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SPACE-TIME BEHAVIOR FOR RADIATIVE HYDRODYNAMICS
MODEL WITH OR WITHOUT HEAT CONDUCTION

MENGQIAN LIU, ZHIGANG WU

ABSTRACT. We consider space-time behaviors of smooth solutions for the ra-
diative hydrodynamics system with or without heat conduction in the whole
space R? by using Green’s function method. This result exhibits the general-
ized Huygens’ principle as the classical compressible Navier-Stokes equations
[3L 26], which is different from the Hamer model for radiating gases in [36].

1. INTRODUCTION

In this paper, we are concerned with a radiation hydrodynamics model of the
compressible Navier-Stokes equations coupled with an elliptic equation for radiative
flux. Such model is used to describe the motion of viscous and heat-conducting flu-
ids with radiative effects, and simulate supernova explosions, nonlinear stellar pul-
sation and stellar winds in astrophysics. In particular, we shall study the equations
of radiation hydrodynamics [9],

pt + div(pu) =0,
(pu); + div(pu @ u) + VP = pdiv(Vu + (Vu)?) 4 /V div u,
(pE)¢ + div(puE + uP) + divq (1.1)
= kAO + div(u(Vu + (Vu)T) - u+ 4/ divu),
~Vdivg+q+ V(0*) = 0.

Here p(x,t), u(z,t) € R3, q(x,t) € R3 and 0(x,t) are the fluid density, velocity,
radiative heat flux and temperature, respectively. The total specific energy E =
e+ % lu|? with the specific internal energy e. Without loss of generality, we consider
the ideal polytropic gases for the system , that is, the pressure P = Rpf and
the specific internal energy e = C,0 with the positive constants R and C,,. Positive
constants p and ' are coefficients of viscosity satisfying u > 0 and 2u+ ' > 0, and
 denotes the coefficient of heat conduction. We consider two cases: x > 0 (with
heat conduction) and x = 0 (without heat conduction).
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We would like to mention the Hamer model of radiating gases [10],

vy + i(v)z;, +divg =0,
t ;f() q (1.2)

—Vdivgq+q+ Vv =0,

where v is a scalar unknown function. This simplified model provides a good ap-
proximation to the radiation hydrodynamics model. There are many important
efforts for the one dimensional case, see [28] for the time-asymptotic behavior of
solutions with discontinuous initial data, [31] for the asymptotic stability of the
rarefaction wave, [32] for the stability of traveling waves and L!-stability of con-
stants, and [29] for the convergence rates toward the travelling waves. For the
multi-dimensional case, [6] studied the relaxation limit of the initial value prob-
lem, and [4} [7, [§] focused on decay rates to the planar rarefaction waves. Last but
not least, we shall refer to [36], where pointwise space-time estimate for the global
classical solution of the Cauchy problem in any dimension n > 1 was given. In
particular, they obtained the following estimate of v,

jz/?

1+1¢

|z — ct|?

ol 0) < O+ (140204 T

)7+ (1+ )*7), (1.3)

with v = min{r,3n/4}. Here the vector ¢ = (f{(0),---, f/(0)), and r is from

the pointwise assumption on the initial data |vo] < Ceg(1 + |z[*)™" with » > %
and suitably small constant ¢y > 0. Additionally, immediately gives the LP
estimate with p > 1.

For small perturbation problems of the typical fluid models with suitable dis-
sipation, L2-estimates can be derived by standard energy methods. However, the
usual L2-estimates can only exhibit the dissipative properties. On the other hand,
pointwise space-time estimates can provide more information of the solution, even
exhibit the wave propagations. In this field, there are also a few results. The pio-
neering works was Zeng [43] and Liu and Zeng [27] for one dimensional compressible
fluid models. The isentropic compressible Navier-Stokes system in three dimensions
was investigated by Hoff and Zumbrun [I1] I2] and Liu and Wang [26] for the linear
and nonlinear problems, respectively. In [26], they verified the generalized Huygens’
principle through detailed analysis on Green’s function and developing subtle non-
linear estimates of the convolutions. A hyperbolic-parabolic system obeys the gen-

eralized Huygens’ principle in [26] implies that its pointwise space-time description

contains both a diffusion wave (D-wave): (1+¢)7%/2(1+ %) 8/
wave (H-wave): (1+1t)72(1+ W) 32 i RS, Obviously, the L2-decay rates of
these two diffusion waves are the same as the heat kernel. Recently, there are series
of works on other compressible fluid models, for instance, the Navier-Stokes equa-
tions in [IJ, 20} 25], the damped Euler equation in [38], the Navier-Stokes-Poisson
equations in [37) B9, [40, [41] and references therein.

We aim to obtain the pointwise description of the solution around the steady
state for the Cauchy problem of in this paper. The motivation is to find
the difference between our pointwise result for the model (k > 0) and the
pointwise result for the simplified model . Since the conservation of the
system will be used in deriving the pointwise space-time behavior of the solution

and a Huygens’
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to this nonlinear problem, the initial data for the system (1.1)) is given as follows:
(p7maw>|t:0 = (p07m05w0)(w)5 x GRS' (14)

