci-Tang [3I] obtained the existence of a nontrivial ground state solution for
when f(u) = |u[P~tu and its limit system in the sense that V(z) — Vi €
RT as |z| — +oo. Subsequently, Hu-Wu-Tang [26] established the existence of
least energy sign-changing solutions of . For more recent results, we refer to
[14, 34, 36l 37, [39, [47 [48].

Note that the papers mentioned above on system assume w € R as a
fixed parameter to study nontrivial solutions. Alternatively, we can search for
solutions with the prescribed L?-norm for system . This approach seems to be
meaningful from the physical point of view because of the conservation of mass. In
the present study, we focus on finding normalized solutions to , i.e. a couple
(u,\) € HY(R?) x R satisfies together with the normalization condition

/ lu|? dz = ¢ (1.4)
R3

for a priori given ¢ > 0. As we know, for each u € H'(R?), there exists a unique
solution ¢ = ¢, to the second equation of (1.1]) satisfying

_ e lz—yl
Ou () 1 /]RS LUQ(y) dy.

Cdr e ]
Then, system (|1.1)) is reduced into an equivalent integro-differential form
— Au+ dpyu = M+ plulP"?u + |u|tu  in R3. (1.5)

It is standard that for any ¢ > 0, a solution of (1.5)-(1.4) can be regarded as a
critical point of the corresponding Energy functional

1 1 1
I(u) ::5/]R3 \Vu|2d:1c—i-Z/Rg@tqugc—%/}R3 |u\pdx—6/Rs lul® dz,

restricted to

S(c) == {ue H' (R%): / u’dz = c}.

R3
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Then the parameter A € R appears as a Lagrange multiplier. It is easy to verify that
I(u) is a well-defined and C'! functional on H!(R?®). Recently, there are numerous
contributions flourishing within this topic, for instance, see [2, [3], [4, [5], 10, 18} 20,
277, 28, 29, [42] [43, [45].

Definition 1.1. We say that @ € S(c¢) is a ground state solution of (L.5) if it is a
solution having minimal energy among all the solutions which belong to S(c), i.e.,

dI‘S(C) (12) =0, I(a) = inf{[(u) : dI‘S(c) (u) =0, ue S(C)}

Afonso-Siciliano [I] considered the existence of normalized solutions for the
Schrodinger-Bopp-Podolsky system in bounded domains under Neumann bound-
ary conditions. He-Li-Chen [25] investigated the following system,

—Au+wu + ¢u = [uP"2u  in R,
—Ad+ a?A%p = 4mu® in R?, (1.6)
lullZz = p,

where w € R, @ > 0, and p > 0. By the minimizing method, they obtained the
existence of normalized solutions for w > 0, a = 1, and p € (2,1—30), in which
the corresponding functional is bounded from below on S(c¢). Ramos-Siciliano [40]
proved that if 2 < p < 3, p > 0 is sufficiently small or if 3 < p < 1—30, p > 0is
sufficiently large, then system admits a least energy solution. Moreover, in
the case of 2 < p < 15—4 and p > 0 small enough, the least energy solutions are
radially symmetric up to translation and converge to a least energy solution of the
Schrodinger-Poisson-Slater system under the same L2-norm constraint.
We remark that the above papers do not involve the L?-supcritical case where
p > 1—30. Since in such a situation, the classical methods for dealing with L2-
supercritical problems fail due to the fact that ¢, is not homogeneous, which is
difficult for us to make use of the scaling of type t + t®u(t?-) for a, 8 € R and
t > 0. Moreover, the appearance of the term [p; [ps e~ l*=vlu? (2)u?(y) de dy in the
corresponding Pohozaev identity is another obstacle to deal with. It is worthy to
note that in the case of @ = 0, this problem reduces to the well-known Schrodinger-
Poisson-Slater system
—Au+by(|z] 7 * uP)u+ A = bolulP?u in R, )
lullz= = ¢,

where by, by € R, and p € (%,6]. Bellazzini-Jeanjean-Luo [6] proved that if
b1,b2 > 0, then admits a solution of mountain pass type for ¢ > 0 sufficiently
small by using a mountain-pass argument. Recently, this result has been developed
by Jeanjean-Le [29] under different assumptions on by, be, and p. Li-Zhang [32]
investigated system with a Sobolev critical term. For p € (1—30, 6), by applying
a mountain-pass argument, they established the existence of positive normalized
ground state solutions to for large g > 0 and small ¢ > 0. For p € (2, 13—0],
by combining the mountain pass theorem with Lebesgue dominated convergence
theorem, they proved the existence of normalized ground state solutions for large
© >0 and small ¢ > 0.

Because of the critical term |u|*u, it is not difficult to check that I|g(, is un-
bounded from below. However, as we see, the combined action of L? subcritical
term p|u[P~2u and the nonlocal term ¢,u creates a geometry of local minima of
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I on S(c) for ¢ > 0 small enough. Based on [28| [43], there is a natural question

whether I|g( has a critical point which is a local minimizer in the case where

p € (2, %) This constitutes the main motivation of this study and our goal is to

make an effort to find a positive answer to this question.
For u € S(c), we set

ut(z) == t3%u(tz), t>0, zeR>
A direct calculation leads to

D, (t) := I(u') t2/ |Vu|® dz + —— / / 1— i y|u2(z)u2(y)dzdy
167 R3 JR3 |$—y|

t3(p 2) ¢
Mi/ |u\pdx——/ u|® dz,
p R3 6 R3
(1.8)

which is the so-called fiber map and plays an important role in the discussion of the
geometrical structure of the functional I. At this stage, we introduce the related
Pohozaev manifold defined by

Ae) :={ue S(c): Q(u) =0},

where

Q) 1= 5, T

Tt
- [ vuds+ // L 2<)2(>dd
ul® dr + —— —u x
167 R3 JR3 |I*y| Y 1
—lz—yl,, 2( P
167r/Rg/Rs u?(y) dx dy — / |u|? dx
—/ |u|® dz.
R3

As mentioned earlier, for any fixed p > 0, we can find a ¢y = ¢o(u) > 0 such that,
for any ¢ € (0, ¢p) there exists an open set V(c) C S(c¢) with the property

= inf I(u) <0< inf [I(u),
m(C) uelr\}(c) (U) uelanV(c) (U)

(1.9)

where
V(e) = {ueS(e): [[Vul3 < po}, OV (c):={ue S(c): | Vul3 = po}

for a suitable pg > 0 only depending on ¢y > 0.

