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ABSTRACT DEGENERATE VOLTERRA INCLUSIONS IN
LOCALLY CONVEX SPACES

MARKO KOSTIC

ABSTRACT. In this article, we analyze the abstract degenerate Volterra integro-
differential equations in sequentially complete locally convex spaces by using
multivalued linear operators and vector-valued Laplace transform. We fol-
low the method which is based on the use of (a, k)-regularized C-resolvent
families generated by multivalued linear operators and which suggests a very
general way of approaching abstract Volterra equations. Among many other
themes, we consider the Hille-Yosida type theorems for (a, k)-regularized C-
resolvent families, differential and analytical properties of (a, k)-regularized
C-resolvent families, the generalized variation of parameters formula, and
subordination principles. We also introduce and analyze the class of (a, k)-
regularized (C1, C2)-existence and uniqueness families. The main purpose of
third section, which can be viewed of some independent interest, is to intro-
duce a relatively simple and new theoretical concept useful in the analysis of
operational properties of Laplace transform of non-continuous functions with
values in sequentially complete locally convex spaces. This concept coincides
with the classical concept of vector-valued Laplace transform in the case that
X is a Banach space.

1. INTRODUCTION AND PRELIMINARIES

The main aim of this paper is to analyze the abstract degenerate Volterra integro-
differential equations in sequentially complete locally convex spaces by using mul-
tivalued linear operators (cf. [68] and [36] for a comprehensive survey of results on
abstract non-degenerate Volterra equations), as well as to introduce a new theo-
retical approach to the Laplace transform of functions with values in sequentially
complete locally convex spaces. To outline the motivation of our research, let
us mention that there exists only a few published papers in the existing literature
treating the abstract degenerate Volterra equations ([16], [I8]-[21], [31]) and the ab-
stract degenerate fractional inclusions associated with the use of Caputo fractional
derivatives ([45]-[49], [51]). In this paper, we make an attempt to perform the first
systematic exploration of abstract degenerate Volterra equations and abstract de-
generate fractional differential equations in locally convex spaces, contributing also
to the theories of abstract degenerate differential equations of first and second order
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(for pioneering results about semigroups of operators in locally convex spaces, we
refer the reader to the papers [33], 34, [82]). A great number of our results seems to
be new even in the Bahach space setting.

The organization and main ideas of this paper can be briefly described as follows.
In the second section of paper, we will take a preliminary and incomplete look at
the multivalued linear operators in locally convex spaces; for more details, we refer
the reader to the monographs [9] [I7]. We introduce the notion of a C-resolvent of a
multivalued linear operator, reconsider the assertions from [I7, Chapter I] and state
a generalization of [36] Proposition 2.1.14] for C-resolvents of multivalued linear
operators. Following the approach of Knuckles and Neubrander [32], we introduce
the notion of a relatively closed multivalued linear operator in locally convex space.
The generalized resolvent equations continue to hold in our framework.

As mentioned in [36] Section 1.2], only a few noteworthy facts has been said about
the Laplace transform of functions with values in sequentially complete locally
convex spaces. In Section 3, we propose a new theoretical approach to the Laplace
transform of functions with values in sequentially complete locally convex spaces.
This concept extends the corresponding one introduced by Xiao and Liang ([80],
1997), and coincides with the classical concept of vector-valued Laplace transform
in the case that the state space X is one of Banach’s [I]. Concerning the integration
of functions with values in sequentially complete locally convex spaces, we follow
the approach of Martinez and Sanz (cf. [6I], pp. 99-102] for more details); for Pettis
integration in locally convex spaces and some applications to abstract differential
inclusions of first order, we refer the reader to [28],29] 56]. Once we have proved the
formula for partial integration in Theorem we have an open door to consider
various operational properties of Laplace transform by using the methods already
known in the Banach space case. The non-possibility of establishing Fubini-Tonelli
theorem in this concept of integration additionally hinders our research and does
not able us to fully transfer some assertions from the Banach space case to the
general locally convex space case; for example, in Theorem Vi) we consider the
Laplace transform of finite convolution product and there it is almost inevitable to
impose the condition that the function f(¢) is continuous.

A large number of research papers, starting presumably with that of Yagi [81],
written over the last twenty five years, have concerned applications of multivalued
linear operators to abstract degenerate differential equations (cf. [§], [I3], [I7] and
[63]-[65] for the primary source of information on this subject). In Section 4, we
analyze the abstract degenerate Volterra inclusion

Bu(t) € A/t a(t — s)u(s) ds + F(t), ¢ € [0,7), (1.1)

where a € Ll ([0,7)), a # 0, A: X — P(Y) and B : X — P(Y) are given
multivalued linear operators acting between sequentially complete locally convex
spaces X and Y, and F : X — P(Y) is a given mutivalued mapping, as well as the

fractional Sobolev inclusions

D¢ Bu(t) € Au(t) + F(t), t>0,
(Bu)Y(0) = Bx;, 0<j<[a]-1,
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where we assume that B = B is single-valued, and

BD%u(t) C Au(t) + F(t), >0,

u(0) ==, 0<j<[a] -1 3

Here, D{u(t) denotes the Caputo fractional derivative of function u(t). We define
various types of solutions of problems , and . In Theorems and
4.5] we reconsider the main results of research of Kim [31], while in Theorem [4.6| we
prove an extension of [32] Theorem 3.5] for abstract degenerate fractional differen-
tial inclusions. Subordination principles are clarified in Theorem and Theorem
following the methods proposed by Priiss [68, Section 4] and Bazhlekova [5]
Section 3] (cf. [22] and [42]-[46] for similar results known in degenerate case).

Following the old ideas of deLaubenfels [11], in Section 5 we introduce and an-
alyze the class of (a, k)-regularized (C1, Cs)-existence and uniqueness families (cf.
[36, Section 2.8] for non-degenerate case). Later on, we single out the class of (a, k)-
regularized C-resolvent families for special considerations. We focus our attention
on the analysis of Hille-Yosida’s type theorems for (a, k)-regularized C-resolvent
families generated by multivalued linear operators (as in all previous researches
of non-degenerate case, we introduce the notion of a subgenerator of an (a,k)-
regularized C-resolvent family and investigate the most important properties of
subgenerators; our analysis is based on the use of vector-valued Laplace trans-
form). It is well known (see e.g. [I7, Theorem 2.4], [32] Theorem 3.6] and [31
p. 169]) that Hille-Yosida’s type estimates for the resolvent of a multivalued op-
erator A immediately implies that A is single-valued in a certain sense. In part
(ii) of Theorem we will prove a similar assertion provided that the Hille-
Yosida condition below holds. For the validity of Theorem ii), we have
found the condition k(0) # 0 very important to be satisfied; in other words, the
existence of above-mentioned single-valued branch of A can be proved exactly in
non-convoluted or non-integrated case, so that we have arrived to a diametrically
opposite conclusion to that stated on 1. 7-13, p. 169 of [3I]. Nevertheless, the
existence or non-existence of such a single-valued branch of A is not sufficient for
obtaining a fairly complete information on the well-posedness of inclusion
with B = I (the reading of papers [31], 32] has strongly influenced us to write this
paper, and compared with the results of [31], here we do not need the assumption
that a(t) is a normalized function of local bounded variation). In the remainder
of Section 5, we enquire into the possibility to extend the most important results
from [36 Section 2.1, Section 2.2] to (a, k)-regularized C-resolvent families gener-
ated by multivalued linear operators, and present several examples and possible
applications of our abstract theoretical results. We clarify the complex characteri-
zation theorem for the generation of exponentially equicontinuous (a, k)-regularized
C-resolvent families, the generalized variation of parameters formula, and subordi-
nation principles; in two separate subsections, we analyze differential and analytical
properties of (a, k)-regularized C-resolvent families as well as the case in which some
of the regularizing operators C' and Cj is not injective. We provide several illustra-
tive examples, including applications to fractional Maxwell’s equations, fractional
linearized Benney-Luke equation and backward Poisson heat equation.

Because of some similarity with our previous researches of non-degenerate case,
we have decided to write this paper in a half-expository manner, including only the



4 M. KOSTIC EJDE-2023/63

most relevant details of proofs of our structural results. The author would like to ex-
press his appreciation and sincere thanks to Prof. Vladimir Fedorov (Chelyabinsk,
Russia) and Prof. Rodrigo Ponce (Talca, Chile) for many stimulating and enlight-
ening discussions during the research.

We use the standard terminology throughout the paper. By X we denote a Haus-
dorff sequentially complete locally convex space over the field of complex numbers,
SCLCS for short. If Y is also an SCLCS over the same field of scalars as X, then
we denote by L(X,Y") the space consisting of all continuous linear mappings from
X into Y; L(X) = L(X, X). By ®x (®, if there is no risk for confusion), we denote
the fundamental system of seminorms which defines the topology of X; the funda-
mental system of seminorms which defines the topology on an arbitrary SCLCS Z
is denoted by ®z. The symbol Ix (Iy) denotes the identity operator on X (Y);
if there is no risk for confusion, then we also write I in place of Ix. By X* we
denote the dual space of X. Let 0 < 7 < oo. A strongly continuous operator
family (W (t))iepo,r) € L(X,Y) is said to be locally equicontinuous if and only if,
for every T € (0,7) and for every p € ®y, there exist ¢, € ®x and ¢, > 0 such that
p(W(t)x) < cpgp(x), z € X, t € [0,T]; the notions of equicontinuity of (W (t)):eqo,r)
and the exponential equicontinuity of (W (t));>¢ are defined similarly. Notice that
(W(t))tejo,r) is automatically locally equicontinuous in case that the space X is
barreled ([62]).

By B we denote the family consisting of all bounded subsets of X. Define
pe(T) = sup,cpp(Tx), p € ®y, B € B, T € L(X,Y). Then pg(-) is a seminorm
on L(X,Y) and the system (pp)p p)jcw, x5 induces the Hausdorff locally convex
topology on L(X,Y). If Y is continuously embedded in X, we will use the no-
tation Y < X. Suppose that A is a closed linear operator acting on X. Then
we denote the domain, kernel space and range of A by D(A), N(A) and R(A),
respectively. Since no confusion seems likely, we will identify A with its graph. Set
pa(z) = p(z) + p(Az), + € D(A), p € ®. Then the calibration (pa)pee induces
the Hausdorff sequentially complete locally convex topology on D(A); we denote
this space simply by [D(A)].

Suppose that V' is a general topological vector space (the consistent and stable
theory of abstract degenerate Volterra integro-differential equations in non-locally
convex spaces has not been yet created; see [26] for some results established in
non-degenerate case). As it is well-known, a function f : Q@ — V, where Q is
an open non-empty subset of C, is said to be analytic if it is locally expressible
in a neighborhood of any point z € € by a uniformly convergent power series
with coefficients in V. The reader may consult [I], [36, Section 1.1] and references
cited there for the basic information about vector-valued analytic functions. In our
framework, the analyticity of a mapping f : Q — X is equivalent with its weak
analyticity.

A function f : [0,T] — X, where 0 < T < o0, is said to be Holder continuous
with the exponent r € (0,1] if for each p € ®x there exists M > 1 such that
p(f(t) — f(s)) < M|t — s|", provided 0 < t,s < T, while a function f : [0,00) = X
is said to be locally Holder continuous with the exponent r if its restriction on any
finite interval [0, T'] is Holder continuous with the same exponent. By ACi..([0, 00))
we denote the space consisting of all functions f : [0,00) — X whose restriction on
any finite interval [0,T] (T > 0) is absolutely continuous.
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Let 0 < 7 < oocanda € L{ ([0,7)). Then we say that the function a(t) is a kernel

loc

on [0, 7) if for each f € C([0,7)) the assumption f(f a(t —s)f(s)ds =0, t € [0,7)
implies f(t) =0, t € [0,7). Given s € R in advance, set |s| :=sup{l € Z : | < s}
and [s]| := inf{l € Z : s < l}. The Gamma function is denoted by I'(:) and the
principal branch is always used to take the powers. Set g¢(t) :=t*~!/T'(¢) (¢ > 0,
t > 0), go(t) := d-distribution and, by common consent, 0¢ := 0. For any angle o €
(0, 7], we define Xy, :={z € C: 2 # 0, |arg(z)| < a}. Set C4 :={A € C: A > 0}.

Now we repeat some basic facts and definitions about integration of functions
with values in SCLCSs. Unless stated otherwise, by {2 we denote a locally compact,
separable metric space and by p we denote a locally finite Borel measure defined
on . A function f: € — X is said to be y-measurable if and only if there exists a
sequence (f,) in X% of simple functions (cf. [36, Definition 1.1.1(i)] for the notion)
such that lim,,_, o fr(t) = f(¢) for a.e. t € Q.

Definition 1.1. Let K C § be a compact set, and let a function f : K — X be
strongly measurable. Then it is said that f(-) is (u-)integrable if there is a sequence
(fn)nen of simple functions such that lim, . fr(t) = f(t) a.e. t € K and for all
€ > 0 and each p € ® there is a number ng = ng(e, p) such that

/Kp(fn — fm)dp<e (m, n>mnyg). (1.4)

/fdu:z lim/fndu.
K n—oo K

From (1.4), we have that (p(fn))nen is a Cauchy sequence in the space L' (K, p),
so that the limit p(f) = lim, o0 p(frn) is p-integrable. Similarly we can prove
that each function p(f, — f) is p-integrable and the sequence of its corresponding
integrals converges to zero. Recall that every continuous function f : K — X is
p-integrable.