Now, we come back to some of results on the model closely related to the
topic in this paper, since there exactly are lots of literature devoted to the mathe-
matical theory on radiative hydrodynamics. The system can also be viewed
as the Navier-Stokes-Fourier equations coupled with a parabolic equation with high
order nonlinear term of the temperature 6. In one-dimensional case, the radiation
takes a rather good effect on the system even when omitting the heat conduction
and viscosity. In fact, the Cauchy problem of the system guarantees a unique
global smooth solution for the small perturbation. See Kawashima et al. [15] [16],
Lin and Goudon [23] for global existence of classical solutions and Deng and Yang
[2] for pointwise space-time behavior. In terms of the stability of three elementary
waves, see Lattanzio et al. [I8] and Lin et al. [24] for the shock wave, Lin et al. [22]
for rarefaction wave and Wang and Xie [34] for viscous contact wave. He et al. [17]
and Liao and Zhao [2I] investigated the global existence and large-time behavior
for the viscous radiative and reactive gas. For the stability of the composite of
the elementary waves, we refer to Fan [5] about two viscous shock waves, Rohde
et al. [30] about rarefaction and contact waves, and Xie [42] about viscous contact
wave and rarefaction waves. Hong [I3] gave the large-time behavior toward the
combination of two rarefaction waves and viscous contact wave when there exist
additional heat conduction and viscosity. We shall also refer to Li [I9] for the for-
mation of singularities of the large perturbation. In multi-dimensional case, Huang
and Zhang [14] studied the asymptotic stability of planar rarefaction wave, Wan
and Xu [33] considered radial symmetric classical solutions in an exterior domain
and a bounded concentric annular domain. Finally, mostly close to our topic, Wang
and Xie [35] obtained the existence of the classical global solution and the decay
rate by energy method in H*-framework. Recently, the condition on the regularity
of initial data was relaxed to H2-framework by Gong et al. in [9].

In deriving the pointwise description of the solution constructed in [35], the
main difficulties include that deriving the representation of this Green’s matrix
in Fourier space, dealing with the singularity from Riesz operator in the Green’s
matrix for the pointwise estimates through finding suitable combinations for the
singular components, and closing the ansatz for the nonlinear problem. In addition,
compared with the non-isentropic Navier-Stokes equations in [3], the presence of
nonlocal operator (1 —A)~! arising from the relation of q and # in 4 will bring
some new differences when deriving the pointwise estimates for both the Green’s
function and the nonlinear coupling. See the details in Section 2 and Section 3.
Our main result can be stated as follows.

Theorem 1.1. Assume that (py — p, poug, wo — w) € H°(R3), with €9 = ||(po —
P, polo, wo — W)| g5 (rsy small and the constants p > 0 and w > 0. Then there is
a unique global classical solution (p, pu,w) of the Cauchy problem (1.1)-(1.4). If

further, the initial data satisfies the pointwise assumptions

_ _ . 21
109 (po — P, pouo, wo — @)| < Ceo(1 4 [f*)™™, ry > 1o lel st (1.5)
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Then for the base sound speed ¢ := /(1 + %)%, it holds for |a| <1 that
~ _4+al (|lz| — ct)® —3/2
9200 .l < 01+ )4 (14 (L= )
107 (p = P, pu)| < C(1 +1) + o
_ 34lal |z|? \ —3/2
C1+1t)~ "2 (1 ) : 1.6
+C(1+1) +127 (1.6)
_ _atlal (|z| — ct)®\—3/2 |z|? \ —3/2
om )l < 01+~ (14 (L2 (g ey
oz —w)l < ca+0- (1 ) T (1455
The base sound speed ¢ = /(1 + C{i)gﬁ) is the same as the non-isentropic

Navier-Stokes systems in [3], which means that the radiation does not affect the
propagation speed of the Huygens’ wave. Note that exhibiting the generalized
Huygens’ principle is completely different from for the model .

From the spectral analysis in Section 2, we know that the system is linear stable
when « > 0 and k = 0, and these two cases are almost the same when analyzing
Green’s function in different frequency parts. In other words, we can see that
for radiative hydrodynamics, the radiation effect can do the same job as the heat
conduction when deducing the space-time behavior of the solution.

As a byproduct, one get LP-decay estimate when |o| < 1:

(4

ca+n- %)% 1o,<0
C+4) 3095 9<p <o, (1.7)

L]

102 (w — @) (-, )| Lo sy < C(L+ )" 97 1 <p<oo,

105 (p = £ p) (-, ) || Lo (r3) <

This article is structured as follows. Section 2 shows the representation of Green’s
function in Fourier space and giving the expansions of spectral and Green’s function
in high-medium-low frequencies, and then establishes the pointwise estimate of
Green’s function. The pointwise estimates of the solution for the nonlinear problem
is given in Section 3. Some useful lemmas are stated in Appendix.

2. GREEN’S FUNCTION

In this section, we shall first derive the representation of Green’s function in
Fourier space, and then establish pointwise estimates of Green’s function.

2.1. Linearization and Green’s function. Here we assume the steady state of

the Cauchy problem (1.1)-(1.4) is (p,0, ).

For simplicity, we use (p,m,w) to denote the perturbation (p — p,m,w — ).
Then, the system (1.1)) can be rewritten as

pt +divm = 0,
R /
mt—i-—Vw—gAm—MVdivm:Fl,
Cy p p
w R KD qt A (2.1)
—(14 —=)di A
wt—l-ﬁ( +CU) 1vm+CUﬁ2 p+C’{},6517Ap
4w® A
— H A v w:FQ,

Cop~ | CI1-A
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where the nonlinear terms are