In the process of minimization, the key difficulty is the lack of compactness of
the bounded minimizing sequence {u,} C V(c) and the most critical step is to
prove the strong subadditivity inequality

m(c) < m(e1) +m(ce) for all 0 < ¢q,¢2 < ¢, (1.10)

which is a sufficient condition to ensure that any minimizing sequence on V(c) is
relatively compact. Moreover, (1.10]) is a stronger version of the so-called weak
subadditivity inequality

m(c) <m(ecr) + m(eg) forall 0 <ecp,en <ec. (1.11)
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However, because of p € (2, %) and the existence of the nonlocal term [, duu? dx,

the method introduced in [28, Lemma 2.6] becomes invalid. In fact, if we do the
scaling v = V0u, it is impossible to obtain that

m(fa) < Om(a), 6>1, a>0.

Following [7], we introduce the condition

the function ¢ — - °) is strictly decreasing. (1.12)

(&
From this assumption it follows

C1 cC—C1

m(c) < m(er), <m(c—cy).

c
That is,

m(c) = %m(c) + & ;Clm(c) < m(e1) +m(c—c1),

whenever 0 < ¢; < ¢. However, verifying condition is not easy since the
function ¢ — @ has oscillatory behavior, even in a neighborhood of the origin. To
overcome this difficulty, we adapt the techniques developed by Bellazzini-Siciliano
[7, 8] as to finding sufficient conditions to avoid dichotomy.

As we see, the presence of the term fRS ¢u? dz has a significant impact on the
geometry of @, (t) and on the existence of ground state solutions. The existence of
a normalized ground state solution for the nonlinear Schrodinger equation with a
Sobolev critical term and a L2-subcritical perturbation was discussed in [28], where
the local minima of the constraint functional is exactly a ground state. However,
it is not trivial for our case due to the complex structure of the fiber map. For
this situation, we turn our attention to the Pohozaev manifold A(c) which contains
the solutions of (1.1), see Lemma to search for a ground state by taking the

minimization in the set of solutions. Our main result reads as follows.

Theorem 1.2. Let p € (2,8/3). For any p > 0 there exists a co = co(p) > 0
such that, for any ¢ € (0,¢p), I(u) restricted to S(c) has a critical point u. at a
negative level m(c) < 0 which is an interior local minimizer of I(u) in the set V(c).
Moreover, system admits a ground state solution on S(c).

Before concluding this section, we would like to summarize new features in this
study.

e The approach which we use for Theorem [I.2] distinguishes from those de-
scribed in the literature, for example, see [32], Theorem 1.2]. In fact, our
arguments are based on the minimizing method instead of the mountain
pass theorem. Moreover, our arguments work for all ;4 > 0 and we do not
need to assume the range of the Lagrange multiplier A in the first step.

e To show that the minimizing sequences for m(c) are relatively compact, we
make use of the strong subadditivity inequality . We can not just
take the same steps as shown in [28] because of the presence of the term
ng oyudr. Thgrefore, we turn to develop another method to ensure the
inequality (]%be true. Namely, we take into account how to guarantee

1.12

the condition
e The exponential term in ¢, makes the fiber map ®,(¢) more complicated
since it exists in the first and second derivatives. Thus we cannot follow
[28] directly to draw a conclusion that any ground state is contained in
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V(¢). To show the existence of the ground state solution, we take a series
of solutions in A(c) and obtain the bounded Palais-Smale sequences which
are the minimizers of I(u) on S(c).

This article is organized as follows. In Section [2] we present some preliminaries
and lemmas that will be used later. In Section [3] we prove our main result by clari-
fying the local minima structure and showing the convergence, up to a translation,
of all minimizing sequences for the functional I(u) on V(c).

2. PRELIMINARY RESULTS

Throughout this paper, for any 1 < s < oo, we denote by L*(R?) the usual
Lebesgue space with norm ||ul|§ := [, |ul® dz. We use C5°(R?) to denote the space
of the functions infinitely differentiable with compact support in R?. We denote by
C1,C5, ... the positive constants whose values possibly vary from line to line. The
open ball in R? is denoted by B(x, R) with the center at z and the radius R

We start with the Hardy—Littlewood—Sobolev inequality [33]:

[ L2 deay| < vl flblsl (21)

where f € LP(RN), g € LY(RN),p,¢ > 1,0 < XA < N, and Il)+ 5 + =2
The following Gagliardo-Nirenberg inequality can be found in [46]:

1
lully < IV ullglluls ™ (2.2)
where N >3, p € [2, 2], and 7 = N(% — 11))
We recall the optimal Sobolev constant S > 0, see [I5], which is
< 9]

weDV2(R3), uz0  ||ul|2
where
DM2(R?) := {u € LS(R®) : |Vu| € L*(R?)}
is the completion of C§°(R?) with the norm
[ullpr2@s) = [Vl
The Hilbert space defined by
D := {u € D"*(R®) : Au € L*(R%)}
is the completion of C§°(R3) with respect to the norm
lullp = | Aull3 + [ Vull3.
It is easy to show that D is continuously embedded into D?(R?), see [22].
Lemma 2.1. [22| Lemma 3.4] For every u € H'(R?) we have

() for every y € R?, du(.1y) = dul- +y);
( 11) (b’uz e D;
() 9uls < Cllullf goy: and
(v) if v, — v in HY(R?), then ¢, — ¢, in D.