In this case we define

Definition 1.2. (i) A function f: Q — X is said to be locally p-integrable if, for
every compact set K C €2, the restriction fjx : K — X is p-integrable.

(ii) A function f: 2 — X is said to be p-integrable if it is locally integrable and
if additionally

/ﬂpm du< oo, pe®. (1.5)

If this is the case, we define

/fd,u:: lim/ fdu,
Q n—oo K,

with (K,,)nen being an expansive sequence of compact subsets of ) with the prop-
erty that (J, oy Kn = Q.

The above definition does not depend on the choice of sequence (K, ),en. More-
over,

o([ 1) < [ opan. pee. (16)

It is not difficult to verify that the p-integrability of a function f : K — X, resp.
f:Q — X, implies that for each * € X*, one has:

<x*,/de/L>:/K<x*7f>du, resp. <;v*,/9fdu>:/9<x*,f>d,u. (1.7)
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Definition [T.2] is equivalent with the definition of Bochner integral, provided that
X is a Banach space. Furthermore, every continuous function f : Q — X satisfying
(1.5) is p-integrable and the following holds.

Theorem 1.3. (i) (The Dominated Convergence Theorem) Suppose that (f,) is
a sequence of p-integrable functions from X and (f,) converges pointwise to a
function f : Q — X. Assume that, for every p € ®, there exists a p-integrable
function F, : Q — [0,00) such that p(f,) < F,, n € N. Then f(-) is a p-integrable
function and lim, o [o, fndp = [, fdp.

(ii) Let Y be a SCLCS, and let T : X =Y be a continuous linear mapping. If
f:Q — X is p-integrable, then Tf : Q — Y s likewise pu-integrable and

T/Qfdu:/Qdeu. (1.8)

(iti) Let Y be a SCLCS, and let T : D(T) C X =Y be a closed linear mapping.
If f : Q = D(T) is pu-integrable and Tf : Q — Y is likewise p-integrable, then
Jo fdp € D(T) and (L.8) holds.

Recent decades have witnessed a fast growing applications of fractional calculus
and fractional differential equations to diverse scientific and engineering fields (cf.
[, 141 130, [67, [70] and references cited therein for further information). In this paper,
we mainly use the Caputo fractional derivatives. Let ¢ > 0. Then the Caputo
fractional derivative D$u [5 136] is defined for those functions u € C¢1-1(]0, 00) :

X) for which gre—¢ * (u — 1w (0)g;41) € CT€1([0,00) = X), by

dr¢l -t
Dfu(t) = m {Q(G,C * (u — Z u(])(O)gj—i-l)] .
=0

Define C"([0,T] : X) to be the vector space consisting of Holder continuous func-
tions f : [0,7] — X with the exponent r; if ' € (0,00) \ N, then we define
C7'([0,T] : X) as the vector space consisting of those functions f : [0,7] — X for
which f € CU"J([0,T] : X) and f("'D) e ¢ =1"")([0,T] : X). Without going into
further details, we will only observe here that the existence of Caputo fractional
derivative D$w implies u € CI¢1((0,00) : X)NCS([0,T] : E), for each finite number
T > 0. A proof is left to the interested reader.

We refer the reader to [5] for the notion of a Riemann-Liouville fractional deriv-
ative Dfu(t) of order o > 0. The Mittag-Leffler function Eg ,(2) (8 >0, v € R) is
defined by

e k
z
Epq(2)i=Y =, z€C.
= I'(Bk +7)

Set, for short, Eg(z) := Eg1(z), z € C. If § € (0,1), then we define the Wright
function ®g(-) by

Ds(t) =L (Eg(—N) (), t>0,
where £71 denotes the inverse Laplace transform. For further information about the

Mittag-Leffler and Wright functions, we refer the reader to [5], [36] and references
cited there.
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2. MULTIVALUED LINEAR OPERATORS IN LOCALLY CONVEX SPACES

A multivalued map (multimap) A : X — P(Y) is said to be a multivalued linear

operator (MLO) if and only if the following holds:

(i) D(A) :=={z € X : Ax # 0} is a linear subspace of X;

(i) Az + Ay C A(z +y), z, y € D(A) and Mz C A(Xz), A € C, z € D(A).
If X =Y, then we say that A4 is an MLO in X. An almost immediate consequence
of definition is that Ax + Ay = A(x +y) for all z, y € D(A) and \Ax = A(\x)
for all z € D(A), A # 0. Furthermore, for any z, y € D(A) and A, n € C with
Al + || # 0, we have Az + nAy = A(Ax + ny). If A is an MLO, then A0 is
a linear manifold in Y and Az = f 4 A0 for any = € D(A) and f € Az. Set
R(A) := {Az : 2 € D(A)}. The set A710 = {z € D(A) : 0 € Az} is called the
kernel of A and it is denoted henceforth by N(A) or Kern(A). The inverse A1
of an MLO is defined by D(A™') := R(A) and A7y := {z € D(A) : y € Az}. It
is checked at once that A~! is an MLO in X, as well as that N(A~!) = A0 and
(A H)™! = A If N(A) = {0}, i.e., if A7! is single-valued, then A is said to be
injective. It is worth noting that Az = Ay for some two elements x and y € D(A),
if and only if Az N Ay # 0; moreover, if A is injective, then the equality Az = Ay
holds if and only if z = y.

For any mapping A : X — P(Y) we define A := {(2,y) : = € D(A), y € Axz}.
Then A is an MLO if and only if A is a linear relation in X x Y, i.e., if and only if
A is a linear subspace of X x Y.

If A, B:X — P(Y) are two MLOs, then we define its sum A+ B by D(A+B) :=
D(A)ND(B) and (A+ B)z := Az + Bz, © € D(A+ B). It can be simply verified
that A+ B is likewise an MLO.

Let A: X - P(Y) and B:Y — P(Z) be two MLOs, where Z is an SCLCS.
The product of A and B is defined by D(BA) := {z € D(A) : D(B)N Az # 0} and
BAz := B(D(B)N Az). Then BA: X — P(Z) is an MLO and (BA)~! = A71B7L.
The scalar multiplication of an MLO A : X — P(Y) with the number z € C, zA
for short, is defined by D(zA) := D(A) and (zA)(x) := zAz, v € D(A). It is clear
that z4: X — P(Y) is an MLO and (wz)A = w(zA) = z(wA), z, w € C.

Suppose that X’ is a linear subspace of X, and A : X — P(Y) is an MLO.
Then we define the restriction of operator A to the subspace X', A|x for short, by
D(A‘XI) = D(.A)ﬁX/ and A‘X/Jf = .A.’E, x € D(A‘X/) Clearly, -A|X’ X — P(Y)
is an MLO. Tt is well known that an MLO A : X — P(Y) is injective (resp.,
single-valued) if and only if A~'A = Ijp(a) (resp., AA™! = IKQ(A))'

The integer powers of an MLO A : X — P(X) are defined recursively as follows:
A® =: I if A"~ is defined, set

D(A") :=={z € D(A" ") : D(A) N A" 'z # 0},
and
Az = (AA" Nz = U Ay, =z € D(A").
yeD(A)NAm—1z
We can prove inductively that (A")~! = (A" 1) tA L = (A )" = A" neN
and D((A—.A)") = D(A"), n € Ng. Moreover, if A is single-valued, then the above
definitions are consistent with the usual definition of powers of A.

IfA:X — P(Y)and B: X — P(Y) are two MLOs, then we write .A C B if and
only if D(A) C D(B) and Az C Bx for all z € D(A). Assume now that a linear
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single-valued operator S : D(S) C X — Y has domain D(S) = D(A) and S C A,
where A : X — P(Y) is an MLO. Then S is called a section of A; if this is the
case, we have Az = Sx + A0, € D(A) and R(A) = R(S) + .AO0.

We say that an MLO operator A : X — P(Y) is closed if for any nets (z,) in
D(A) and (y,) in Y such that y, € Az, for all 7 € I we have that the suppositions
lim; ;o 2, = 2 and lim, o y, = y imply z € D(A) and y € Axz.

We introduce the notion of a relatively closed MLO as follows [32]. We say that
an MLO A : X — P(Y) is relatively closed if and only if there exist auxiliary
SCLCSs X4 and Y4 such that D(A) € X4 — X, R(A) C Y4 — Y and A
is closed in X4 x Y4; i.e., the assumptions D(A) 3> 2, — x as 7 — oo in X4
and Ax; 3 y, — y as 7 — oo in Y4 implies that x € D(A) and y € Az. A
relatively closed operator will also be called X 4 x Y4-closed. For example, let
A, B: D C X — Y be closed linear operators with the same domain D. Then
the operator A+ B is not necessarily closed but it is always [D(A)] x Y-closed (cf.
[B1, p. 170]). Examples presented in [32] can be simply reformulated for operators
acting on locally convex spaces, as well:

Example 2.1. (i) If A: X — P(Y) is an MLO, then A: X — P(Y) is likewise an
MLO. This shows that any MLO has a closed linear extension, in contrast to the
usually considered single-valued linear operators.

(ii) Let A: D(A) C X — Y be a single-valued linear operator that is X4 x Y4-
closed, let B: X — P(Y) be an MLO that is Xg X Yp-closed, and let Y4 — Yg.
Then the MLO S = A+ B is Xg x Yp-closed, where Xg := D(A) N Xg and the
topology on Xg is induced by the system (s, 4.-) of fundamental seminorms, defined
as follows: sp q.r(x) =: p(z)+p(Az)+q(x)+r(Az), z € Xg (p € ®x, ¢ € Rxy, T €
®YA)'

(iii) Let A: D(A) € X — Y be a single-valued linear operator that is X4 X Y4-
closed, let B: Y — P(Z) be an MLO that is Yg x Zg-closed, and let Yz — Yj4.
Then the MLO C = BA : X — P(Z) is X¢ x Zp-closed, where X¢ := {z €
D(A) : Az € Yg} and the topology on X¢ is induced by the system (s, ,) of
fundamental seminorms, defined as follows: s, 4(x) =: p(z)+p(Az)+q(Az), z € X¢
(p € ®x, q € Byy).

(iv)Let A: D(A) C X - Y and B: D(B) C X — Y be two single-valued linear
operators. Set

A:=B A= {(z,y) : 2z € D(A), y € D(B) and Az = By}.
Then A is an MLO in X, and the following holds:

(a) If one of the operators A, B is bounded and the other closed, then A is
closed.

(b) If A is closed and B is Xp x Y-closed, then A is [D(A)] x X g-closed.

(c) If B is closed and A is X4 x Y-closed, then A is X4 x [D(B)]-closed.

(d) If Ais X4 x Ya-closed and B is Xp x Yp-closed, where Yp < Yy, then A
is X¢ x Xp-closed, where X¢ is defined as in (iii).

If A: X — P(Y) is an MLO, then we define the adjoint A* : Y* — P(X*) of A
by its graph
A= {(y",2%) e Y* x X*: (y*,y) = (¢*,z) for all pairs (z,y) € A}.

It is simply verified that A* is a closed MLO, and that (y*,y) = 0 whenever
y* € D(A*) and y € A0. Furthermore, A* is single-valued provided that A is



EJDE-2023/63 ABSTRACT DEGENERATE VOLTERRA INCLUSIONS 9

densely defined, A* = A" and the equations [I7, (1.2)-(1.6)] continue to hold for
adjoints of MLOs acting on locally convex spaces.

The following important lemma can be proved by using the Hahn-Banach theo-
rem and the argumentation from [3].

Lemma 2.2. Suppose that A: X — P(Y) is an MLO and A is X 4 x Y4-closed.
Assume, further, that xg € X, yo € Y and (z*, x0) = (y*,yo) for all pairs (z*,y*) €
X x Y3 satisfying that (x*,x) = (y*,y) whenever y € Ax. Then yo € Axo.

With Lemma|2.2in view, we can simply prove the following extension of Theorem
(iii) for relatively closed MLOs in locally convex spaces.

Theorem 2.3. Suppose that A: X — P(Y) is an MLO and A is X 4 X Y -closed.
Let f:Q — X4 and g : Q — Y4 be p-integrable, and let g(x) € Af(x), x € Q.
Then [, fdp € D(A) and [, gdpe A [, fdp.

In the remaining part of this section, we will analyze the C-resolvent sets of
multivalued linear operators in locally convex spaces. Our standing assumptions
will be that A is an MLO in X, as well as that C' € L(X) is injective (the only
exception will be Subsection where C' can be possibly non-injective) and C.A C
AC (this is equivalent to say that, for any (z,y) € X x X, we have the implication
(r,y) € A= (Cz,Cy) € A; by induction, we immediately get that C.A* C A*C
for all k£ € N). Then the C-resolvent set of A, pc(A) for short, is defined as the
union of those complex numbers A € C for which

(i) R(C) € R(A = A);

(ii) (A —.A)~1C is a single-valued bounded operator on X.
The operator A — (A — A)~1C is called the C-resolvent of A (A € pc(A)); the
resolvent set of A is defined by p(A) := pr(A), RA: A) = (A=A~ (A€ p(A)).
We can almost trivially construct examples of MLOs for which p(A) = 0 and
pc(A) # 0; for example, let Y be a proper closed linear subspace of X, let A be
an MLO in Y, and let A € C so that (A — A)~! € L(Y). Taking any injective
operator C € L(X) with R(C) C Y, and looking A = Ax as an MLO in X, it is
clear that A € po(Ax) and p(Ax) = 0. In general case, if pc(A) # (), then for any
A € pc(A) we have A0 = N((M — A)~1C), as well as A € po(A), A C C~LAC
and (A — A)"rC)*(D(AY)) C D(A*HY), k, | € Np; here it is worth noting that the
equality A = C~1AC holds provided, in addition, that p(A) # 0 (see the proofs
of [12, Proposition 2.1, Lemma 2.3]). The basic properties of C-resolvent sets of
single-valued linear operators [35] [36] continue to hold in our framework (observe,
however, that there exist certain differences that we will not discuss here). For
example, if p(A) # 0, then A is closed; it is well known that this statement does
not hold if po(A) # 0 for some C' # I (cf. [12, Example 2.2]). Arguing as in the
proofs of [I7, Theorem 1.7-Theorem 1.9], we can deduce the validity of the following
important theorem, which will be frequently used in the sequel.