. m®m R _ |mJ? pm , . pm
F, = —div — - — pA— — — (u+ )V div =
ptp 20, p+p p(p+ p) (

plp+p)’
k(wp—pw)p K jm|? R . (0p—pw)m
k= —A — - —— + 1+ 5 )div——--"—+—
2T Cp? p+p 2C,  (p+p)? ( Cv) p(p +p)
. m’m
+ div ——
20, " (p+)?
1A 4w’ (wp — pw)(p* +4pp® + 6070 + 45°p)
Cil-A p°(p+ p)* (2.2)
N 1 A [w‘* + dww® + 6ww® @' (p! +4pp° + 6;32;)2)]
Ci1-A (p+p)* pt(p+p)*
1 A {ImP _(wH@)ml® 3w+ w)*m[*
Cal—Al16(p+p)®  2(p+p)T 2(p+p)°
2(w + w)3|m|? . m m
— | +div |u(V -)+V -)")- -
(p+p)° } [((p+p) (p+p))p+p

m m
bl () )
(p+ﬁp+p

We consider Green’s function of the linearized system of (2.1]) about the variables
(p,m,w). The linearized equation with the initial condition can be written as

pt +divm = 0,
R /
mt—l—C—Vw—gAm (e +4)

TR )G divm = 0,

g p p

w R KD 4t A
wt+g(l+a)dlvm—|— C’Uﬁ2Ap+ C’f}ﬁ51—Ap (2.3)

K 403 A
Aw— ———= =0
Cop T oA T

(p,m,w)|i—o = (po, Mo, wo).

Set U = (p,m,w)T, then

U = AU, (2.4)
where A is the differential operator corresponding to (2.3)) and
0 —div 0
A= 0 EA + BHEV div -&v
KD UM o . " o3
BTt é?ﬁs ey 51+ C%) div. 7548+ égﬁ“ ey

In what follows, we use G(x,t) to denote the Green’s function of (2.3)), which is
defined as

Gy = AG, 05
G(z,0) = §(x)I. (25)
Here () is the Dirac delta function and I is the 5 x 5 identity matrix.
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2.2. Derivation of Green’s function G(¢,t). In this subsection, we compute
Green’s function for the linearized system of (2.1)) with the initial data

Uo == (po, g, 100)T = (po, 10,1, 0,2, 10,3, 100) -

By employing the Fourier transform, it is obvious from (2.4) that

where

0

Ay 0

4w |¢)?

oU

Clj:f)iz |§|2 + Cf]

P> (1+[¢1?)

(2.6)
J = AIU7 (27)
,%|§|2], %ggT *C%Zf
. R x 4w’ €|
—201+&)g" 5P - amntes

After a direct computation, we can get the eigenvalues of Aj: A1, A2, Az, —%52

(with multiplicity 2), and their corresponding right eigenvectors

g1 92 g3 0 0
i1 &1 S} &3 0
7;52 B 252 9 262 5 0 ) §3 5 (28)
i€3 i&3 i3 =1 =&
V1 V2 V3 0 0
with
B Y R
1- )\1 ) )\2 ) 3 - )\3 )
Cou+p) 2 Cou Co2u+4) .2 Cou
= — — =\ = — —A
V1 Ry €] R 2 Rp €] T2
Copu+p) 2 Co
= — —\s.
s e
Here A1, A2, and A3 are the roots of the equation
4w’ 2+ 4! K(2p + )
N (2 + 22 4 [T ey
G o T e 09
A e | (Cot RRD o kRO g ARRYE
Cp®(1+1€17) Cip Cip? CopP(L+g?)
Then the solution of the Cauchy problem 1' can be written as
0 0 0 g1
my &3 0 s &1
mo | = 1A 0 | +B| & ||e 7ty |ig | Mt
mg3 —&1 —&2 i3
w 0 0 11
(2.10)
g2 g3
&1 €1
+ D | i& | M+ E | i& | et
i3 i3
Vg V3
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By using the initial values, we have

0
0 0
€T\ 5
& 0 (I = fz)ri0a
Al 0 |+B| & | =T —5%=)moz |,
70& 7052 (I- lfglz)mw
0
92 g3 Po
cli|+D|ic|+E|ic] = ‘gzmo ,
V1 V2 V3 wWo
with
C = Olpo—|—025 ‘€|2 —|—C'3w0, D= D1p0—|—D2 |£‘2 —|—D3w0,
E = Eipy + E25 |€|2 Ly E31io,
and
V3 — V3 V3ga — V2g3 g2 — g3
C, = Oy, =222 =202 (On =
1 Q ) 2 Q ) 3 Q )
vy — Vs V193 — V3g1 93—
1 Q ) 2 Q ) Q )
Vo — 11 V2g1 — V192 g1 — g2
E = Fy=—2~_ 2 F,—= .
1 [9) 9 2 Q ) 3 Q

Here ) = —v3gs + v391 + V1g2 + V2gs — Vag1 — V193.

Therefore, the Fourier transform of Green’s function can be rewritten as

G = Ge 7lEl%t + GleMt + GPeMt 4+ GReMst,

with
X 0 O1x3 0 91Cy 91C2‘i§‘; 91C3
G = | 03x1 I—% O3x1 |, G'=]iC, —széz i£C3 |,
0 01><3 0 Vlcl V102|z§ﬁ 1/103
g2D1 g2Ds - ﬁ; 92D3 9B g3 Exis mz 93E3
GE=|iD1  —Doffz iDs |, G°= itk Ezmz i€
voDy 12Dy - Ilﬁgl; vo D3 3By v3BEyis e Vsl

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

2.3. Pointwise estimates of Green’s function. In this section, we shall derive

the pointwise estimate of Green’s function G(z, t) by using the expression of G(§ t)
in - - together with the high-low frequency decomposition. To this end,

we divide the Green’s function as follows:

G(z,t) .= x1(D)G(z,t) + x2(D)G(z,t) + x3(D)G(z, t),

o 17 |£| < €1, _ 1, |§| > K+ ]-7
x1(§) = {0, €] > 21, xs(§) = {07 €] < K,

be the smooth cut-off functions with 2e; < K and y2 =1 — x1 — Xx3-

where
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Low frequency part. Three roots of the characteristic equation (2.9)) in low fre-
quency can be estimated by using the implicit function theorem as in [20], and we
omit the proof for simplicity.