Lemma 2.2. Let u € S(c). Then we have
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(i) There exists a constant Ky > 0 such that

u ul\y
[ [ O iy <

(ii) There exists a constant KGN > 0 such that

—2) 4,

IIUIIP < Ken|[Vul, = "5,

Proof. From and ( it follows that

|u(@)Fluly)[* | Iu
/Re /R “dedy < K ullty s < K|Vl

eyl

which implies (i). In view of (2.2)), we derive

lull < Kenl|Vull, ™ ull,™,
which leads to (ii). O
Lemma 2.3. Let p >0 and 2 < p < 6. If (u,\) € HY(R?) x R weakly solves
— Au+ pyu = M+ plulP?u + |u|tu, (2.3)

then Q(u) = 0, where Q(u) is defined by (L.9).
Proof Using the Pohozaev identity in [19, Lemma 4.2] yields

| VuPde+ = wu? de + —— —le=yly2(z dad
R3| Y x+4/Rs¢“ z+167r/Rs/Rd W (y) dedy

3
3 upde s i/ lufP da + f/ luf6 dz = 0.
R3 P Jgrs 2 R3
Multiplying both sides of (2.3) by u and integrating on R? leads to

/ |Vu|2dx+/ gbuqu:c:)\/ |u\2dx+p/ |u|pdm+/ |ulSde.  (2.5)
R3 R3 R3 R3 R3

By combining (2.4) and (| @, we obtain
Vuf?dz + —— //l_elmyl 2 () (y) da d
u X u(r)u X
R3 167 Jgs Jrs |2 — Y Y Y
3u(p—2)
~lz=vl2 (g dedy + PP —2) / Pd / 6 dg.
~ L e ) dady+ P2 [ ot [ ul ds

Therefore, we arrive at the desired result. O

To ensure the condition (1.12)), we define

(2.4)

A(u) ::/ |Vul*dz, B(u):= [ ¢,u*dr,
RS i

C(u) ::/ |ulP dz, D(u) ::/ lul® da,
RS RS

T(u) = iB(u) - %C’(u) - éD(u).

Thus, the functional I(u) can be simply re-written as

I(u) = %A(u) + T'(u).

Next we recall two definitions introduced in [7].
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Definition 2.4. Let u € H'(R3) with u # 0. A continuous path g, : § € RT
gu(0) € H*(R3) such that g, (1) = u is said to be a scaling path of u if O, (0) :=
g (0)113/|ul|3 is differentiable and ©/ (1) # 0. We denote by G, the set of the
scaling paths of u.

Definition 2.5. Let u # 0 be fixed and g, € G,,. We say that the scaling path g,
is admissible for the functional I if

hg, (0) := I(gu(0)) — Oy, (0)I(u), 6 >0
is a differentiable function.

The following lemma is regarding the splitting properties of the term T, see [25]
Lemma 2.8] and [22] Lemma B.2].

Lemma 2.6. If p € (2,10/3), we let {u,} C V(c) be a minimizing sequence for
m(c) such that u, — u#0. Then T satisfies the following properties:
(i) T(up —u) +T(u) = T(uy) 4+ 0n(1); and
(i) T(an(un —u)) = T(un —u) = on(1), where ap = [|un|l3 — [[ull3/|[un — ull3.
The following proposition provides us a useful criterion for the condition ,
[7, Theorem 2.1].

Proposition 2.7. Let T € C1(H'(R3),R) satisfy Lemma (1) and (ii). Assume
that for every ¢ > 0, all the minimizing sequences {un} for m(c) have a weak

limit up to translations different from zero. Assume that (1.11)) and the following
conditions hold

—oo <m(c) <0, forallc>0(I(0)=0), (2.6)
c— m(c) is continuous,
im ™) _ g (2.8)
c—0 ¢

Then, for each ¢ > 0, the set
M(c) = Uze(o,c{u € 5(¢) : I(u) = m(c)}
is nonempty. In addition, if
d
Yu € M(c), g, € Gy, is admissible such that @hgu (0)|p=1 # 0, (2.9)

then the condition (1.12)) holds. Moreover, if {u,} is a minimizing sequence weakly
convergent to a certain u (necessarily # 0), then ||up — ul g1rsy — 0 and I(u) =
m(c).

3. PROOF OF THEOREM

Throughout the whole section, we assume that 2 < p < %, from which we have

0< :HPT_Q) < 1. Note that

uwKan s-p 3(p=2) 1

LA S b VU 2 —
=

for any u € S(c). Now we consider the function h : Rt — R, defined by

1
I(u) > 5| Vull3 - IVull3 (3.1)

1 K -p  3(p— 1
hc(t) = *tz — mc%tw — 73t6
2 P 6S
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2[1 _ HEoN oz 3 5 Ltﬁl]

2 P 6853
Since p > 0 and w < 1, we have h.(0%) =0~ and h.(+00) = —oco. Moreover,
the following properties hold for h,.

Lemma 3.1 ([28, Lemma 2.1]). For any p > 0 there exist a co = co(p) > 0 and
po = pey > 0 such that hey(\/po) = 0 and he(\/po) > 0 hold for any c € (0,cp),
where cg and py are explicitly given by

132
= (2K) > 0,
with
1% 3(3p — 10),LLKGNS 3(6 p) 1 3(3p — IO)uKGNS 3(6 D)
K:=ECKon| - } 7{
D 4p 653 4p
>0,

3(3p — 10)MKGNS3} ﬁcus
4p o

Lemma 3.2 ([28, Lemma 2.2]). Let (c1, p1) € (0,00) x (0, 00) satisfy he, (\/p1) > 0.