Theorem 2.4. (i) We have
(A=A 'CACAA-—A)'C—CCAN-A)T'C, Aepo(A).

The operator (A —A)~1C A is single-valued on D(A) and (A\—A)~'C Az =
(A — A)~LCy, whenever y € Az and X\ € pc(A).
(ii) Suppose that A, p € pc(A). Then the resolvent equation

A=A)'Cr— (u—A) ' CPr=(u—NA—A) ' Clp—A)'Ce, zeX



10 M. KOSTIC EJDE-2023/63

holds good. In particular, (A\—A)~1C(u—A)~1C = (M—A)_lC()\—A)_IC’.

By Theorem i)7 it readily follows that the operator A\(A—A)~1C—C € L(X) is
a bounded linear section of the MLO A(A—A)~1C (X € pc(A)). Inductively, we can
prove that, for every z € X, n € Ny and A € pc(A), we have card((A —.A)~"Cz) <
1. Having in mind this fact, as well as the argumentation already seen many times
in our previous research studies of C-resolvents of single-valued linear operators,
we can prove the following extension of [36], Proposition 2.1.14] for MLOs in locally
convex spaces.

Proposition 2.5. Let § # Q C pc(A) be open, and let x € X.

(i) The local boundedness of the mapping A\ — (A — A)~1Cxz, X\ € Q, resp. the
assumption that X is barreled and the local boundedness of the mapping A — (A —
A)7LC, X € Q, implies the analyticity of the mapping X — (A — A)~1C3z, )\ € Q,
resp. A= (A—A)"1C3, X € Q. Furthermore, if R(C) is dense in X, resp. if R(C)
is dense in X and X is barreled, then the mapping A — (A — A)~*Cz, X\ € Q is
analytic, resp. the mapping A — (A — A)~1C, X € Q is analytic.

(#i) Suppose that R(C) is dense in X. Then the local boundedness of the mapping
A= (A=A)"1Cx, X € Q implies its analyticity as well as Cz € R(A—A)"), n € N
and .

%()\ — A)_lC:E =(-1)"Hn-1)!(A—-A)"Cz, neN. (2.1)
Furthermore, if X is barreled, then the local boundedness of the mapping A —
(A —A)~LC, X\ € Q implies its analyticity as well as R(C) C R((A — A)"), n € N
and

dn—l 1 3 o
Tt (A=A C= (=) = 1H(A - A) "CeL(X), neN.  (22)
(iii) The continuity of mapping A — (A — A)~*Cxz, X\ € Q implies its analyticity
and (2.1). Furthermore, if X is barreled, then the continuity of mapping \ —
(A —A)"LO, X\ € Q implies its analyticity and (2.2).

It is well known that pc(A) need not be an open subset of C if C' # I and A
is a single-valued linear operator (cf. [I2, Example 2.5]) and that p(A) is an open
subset of C, provided that X is a Banach space and A is an MLO in X (cf. [I7,
Theorem 1.6]). The regular C-resolvent set of A, pf.(A) for short, is defined as
the union of those complex numbers A € pc(A) for which (A — A)~1C € R(X),
where R(X) denotes the set of all regular bounded linear operators A € L(X),
i.e., the operators A € L(X) for which there exists a positive constant ¢ > 0 such
that for each seminorm p € ® there exists another seminorm ¢ € ® such that
p(A"z) < "g(x), z € X, n € N; the regular resolvent set of A, p"(A) for short, is
then defined by p"(A) := pj(A). By the argumentation contained in the proof of
[T7, Theorem 1.6], it readily follows that p"(A) is always an open subset of C.

The generalized resolvent equations hold for C-resolvents of multivalued linear
operators; more precisely, we have the following theorem which can be proved by
induction.

Theorem 2.6. (i) Let v € X, k € Ng and A\, z € pc(A) with z # \. Then
the following holds:

(z-A) (- A)_lC)kx
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(—1)F E(—DE (A= A)TLo) eR i

= (- A) Oy ,
- (Z—)\)k( A) ¢ +; (z_)\)k-‘rl—z

(i) Let k € No, z, y € X, y € (Mo — Az and Ny, z € pc(A) with z # \g.
Then the following holds:

1)k
(z— A)_leHx = (71)(,2 - A)_le'Hy

(== 20)"

F =1k (A — A)TIC) R
ey A
i=1 (2 = o)

We close this subsection with the observation that the notion of C-resolvent set
of a given MLO can be also introduced in the case that C' is not injective. If this
is the case, Theorem [2.4] Theorem [2.6] and an analogue of Proposition 2.5 continue
to hold ([38]).

3. LAPLACE TRANSFORM OF FUNCTIONS WITH VALUES IN SEQUENTIALLY
COMPLETE LOCALLY CONVEX SPACES

In this section, we assume that p = dt is the Lebesgue measure on 2 = [0, c0)
and f : [0,00) — X is a locally Lebesgue integrable function (in the sense of
Definition [L.2](i)). As in the Banach space case, we will denote the space consisting
of such functions by L{ ([0,00) : X); similarly we define the space L'([0,7] : X)

for 0 < 7 < o0. It is clear that implies (z*, f(+)) € L, .([0,00)) for 2* € X*.
The first normalized antiderivative ¢ — flU(t) := F(t) := fot f(s)ds, t >0 of f(-)
is continuous for ¢ > 0, and we have that fot p(f)du < oo for any p € ® and ¢ > 0.
Set fI(t) = [ gn(t — s)f(s)ds, t > 0.

A few auxiliary results on integration in sequentially complete locally convex
spaces is collected in the following theorem, which seems to be new and not con-
sidered elsewhere in the existing literature:

Theorem 3.1. (i) Suppose that g € C([0,00)) and f € L ([0,00) : X). Then
gf € L, ([0,00) : X).

(ii) If g € L{.([0,00)) and f € C([0,00) : X), then gf € L .([0,00) : X).

(ii) (The partial integration) Suppose that g € AC)c([0,00)). Then, for every
T >0, we have

/T g@)f(t) dt = g(T)F(7) — /T g'(t)F(t) dt. (3.1)
0 0

Proof. Fix a number 7 € (0,00). Let (f,)nen be a sequence of simple functions in
X071 such that lim,, e fn(t) = f(t) a.e. t € K = [0,7] and for all € > 0 and each
p € ® there is a number ng = no(€, p) such that holds. Then [; f(t)dt =
limy, 00 fOT fn(t)dt and the sequence (p(f,))nen is convergent in L[0,7]. By the
proof of [61l Proposition 4.4.1], there exists a sequence (s, )nen of simple functions
in CI7] such that lim, e |55 = gllz<(0.7] = 0, Suppen l[8nllzeppr < llgllzepom
and that for all € > 0 and p = | - | there is a number ng = ng(e,p) such that
holds with the functions f,(-) and f,,(-) replaced respectively with s, (-) and
$m(-). Clearly, (s,fn)nen is a sequence of simple functions in X7 such that
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iy ao 80 () fu(t) = g(8)F(£) acc. £ € [0, 7]. Furthermore, it can be casily seen that
[ P6n00) ~ sm01(0) a
< salimton [ U0 = I (0) i+ sn = sl [ 9
<ol [ (a0~ funl0)

t
+ <||3n —gllLejo, 7 + [I5m — g”L"O[O,‘r]) / p(fm(t))dt, m, neN.
0

This proves (i). To prove (ii), observe first that using Deﬁnitionwe can directly
prove that a function g; f1(-) belongs to the space L*([0, 7] : X), provided that f; :
[0,7] — X is a simple function and g; € L*[0,7]. Using the arguments contained
in the proof of [6I, Proposition 4.4.1] once more, we can find a sequence (fy,)nen of
simple functions in X7 such that, for every p € ®, lim,, oo p(fn — frej0,n =0,
sup,en P(fn)repo,r] < P(f)r=[0,-] and that for all € > 0 there is a number ng =
no(e, p) such that holds. Therefore, (gf,)nen is a sequence in L1([0,7] : X)
and lim, o g(t) fn(t) = g(t)f(t) a.e. ¢t € [0,7]. Making use of the dominated
convergence theorem (Theorem i)), we obtain that gf € L ([0,00) : X), as
claimed. By (i) and (ii), the both integral in are well-defined. Let z* € X*.
Using the partial integration in the Lebesgue integral and , we obtain that

/ " g e, F(1)) dt = g(r)(a*, F(r)) — / " (1) (e, (1)) d.
0 0

Since x* was arbitrary, it readily follows from (|1.7]) that (3.1) holds. The proof of
the theorem is thereby complete. O

In the remaining part of this section, we are concerned with the existence of
Laplace integral

(LLYA) := fFN) = /Oo e Mf(t)dt == lim Te"\tf(t) dt,

0 T—00 0

for 2\ eC. If f (Mo) exists for some \g € C, then we define the abscissa of convergence
of f(-) by )
absx (f) :=inf{RX: f(\) exists};

otherwise, absx (f) := +oo. It is said that f(-) is Laplace transformable, or equiva-
lently, that f(-) belongs to the class (P1)-X, if and only if absx (f) < co. Assuming
that there exists a number w € R such that for each seminorm p € ® there exists a
number M, > 0 satisfying that p(f(t)) < Mye*t, t > 0, we define wx (f) € [—o0, 00)
as the infimum of all numbers w € R with the above property; if there is no such

a number w € R, then we define wx (f) := 4+o00. Further on, we abbreviate wx (f)
(absx (f)) to w(f) (abs(f)), if there is no risk for confusion. Define

t
wabs(f) :=inf{A eR: Sup|/ e_’\s<ac*,f(s)>ds’ < oo for all z* € X*},
+>0'.Jo
Foo :=lim, o F(7), if the limit exists in X, and F,, := 0, otherwise.
Keeping in mind Theorem [3.I] we can repeat literally the argumentation from
[, Section 1.4, pp. 27-30] in order to see that the following theorem holds good
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(the only essential difference occurs on 1. 6, p. 29, where we can use [62, Mackey’s
theorem 23.15] in place of the uniform boundedness principle):

Theorem 3.2. Let f € L _([0,00) : X). Then the following holds:

loc

(i) The Laplace integral f()\) converges if R\ > abs(f) and diverges if R\ <
abs(f). If R\ = abs(f), then the Laplace integral may or may not be
convergent.

(ii) . abs(f) = abs(f).

(i) Suppose that A € C and the limit lim,_, fot e p(f(s))ds exists for any
p € ®. Then f()\) exists, as well.
(iv) We have

abs(f) < abs(p(f)) <w(f), pee.
In general, any of these two inequalities can be strict.

(v) We have
abs(f) = w(F — Fx), (3.2)
f\) = Fy + )\/ e M(F(t) — Fo) dt, RA > w(F — Fu), (3.3)
0
FN) = AF()\), R > max(abs(f),0) (3.4)
and

abs(f) <w e w(F) <w (ifw>0).
In particular, f(-) is Laplace transformable if and only if w(F) < co.

Recall [79], a function h(-) belongs to the class LT — X if and only if there exist
a function g € C([0,00) : X) and a number w € R such that w(g) < w < o
and h(A) = (Lg)(A) for A > w; as observed in [36, Section 1.2], the assumption
h € LT — X immediately implies that the function A — h(\), A > w can be
analytically extended to the right half plane {\ € C : R\ > w}. In the sequel, the
set of all originals ¢(-) whose Laplace transform belongs to the class LT — X will be
abbreviated to LT,, — X. Keeping this observation and the equations — in
mind, we can simply prove that the mapping A — f()\), RA > abs(f) is analytic,
provided that f € (P1)—X. If this is the case, the following formula holds:

dd:n f) = (=" /OOO e Mt f(t)dt, neN, AeC, RA>abs(f). (3.5

In the following theorem, we will collect various operational properties of vector-
valued Laplace transform.

Theorem 3.3. Let f € (P1)-X, z€ C and s > 0.

(i) Put g(t) == e *'f(t), t > 0. Then g(-) is Laplace transformable, abs(g) =
abs(f) — Rz and G(A) = f(A+2), A € C, R\ > abs(f) — R=.

(ii) Put fs(t) := f(t+s), t > 0, hs(t) := f(t —s), t > s and hs(t) := 0,
s € [0,t]. Then abs(f,) = abs(hs) = abs(f), fs(A) = e**(f()) — [y e Mf(t)dt) and
hs(A) = e 2 f(A) (A€ C, RA > a).

(iii) Let T € L(X,Y). Then To f € (P1)-Y and Tf(\) = (T o f)()\) for A € C,
RA > abs(f).