Lemma 2.1. For sufficiently small |€|, A1 is real and A2 3 are complex conjugate,
and

n+ 4w
_ 2 2
M= -2 Cg +Zaj|ew (218)
wzs
g = [2EH T L))
23 = — -
’ 2 Cy +R
7 (2.19)
+ ) gl i(clé] + Zdzj—ﬂﬂ?j_l),
Jj=2 j=2
where the base sound speed ¢ = /(1 + )C“;), and the coefficients a;, Gz; and

Gj—1 are real.

Subsequently, one has the following for the components in (2.14)) after a direct
computation.

Lemma 2.2. For sufficiently small ||, we have the following expansions:

—3
C,+R 0 C, 5+ ciyr C2u+p e o 0;
= +> b 5= — + > ce2;l€l7,
9 ;+é§’: Z 2517, v = R( C. T R F )I€] Z 23 [¢]
oty a7 Cﬁ‘ﬁf‘
2p Cy+R
923 = ——= = |€|2+262;|£\2”¢z |£I+szj €177,
j=2
—3
i7+ 2w7 C ’ %) ) [e%s} )
1 2p C3pt . v(2/14+/1') 2 ~ 1127 % 3 2j-1
o =an a2 ekl F e+ Yl
,20Cu(Cy + R) = Y1271
Q=i g€ +i ) cléfP
"R 54 A JZ;
K 4° 4w°
AL C _BGn) S 1€% +
! C,+R 7 TP 20,(Cy+ R)?
—3
_ R(%—F%) ‘ |2
7 20,(C, + R) ’
—3
Ly S 1 1R 1
Dy =2 =P Do = ——4... Da=f——— 4+...
YT, T T e BT g T
-3
£+ S 1 1R 1
B, =2 =P FEo=——4... Ea = —
(A R s L AP o T I

Here and below -7 denote the reminding terms, which do not affect the

results. Lemma and the expression of G,G,GY, G2, G immediately yield the
following result.
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Lemma 2.3. For sufficiently small ||, we have the following:

H 2w

Gy =Mt — mlil( 2t —ehh) 4o

. R(% + 225) 17
.7 T Alt_ii )\2t_ Ast e
Gz "20,(C,+R)° © 2c [¢] € I

R R

G - At o
13 CQCve + QCQCU(

o G L GHER L
n=—ime TR g g ST e

R(§+ 41?):3 )2
NP CBPY p e T Mt 7& er2t sty L,
FO Oy RS g e

Aot Azt
en2 +63)+...,

Gao = (I—- |£§|2) Blel’t _

R €

403
R( + C3 ) é‘eklt .
2C,(Cy + R)? 2:C, ||
K 403

K 4w°
Gy = DG T 2 G o
%7 TR(Cy + R) F; Co+R
<Col + 2550)
~'"2R(C, + R)

623 (ekﬁ — e)\3t) + - B

jEl(er! — o) -

( 4 4" )2 £ 4w° ’
eyt P S o 2/u’+lu’ )|§|2£T6>\1t CC f (e/\zt

Ast e
2(C, +R)(Cv+R 2R || )t

Gz =

_3
El + 04%1;74 (% + % _ 2/J/+,u/)|€|26)\1t + 7(
A(Cy+R) C,+R p 2
In fact, one can deal with the leading term in the low frequency part since
the rest terms just have the faster temporal decay rate. Indeed, the Huygens’
wave is arising from the low frequency part based on the above frequency analysis.
Although the low frequency part is basically the same as the non-isentropic Navier-

G33 = e>‘2t -+ eA3t) + e

Stokes equations in [3], for completeness, we still take a typical leading term in G22
for example. In particular, one has
1 P
[2( ettt 4 6>‘3t)|££|2 +e sl t(I |§§2 )]
T 2
= cos(clle) g eSO o€ (1 ¢P)1)]
i t 2 4 B2
- Sln(|§||ﬂ§(||§| ) )[|£| (|£‘B(|£| ) )] |§|2 —91|f| t+O([€]%)t _’_e_5|§| f(I f§|2)
= Leos(eleln) - 1)|§§§|2 —011€1% |£§|2( —OEl* _ o= BIePy Bl
11 Iz
+ cos(eleln) g ‘ §|2 eIt cos([gl3(1€)E) 1)

I3
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g’

e (U 1Y cos([€]B(|¢[2)t)e 0 IE1

+ cos(c|€t)

Iy
sin(I€18(€P)) €] sinlEIBUER) . v o1 epesoqerye
G g e ’

Is

where §(-) is analytic and the constant 6; > 0 based on Lemma I; and
I, are corresponding to Riesz waves I and I7 in [3 20] for both the isentropic
and non-isentropic compressible Navier-Stokes system. Their pointwise space-time
descriptions are

s o( e 25 g ),

1+t 1+t (2.20)
L] < CA+1)%2(1+ J= )Y
21 = 14+¢ )
with an arbitrarily large integer N. Next we consider %6’91|§|2t(cos(\§|ﬁ(\§|2)t) —