Then for any ca € (0,c1] there holds

‘ c
he,(v/P2) >0, if pa € [éphm]-

Remark 3.3. For p € (2,10/3), from the expression of h.(t) we can deduce that
he(0T) =0~ and h.(+00) = —oo, which means that Lemma also holds in such
a case. However, taking into account the geometrical structure of the fiber map
®,,(t), we have to reduce the range of p to p € (2, ), see Lemma [3.6| below.

Remark 3.4. According to Lemmas and it is not difficult to see that
heo (v/Po) = 0 and he(y/po) > 0 for all ¢ € (0, co).

Lemma 3.5. Forc € (0,¢p), I(u) restricted to A(c) is coercive on H'(R?). Namely,
if {un} C H*(R®) satisfies |[un | g (rs)y — 400, then I(u,) — +00.

Proof. Let u € A(c). Takmg into account Q(u) = 0, we have

—lz—yly, 2
A()+ B 1677/]1&3/]1{3 u?(y) dz dy

_ 3u(p— 2)
= TC(U) + D(u).

From Lemma [2.2] (i), there exists a constant C; > 0 such that
B(u) < Cy||Vu|2¢*/?
In view of , there exists a constant Cy > 0 such that
D(u) < A(u) + Ca|| V2>
This together with Lemma [2.2] (ii), for some C3 > 0, leads to

I(u) = %A(u) + iB(u) - %C’(u) _ éD(u)

> JAW) - Lo) - gAw) - ZAwie
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1 —2) 6=
> EA(’LL) —C3A(u)” T ¢ ——A(u)2c
from which we e complete the proof. O

Define
By, :={u€ H'(R®) : [Vul3 < po}, V(e) :=S(c) N By,
and consider a minimization problem:

m(c) = inf I(u), for any c € (0, cp).
ueV(c)

Lemma 3.6. Let c € (0,cp). Then the following three assertions hold.
(i) m(c) = inf ey (o) I(u) <0 <inf,cpy(e) I(u).
(ii) The function ¢ — m(c) is a continuous mapping.
(i) For all o € (0,¢), we have m(c) < m(a) +m(c— a).
Proof. (i) For any u € 9V (c) we have |Vul||3 = pg. From (3.1)) it follows that
I(u) 2 he([[Vull2) = he(/po) > 0.

Taking into account @ < 1, we have ®,(t) — 0~ as t — 0. Therefore, there
exists tp < 1 small enough such that ||[Vu'|3 = ¢3|Vul]3 < po and I(u') =
@, (to) < 0, which means m(c) < 0.

(ii) For any c € (0,¢p), let {c,} C (0,¢p) satisty ¢, — ¢ as n — oco. Recall the
definition of m(c,) < 0. For any € > 0 small enough, there exists {u,} C V(c,)
such that

I(up) <mlep) +¢€, I(un) <O0.

Let v,, := (f)mun Then v, € S(¢) and by similar arguments as described in
[28, Lemma 2.6], we see that v,, € V(c). Furthermore, we have
m(c) < I(vn)
= I(un) + 0,(1)
<m(en) + €+ 0,(1).

)QB(un) -

Cn

<=

()80 (ua) - §()*Dlun)

Similarly, for any e > 0 there exists u € V'(¢) such that
I(u) <m(c) +e€ I(u) <O0.

V1/2 .
Let v, := (‘37") 1 u. Then v, € V(c,). Processing in an analogous manner, we
can obtain

m(en) < I(up) = [I(ug) — I(w)] + I(u) < m(c) + e+ oy(1).

In view of € > 0 being arbitrary, we have m(c,) — m(c) as n — oo which implies
(ii).
(iii) By the fact that C§°(R?) is dense in H*(R?), for any € > 0 there exist
up € C(R3) NV () and uz € C§°(R?) NV (e — a) satisfying
I(u1) < m(a) + g I(us) < m(c—a) + % (3.3)
I(uy) <0, I(ug)<0. (3.4)
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Moreover, for any n € N, by a translation, we may assume that
dist(supp u1, supp ug) > n.

By Lemma we have hq(y/p) > 0 for any p € [%po, po] and he_o(y/p) > 0 for
each p € [<<%pg, po]. Hence, we can deduce from (3.4) that

—

«
IVeallz < Zpo,  [IVusl3 < po-

Let uw = uy + ug. It is easy to verify that |ul|3 = ||u1l|3 + [Juz||3 and A(u) =
A(uy1) + A(uz). Thus we have

lull = ¢, [IVull3 < po,

which means u € V(c).
Notice that

u(@)]?|u(y)® = (@) + ua(@)*fu (y) + vz ()|
= ua (@) P fur (1)1 + lus (2) P lua () + Juz (@) ()
+ ua () ua (y)[* + 2fus (@) P (y)uz (y) + 2luz () Pus (y)ua(y)
+ 2|1 (y)|Pur (2)uz (2) + 2fuz(y) P (2)uz(z)
+ 4y ()ug (z)ur (y)ua(y)-

Then we can deduce that

176"7‘,7‘ lfe|"”"
L | @y = [ [ S )Pl dedy
R3 JRRE R3 JRRE
oo

|U1 ||u2 z)? dr dy
|z —y

2
:/ / [ @)Plua (@) dy
bupp w1 J supp us |13 - y|

C*Ck
< —~ 7

)
n

—e —|z—y|
//1 Jur () us () uz (y)| da dy
r3 JR3

|z =yl

1—e |zl ac
- [ ] St Pl dedy < 5
R3 JR3 n

1-— e*‘m*?ﬂ )
/]R3 /R3 Whtg(xﬂ lur (y)||uz(y)| dz dy
L 2 (c—a)c
- EEYE < - ve
/]R3 /]Rg | y| |U2(y)| |U1($)||’LL2($)| drdy < 5

and

_ o—la—yl
L, | @l @)l o)l 0)] de dy
R3 JR3

// |u1 HuQ D@l 4 g0 < &
R3 JR3 |'/L'_y| dn
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Therefore,
B(u) = B(u1) + B(uz) + on(1).
Clearly, it holds
C(u) = C(u1) + Cluz), D(u) = D(u1) + D(uz).
Therefore, from it follows that
m(c) < I(u) = I(uy) + I(usz) + 0,(1)
<m(a)+m(c—a)+e+o,(1).