(iv) Suppose that A: X — P(Y) is an MLO and A is X 4 X Ya-closed, as well
as f € (P1) — X4, l € (P1) — Y4 and (f(2),I(t)) € A for a.e. t > 0. Then
(f(N),1(N) € A, X € C for R > max(abs(f),abs(1)).
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(v) Suppose, in addition, w(f) < co. Put

oo —s2/4t T =S /4t
Jt) = / f(s)ds:= lim f(s)ds, t>0,
0

it I N
00 go—s?/4t . T ge—s/4t
k(t) .:/O eV f(s)ds == lim i Wf(s)ds, t>0.
Then j(-) and k(-) are Laplace transformable,
- F(VA) - .
mas(abs(7),abs () < (maxe(), 0% 500 = 7Oy = v

for all A € C with R\ > (max(w(f),0))2.
(vi) Let f € (P1)-X, h € L], ([0,00)) and abs(|h|) < co. Suppose, in addition,
that f € C(]0,00) : X). Put

¢
(h* f)(t) := / h(t—s)f(s)ds, t>0.
0
Then the mapping t — (h* f)(t), t > 0 is continuous, hx f € (P1)-X, and

hx f(A) = B(A)F(A), A €C, R\ > max(abs(|h|),abs(f)).

Proof. Keeping in mind Theorem Theorem ii) and Theorem the as-
sertions (i)-(iv) can be proved as in the Banach space case (cf. [I, Proposition
1.6.1-Proposition 1.6.3] for more details). Consider now the part (v). Let A € C
with R\ > (max(w(f),0))? be fixed. Then R(v/\) > max(w(f),0) > max(w(F),0)
so that [36] Theorem 1.2.1(v)] implies in combination with (3.4) that F(VA) exists,

as well as that
~ 752/415
F(VX) = / / s) ds dt.

On the other hand, we can use the dominated convergence theorem and an elemen-
tary argumentation to prove that the mapping t — k(t), ¢t > 0 is continuous as well
as that for each seminorm p € ® there exists a finite number m, > 0 such that
p(k(t)) < myt=1/2 ¢ € (0,1]. This simply implies k € L _([0,00) : X). Since

e ko= [T sy s ex @)
0 0

we obtain

: * 7)\t 3 * *
Thﬁnolo<z 7/0 k(t dt>— f(ﬁ)), zr e X",
By Theorem i), we obtain that the mapping 7 — fOT e ME(t)dt, T > 0 is con-
tinuous so that the previous equality implies sup,>q [(z*, [; e *k(t) dt)| < oo for
all z* € X*. Therefore, Theorem [3-2(ii) shows that )\ >, abs(k) = abs(k) and
k(\) exists. Using again (3-6), it readily follows that k() = f(vV/X), as claimed.
Similarly we can prove that j()\) = f(v/A)/V/X. Suppose, finally, that the require-
ments of (vi) hold. Then it is very simple to prove that the mapping t — (hx* f)(¢),
t > 0 is continuous as well as that w(1*h* f) = w(h* (1% f)) < co. An appli-
cation of Theorem [3.2|v) yields that h* f € (P1)-X. Fix now a number A € C
with A > max(abs(|h|), abs(f)). Since abs({z*, f(-))) < abs(f) for all z* € X*,
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[1L Proposition 1.6.4] implies that (L(h * (z*, f(-))))(A) exists. Using this fact, it
readily follows that

sup‘/ot e ST (h* <33*,f()>) (s) ds‘ <oo, zFeX'.

t>0

—~—

By Theorem (ii), we obtain that m()\) exists. The equality h* f(\)
h(A\)f(A) can be proved in a routine manner.

Ol

For the sequel, we need the notion of a Lebesgue point of a function f €
Li . ([0,00) : X). A point ¢t > 0 is said to be a Lebesgue point of f(-) if and
only if for each seminorm p € ®, we have

1 [tth
Jim - / p(f(s) — F()) ds = 0. (3.7)
It is clear that any point of continuity of function f(-) is one of Lebesgue’s points of
f(), as well as that the mapping ¢t — F(t), ¢t > 0 is differentiable at any Lebesgue’s
point of f(-). Furthermore, a slight modification of the proof of [I, Proposition
1.2.2; a)/b)] shows that the following holds:

(Q1) For each seminorm p € @& there exists a set N, C [0,00) of Lebesgue’s
measure zero such that

lim p(l /fh F(s)ds — f(t)) =0, te[0,00)\N,

h—0" \h

and that (3.7)) holds for ¢ € [0, 00) \ N,.

In the case that X is a Fréchet space, (Q1) immediately implies that almost every
point ¢ > 0 is a Lebesgue point of f(+).

Using the proof of [I, Theorem 1.7.7], Theorem [3.1fiii), as well as the equations
and 7 we can simply prove that the Post-Widder inversion formula holds

in our framework:

Theorem 3.4 (Post-Widder). Suppose f € (P1)— X andt > 0 is a Lebesgue point

of f(:). Then
1 /n\ntl - n
B = lim (-0 (5) 70 (D),
f0 = C0tg) G
The situation is much more complicated if we consider the Phragmén-Doetsch
inversion formula for the Laplace transform of functions with values in SCLCSs.
The following result of this type will be sufficiently general for our purposes:

Theorem 3.5. Let f € (P1)-X andt > 0. Then the following holds:
() = lim Z(_l)nfln!flen)\tf(n)‘)'

A—o0 nA

n=1

Proof. Due to Theorem [3.2(v), we have F € C([0,00) : X) and w(F) < oo. The
result now follows easily from [36, Theorem 1.2.1(ix)]. O

Now we will state and prove the following uniqueness type theorem for the
Laplace transform.
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Theorem 3.6 (Uniqueness theorem for the Laplace transform). Suppose that f €
(P1)—X, Ao > abs(f) and f(A) =0 for all A\ > A\g. Then F(t) =0,t >0, f(t)=0
if t > 0 is a Lebesque point of f(+), and for each seminorm p € ® there exists a set
N, C [0,00) of Lebesque’s measure zero such that p(f(t)) =0, t € [0,00) \ Np. In
particular, if X is a Fréchet space, then f(t) =0 for a.e. t > 0.

Proof. The function t — F(t), ¢ > 0 is continuous and by Theorem [3.2]v) we obtain
that w(F) < oo and F(\) = 0, A > max()g,0). Now we can apply Theorem
in order to see that F'(t) = 0, t > 0. The remaining part of proof is simple and
therefore omitted. O

Remark 3.7. Suppose that f € L] ([0,00) : X) and for each seminorm p € ®
there exists a set N, C [0,00) of Lebesgue’s measure zero such that p(f(t)) = 0,
t € [0,00) \ Np. Then abs(f) =abs(p(f)) = —o0 (p € ®) and f(X) = 0 for all

reC.

The following converse of Theorem (iv) simply follows from an application of
Theorem 3.5

Proposition 3.8. Suppose that A : X — P(Y) is an MLOfmd A is X4 X Yq-
closed, as well as f € (P1) — X4, l € (P1) = Y4 and (f(A),I(\)) € A, A € C for
R\ > max(abs(f),abs(l)). Then AfMH(t) = 10(t), t > 0 and Af(t) = I(t) for any

t > 0 which is a Lebesgue point of both functions f(t) and I(t).

The method proposed by Xiao and Liang in [80] provides a sufficiently enough
framework for the theoretical study of real and complex inversion methods for the
Laplace transform of functions with values in SCLSCs, as well as for the studies of
analytical properties and approximation of Laplace transform (see e.g. [79, Section
1.1.1] and [36] Section 1.2] for more details); this method can be successfully applied
in the analysis of subordination principles for abstract time-fractional inclusions,
as well (cf. Theorem below). It is also worth noting that there exists a great
number of theoretical results from the monograph [I], not mentioned so far, which
can be reconsidered for the Laplace transformable functions with values in SCLSCs;
for example, all structural results from [I, Section 4.1] continue to hold in our
framework. Due primarily to the space limitations, in this paper we will not be able
to consider many other important questions concerning the vector-valued Laplace
transform of functions with values in SCLCSs.

At the end of this section, we would like to briefly explain how we can extend
the definition of Laplace transformable functions to the multivalued ones. Let
0 <7 <o0and F:[0,7) = P(X). A single-valued function f : [0,7) — X is
called a section of F if and only if f(¢t) € F(t) for all ¢ € [0,7). We denote the
set of all sections, resp., all continuous sections, of F by sec(F), resp., sec.(F).
Suppose now that 7 = co and any function f € sec(F) belongs to the class (P1)-X.
Then we define absx (F) := sup{absx (f) : f € sec(v)}; F(-) is said to be Laplace
transformable if and only if absx (F) < oo.

4. ABSTRACT DEGENERATE VOLTERRA INTEGRO-DIFFERENTIAL INCLUSIONS

In the following general definition, we introduce various types of solutions to the

abstract degenerate inclusions (1.1)), (1.2) and (1.3).
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Definition 4.1. Let 0 < 7 < o0, @ >0, a € L}, ([0,7)), a #0, F : [0,7) — P(Y),
andlet A: X — P(Y), B: X — P(Y) be two given mappings (possibly non-linear).

(i) A function v € C([0,7) : X) is said to be a pre-solution of if and only if
(axu)(t) € D(A) and u(t) € D(B) for t € [0, 7), as well as holds. By a solution
of , we mean any pre-solution wu(-) of satisfying additionally that there
exist functions ug € C([0,7) : Y') and u,, 4 € C([0,7) : Y') such that ug(t) € Bu(t)

and u, 4(t) € .Afg a(t — s)u(s)ds for t € [0,7), as well as
up(t) € ug,a(t) + F(t), t €0,7).

Strong solution of (|1.1)) is any function u € C([0,7) : X)) satisfying that there exist
two continuous functions up € C([0,7) : Y) and ua € C([0,7) : Y) such that
up(t) € Bu(t), ua(t) € Au(t) for all t € [0,7), and

up(t) € (axuq)(t)+F(t), te]l0,7).

(ii) Let B = B be single-valued. By a p-solution of , we mean any X-valued
function ¢ — u(t), t > 0 such that the term t — DY Bu(t), ¢ > 0 is well-defined,
u(t) € D(A) for t > 0, and the requirements of hold; a pre-solution of (1.2)
is any p-solution of that is continuous for ¢ > 0. Finally, a solution of
is any pre-solution wu(-) of satisfying additionally that there exists a function
ug € C(]0,00) : Y) such that u4(t) € Au(t) for t > 0, and D$ Bu(t) € ua(t)+F(t),
t>0.

(iii) By a pre-solution of (1.3), we mean any continuous X-valued function ¢
u(t), t > 0 such that the term ¢t — D%u(t), ¢t > 0 is well defined and continuous, as
well as that Du(t) € D(B) and u(t) € D(A) for t > 0, and that the requirements of
hold; a solution of is any pre-solution u(-) of satisfying additionally
that there exist functions ua, € C([0,00) : V) and ug € C([0,00) : Y) such
that uq g(t) € BDYu(t) and ua(t) € Au(t) for t > 0, as well as that uy 5(t) €
ua(t) + F(t), t > 0.

Before proceeding further, we want to observe that the existence of solutions
to (L.1), or immediately implies that sec.(F) # 0, as well as that any
strong solution of (1.1]) is already a solution of , provided that A and B are
MLOs with A being closed; this can be simply verified with the help of Theorem
The notion of a (pre-)solution of problems and can be similarly
defined on any finite interval [0, 7) or [0, 7], where 0 < 7 < oo, and extends so the
notion of a strict solution of [I7, problem (E) pp. 33-34] (B=1,a =1, F(t) = f(t)
is continuous single-valued). We refer the reader to [23]-[24] and [45] for related
results about the wellposedness of problem , as well as to the monograph [15]
by Dragoni, Macki, Nistri and Zecca for some other concepts of solutions to the
abstract differential inclusions in abstract spaces.

In our further work, it will be assumed that A and B are multivalued linear
operators. Observe that we cannot consider the qualitative properties of solutions
of problems , or in full generality by a simple passing to the mul-
tivalued linear operators B~*A or AB™! (see the definition of a solution of (L.I])).
Concerning this question, we have the following remark.

Remark 4.2. Suppose that 0 <7 < oo, a >0, as well asthat A: D(A) C X - Y
and B : D(B) C X — Y are two single-valued linear operators. Then B~1A is an
MLO in X, and AB~! is an MLO in Y.
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(i) Suppose that u(-) is a pre-solution (or, equivalently, solution) of problem
with B = Iy, A= B 'Aand F = f: [0,7) — D(B) being single-
valued. Then v € C([0,7) : X) and Bu(t) = A(axu)(t) + Bf(t), t € [0, 7).
If, in addition to this, B € L(X,Y") and u(-) is a strong solution of problem
with the above requirements being satisfied, then the mappings ¢ —
Au(t), t € [0,7) and ¢t — Bu(t), ¢t € [0,7) are continuous, and (a* Au)(t) =
Bu(t) — Bf(t), t € [0,7).

(ii) Suppose that v(-) is a pre-solution (solution) of with B = Iy, A =
AB™', F = f :[0,7) — Y being single-valued, and v; = Bz; (0 < j <
[a] —1). Let B~! € L(Y, X). Then the function u(t) := B~ 1o(t), t > 0 is
a pre-solution (solution) of with B= B and A = A.

(iii) Suppose that F = f : [0,7) — D(B) is single-valued and u(-) is a pre-
solution of problem (DFP), with B = Ix and A = B~'A. Then u(") is a
pre-solution of problem (DFP); with B = B, A = A and F(t) = Bf(t),
t € [0,7). If, in addition to this, B € L(X,Y) and u(-) is a solution
of problem with the above requirements being satisfied, then wu(-) is
a solution of problem (DFP), with B = B, A = A and F(t) = Bf(t),
tel0,7).