1) in I, 5 (P06 — 1) cos(|€[B(|&|*)t)e 16" in Iy and [[¢]sin(|¢|8(€[?)t)] =
in I5. Because of their analyticities and the faster decay rates, after a direct com-
putation for these rest terms as in [20, Lemma 5.4], the inverse Fourier transform of

the first two terms can be bounded by C'(1+t)~3/2 (1 + %) 7N, and inverse Fourier

transform of the last term can be bounded by C(1 + t)*2(1 + %)dv. Recall the
standard convolution estimates in [3 20]: If

_lal4n+k |z|? | -~
oy t) < (141 2 R™
05 £ 0] < (14075 (14 A7) N g e,
for all N > 0, then
altntk n— —ct)?, -
e f( ) < O+ 0= 1y (14 )
(2.21)
« n — n—1 — t 2 —
o s J )] < O+ 1) =5 g7 g LT
Here w; = cos(c|{|t) and w = Sm(f% are the Fourier transform of wave operators.
Hence, one has
—ct)?. _
\F (I3, 1, I5)| < C(L+1) 72 (1 + M) " (2.22)

1+¢

Obtaining estimates for the other entries in Green’s matrix in the low frequency
part is much easier, and one can refer to [3] 20].

Proposition 2.4. The low frequency of Green’s function G(x,t) for the system
(2.3)1,2,3 in 3 dimensional space has the following estimates for t > 0 and |a| > 0:

At|o|

107 (1 (D)Gyg) (@, )] < C(L+1)" = (1+
for (i,7) #(2,2),(3,1),(3,3),

(|| — ct)z)fN
1+t
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|0z (x1(D)G22)(,

+

<C+1)”

(1+
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\x|2 _ 3+l

2
1+

a+|al
= (

(|| — ct)? ) -N

1
* 1+¢

+ O+ 1)"

107 (x1(D)(G31, Gs3)) (w, 1)

<C(l+1)"

BT e )

Note that the above estimates are crucial for us to show the different pointwise

estimates between (p,

m) and w in (1.6).

High frequency part. In the same way, when |£| > 1 one can obtain the following

expansions for A1, Aa, As.

Lemma 2.5. For |£| > 1, A1, A2 and A3 are all real. Furthermore, when k > 0,

A = — dl 2_7
! (72M+M ;; 13
R*w BT R— ,
Ay = — _ d21€1-27.
’ Col = Cu(2n+ )] Cop* +,§_: 3 IS5
2/~L+M 2, B 0k = (Cot R)(2u+ )] oy
Az = 3 HIh
’ <7+ (2u+u)[ — Cp(2u+ )] ; €1
where aljl,d?,dji are real constants. When k = 0, we have
A _1{_ 4w _(C'U+R)Rw
'TalT Ol T crn )
4w (R—Cy)Rw,> AR3@? <
d4e|~2
Jr\/(Cf}p“ i 03(2u+u’)) 05’(2u+u’)2} *; j1Es
\ _1[_ 40® (G, + R)Rw
P2l Cp T Cn )
408 (R—Cy)Rw., 4R N
_ Ble|-2
\/(C;*p‘* 2+ +0,§(2u+,/)2} +Z:: H

As = —

oo

2 Rw C R
“”mQ @Gy + +me%

C2(2u+ ')

where d4,d3, d® are real constants.

71779707

As a result, one has the following result.

Lemma 2.6. For sufficiently large |£|, when k > 0, we have the following:

g1 = —

vV = —

Cu(2p + ')

2 —2j
R [3 +Z§]2j\f| 7

=0

Rp

Co(2u + ' s s .
( NW+%+M+ZwMH%
j=1
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— oo

p k—Cy(2u+ = _ iy
+ 3, =—f%, N+ 3 glel
j=1 P =0

g3 = +Zg2j|f|

2u+u por

wlk — (Cy + R)(2u + )] o2
2p+p)k — Co(2p + p')] ;Vﬁm K

V3 =

o= [F=Cuo@p+ p)]C,2p + 1)

= 2w €1t + Z Qo5l€7%,
j=—1
which implies
Ruwl¢|~? Rpw|¢|~*
Ci=———"—+-+, (h=—F —>——+--,
T G@ut) *TC2ut )
2.2 —1e1—4 -2
Cs:m e DIZ% o
KCy(2p + p/)? Cop+p) — K
2| —2 Sl e|—2
pyo R R
[k = Co(2p+ )] k= Cyp(2u+ ')
kRw|&|72
Fy = Ey=—14-.--
VTG - Coa ] A
Ro —2
B — pl¢] :
Cop+p') —
When k = 0, denoting
B 1[ 4w*  (Cy + R)Rw e 43 (R— Cv)Rw)2 4R3w?
YR T e i) Clpt  C22p+p)”  C32u+p')?

o — 1[7 40 (Cy+ R)Ro ( 4w (R— Cv)Rw)2 4R3w?
T2 Ot C2utw) Clpt ~ C22p+p)"  C32u+p')?

we obtain
Cy(2p + Cy
= Ll e S, =Sl G 1+ZVQJ|§| 2,
7=0
Cy(2p + Cy
7|£‘2+2923|§| 2] VQ:_MKP Ra2+zy2]|§|
7=0
(Co+R)W - o
= + 2, = , 7,
9= 5 ;gma v =Gy T2l

j=1
Co(2p+p)(az —a1) 4 —9j

Q= E "y J
Rﬁa1a2 |£| + 2.7|£‘ )

j=—1
which implies
_ (CotR)w w1 ¢ —2
C, = 7a1a2|§| i 4. Cy = [C“@’H“')QQ gl
1= as — aj ’ - Cy(2u+p')(ar1—az) ’

Rpaias
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Rpay|€]~2 ayay|§| 2

C: +...’ Dzi_f_...’

s C’(2u+u’)(a2—a1) YT e —as

(Cy+R)w 2 — —
D, — G+ w®E __ Rpwlg
: Eig%%%ﬁ%%Liﬂl D T GG e —a)

_ 4 = -2
B -PmeelilT gy g = BRI

20+ p Co(2p+ 1)

13

Here all of the above coefficients in Sigma summation symbols are real constants.