Since € > 0 is arbitrary, we have m(c) < m(a) + m(c — «). Consequently, we have
arrived at (iii). O

Lemma 3.7. Let {v,} C B,, satisfy |[vn|lp, — 0. Then there exists a By > 0 such
that

I(v,) > 50\|an||§ +0n(1).

Proof. By a direct calculation, we have
1 1
I(vn) = 5[[Voall3 = 5lloalls + 0n(1)

1 9 1 6
> §||an||2 - @vanuz +on(1)

2 1 1 2
190315 — =581 + on(1).

%

Since he,(y/po) = 0, we obtain

1 1 9 MKGN % w_l
3 T 6530 = P % Po

Bo = > 0. O

Lemma 3.8. For any ¢ € (0,¢p), let {un} C V(c) be a minimizing sequence for
m(c) such that u, — u in HY(R3) as n — oo. Then u # 0.

Proof. To show that there exist a 31 > 0 and a sequence {y,} C R? such that for
some R > 0 it holds

/ [un|? dz > B > 0, (3.5)
B(yan)

we argue by contradiction that does not hold. According to [35, Lemma I1.1],
for 2 < p < 6 we have
|unllzr@s)y — 0 as n — oo.
Then, from Lemma [3.7]it follows that I(u,) > 0,(1). This contradicts the fact that
m(c) < 0.
From (3.5)), we know that there exist some C' > 0 and a sequence {y,,} C R?
such that

/ [ty (- — yn) |2 dz > C > 0.

B(0,R)

Because of the Rellich compactness theorem, we have
Up(z —yn) — u # 0 in H'(R?),

which enables us to arrive at the desired result. O
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Next we are going to verify all conditions described in Proposition [2.7] for pre-
senting the proof of Theorem In view of Lemmas and it suffices

to prove (2.8) and (2.9).
Lemma 3.9. Assume that ¢ € (0,co). Then the function ¢ — m(c) satisfies (2.8).

Proof. Since m(c) < 0, we have

m(c) < m(c)

where

. . = = 1 % 1
= inf I(u), I(u):=< [ |Vu*d _7/ Pd _7/ % da.
mle)i= it I, )= /\ e =2 [ o= [ e

Thus, it suffices to show that @ — 0 as ¢ — 0. Indeed, I(u) is the functional

associated with the following Schrodinger equation with combined nonlinearities
—Au = M+ plulP~2u + |u|*u in R3,

with the normalized condition |lul|3 = c. According to [28, Theorem 1.2], for any

¢ € (0, cp) there exists u. € V(c) such that m(c) = I(u.) < 0. Moreover, we know

that the sequence {uc}ce(0,¢,) is bounded in D12(R?) as ¢ — 0 and u,. satisfies the
following equation in the weak sense

— Aue = Ao + ,u|uc|p_2uc + |uc|4uC in R3, (3.6)

from which we deduce that
Ae _ Jps [Vue|? do — p foo Jucl? do — [oo |ucl® da

2 2 [os |uc|? dx
%ng |Vue|? do — %fRB [uel? do — %fRS |ue|® da
- Jgs lte|? dx
_ I(uc) _ m(c) <0
c c '

To show that lim._,o A = 0, we argue by contradiction: assume that there exists
a sequence ¢, — 0 such that A\, < —C for some C' € (0,1). Since the minimizers
Up = U, satisfies (3.6]), there exist some C7,Cy > 0 such that

CH’U/nH?ql(RS) < /R'a |vun‘2d$+C/RB |un|2d$

</ |Vun\2da:—)\c”/ [t |? da
R3 RS

ZM/ |un|pdm+/ |, |® da
R3 R3

< ClH“n”%l(Rs) + CZHUnH?LII(R?’)'

This indicates that there exists C3 > 0 such that |[Vu, |3 > C3 > 0 because p > 2.
Hence, from Remark [3:4] it follows that

0> I(un)

1 uKon 852 3(p—2) 1
> §||VUnH§ - Tcn4 [Vunlly > — @HV%HS
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1 pKgn o3 se-2)_5 1
= [Vunl3(5 = e [Vunlly © 7~ g IVunlld)
1 Kagny Sop 3=2 4 1
ch(i—up]vcrf po * —®Pg>>0
which yields a contradiction. O

Lemma 3.10. Let ¢ € (0,c0). Then the following strict subadditivity inequality
holds,

m(c) < m(cr) +m(ce),
where ¢ =c¢1 + ¢ and 0 < ¢, ¢ < c.
Proof. Note that from Proposition we just need to show the condition
holds. For u € M(c), without loss of generality, we suppose that there exists some

¢ € (0,c] such that ||ul|3 = & and I(u) = m(¢). Since u is a minimizer of I(u) on
V/(€), we deduce from Lemma [2.3] that