(iv) Suppose that u : [0,00) — D(A) N D(B). Then u(-) is a p-solution of
problem (DFP)g with B = B and A = A if and only if v = Bu(-) is a
pre-solution of problem

D¢u(t) € AB o(t) + F(t), t>0,
v(0) = Bzj, 0<j<[a]-1.

(v) Suppose that Cy € L(Y) is injective and the closed graph theorem holds
for the mappings from Y into Y. Then we define the set pZ (A) := {\ €
C : AB — A is injective and (AB — A)"'Cy € L(Y)}. It can be simply
checked that pZ_(A) C poy, (AB™1), as well as that

(A= AB N 7'Cy = BAB—A)"'Cy, A€ pg (A). (4.1)

This is an extension of [I7, Theorem 1.14] and holds even in the case that
the operator Cy does not commute with AB~!, when we define the Cy-
resolvent set of the operator A — AB~! in the same way as before. Observe
also that the assumption D(A) C D(B), which has been used in [I7, Section
1.6], is not necessary for the validity of (4.1)).

(vi) Suppose that X =Y, C € L(X) is injective, B € L(X), CA C AC
and CB C BC. Define the set p5(A) as above. Then we have p5(A4) C
pc(B7tA) and

(A—=B'A)"'Cz= (A\B—A)"'CBz, z€X.

Furthermore, if C = I, X # Y and B € L(X,Y), then pP(A) C p(B~1A)
and the previous equality holds.

Consider now the case in which the operator A is closed, the operator B = B
is single-valued and the function F(t) = f(t) is Y-continuous at each point ¢ > 0.
Then any pre-solution u(-) of problem (1.2)) is already a solution of this problem,
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and Theorem in combination with the identity [5l (1.21)] implies that
[a]—1

Bu(t) = > gur1(t)Bxj — (ga * £)(1) € A(ga *u)(t), >0
k=0

Suppose, conversely, that there exists a function uyg € C([0,00) : Y) such that
ua(t) € Au(t), t > 0 and

[a]—1
Bu(t) — Z grt1(t)Bx; — (ga * f) (t) = (ga * uA)(t), t>0.
k=0

Then it can be simply verified that u(-) is a solution of problem (1.2); it is notewor-
thy that we do not need the assumption on closedness of A in this direction. Even
in the case that A = A is a closed single-valued linear operator, a corresponding
statement for the problem cannot be proved. Suppose, finally, that the opera-
tors A and B are closed, u(-) is a solution of problem (L.2)), the function F(¢) = f(t)
is Y-continuous at each point ¢ > 0, as well as the functions u, g € C([0,00) : Y)
and uy € C(]0,00) : Y) satisfy the requirements stated in Definition iii). Using
again Theorem and the identity [5], (1.21)], it readily follows that
[a]—1

Blu®) = " grr(Day] 3 (g0 ) (®
k=0

= (9 *ua) () + (ga * [)(t) € A(ga *u)(t) + (90 = f) (1), t>0.

The proof of following important theorem can be deduced by using Theorem
2.3} Theorem [3.3](iv),(vi)], Theorem 3.5 and the argumentation already seen in the
proof of [31], Theorem 3.1] (cf. also [32, Fundamental Lemma 3.1]); observe that we
do not use the assumption on the exponential boundedness of function wu(t) here.
After formulation, we will only include the most relevant details needed for the
proof of implication (iii) = (iv).

Theorem 4.3. Suppose that A : X — P(Y) and B : X — P(Y) are MLOs, as
well as that A is X 4 X Ya-closed. Assume, further, that a € L] ([0,00)), a # 0,
abs(la]) < o0, u € C([0,00) : X), u € (P1) — X, as well as that u(t) € D(B),
t>0,axu e C([0,00): X4), axu € (P1)— X 4, absy, (Bu) < 0o, absy, (F) < oo,
and w > max(0,wx (u), absy, (Bu), absy, (F),absx , (axu)). Consider the following
assertions:

(i) u(:) is a solution of (1.1 with T = co.
(ii) u(:) is a pre-solution of (1.1) with T = oco.
(iii) For any section ug € sec(Bu) there is a section f € sec(F) such that
us(\) — fF(A) € a(N)Aa(N), RA>w, a(\) #0.

(iv) For any section ug € sec(Bu) there is a section f € sec(F) such that

ug(\) — f(AN) € a(N)Aa(N), XeN, A>w, a(\) #0. (4.2)
(v) For any section ug € sec(Bu) there is a section f € sec(F) such that
(Lxug)(t) — (L= f)(t) € AQxaxu)(t), t=>0. (4.3)

Then we have (i) = (ii) = (i) = (iv) = (v). Furthermore, if B = B is single-
valued, Bu € C([0,00) : Y1) and F = f € C([0,00) : Y1) is single-valued, then the
above is equivalent.
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Sketch of proof for (iv) = (v). Suppose that for any section ug € sec(Bu) there is
a section f € sec(F) such that holds. Let a number A € N with A > w and
a(A) = 0 be temorarily fixed. Then there exists a sequence (Ap)nen in (A, 00) such
that a(\,) # 0 and lim, 4o Ay = A Since (a(An)@(An), us(An) — f(An)) € A,
n e N, ie, (@¥u(\), us(Mn) — f(0n)) € A, n e N, and A is X4 x Yy-closed,
it readily folows that (a*u(\),us(\) — f(\)) € A; in other words, (0,us(\) —
f(\) € A. By the foregoing, we have that (a*u(\),ug(A) — f()) € A for all
A € N with A > w. Using Theorem we obtain that [~ e (up — HB(t)at €
A [T e M(ax u)Pl(t)dt (A € N, A > w) and now we can apply Theorem E along

with the X 4 x Y 4-closedness of A, in order to see that ug] (t)— f12(t) € A(axu)Pl(t),
t > 0. This simply implies (4.3).

Remark 4.4. Observe that we do not require any type of closedness of the operator
B in the formulation of Theorem[{.3 Even in the case that X =Y and B=B =1,
we cannot differentiate the equation once more without making an additional
assumption that F = f € C([0,00) : Y4) is single-valued (cf. [31, 1. -1, p. 173; L
1-3, p. 174], where the author has made a small mistake in the consideration; in
actual fact, the equation [31L (3.1)] has to be valid for some f € sec.(F) in order
for the proof of implication (iii) = (i) of [31, Theorem 3.1] to work).

If © is a non-empty open subset of C and G : 2 — X is an analytic mapping
that it is not identically equal to the zero function, then we can simply prove that
for each zero Ay of G(-) there exists a uniquely determined natural number n € N
such that G (\g) =0 for 0 < j <n—1and G ()\g) # 0. Owing to this fact, we
can repeat almost literally the arguments given in the proof of [31, Theorem 3.2]
to verify the validity of the following Ljubich uniqueness type theorem:

Theorem 4.5. Suppose A: X — P(Y) is an MLO, B=B : DB)C X - Y
s a single-valued linear operator, A is X 4 X Ya-closed and B is Xp x Yp-closed,
where Y4 < Yp. Assume, further, that a € L] ([0,00)), a # 0, abs(]a|) < oo,
F=feC(0,00):Ya) is single-valued, absy, (f) < 0o, and there exist a sequence
(Ak)ken of complex numbers and a number w > abs(|a|) such that limy_, oo RAx =
+o00, a(Ag) #0, k €N, and
1

a(Ax)
Then there exists a unique pre-solution of (1.1), with T = oo, satisfying that u €
(P1) — Xp, u(t) € D(B), t > 0, Bu € C([0,00) : Y4), axu € C([0,00) : X4),
axu € (P1)— X 4 and absy, (Bu) < co.

Bx ¢ Az, keN, 0#x¢€ D(A)ND(B).

In the following extension of [36, Theorem 2.1.34], we will prove one more Lju-
bich’s uniqueness criterium for abstract Cauchy problems with multivalued linear
operators (cf. also [32] Theorem 3.5] and [36, Theorem 2.10.44]).

Theorem 4.6. Suppose o > 0, A > 0, A is an MLO in X, {(nA\)* : n € N} C
pc(A) and, for every o >0 and x € X,
1

(nA)>*—A) Cax

lim =0.
n— o0 enio
Then, for every xo,- - -, x[q1—1 € X, there exists at most one pre-solution of the

initial value problem (1.2)) with B = 1.
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Proof. 1t suffices to show that the zero function is the only pre-solution of problem
(1.2) with B = I and the initial values g, - - ,Z[a]—1 chosen to be zeroes. Let
u(-) be a pre-solution of such a problem. Set z,(t) :== ((n\)* — A)~'Cu(t), t > 0,
n € N. Then it can be easily checked with the help of Theorem [2.4(i) that z,(-) is
a solution of the initial value problem:

zn € C11((0,00) : X) nCT171([0, 00) : X),
D 2 (t) = (n\) 20 () — Cult), ¢ > 0,
20)=0,0<j<[a] ~ L
This implies z,,(t) = —(u* - “"1Eqy o((RAN)**71))(¢), t > 0, n € N and

n—oo

t
lim e*m‘”/ $* 1 Eq o ((nA)*s®)Cu(t — s)ds =0 (t>0, o >0).
0

Now we can argue as in the second part of proof of [36], Theorem 2.1.34] so as to
conclude that u(t) = 0, ¢ > 0 (in the case that o € N, the assertion can be proved by
a trustworthy passing to the theory of abstract Cauchy problems of first order since
[36, Lemma 2.1.33(i)] admits an extension to multivalued linear operators). O

Remark 4.7. Observe that, in the formulation of Theorem we do not require
any type of closedness of the operator A.

The following theorem is very similar to [5, Theorem 3.1, Theorem 3.3] and [36,
Theorem 2.4.2]. Because of its importance, we will include the most relevant details
of proof.

Theorem 4.8 (Subordination principle for abstract time-fractional inclusions).
Suppose that 0 < a < B, vy =«a/B, A: X — P(Y) is an MLO, B= B : D(B) C
X =Y is a single-valued linear operator, A is X 4 X Y -closed and B is Xg X Yp-
closed, where X 4 — Xp and Y4 — Yp.

Assume, further, that fg € LT, — Y is single-valued and there exists a pre-
solution (or, equivalently, solution) u(t) := ug(t) of (L.1)), with T = oo, a(t) = gs(t)
and F = fg, satisfying that ug € LT, —Xp, Bug € LT, —Y 4, gaxug € LT, —X 4
and that for each seminorm p € ®x, there exists w, > 0 such that p(ug(t)) =
O(e¥rt), t >0, p € ®x,.

We define

U (t) :== /OOO t70, (st )ug(s)ds, t>0 and ua(0) := ug(0);

fa(®)x ::/ t7® (st77) fa(s)ds, >0 and fo(0) := f3(0).
0
Then us(t) is a solution of (L.1)), with 7 = oo, a(t) = ga(t) and F(t) = fo(t) €
LT,.—Y, satisfying additionally that u, € LT, —XpB, Bug € LTy —Y A, ga*Us €
LT,. — X4 and
p(ua(t)) = O(exp(w;/vt)), D E ®x,, t>0. (4.4)
Let p € ®x, be fized. Then the condition

p(ug(t)) = O((l + tgp)e“’l’t) for some &, > 0, (4.5)
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resp.,
p(us(t)) = O(tﬁpe“pt), t>0 (4.6)
implies that
p(ua(t)) = O((l +t57) (1 + wptgp(l_”) exp(wé”t)), t>0, (4.7
resp.,
p(a(t)) = O(£7 (1 4wyt 1) exp(wy/7t) ), ¢ = 0. (4.8)

Furthermore, the following holds:

(i) The mapping t — us(t), t > 0 admits an extension to Emin((%fl) and

7:7)

the mapping z — uqy(2), z € Emin((L-1)z,m) 18 analytic.
1 :

(ii) Lete € (O,min((% —1)3,m)). If, for every p € ®, one has w, = 0, then
for each 6 € (0, min((% -1
U (0).

(ili) If wp > 0 for some p € ®, then for each 8 € (O,min((% - 1)5,5)) the
following holds: lim__,, _ s ua(2) = ua(0).

)5, m)) the following holds: lim, ;.55 ua(z) =

Proof. The proofs of (i)-(iii) follows similarly as in that of [5 Theorem 3.3], while

the proof that the condition (4.5)), resp. (4.6)), implies (4.7, resp. (4.8), follows

similarly as in that of [36] Theorem 2.4.2]. Furthermore, it can be easily seen that
the estimate holds for solution u(-). By Theorem we should only show
that u, € LT, — Xp, Bug € LT, — Y4, fo € LTy — YA, go *xuq € LT, — X4
and

Bua(\) — fa(A) € A% Ata(N), A > w suff. large. (4.9)

Since ug € LT, — Xp, the proof of [5, Theorem 3.1] immediately implies that
Uy € LT, — Xp, as well as that u, (A) = A~ tug(V), A > w suff. large. Similarly,
we have that f, € LT,, — Y4 and fo(A) = A7~ 1f5(A\%), A > w suff. large. Keeping
in mind that X4 — Xp and gg *x ug € LT, — X 4, we can prove that

(9o * ua)(t) = /000 Y0, (st77) (gs *ug)(s)ds, t>0

by performing the Laplace transform (the convergence of last integral is taken
for the topology of X 4). This simply implies that g, * uq € LT, — X4 and
(L(ga * ua))(A) = X7H(L(gs * ug))(A\?), A > w suff. large. Since Y4 — Yp, a
similar line of reasoning shows that

Bu,(t) = /000 t 7@, (st™7) (Bug)(s)ds, t>0

(the convergence of this integral is taken for the topology of Y4) and BTLQ()\) =
Biug (M) for all sufficiently large values of A > w. The proof of (4.9) now follows
from a simple computation. O

We can similarly prove the following subordination principles for abstract de-
generate Volterra inclusions in locally convex spaces (cf. [68, Section 4] and [36,
Theorem 2.1.8, Theorem 2.8.7] for more details concerning non-degenerate case
and, especially, the case in which b(t) = g1(t) or b(t) = g2(t)).
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Theorem 4.9. Let b(t) and c(t) satisfy (P1)-C, let [~ e P[b(t)| dt < oo for some
B >0, and let

o= 671 = Zf / t)dt > — 5 a = 0 otherwise.