Lemma 2.7. For sufficiently large |£|, when k > 0, it holds

C'L)Rﬁw Le)\zt
K[k — Cyp(2u + 1)) 1€
7 kRpw
Co(2p+ /)% [k — Co(2u + )] I«EI2
. p ng B C,R?p*w T pic” ot
ECTESTATEN K[k — Cy(2u + p/)]? \fl4 SYESTATEN
~ Rﬁ2 ]. At RC’U ]‘ Aot
G g = ———— e/t _ — ™2
e K(2p + ') |€]? K[k — Cy(2u+ ) €
Rp® L st
+ — e 3 + cee
(2u+ p)[k = Co(2u + p)] 1€
G —Rw i€ Mt Rw i€ ot
NN YT, AT K= Co2p+ 1) 1EP°
n Kk Rw i€ it
Co(2u+ ') [k — Cy (2 + u’)] 1€P°
2 oW 2 pw T
G22 (I _ i) ‘,\5\ t Rpw §§ R pw 55

A Art
G =e"" +

)‘3t+ .

+...’

€2 Co(2p + p')? I£|4 [k — Cy(2u + p')]? IEI4

)‘375_|_...7

55

Tler

oo BP0y Bp i€

kC, (2M+M) N K —Cy(2u+ ) [€]2

ity Doue  BRO[E— (Co+ R)2pt )] 1 oy

G1 = +Ee‘wum+wmmwum+wmmf T
R w i€, Rw sz
20+ i €] K — Cy(2u+ 1) J€[2°

W[k — (Cy + R)2u + '] i€T St

@+ 1)k — Cout W] 62
_Rpw 1 e e BOOIE = (Co+ B2t )] 1
k(2 + ) €2 2p A+ )k — Co(2p 4 )2 [€]2

(e)\zt . e)\gt) 4

+ - B

A Ast
Gz = — eMst ..

When k = 0, we have

~2
A az ¢ ar ot pfaras 1
G =——e"" 4 2 —

Agt
e + o
ag — aq ap — ag (2/1 + ,LL/)2 |£|4

+...7
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(Cot+R)w Cy (Cv+R)w Cy _ .
iy — [Cv(2#+u’)az + ?]eAlt [Cu(2u+u’)az + 7] Aot P ﬁ Ast 4oL
12 cv(gu-gi;()lial—az) C,u(2u+li;’tﬁ'i(1a2—a1) 2/~L + ,u’ |£|2 s
(g = — P L oty T L o
Co(2u+ ') az — aq Co(2u+ ') a1 — as
-
_ Ripie)\ﬁ 4+
Co(2p+w)? €2 ’
A araz € 5y araz € paiaz € 5,
Goy = > Mt 2 a2t 734_...7
- P as - ar |§\2 20+ ' J€]*
(Co+R)w (Cv+R)w
G =(I—- 3 2 e *3|£|2t+ Coputp’)az + 5 a ffTe _ Cu(@ptp)ar * R g
22 €2 Cu@utp)(az—ar) |¢[4 Cy (2pt') (az—az) |§|4
Rpaias Rpajaz
EET aat
4+ 2> Mt
(35
A Rpa, i€t
Gos = ——et
27 0ot i) (az — a1) [€2
Rpay ﬁe)\gt_i_ Rp i§ eMst 4.
Co(2p+ /) (a1 — az) [€]? Co(2u + ) € ’
= _Co(2p+ p')aras Mt Cy(2u + p)arag et
Rpas — aq Rpas — aq
_ Gt Rjwparag 1y
Copt )2 JE ’
(C,U-&-R)u? C, . (C,U-Q—R)LD
Gy — CuCutiTas TR ﬁeht _ TuGatana T ZET
” [N (TR
(Cy + R)yw i£T BNty
Co(2p+ ') €]2
GSS __ W oMt _ az Aot _ (Cy + R)Rwp 1 Mt

ap — az ar — az C2(2u+ )% €2

From Lemmas 2.7) we can find that there basically exist two kinds of singular

components in the high frequency part of Green’s function. One is like the heat

2

kernel ¢t—3/2¢ &7 arising from the term e~CI€*t in Fourier space. The second one

is like a Dirac d-function or some é-like functions, which is rising from the term like

|€|7Be~C* in Fourier space and the integer 8 > 1. Thus, from Lemma we have
the following description for the high frequency part.

Proposition 2.8. There exists a constant C > 0 such that the high frequency part
satisfies

105 (xa(D)Gij — Gs)(a, 1) < Ce (1 + |a|?) ™
for all integer N > 0. Here the singular parts Gs(x,t) satisfy
el 4 0y(a)]. (2.23)
Middle frequency part. The analysis for the middle frequency part is partially
based on the idea in Li [20]. In particular, we derive the following estimates for the
eigenvalues.