3u(p —2)
A B lz=vly2( dedy — 22— 2 — D(u) = 0.
(w)+7 1677/]1@/11@6 () dedy — L= Cw) — D) = 0
(3.7)
For u # 0 we compute hgy, () by considering the family of scaling paths of u
= u(0Pz). By a straightforward

parameterized with § € R given by ug(z) := 0
computation, we have

IT v\

248
Alug) = 0" Alw),  Blug) = 0*7H(u) ~ ©, / / (@) (y) d dy,
R3 JR3 \x—y|

(a+38)p _
Clug) =02 °°C(u), D(ug) = 93(1+2B D(u), lugll3 = 0]lull3,
where H(u) = 1= [5s Jas u? x)" (U dx dy.
Let hy ( fO,u) = ( )—9]( ). Then

)=
hg, (0) = f(0,u)
O e)A(u) 3 [02+ﬁH(u)

‘W /R 3 /R 3 ‘%m (2)u?(y) dz dy — 0B(u)| )

—f(e“”‘”" 38 0)C'(u) — 6(93<1+2ﬁ> 9)D(u).
p

Moreover, we can deduce that

10, 1) = % ((1+28)6%° 1) A(u) + %[(2 + B0 P H (u)

R3 | T —

—Taﬁl/ﬂwfm T y) dedy — B

7g<((1+3ﬂ) _38)0 ,1)0(@

P 2
- = (B+28)6°0 271 —1) D(w),

(1+38)
SR 381

1
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which leads to
fo(1,u)

— BA(u) /RS /RB ~le=vly?( (y)dwdy+(1+5)3<u)} (3.9)

1+38)p 1

. p<(2> 3 1)C(w) — (301 +28) 1) D).

Now it remains to show that the admissible scaling path satisfies hy (1) # 0.
Again, we process by way of contradiction: assume that there exists a sequence
{un} € M(c) with |ju,]|3 = ¢, < ¢ and ¢, — 0 such that for all § € R, we have
f4(1,u,) = 0. That is,

u 1 —la=vl 2 . "
s+ 5[~ 1 [ [ e Gk epBw]

- §<ﬂ — 38— 1)C(un) - é@(l +28) = 1)D(un) = 0.
Combining and - 3.10]) yields
fB(un)f MC(%)+ 3 D(un), (3.11)
Un) = 2A(uy,) — —le=yly2 x dy. .
Bun) = 24 (1) 8W/Rg/w El)dedy. (312)

Moreover, from the continuity of m(c) and the Gagliardo-Nirenberg inequality (2.2 .,

we have
I(uy,) = m(en) — 0,

A(uy,), B(uy), C(uy), D(u,) — 0.
We need to consider three cases.

Case 1: 2 < p < 12/5. From the Hardy-Littlewood-Sobolev inequality, the inter-
polation inequality, the Sobolev embedding theorem and (3.11)), it follows that

//l_elwl W (@) (y) de d
un: Uy (T ) Uy, X
Am Jgs Jrs |x—y| Y Y

d d
4’/T/Rg/Rs |IE* Ty

< C’||un||12/5

(3.13)

_6p_ 12-5p
< Cllunllp™ llunlls ™
5p

= CC(un) "7 A(up) o7

12—5p

< CyB(uy)57 Auy,) o

This leads to
P 12—5p
1< C1B(uy)57 Auy,) o
which yields a contradiction with ([3.13]).

Case 2: p = ‘2. Due to (3.11]), we obtain
b=

12/5
lunll150s < B(um < Collunlliys,

which is impossible because of the fact lunll12/5 — 0.
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Case 3: 12/5 < p < 8/3. From (3.11) it follows that

p
P Y
e
This leads to

4 2(5p—12) 2p
B(un) < Chllunltyss < Csllunlls®™ ™ Junllp™ 7

< C 35 (p 1:—122) 1?3»((8 p_—32p))
1< Csen™ 7 Junlly™

which yields another contradiction with (3.13]).
All the hypotheses of Proposition 2.7 have been verified and thus we have arrived
at the desired result. O

Proof of Theorem[I.3. For any ¢ € (0,¢q), we assume that {u,} C V(c) satisfies
I(u,) = m(c). By Lemma there exists a sequence {y,,} C R? such that

Un (2 — yn) — u # 0 in H'(R?).

We start by showing that w,,(x) := u,(z — y,) — u(z) — 0 in H*(R3). Clearly, we
can see that

[unll3 = llwnll3 + l[ul3 + on(1),
IVunl3 = [Vwall3 + [ Vull3 + on(1),
I(uy) = I(wy) + I(u) + on(1).
The last equality holds because of the translational invariance. Then we claim that
lwnll3 — 0. Let ||ul|3 = ¢; > 0. It suffices to show that ¢; = c. We assume
by contradiction that ¢; < ¢. Since we have, for n large enough, |jw,|3 < ¢ and
IVwal3 < [Vunl3 < po. Then w, € V(Jw,3) and L(wn) > m(|wnl3), which

implies that
m(c) = I(wy) + I(u) + 0, (1) > m(||wal3) + I(u) + 0,(1).
By Lemma (ii), we have
m(c) > m(c—c1)+ I(u).

Moreover, we see that u € V(¢1). Then I(u) > m(c1), and from from Lemma
it follows that

m(c) > m(c—c1) +m(er) > m(c),
which is impossible. Hence the claim follows and |[ul|3 = c.

Now we show that ||Vw,||3 — 0. Since u # 0, we have ||Vw,||2 < ||Vu,|2 < po
for n large enough. Thus {w,} C B,, and {w,} is bounded in H!(R?). By Lemma
2.2 (i), recalling [|w, [|3 — 0, we obtain [|w,|[5 — 0. Then, from Lemmawe can
deduce that

I(wy) > Bol|Vwnl||3 + 0, (1) for By > 0. (3.14)
Since u € V(c), we obtain I(u) > m(c). Then
I(uy) = I(u) + I(wy) + 0,(1) = m(c),
which implies
I(wy) < o,(1).
Taking into account (3.14]), we can see that ||Vw,||3 — 0. Therefore, u,, — u holds
in H1(R?®). Moreover, u is a minimizer for I on V(c).