Suppose that abs(|a]) < oo, a()\) = b( ) A>a, A: X = P(Y) is an MLO,
B=DB:DB)CX —Y isa single- valued linear operator, A is X 4 X Y 4-closed
and B is Xp X Yp-closed, where X 4 — Xp and Y4 — Yp.

Assume, further, that fs € LT, — Y4 is single-valued and there exists a pre-
solution (or, equivalently, solution) u(t) := uy(t) of (L.1), with T = oo, a(t) replaced
with b(t) therein, and F = fy, satisfying that uy € LTy — Xp, Buy € LTy — Ya,
bxuy € LT, — X 4 and the family {e~“* uy(t) : t > 0} is bounded in Xp (wp > 0).

Let ¢(t) be completely positive and let there exist a function f, € LT, — Y4 such
that

1 ~ 1 ~7 1
fa(A) = mfb(@)» A > wo, fb(m) £0, for some wg > 0.

Let
Wy = 671 — ) if / t)dt > wq = 0 otherwise.
wb

Then, for every r € (0,1], there exists a solutzon u(t) = uqr(t) of (L), with
T =00, a(t) and F = f, 1= g, * f,, satisfying that u,, € LT, — Xp, Bug, €
LT, — Y4, a*ug, € LT, — X4 and the set {e”“*'uy,(t) : t > 0} is bounded in
Xp, if wy =0 or wpé(0) # 1, resp., the set {e ugq (t) : t > 0} is bounded in Xp
for any e >0, if wp > 0 and wpc(0) = 1.

Furthermore, the function t — g, (t) € Xp, t > 0 is locally Hélder continuous
with the exponent r € (0, 1].

Remark 4.10. (i) In Theorem and Theorem |4.9) we have only proved the
existence of a solution of the subordinated inclusion. The uniqueness of solutions
can be proved, for example, by using Theorem Theorem or [36, Theorem
2.2.6].

(ii) In Theorem [£.9] we have faced ourselves with a loss of regularity for solutions
of the subordinated problem. Even in the case that X =Y and B = I, it is not
so simple to prove the existence of a solution of problem , with 7 = oo, a(t)
and F = f,, without imposing some additional unpleasant conditions. In the next
section, we will introduce various types of solution operator families for the abstract
Volterra inclusion and there we will reconsider the problem of loss of regularity
for solutions of the subordinated problem once more (cf. Theorem [5.7)).

5. MULTIVALUED LINEAR OPERATORS AS SUBGENERATORS OF
(a, k)-REGULARIZED C-RESOLVENT SOLUTION OPERATOR FAMILIES

In [36, Section 2.8], the class of (a, k)-regularized (C1, Cs)-existence and unique-
ness families has been introduced and analyzed within the theory of abstract non-
degenerate Volterra equations. The main aim of this section is to consider multival-
ued linear operators in locally convex spaces as subgenerators of (a, k)-regularized
(C1, Cy)-existence and uniqueness families, as well as to consider in more detail the
class of (a, k)-regularized C-resolvent families. Unless specified otherwise, we as-
sume that 0 < 7 < 00, k € C([0,7)), k #0, a € L. ([0,7)), a # 0, A: X — P(X)
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is an MLO, ¢y € L(Y,X), Cy € L(X) is injective, C € L(X) is injective and
CAC AC.

The following definition is an extension of [36, Definition 2.8.2] (X =Y, Ais a
closed single-valued linear operator on X ) and [72, Definition 3.5] (X =Y, C = (i,
a(t) =k(t) =1).

Definition 5.1. Suppose 0 < 7 < o0, k € C([0,7)), k # 0, a € L{ ([0,7)), a # 0,
A: X — P(X) is an MLO, C; € L(Y, X), and Cy € L(X) is injective.

(i) Then it is said that A is a subgenerator of a (local, if 7 < co) mild (a, k)-
regularized (C1, Cz)-existence and uniqueness family (R (t), Ra(t)):epo,-) € L(Y, X)x
L(X) if and only if the mappings ¢t — Ry (t)y, t > 0 and t — Ra(t)x, t € [0,7) are
continuous for every fixed x € X and y € Y, as well as the following conditions
hold:

(/Ot a(t — s)R1(s)yds, Ri1(t)y — k(t)Cly) eA, tel0,7),yeY; (5.1)

/ a(t — s)Ra(s)yds = Ra(t)x — k(t)Caz, whenever ¢ € [0,7) and (z,y) € A.
" (5.2)

(ii) Let (R1(t)):epo,r) S L(Y, X) be strongly continuous. Then it is said that A
is a subgenerator of a (local, if 7 < 0o0) mild (a, k)-regularized Ci-existence family
(R1(t))tejo,r) if and only if holds.

(iii) Let (R2(t))iefo,r) € L(X) be strongly continuous. Then it is said that A is
a subgenerator of a (local, if 7 < 0c0) mild (a, k)-regularized Co-uniqueness family
(R2(t))teo0,7) if and only if holds.

As an immediate consequence of definition, we have that R(R;(0)—k(0)C;) C A0
as well as that Ry(t).A is single-valued for any ¢ > 0, and Ry (¢)y = 0 for any y € A0
and ¢t > 0.

Now we will extend the definition of an (a, k)-regularized C-resolvent family
subgenerated by a single-valued linear operator (cf. [36, Definition 2.1.1]).

Definition 5.2. Suppose that 0 < 7 < oo, k € C([0,7)), k # 0, a € L}, ([0,7)),
a#0, A: X - P(X) is an MLO, C € L(X) is injective and C A C AC. Then it
is said that a strongly continuous operator family (R(t))¢cjo,r) € L(X) is an (a, k)-
regularized C-resolvent family with a subgenerator A if and only if (R(t)):eo,r) is
a mild (a, k)-regularized C-uniqueness family having A as subgenerator, R(¢)C =
CR(t) and R(t)A C AR(t) (t > 0).

An (a, k)-regularized C-resolvent family (R(t)):co,r) is said to be locally equicon-
tinuous if and only if, for every ¢t € (0,7), the family {R(s) : s € [0,t]} is
equicontinuous. In the case 7 = oo, (R(t)):>0 is said to be exponentially equicon-
tinuous (equicontinuous) if there exists w € R (w = 0) such that the family
{e"“'R(t) : t > 0} is equicontinuous; the infimum of such numbers is said to be the
exponential type of (R(t));>0. The above notion can be simply understood for the
classes of mild (a, k)-regularized Ci-existence families and mild (a, k)-regularized
Cy-uniqueness families; a mild (a, k)-regularized (Cy, Cs)-existence and uniqueness
family (Ri(t), Ra(t))¢ejo,r) € L(Y, X) x L(X) is said to be locally equicontinuous
(exponentially equicontinuous, provided that 7 = oo) if and only if both operator
families (R1(t))s>0 and (Ra(t))e>0 are.
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It would take too long to consider the notion of g-exponential equicontinu-
ity for the classes of mild (a, k)-regularized Cj-existence families and mild (a, k)-
regularized Ch-uniqueness families (cf. [36, Section 2.4] for more details about
non-degenerate case). If k(t) = ga41(t), where o > 0, then it is also said that
(R(t))tejo,r) is an a-times integrated (a,C)-resolvent family; O-times integrated
(a, C)-resolvent family is further abbreviated to (a,C)-resolvent family. We will
accept a similar terminology for the classes of mild (a, k)-regularized C-existence
families and mild (a, k)-regularized Co-uniqueness families; in the case of considera-
tion of convoluted C-semigroups, it will be always assumed that the condition
holds with a(¢) = 1 and the operator C replaced by C. Let us mention in passing
that the operator semigroups generated by multivalued linear operators have been
analyzed by A. G. Baskakov in [4].

The following proposition can be proved with the help of Theorems [2:3] and

B1l).

Proposition 5.3. Suppose that (Ri(t), Ra(t))tcjo,r) € L(Y,X) x L(X) is a mild
(a, k)-regularized (Cy,Cs)-existence and uniqueness family with a subgenerator A
and (R(t))tcjo,r) € L(X) is an (a, k)-regularized C-resolvent family with a subgen-
erator A. Let b € L _([0,7)) be such that axb # 0 in L'([0,7)) and k*b # 0 in
C([0,7)). Then ((b* Ra)(t))t>0 s a mild (a,k)-regularized Cay-uniqueness family
with a subgenerator A. Furthermore, the following holds:
(i) Let A be XY x X%-closed. Suppose that, for every y € Y, the mapping
t > (axRy)(t)y, t € [0,7) is continuous in XY and the mappingt — Ry(t)y,
t € [0,7) is continuous in X%. Then ((b* R1)(t))e>o0 is a mild (a,k)-
reqularized C1-existence family with a subgenerator A.
(ii) Let A be X} x X%-closed. Suppose that, for every z € D(A) andy € R(A),
the mapping t — R(t)x, t € [0,7) is continuous in XY and the mapping
t— R(t)y, t € [0,7) is continuous in X%. Then ((b* R)(t))i>o is a (a,k)-
regularized C-regularized family with a subgenerator A.

Although the parts (i) and (ii) of the above proposition have been stated for
X}4 X Xi—closed subgenerators, the most important case in our further study will
be that in which X} = X% = X. This is primarily caused by the following fact:
Let A be a subgenerator of a mild (a,k)-regularized Cj-existence family (mild
(a, k)-regularized Co-uniqueness family; mild (a, k)-regularized C-resolvent family)
(R1(1)tefo,r) ((R2(t))iefo,r); (R(t))ieo,r))- Then A is likewise a subgenerator of
(R1()tefo,n) ((R2(1))iefo,n; (B(t))iepo,r), provided in addition that (Ra(t)):eo0,r);
(R(t))tejo,r) is locally equicontinuous).

Suppose that (R (), R2(t))¢cjo,r) is a mild (a, k)-regularized (Cy, Cy)-existence
and uniqueness family with a subgenerator A. Arguing as in non-degenerate case
(cf. the paragraph directly preceding [36, Definition 2.8.3]), we may conclude that

(a* Ra)(s)R1(t)y — Ra(s)(a* Ry1)(t)y
=k(t)(ax R2)(s)Cry — k(s)Ca(ax Ry)(t)y, te€[0,7), y€Y.

The integral generator of mild (a, k)-regularized Cy-uniqueness family (R2 (t))eefo,r)
(mild (a, k)-regularized (Cy, Cs)-existence and uniqueness family (R1(t), R (t))tE 0,7))
is defined by

(5.3)

Aing = {(z,y) € X x X : Ro(t)x — k(t)Cox = /0 a(t — s)Ra(s)yds, t € 0,7)};
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we define the integral generator of an (a,k)-regularized C-regularized family
(R(t))tcjo,r) in the same way as above. The integral generator A, is an MLO
in X which is, in fact, the maximal subgenerator of (Ra(t))icfo,r) ((R(t))iefo,))
with respect to the set inclusion; furthermore, the assumption Ry (t)Co = CaRo(t),
t € [0,7) implies that C’Q_lAintC’Q = Aint so that C71 A4 C = Ajye for resolvent
families. The local equicontinuity of (R2(t)):eo,) ((R(t)):e[o,r)) immediately im-
plies that Aj, is closed. Observe that, in the above definition of integral generator,
we do not require that the function a(t) is a kernel on [0, 7), as in non-degenerate
case. In the case of resolvent families, the following holds:

(i) Suppose that (R(t))te[o,r) is locally equicontinuous and A is a closed sub-

generator of (R(t)):e[o,r)- Then

(/Ot a(t — s)R(s)xds, R(t)x — k:(t)Cx) €A, (5.4)

for t € [0,7), x € D(A).

(ii) If A is a subgenerator of (R(t))c[o,r), then C~1AC is a subgenerator of
(R(t))te[o,), too.

(iii) Suppose that a(t) is a kernel on [0,7), A and B are two subgenerators of
(R(t))tcjo,r), and © € D(A) N D(B). Then R(t)(y — z) =0, t € [0,7) for
each y € Az and z € Bzx.

(iv) Let A be a subgenerator of (R(t))icjo,r), and let A € pc(A) (A € p(A)).
Suppose that 7 € X,y = (A—A)"1Cx (y = (A\—A)"'z) and z € Ay. Then
Theorem i) implies that A(A — A)7'Cz — Cz € AN — A)"!Czx = Ay
AA—A)lz—z € AA—A)"'z = Ay), so that R(t)y—k(t)Cy € A [, a(t—
S)R( )[ ()\ A)~1Cx — Cx)ds = A{)\()\ A) leO (t — s)R(s)xds —
fo (s)Cxzds}, t € [0,7) and fo JR(s)Cxds € D(A),t € [0,7);
from thm we may conclude that R(¢ )Ca: — k(t)C?z € (A — A)A(x\ -

1Cf0 (t — s)R(s)xds, t € [0,7); similarly, we have that fot
s)R(s)zds € D(A) and R(t)x — k(t)Cz € (A — A)A(X fo
s)R(s)xds, t € [0,7), provided that X € p(A).