Gg(z,t)=¢e t/C[Clt
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Lemma 2.9. When n < |§| < K with two fized positive constants 1 and K, there
exists a constant b > 0 such that

Re(A1(I€]); A2(1€]), As([€])) < —b. (2.24)
Proof. Note first that

K 43 2u+ ws
Mt d =g st ey T s
A1A + >\1)\3 + )\2)\3

Cv (1 + \€|2) Cip ’
—4) 414
Adods = — K,Rw|£|4 4Rw* €|

CopP(1+[g?)
We will prove (2.24)) by two steps:

Step 1. Suppose there is a real root A\; and A\; > 0. Combining (2.25)); and ([2.25)),
one has
(2u+u)|§|4 (2u+u) ¢t (Cu+ R)Rw
Cuop p>(1+1¢1%) Cip
K 41?}3 2u +
+ (5= + +
(e e :

On the other hand, by (2.25)5 we have

Aodg = €17
(2.26)

€)% A1 + AL

Kk Rw o ARw*|E*
C3p? Cop° (1 +[¢)
This yields a contradiction since the signs of A2 A3 in (2.26)) and (2.27)) are opposite.
Accordingly, the assumption is not true.

A2z = —( )/ A1 (2.27)

Step 2. Suppose that A\; < 0 and there is a pair of conjugate imaginary roots A
and A3 with Ay + A3 > 0. From (2.25))1, one has

K 43 Z,u —|— [T
A+ A3 =—(5—+ -1 >0, 2.28
K 43 2u +u' e
M < —(—+ + . 2.29
1 (C — 04—4(1+ |€|2) ﬁ )|£| ( )
Then, combining (2.25))2, -3, and (| -, a routine computation gives rise to
A2+ A3
K(2 1,+ ) 403 (2u+p’ (Cy +R Rw kR 4Rw?|¢|*
_ )‘ [ : H |£‘4 + Cipd (1,u+|/€| )|€|4 + |§| ] + C2p? |£‘4 + C5p° (1F[€]2)
A%
K 4w’ 20+ p! (2u+u) iy W2+ ) | s
S N
< <C -+ G IR el + S
Rwo(2p + p')
02_|£| |- el g <o

Obviously, this contradicts (2.28]). Therefore, Ay + A3 < 0, i.e., Re(A2) < 0 and
Re(A3) < 0. This completes the proof. O
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Lemma 2.10. The Green function G(€,t) is analytic when |€|2 > 8, where § is
any fixed positive constant.

Proof. We shall only present the proof for é11(§ ,1), since the other entries in the
G(&,t) can be treated similarly. First, from Lemmas and we can induce
that (2.9) has not repeated roots. Then, we can see that

Gi1(&, M, A9y As, t)
_ éhmeAlt + é%,lmeAQt + éili,lmeAgt
= g101eM" + goD1e™?t + gy Bre?st

= gl%eAlt + 2%6)‘215 —|—g3%6)‘3t (2.30)
_ 1Qvs — v2)eMt + g Q11 — v3)e?! + g3Q (v — 1y)es!
= o
A&, A1, A2, s, 1)
(v2gs — V392 + V3g1 — V1G5 + V1g2 — Vagr)?

where

A(év >\1a )‘Qa A37 t)

= g1(V2g3s — V392 + V391 — V193 + V1G2 — v2g1) (Vs — Vz)e)‘lt

+ g2(vags — V392 + V3g1 — V1g3 + V1ge — vag1) (V1 — V3)e/\2t

+ g3(vags — V392 + V391 — V193 + V1g2 — vag1) (Ve — Vl)e/\3t

= 91(1/293 — V392 + V391 — V193 + V192 — V291

o0

(Aot
+ 92(v2gs — v3g2 + v3g1 — vigs + vig2 — v2g1)(v1 — v Z : )

3

oo
+ 93(v2gs — v392 + v3g1 — 1193 + v1g2 — v2g1)(v2 — 11) Z

We claim that g; and v; (i = 1,2,3) are symmetric about \; (i = 1,2,3). It is
easy to obtain that the numerator is a symmetric power series in A; (i = 1,2,3).
In fact, for instance, exchanging A1 and Ao, the first term of A becomes the second
term, the second term becomes the first term, and the last term is still itself.
ThHS, A(f» >\17 >\27 )\Sa t) = A(fa >‘2a >\17 )\33 t) Thena we have Gll(gv )\13 )‘27 )\37 t) -
G11(&, A2y A1y Az, ).

It is well known that every symmetric polynomial can be written as a power sum
of the elementary symmetric polynomials A\; + Ao 4+ A3, A1 A2 + A A3 + Ao A3, and
A1A23. From (2.25)), we know that the numerator can be written as a power series
in |¢|? and therefore is entire in |¢|?. Similarly, we notice that the denominator is
a symmetric polynomial in \; (i = 1,2,3), so it can be written as an polynomial
in |€]2. Therefore, G11(€,t) must be analytic when |¢[2 > § > 0. Thus, we have
completed the proof. O

Lemmas [2.9] and [2.10] immediately yield the following result.
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Proposition 2.11. There exists a constant by > 0 such that
byt \$|2 N
107 (x2(D)G(z, )] < Ce™™ (1 + —) ",

where N can be arbitratily large.

In summary, from Propositions [2.4] we can have the following pointwise
description involving the Huygens’ wave and the diffusion wave.

Theorem 2.12. The Green function G(x,t) for system (2.3)), , 5 in the 8 dimen-
stonal space has the following estimates for t > 0:

107 (Gij — Gs)(z,t))]

gaymr%@u+@%£ifNfm@ﬁ¢eamam@m,
|02 (Gaz — Gs)(z,1))]
sca+w‘ﬂﬂﬂ+fﬂb_wﬂ+Ca+w‘ﬂMO+ﬂ%i$XYN

07 ((Gs1 — Gs,Gs3 — Gs))(x,1))]

<t (o B )

Here N > 0 is an arbitrary large constant and Gg is defined in Proposition [2.8

3. POINTWISE ESTIMATES FOR THE NONLINEAR SYSTEM

First, by using Duhamel’s principle, we represent the solution (p, m,w) for the

nonlinear problem (2.1)).
0

p t
0y | m | =05G *, Uy —|—/ 0vGx*y | Fy | (-, 8)ds, (3.1)
w 0 F2
where the initial data Uy := (pg, mg,wp)?, and the nonlinear terms Fi, F, are

defined in (2.2]).