By Lemma[2.3] we know that all the minimizers of the functional I restricted on

S(c) lie in A(c). We define

7 = inf I(u).
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By Lemma T restricted to A(c) is bounded from below, which means that
m(c) is well-defined. By an analogous argument, we can see that Proposition
also holds for m(c). This indicates that any minimizing sequence {u,} on A(c) is
relatively compact, i.e., @i, — @ in H'(R3). It is easily seen that {,} is a bounded
Palais-Smale sequence for I on S(c), and thus @ is a ground state solution of
on S(c). O

Acknowledgments. This work is supported by National Natural Science Foun-
dation of China No. 11971095.

REFERENCES

[1] D. G. Afonso, G. Siciliano; Normalized solutions to a Schrédinger-Bopp-Podolsky system
under Neumann boundary conditions, Commun. Contemp. Math., 25 (2023), Paper No.
2150100, 20 pp.

[2] B. Bartosz, J. Mederski; Normalized ground states of the nonlinear Schrdodinger equation
with at least mass critical growth, J. Funct. Anal., 280 (2021), Paper No. 108989, 26 pp.

[3] T. Bartsch, L. Jeanjean, N. Soave; Normalized solutions for a system of coupled cubic
Schrédinger equations on R3, J. Math. Pures Appl., 106 (2016), 583-614.

[4] T. Bartsch, N. Soave; A natural constraint approach to normalized solutions of nonlinear
Schrédinger equations and systems, J. Funct. Anal., 272 (2017), 4998-5037.

[5] T. Bartsch, X. Zhong, W. Zou; Normalized solutions for a coupled Schrédinger system, Math.
Ann., 380 (2021), 1713-1740.

[6] J. Bellazzini, L. Jeanjean, T. Luo; Existence and instability of standing waves with prescribed
norm for a class of Schrédinger-Poisson equations, Proc. Lond. Math. Soc. (3), 107 (2013),
303-339.

[7] J. Bellazzini, G. Siciliano; Scaling properties of functionals and existence of constrained
minimizers, J. Funct. Anal., 261 (2011), 2486-2507.

[8] J. Bellazzini, G. Siciliano; Stable standing waves for a class of nonlinear Schrédinger-Poisson
equations, Z. Angew. Math. Phys., 62 (2011), 267-280.

[9] M. Bertin, B. Pimentel, C. Valcércel, G. Zambrano; Hamilton-Jacobi formalism for Podolsky’s
electromagnetic theory on the null-plane, J. Math. Phys., 58 (2017), 082902.

[10] D. Bhimani, T. Gou, H. Hajaiej; Normalized solutions to nonlinear Schrédinger equations
with competing Hartree-type nonlinearities, Preprint arXiv: 2209.00429, (2022).

[11] F. Bopp; Eine lineare theorie des elektrons, Ann. Phys., 430 (1940), 345-384.

[12] M. Born; On the quantum theory of the electromagnetic field, Proc. Roy. Soc. London Ser.
A., 143 (1934), 410-437.

[13] M. Born, L. Infeld; Foundations of the new field theory, Proceedings of the Royal Society
of London. Series A, Containing Papers of a Mathematical and Physical Character, 144
(1934), 425-451.

[14] J. Borthwick, X. J. Chang, L. Jeanjean, N. Soave; Normalized solutions of L2-supercritical
NLS equations on noncompact metric graphs with localized nonlinearities, Nonlinearity, 36
(2023), 3776-3795.

[15] H. Brezis; Analyse fonctionnelle, Collection Mathématiques Appliquées pour la Maitrise.
[Collection of Applied Mathematics for the Master’s Degree], Théorie et applications. [Theory
and applications], Masson, Paris, 1983.

[16] R. Bufalo, B. Pimentel, D. Soto; Causal approach for the electron-positron scattering in
generalized quantum electrodynamics, Phys. Rev. D., 90 (2014), 085012.

[17] R. Bufalo, B. Pimentel, D. Soto; Normalizability analysis of the generalized quantum elec-
trodynamics from the causal point of view, Int. J. Mod. Phys. A., 32 (2017), 1750165.

[18] X. J. Chang, L. Jeanjean, N. Soave; Normalized solutions of L2Z-supercritical NLS equa-
tions on compact metric graphs, Ann. Inst. H. Poincaré C Anal. Non Linéaire, DOI:
10.4171/ATHPC/8.

[19] S. Chen, X. Tang; On the critical Schrodinger-Bopp-Podolsky system with general nonlinear-
ities, Nonlinear Anal., 195 (2020), 111734, 25 pp.

[20] S. Cingolani, L. Jeanjean; Stationary waves with prescribed L2?-norm for the planar
Schrodinger-Poisson system, SIAM J. Math. Anal., 51 (2019), 3533-3568.



18

(21]
(22]
23]
[24]
(25]

[26]

27)
(28]
29]

(30]

(31]
(32]
33]
34]
(35]
(36]
37]

(38]
(39]

[40]

[41]
[42]
[43]
[44]
[45]
[46]

[47)

Y. X. LI, X. J. CHANG, Z. FENG EJDE-2023/56

R. Cuzinatto, C. de Melo, L. Medeiros, B. Pimentel, P. Pompeia; Bopp-Podolsky black holes
and the no-hair theorem, Fur. Phys. J. C., 78 (2018), 1-9.

P. D’Avenia, G. Siciliano; Nonlinear Schrédinger equation in the Bopp-Podolsky electrody-
namics: Solutions in the electrostatic case, J. Differ. Equ., 267 (2019), 1025-1065.