The following extensions of [36, Theorems 2.8.5 and 2.1.5] are stated without

proofs.

Theorem 5.4. Suppose A is a closed MLO in X, Cy € L(Y, X), Cy € L(X), Cs
is injective, wy > 0 and w > max(wy, abs(|al), abs(k)).
(i) Let (R1(t), R2(t))i>0 € L(Y,X) x L(X) be strongly continuous, and let the
family {e"**R;(t) : t > 0} be equicontinuous for i =1,2.
(a) Suppose (R1(t), R2(t))i>0 is a mild (a, k)-regularized (Cy, Ca)-existence and
uniqueness family with a subgenerator A. Then, for every A € C with
R > w and a(M\)k(X) # 0, the operator I — a(N\)A is injective, R(Cy) C

R(I —a(A)A),
EN =) "Gy = [N Ry ye, (55)
0
{&(12) Rz > w, E(2)a(z) £ 0} C pe, (A), (5.6)

E(\)Cox = /OOo e M[Ra(t)x — (a* Ra)(t)y] dt, (5.7)
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whenever (z,y) € A. Here, pc, (A) is defined in the obvious way.

(b) Let hold, and let and hold for any A € C with R\ > w and
a(A)k(X) # 0. Then (R1(t), Ra(t))i>0 is a mild (a, k)-regularized (Cy,C2)-
existence and uniqueness family with a subgenerator A.

(ii) Let (R1(t))i>0 be strongly continuous, and let the family {e~“'R;(t) : t > 0}
be equicontinuous. Then (Rq(t))i>o0 is a mild (a, k)-regularized C1-existence family
with a subgenerator A if and only if for every A € C with RA > w and Zz()\)/;()\) #£0,
one has R(C1) C R(I —a(\).A) and

E(\)Chy € (I —a(r)A) /00O e MR (t)ydt, yevY.

(iii) Let (Ra(t))¢>o0 be strongly continuous, and let the family {e”“'Ra(t) : t >
0} be equicontinuous. Then (Ra(t))i>o0 is a mild (a,k)-regularized Ca-uniqueness
family with a subgenerator A if and only if for every A\ € C with R\ > w and
a(N)k(X) #£ 0, the operator T — a(N)A is injective and holds.

Theorem 5.5. Let (R(t));>0 C L(X) be a strongly continuous operator family such
that there exists w > 0 satisfying that the family {e “'R(t) : t > 0} is equicontinu-
ous, and let wy > max(w, abs(|a|),abs(k)). Suppose that A is a closed MLO in X
and CA C AC.

(i) Assume that A is a subgenerator of the global (a, k)-regularized C-resolvent
family (R(t))¢>0 satisfying for all x = y € X. Then, for every A € C
with RA > wo and a(\)k(X) # 0, the operator I — a(\)A is injective, R(C) C
R(I —a(VA),

E(\) (I- EL(x\)A)ilcx = /00 e MR(t)x dt, (5.8)
0
forxz € X, RX > wy, a(\k(N) #0,
{= (a) SRA > wo, FOVAN) # 0} € po(A) (5.9)

and R(s)R(t) = R(t)R(s) fort,s > 0.

(ii) Assume and (B.9). Then A is a subgenerator of the global (a,k)-
regularized C-resolvent family (R(t))i>0 satisfying forallz =y € X and
R(s)R(t) = R(t)R(s), t, s > 0.

Remark 5.6. (i) Suppose that (R(t));>0 is a degenerate exponentially equicontin-
uous (a, k)-regularized C-resolvent family in the sense of [45, Definition 2.2], and
B € L(X). Using Remark 2.1[iv)/(a), Remark [1.2)iv) and Theorem [5.5(ii), it can
be easily seen that (R(t)):>0 is an exponentially equicontinuous (a, k)-regularized
C-resolvent family with a closed subgenerator B~ A.

(ii) Suppose that n € N, X and Y are Banach spaces, A: D(A) C X - Y is
closed, B € L(X,Y) and (V(t))i>0 € L(X) is a degenerate exponentially bounded
n-times integrated semigroup generated by linear operators A, B, in the sense of
[63, Definition 1.5.3]. Then the arguments mentioned above show that (V(t)):>0 is
an exponentially bounded n-times integrated (g1, I)-regularized family (semigroup)
with a closed subgenerator B~!A.

(iii) Let n € Ny. Due to Theorem ii), the notion of an exponentially bounded
(a, k)-regularized C-resolvent family extends the notion of a degenerate exponen-
tially bounded n-times integrated semigroup generated by an MLO, introduced in
[63, Definition 1.6.6, Definition 1.6.8].
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(iv) Suppose that (R(t));>0 € L(X,[D(B)]) is an exponentially equicontinuous
(a, k)-regularized C-resolvent family generated by A, B, in the sense of [46] Def-
inition 2.5]. Then [46, Theorem 2.3(i)] in combination with Remark [£.2(v) and
Theorem [5.5(ii) implies that (BR(t)):>0 is an exponentially equicontinuous (a, k)-
regularized C-resolvent family generated by B—1A (recall that B~ A is closed pro-
vided that C =1).

The proof of following extension of [36, Theorems 2.1.8(i) and 2.8.7(i)] is standard
and therefore omitted; we can similarly reformulate Theorem and [36], Proposi-
tion 2.1.16] for the class of mild (a, k)-regularized (Cy, Cs)-existence and uniqueness
families ((a, k)-regularized C-resolvent families). Here it is only worth noting that
the existence of a mild (a, k1)-regularized Ci-existence family (Ro1(t))i>0 in the
second part of theorem is not automatically guaranteed by the denseness of A (even
in the case that the operator A = A is single-valued, it seems that the condition
C1 A C ACh is necessary for such a mild existence family to exist).

Theorem 5.7. Suppose C; € L(Y, X), Cy € L(X) is injective, A is a closed MLO
in X, C € L(X) is injective and CA C AC. Let b(t) and c(t) satisfy (P1)-C, let
I e PHb(t)| dt < oo for some B> 0, and let

= - zf/ t)dt > — 5 a = 0 otherwise.

Suppose, further, that abs(|a|) < oo and d()\) = E(ﬁ), A>a Let Abea
subgenerator of a (b, k)-reqularized C1 -existence family (R1(t))i>o ((b, k)-regularized
Co-uniqueness family (Ra(t))i>o0; (b, k)-regularized C-resolvent family (Ro(t))i>o0
with the property that holds for Ry(+) replaced with Ry(-) and eachx =y € X )
satisfying that the family {e "' Ry(t) : t > 0} ({e"“*'Ra(t) : t > 0}; {e “**'R(t) :
t> 0}) 18 equicontinuous for some wp > 0.

Assume, further, that c(t) is completely positive and that there exists a scalar-
valued continuous kernel kq(t) satisfying (P1)-C and

) = ok (2) . A > o B (e

e Ve c()\)) # 0, for some wy > 0.

Let

Wa = ~_1 — zf/ t) dt > wq = 0 otherwise.
wb

Then, for everyr € (0,1], A is a subgenerator of a global (a, k1 % g,-)-reqularized C1 -
existence family (Ry1(t))i>0 ((a,k1 * gr)-reqularized Ca-uniqueness family
(Rr2(t)i>0; (a,ky * g.)-regularized C-resolvent family (R, o(t))i>0 with the prop-
erty that holds for Ri(-) replaced with R, o(-) and each v = y € X) such
that the family {e=“<'R,;(t) : t > 0} is equicontinuous and that the mapping
t — R,;(t), t > 0 is locally Holder continuous with exponent r, if wy, = 0 or
wpé(0) # 1 (i =0,1,2), resp., for every € > 0, there exists M. > 1 such that the
family {e"¢'R,.;(t) : t > 0} is equicontinuous and that the mapping t — R, ;(t),
t > 0 is locally Holder continuous with exponent r, if wy > 0 and wpé(0) = 1
(i=0,1,2).

Furthermore, if A is densely defined, then A is a subgenerator of a global (a, k1)-
regularized Ca-uniqueness family (Ro.2(t))i>0 ((a, k1)-regularized C-resolvent family
(Ro,0(t))t>0 with the property that (5.1)) holds for Ri(-) replaced with Ry o(-) and
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each x =y € X ) such that the family {e=“2*R;(t) : t > 0} is equicontinuous, resp.,
for every e > 0, the family {e ' R;(t) : t > 0} is equicontinuous (i =1,2).

Let (Ry(t), R2(t))¢cjo,-) be amild (a, k)-regularized (C1, Cz)-existence and unique-
ness family with a subgenerator A. Then it is straightforward to see that the func-
tion t = Ry(t)y, t € [0,7) (y € Y), resp. t = Ra(t)z, t € [0,7) (x € D(A)), is a
solution of problem with B =1 and f(t) = k(¢t)C1y, t € [0,7), resp. a strong
solution of with B = I and f(t) = k(t)Cax, t € [0,7), provided additionally
in the last case that Ra(t)x € D(A), t € [0,7) and Ry(t)Ax C ARy (t)x, t € [0, 7).
Furthermore, it is very simple to transmit the assertions of [36, Proposition 2.8.8,
Proposition 2.8.9] to mild (a, k)-regularized (Cy, Co)-existence and uniqueness fam-
ilies subgenerated by multivalued linear operators:

Proposition 5.8. (i) Suppose that (Ri(t), Ra(t))icjo,r) is a mild (a, k)-regularized
(Cq, Co)-existence and uniqueness family with a subgenerator A, as well as that
(Ra2(t))tcjo,) is locally equicontinuous and the functions a(t) and k(t) are kernels
on [0,7). Then CoR4(t) = Ra(t)Cq, t € [0, 7).

(ii) Suppose that (R (t)):ejo,r) is a locally equicontinuous mild
(a, k)-reqularized Cy-uniqueness family with a subgenerator A. Then every strong
solution u(t) of with B=1 and F = f € C([0,7) : X) satisfies

(Ro* f)(t) = (kCaxu)(t), 0<t<T. (5.10)

Furthermore, the problem (L.1)) has at most one pre-solution provided, in addition,
that the functions a(t) and k(t) are kernels on on [0,7) and the function F(t) is
single-valued.

The first part of the following theorem is an extension of [36, Theorem 2.1.28(ii)]
and its validity can be verified with the help of proof of [59, Theorem 2.7], Lemma
and Theorem the second part of theorem is an extension of [36, Proposition
2.1.31] and can be shown by the arguments contained in the proof of [66, Theorem
2.5], along with Lemma

Theorem 5.9. (i) Suppose that (R(t)):c(o,+) is a locally equicontinuous
(a, k)-regularized C-resolvent family generated by A, the equation holds for
each y = x € X, with R1(-) and C1 replaced therein with R(-) and C, respectively,
k(t) is a kernel on [0,7), u, f € C([0,7) : X), and (5.10) holds with Ry(-) and
Cy replaced therein with R(-) and C, respectively. Then u(t) is a solution of the
abstract Volterra inclusion with B=1 and F = f.

(ii) Suppose that the functions a(t) and k(t) are kernels on [0,7), and A is a
closed MLO in X. Consider the following assertions:

(a) A is a subgenerator of a locally equicontinuous (a, k)-regularized C-resolvent
family (R(t))epo,r) satisfying the equation for each y = x € X, with
Ri(-) and C; replaced therein by R(-) and C, respectively.
(b) For every x € X, there exists a unique solution of with B = 1 and
Ft)=f(t) =k({t)Cz, t €0,7).
Then (a) = (b). If, in addition, X is a Fréchet space, then the above are equivalent.

Before proceeding further, it should be noticed that some additional conditions
ensure the validity of implication (b) = (a) in complete locally convex spaces.
We will explain this fact for the problem , where after integration we have
a(t) = ga(t). Assume that there exists a unique solution of problem with
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B=1I F(t)=0,z0 € C(D(A)) and z; =0,1 < j < [a] — 1. If, in addition to this,
X is complete, A is closed, CA C AC and for each seminorm p € ® and T' > 0
there exist ¢ € ® and ¢ > 0 such that p(u(t; Cz)) < cq(z), € D(A), t € [0,T],
then the arguments used in non-degenerate case (see e.g. [40, p. 304]) show that A
is a subgenerator of a locally equicontinuous (gq, C')-resolvent family (R (t))i>0-

The proof of following complex characterization theorem for (a, k)-regularized
C-resolvent families is left to the reader as an easy exercise.

Theorem 5.10. Let wy > max(0, abs(|a|), abs(k)), and let A be a closed MLO in
X. Assume that, for every A € C with R\ > wy and a(\)k(\) # 0, the operator
I—a(N)A is injective and R(C) C R(I —a(N)A). If there exists a function Y : {\ €
C:RX > wo} — L(X) which satisfies:

(i) TA) = k(AT —a(N)A) IO, RA > wo, a(M\)k(N) #0,

(ii) the mapping A — T (N)z, RA > wo is analytic for every fized x € X,

(ili) there exists 1 > —1 such that the family {A""T(A\) : RA > wo} C L(X) is

equicontinuous,

then, for every a > 1, A is a subgenerator of a global (a,k * gar)-regularized C'-
resolvent family (Rq(t))i>0 which satisfies that the family {e “°'R,(t) : t > 0} C
L(X) is equicontinuous. Furthermore, (Rq(t))i>0 is a mild (a, k* gayr)-reqularized
C-existence family having A as subgenerator.