Initial propagation. Let (p,1h, @) denote the linear part of the solution in (3.1).
Theorem the initial condition ([L.5)), and the representation (3.1)) yield the

linear estimates

02 (pm)] < 20e((1+ 072 (14 2002 4 (1 g2 (a4 LAl o),

1+t L+t
o _ 4tlal |z|? | —3/2 (2] — ct)?\~3/2
05w < 2Ce(l+1t)" 2 ((1+m) + (1+17—|—t) )

(3.2)
Here we have used the convolution estimate in Lemma [4.3] for the initial propaga-
tion, and the different pointwise estimates for the first two rows and the last row
of Green’s function in Theorem [2.12
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Nonlinear Coupling. According to the above initial propagation, we should give
the ansatz for the nonlinear problem when || < 1,

|07 (p, m)|
_3+]al |z|? | —3/2 9 (2] = ct)*\—3/2
§2Ce((1—|—t) Tt n) a0 ) ) (3.3)
o _ a4l |z \-3/2 (lz] = ct)?\ 372
|0gw| < 2Ce(1 +1t) ((1+m) +(1+17+t) )

Now, we substitute into the representation of the solution (p, m,w) in
to close the ansatz. To this end, we also split Green’s function into the regular term
G;; — Gs and the singular term Gg. For the convolution between G;; — G's and
the nonlinear terms, one can put all of the derivatives on G;; — Gs and use the
nonlinear convolution estimates in Lemmal[4.4] to obtain the corresponding estimate
as in the ansatz . We emphasize that although there exists a nonlocal operator
ﬁ in some nonlinear terms of Fb, it actually does not affect the result. In fact,
one can put this operator onto Green’s function by integration by parts, and it’s
easy to see that it is harmless for the pointwise estimates of Green’s function in all
of frequency parts.

Next, we consider the nonlinear convolution between the singular part of Green’s
function and the nonlinear term. We only take the nonlinear estimate of the mo-
mentum m for example, since from this one can see why we need H°-framework
for this quasi-linear problem. In fact, when estimating O*m, one will encounter
the term fot Gs(-t — T) %, 08[0%(pm)](-, 7)dr. Noting that G5 is like d(x) with
exponential decay rate, one has to put the derivative on the nonlinear term. That
is, fot §(-,t — ) x5 OF[0%(pm)](-,7)dT. As a result, one can close the ansatz only
when |k| > 1. Indeed, when |k| = 1, we should use the pointwise information of
92(pm), and hence it also requires 93(p, m) € L>°(R3). This together with Sobolev
inequality yields that we can close the ansatz in H°-framework.

Finally, by using the smallness of € and the continuity, one can close the ansatz
(3.2) and hence proves Theorem |1.1

4. APPENDIX

Some useful lemmas are given here. The first one is used to derive the pointwise
estimates of Green’s function in the low frequency.

Lemma 4.1 ([38)). If there exists a constant C > 0 such that when |€] < 1, f(&,1)
satisfies

102 (€ (&, 0] < O(|g|1 =10+ JefITeP172) (1 4 (1€ ]%))* exp(—bl€|*1),
for some constant b > 0, each fixed integer a and any multi-indexes o, 3 with

|B] < 2N, then

_ z|? \—N
9 (2.0 < O (14071 (14 2E) 7 (@.1)

where N is a positive constant and can be arbitrarily large.
The second lemma describes the singular part of the high frequency.
Lemma 4.2 ([38]). If supp f(£) C Ok =: {&, €] > K > 0}, and f(€) satisfies
0 (&) < ClEl P (or |DY f(€)] < Cle ™),
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then there exist distributions f1(x), fo(x) and a constant Cy such that
f(x) = fi(z) + f2(x) + Cod(x)  (or f(z) = fi(z) + fa(z) + Codzd(x)),

where 6(x) is the Dirac function. Furthermore, for any |a| > 0 and any positive
integer N, we have

02 fr(2)| S CL+ [2)™N, Nfell <C, supp fo(w) C {as ]z <no < 1}

The next two lemmas are often used to deal with initial propagation and non-
linear coupling, respectively. We also state several typical cases for completeness.

Lemma 4.3 ([40]). There exists a constant C' > 0 such that for n1,ny > 3/2 and
n3 = min{ny, ny}, we have

|x_y|2 —ni 2\ — N2 ( |l’|2 )—TL?,.
/Ra(Hth) (L+[y) Ay <C(1+75)

and for N > ry > 21.10, we have

(lz =yl —ct)*\ -~ 271 (2] = ct)?\=3/2
/R3(1+ i ) (el dy<C(1+ 1+t )

Lemma 4.4 ([25]). There exists a constant C' > 0 such that

[ Lo ) s )

2
<Cl+t)72(1+ ﬂt)—?’/{
vl iy (= ey
_ 2
<cq +t)_2((1 " 1|L+|t)—3/2 - (1 Gty oy

[ [t syn(a ooy

x (1+ s)_4(1 + M)ig dy ds

1+
_ X x| —ct)? . _
<C(1+1) 2((1+1|+|ﬁ) 3/2+(1+7(| ‘1+t) ) 3/2),

where the constant N > 0 can be arbitrarily large.
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