Z. Feng, Y. Su; Ground state solution to the biharmonic equation, Z. Angew. Math. Phys.,
73 (2022), Paper No. 15, 24 pp.

G. M. Figueiredo, G. Siciliano; Multiple solutions for a Schrédinger-Bopp-Podolsky system
with positive potentials, Math. Nachr., 296 (2023), 2332-2351.

C. He, L. Li, S. Chen; Normalized solutions for Schrédinger-Bopp-Podolsky system, Preprint
arXiv: 2206.04008, (2022).

Y. X. Hu, X. P. Wu, C. L. Tang; Existence of least-energy sign-changing solutions for the
Schrédinger-Bopp-Podolsky system with critical growth, Bull. Malays. Math. Sci. Soc., 46
(2023), 1-19.

L. Jeanjean; Existence of solutions with prescribed norm for semilinear elliptic equations,
Nonlinear Anal., 28 (1997), 1633-1659.

L. Jeanjean, J. Jendrej, T. T. Le, N. Visciglia; Orbital stability of ground states for a Sobolev
critical Schrodinger equation, J. Math. Pures Appl., 164 (2022), 158-179.

L. Jeanjean, T. T. Le; Multiple normalized solutions for a Sobolev critical Schrédinger-
Poisson-Slater equation, J. Differ. Equ., 303 (2021), 277-325.

S. Kanesawa, S. Tomonaga; On a relativistically invariant formulation of the quantum theory
of wave fields. V. Case of interacting electromagnetic and meson fields, Progr. Theoret. Phys.,
3 (1948), 101-113.

L. Li, P. Pucci, X. Tang; Ground state solutions for the nonlinear Schréodinger-Bopp-Podolsky
system with critical Sobolev exponent, Adv. Nonlinear Stud., 20 (2020), 511-538.

Y. Li, B. Zhang; Critical Schrédinger-Bopp-Podolsky System with prescribed mass, J. Geom.
Anal., 33 (2023), Paper No. 220, 27 pp.

E. H. Lieb, M. Loss; Analysis, Graduate Studies in Mathematics, American Mathematical
Society, Providence, RI, (1997).

X. Lin, S. Zheng; Mixed local and nonlocal Schrédinger-Poisson type system involving variable
exponents, Electron. J. Differential Equations, 2022 (2022), Paper No. 81, 16 pp.

P. Lions; The concentration-compactness principle in the calculus of variations. The locally
compact case. II, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1 (1984), 223-283.

B. Mascaro, G. Siciliano; Positive solutions for a Schrédinger-Bopp-Podolsky system, Com-
mun. Math., 31 (2023), 237-249.

X. Q. Peng, G. Jia; Existence and concentration behavior of solutions for the logarithmic
Schrodinger-Bopp-Podolsky system, Z. Angew. Math. Phys., 72 (2021), Paper No. 198, 18
pp-

B. Podolsky; A generalized electrodynamics, Ann. Phys., 62 (1942), 68-71.

S. Q. Qu, X. M. He; Multiplicity of high energy solutions for fractional Schrodinger-Poisson
systems with critical frequency, FElectron. J. Differential Equations, 2022 (2022), Paper No.
47, 21 pp.

G. Ramos, G. Siciliano; Existence and limit behavior of least energy solutions to constrained
Schrédinger-Bopp-Podolsky systems in R3, Z. Angew. Math. Phys., 74 (2023), Paper No. 56,
17 pp.

G. Siciliano, K. Silva; The fibering method approach for a non-linear Schrédinger equation
coupled with the electromagnetic field, Publ. Mat., 64 (2020), 373-390.

N. Soave; Normalized ground states for the NLS equation with combined nonlinearities, J.
Differ. Equ., 269 (2020), 6941-6987.

N. Soave; Normalized ground states for the NLS equation with combined nonlinearities: The
Sobolev critical case, J. Funct. Anal., 279 (2020), 108610, 43pp.

L. X. Wang, H. B. Chen, S. L. Liu; Existence and multiplicity of sign-changing solutions for
a Schrodinger-Bopp-Podolsky system, Topol. Methods Nonlinear Anal., 59 (2022), 913-940.
J. C. Wei, Y. Z. Wu; Normalized solutions for Schrédinger equations with critical Sobolev
exponent and mixed nonlinearities, J. Funct. Anal., 283 (2022), 109574, 46pp.

M. I. Weinstein; Nonlinear Schrédinger equations and sharp interpolation estimates, Comm.
Math. Phys., 87 (1983), 567-576.

Q. Zhang; Sign-changing solutions for Schrodinger-Bopp-Podolsky system with general non-
linearity, Z. Angew. Math. Phys., 73 (2022), Paper No. 235, 15 pp.



EJDE-2023/56 CRITICAL SCHRODINGER-BOPP-PODOLSKY SYSTEM 19

[48] Y. Zhu, C. Chen, J. Chen; The Schrodinger-Bopp-Podolsky equation under the effect of
nonlinearities, Bull. Malays. Math. Sci. Soc., 44 (2021), 953-980.

YUXIN L1
SCHOOL OF MATHEMATICS AND STATISTICS, NORTHEAST NORMAL UNIVERSITY, CHANGCHUN, JILIN
130024, CHINA

Email address: 11yx097@nenu.edu.cn

XI1A0JUN CHANG (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS & CENTER FOR MATHEMATICS AND INTERDISCIPLINARY
SCIENCES, NORTHEAST NORMAL UNIVERSITY, CHANGCHUN, JILIN 130024, CHINA

Email address: changxj100@nenu.edu.cn

ZHAOSHENG FENG
SCHOOL OF MATHEMATICAL AND STATISTICAL SCIENCES, UNIVERSITY OF TEXAS R10 GRANDE VAL-
LEY, EDINBURG, TX 78539, USA

Email address: zhaosheng.feng@utrgv.edu



	1. Introduction
	2. Preliminary results
	3. Proof of Theorem ??
	Acknowledgments

	References