In the first part of following example, we will briefly explain how one can use
multiplication operators for construction of local integrated semigroups generated
by multivalued operators; in the second part of example, we will apply the complex
characterization theorem for proving the existence of a very specific exponentially
equicontinuous, convoluted fractional resolvent family (cf. [42) Example 2.5] for an
example of a locally defined solution of an abstract degenerate multi-term fractional
problem).

Example 5.11. (i) (cf. also [2| Example 4.4(c)]) Suppose that 1 < p < oo,
X =ILP(l,0), 1 <a<b<oo, J:=la,b], mp(x) = xs(x) and m(x) := z + ie”
(x > 1). Consider the multiplication operators A : D(A) — X and B € L(X),
where D(A) := {f(z) € X : (z +ie”)f(x) € X}, Af(x) := (x + ie”)f(z) and
Bf(z) := mp(z)f(x) (x > 1, f € X). Then it is very simple to prove that, for
every a € (0,1), the resolvent set of the multivalued linear operator A := B~1A
contains the exponential region E(a,1) := {x +iy:z > 1, |y| < e**}, as well as
that (A — A) 71 f(z) = (AB — A)71Bf(x) = my(z) f(z)/dmy(z) — mg(z) for x > 1,
f € X. Furthermore, the operator A generates a local once integrated semigroup
(S1(t))sefo,1], given by

(@ 4ien) et — 1] f(x), te[0,1], x¢J, f€X,
(Sl(t)f)(x)_{o, tel0,1), z€J, feX.

(ii) Put X := {f € C®([0,00)) : limy_s oo f¥)(z) = 0for all k € Ny} and
Nflle == Z?:o sup,>o |fY(2)], f € X, k € Ng. Then the topology induced by
these norms turns X into a Fréchet space (cf. also [36, Example 2.4.6(ii)]). Let

€ (0,1) and J = [a,b] C [0,00) be such that X /oN{z+ie” : x € J} =0, and let
my € C([0,00)) satisfy 0 < mp(x) <1, 2z >0, mp(x) =1, x ¢ J and my(z) = 0,
x € [a+¢€,b—¢€] for some € > 0. As in the first part of this example, we consider the
multiplication operators A : D(A) — X and B € L(X), where D(A) = {f(z) € E:
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(x+ie®)f(x) € X}, Af(x) := (x +ie*) f(x) and Bf(z) := mp(x)f(z) (x >0, f €
X). In a recent research study with Pilipovi¢ and Velinov [53], we have shown that
A cannot be the generator of any local integrated semigroup in X, as well as that
A generates an ultradistribution semigroup of Beurling class. Set A := B~1A. We
will prove that there exists a sufficiently large number w > 0 such that for each s > 1
and d > 0 the operator family {e*dp"l/s A=A RA>w, A€ Bare} C LX)
is equicontinuous, which immediately implies by Theorem that A generates an
exponentially equicontinuous (gq, E*I(e*dp“a/s))—regularized resolvent family. It is
clear that the resolvent of A will be given by (A\—A)~1f(z) = (AB—A)"'Bf(z) =
my(x) f(x)/Amy(z) —mg(z) for z > 0, f € X. Since my(z) f(z)/Amp(x) —mg(z) =
1/A—(x+ie®) for x ¢ J, our first task will be to estimate the derivatives of function
1/A — (- +ie’) outside the interval J. In order to do that, observe first that any
complex number A € C\ S, where S := {x + ie” : © > 0}, belongs to the resolvent
set of A and

f(x)
A— (:L‘ + iew)
Fix, after that, numbers s > 1, d > 0, a > 0, b > 1 satisfying that z — In(((z —
b)/a)* +1) > 1,2 >b. Set Q:={\ € C: R\ > a|I\'* + b} and denote by T the
upwards oriented boundary of the region €. Inductively, we can prove that for each
number n € N there exist complex polynomials Pj(z) = > ]_, a2t (1 <j<n)
such that deg(P;) =7, |aji| < (n+ 1)1 (1 <j<n,0<1<j)and

(A—A) ' f(x) = ., AEC\S, z>0.

d—n()\f (x+ie$))_1 = %(A (x+ie"’”))_j_1Pj (e®), x>0, AeC\S. (5.11)

dx™
Jj=1

Suppose A € Q and z > 0. If |\ — e®| > 1, then we have the estimate

eZ]m 62]1

<
(RA—2)" + (SA—er)™ 7 (Sr—en)® (5.12)

<2 (1+4(SA)¥, keNy, 0<j<k
If SN —e®| < 1, then SA > 0,0 < 2 < In(SA+ 1), and
e2jx e2ix
2k 2k S 2
(%)\ — x) + (S)\ — e“) (?R)\ — m)
. (SA+1)’ (5.13)
= RA—In((RA—b)/a)® +1)
< (SA+1)), keNy, 0<j <k

k

Let w’ > 0 be such that {\ € E,;/2 : RA > W'} € Q. Combining (5.11)-(5.13),

it can be simply proved that for each number n € N there exists a finite constant

¢n > 0 such that
S dr -1 .
sup }—()\ —(z+ ie$)> | < e , (5.14)

a0 dx™
for A € ¥y /2 and RN > W'

We can similarly prove an estimate of type (5.14) for the derivatives of function
(Amy () — (z+ie”)) ! on the interval .J, which is well-defined for A € 2, /2 because



32 M. KOSTIC EJDE-2023/63

of assumption 0 < my(z) < 1, 2 > 0 and the condition X oN{z+ie” : x € J} = 0.
In actual fact, an induction argument shows that for each number n € N there exist
numbers a;, ...;, such that |a;;, ... < (n+1)! (1 <j<n,0<1<j) and that,
for every x € J and A € ¥r/2,

dCZ" ()\mb( ) — (ac—&—ie””))_l

n+1

_ ; ()\mb(x) —(z+ z‘e”C))fjf1 (5.15)

j m
X Zaﬂlwwls H (Aml(,lj)(x) _ m,(llj)(x)>
=0

limi+-+lsms=n

Since d :=dist(X /2, {z +ie” : v € J}) is a positive real number and |()\m,(7lj)(x) —
mt(llj)(a:))mﬁ < M |A™ for all A € Egr /o with RA > w, where the number w > w’
is sufficiently large, (5.15]) shows that for each number n € N there exists a finite
number ¢}, > 0 such that

n n

sup

. <d d|>\|1/b _
x>OxEJ‘d (Amb() (x—f—ze) ‘ “n (5.16)

k=0
for A € ¥z /2 and RN > w.

By (5.14) and (5.16]), we have that the operator family {e’dp“l/s()\ -A)t:ixe
Yar/2, A > w} C L(X) is equicontinuous, as claimed.

Now we would like to tell something more about the importance of condition
k(0) # 0 in the part (ii) of subsequent theorem. If all the necessary requirements
hold, the arguments contained in the proof of [32, Theorem 3.6] imply the existence
of a global (a, k * g1 )-regularized C-resolvent family (R1(t));>0 subgenerated by A,
which additionally satisfies that for each ¢t > 0 the operator R;(t).A is single-valued
on D(A). Then it is necessary to differentiate the equality Ry (t)z — (k+xg1)(t)Cax =
fo a(t—s)Ry(s)Azxds, t > 0, z € D(A) and to employ the fact that (4 Ry (t)z)—o =

k(0)Cx (z € D(A)) (cf. the proof of [32 Theorem 3.6], as well as the proofs of
[T, Proposition 2.1] and [36], Proposition 2.1.7]) in order to see that the function
R:D(R) = {a(\)~" : A > b, a(\k(\) # 0} — L(D(A)), given by R(a(\)~!) :=
(@\)~t = A)71C, X € D(R), is a C-pseudoresolvent in the sense of [57, Definition
3.1], satisfying additionally that N(R(\)) = {0}, A € D(R). Only after that, we
can use [57, Theorem 3.4] with a view to prove the existence of a single-valued
linear operator A, with domain and range contained in D(.A), which satisfies the
properties required in (ii): this consideration shows the full importance of concepts
introduced in Definition and Definition in integrated and convoluted case
k(0) = 0. Keeping in mind Theorem [2.4(i) and the argumentation contained in
the proofs of [32, Theorem 3.6] and [36, Theorem 1.2.6], the remaining parts of
following theorem can be deduced, more or less, as in non-degenerate case.

Theorem 5.12. Suppose w € R, abs(k) < oo, abs(|a]) < oo, A is a closed MLO
in X, %o € pe(A), b> max(0,w, abs((al), abs(k)),

{255 12> b B £ 0} € pelA)
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the function H : D(H) = {\ > b : a(\)k(\) # 0} — L(X), given by H(\)z =
EN(I —a(M\)A) 10z, z € X, A € D(H), satisfies that the mapping X\ — H(\)z,
A € D(H) is infinitely differentiable for every fivred x € X and, for every p € ®,
there exist ¢, > 0 and r, € ® such that

dl

p(lrl(A - w)”lWH()\)x) <crp(z), € X, Ne D(H), €Ny, (5.17)
Then, for every r € (0,1], the operator A is a subgenerator of a global (a, k* g,)-

regularized C-resolvent family (R, (t))i>0 satisfying that, for every p € ®,

2
p(RT(t + h)x — Rr(t)m) < %lréj()@max(ew(t+h), 1)h7"7 t>0, h>0, x € X,
r(r
and that, for every p € ® and B € B, the mapping t — pp(R-(t)), t > 0 is locally
Hilder continuous with exponent r; furthermore, (Ry(t))i>0 is a mild (a,k * g,)-
reqularized C-existence family having A as subgenerator, and the following holds:

(i) Suppose that A is densely defined. Then A is a subgenerator of a global
(a, k)-regqularized C-resolvent family (R(t))i>0 € L(X) satisfying that the
family {e=“'R(t) : t > 0} C L(X) is equicontinuous. Furthermore, (R(t))i>0
is a mild (a, k)-regularized C-existence family having A as subgenerator.

(ii) Suppose that k(0) # 0. Then the operator C' := Clm € L(D(A)) is

injective, A0 is a closed subspace of X, D(A)N.A0 = {0}, and we have the

following: Define the operator A : D(A) C D(A) — D(A) by
D(A):={z € D(A): Cz = (A — A)_le for some y € D(A)}

and

Az :=C'ACz, 2z € D(A).

Then A is a well-defined single-valued closed linear operator in D(A), and
moreover, A is the integral generator of a global (a, k)-regularized C'-resolvent
family (S(t))i>0 € L(D(A)) satisfying that the family {e=“tS(t) : t >
0} C L(D(A)) is equicontinuous, Afot a(t — s)S(s)xds = S(t)x — k(t)Cx,
t€[0,7), x € D(A) and Ry(t)x = fot S(s)xds, t >0, 2 € D(A).

In the following proposition, which extends the assertions of [59, Proposition
2.5] and [36] Proposition 2.1.4(ii)], we will reconsider the condition k(0) # 0 from
Theorem [5.12| once more. A straightforward proof is omitted.

Proposition 5.13. Let A be a closed subgenerator of a mild (a, k)-regularized
Ci-resolvent family (Ri(t))icjo,ry (mild (a, k)-regularized Ca-uniqueness family
(R2(t))icio,ry; (a, k)-regularized C-resolvent family (R(t))icjo,r))- If k(t) is ab-
solutely continuous and k(0) # 0, then A is a subgenerator of a mild (a,gy)-
regularized Cy-resolvent family (R (t))icjo,+) (mild (a, g1)-regularized Cy-uniqueness
family (Ra(t))ieo,r); (a, g1)-regularized C-resolvent family (R(t)):eo,r))-

Now we would like to present some illustrative applications of results obtained
so far.

Example 5.14. Let a € (0,1).
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(i) ([I7]) Consider the following time-fractional analogue of homogeneous coun-
terpart of problem [I7, Example 2.1, (2.18)]:

D m(z)va(t, x)] = —;—xva(t, x), t>0, zeR;

m(z)ve(0,2) = up(z), =z €R.

(5.18)

Let X =Y := L?(R), and let the operator A := —d/dz act on X with its maximal
distributional domain H!(R).

(a) Suppose first that (Bf)(7) := X(—oc,a)n(b,00) () f(7), z € R (f € X), where
—00 < a <b< oo Then B € L(X), B= B*, B?= B and (5.1§) is
formulated in X in the abstract form

B*DyBug(t) = DifBvy(t) = Ava(t), t>0;

B, (0) = up. (5.19)

Further on, the multivalued linear operator A := (B*)"*AB~! is maximal
dissipative in the sense of [I7, Definition, p. 35] and ||[(A — A) 7| < A7 1,
A > 0. By the foregoing, we know that the operator A is single-valued
on D(A); with a little abuse of notation, we will denote by T" C A the
single-valued linear operator which generates a bounded strongly contin-
uous semigroup (7'(t))i>0 on D(A) (cf. Theorem ii), where we have
denoted this operator by A).

Using [32, Theorem 3.6(a)] and the consideration from the paragraph
directly preceding the formulation of [I7, Theorem 2.8], it readily follows
that D(T) = D(A). Suppose now that ug = By, where vg € D(A) and
Avg € R(B*), i.e., that ug € D(A) = D(T) (cf. the proof of [I7, Theorem
2.10]). From [I7, Theorem 2.8, Theorem 2.10], the problem , with
a =1, has a unique solution v (t) satisfying Bv;(t) = T'(t)uo; moreover,

(d/dt)Buy (t) = B*(d/dt)Buy (t) = Avy(t) = (d/dt)T(t)uo = T(t)Tuo,  (5.20)

for ¢ > 0. Since condition [I7, (2.14)] holds, we obtain that there ex-
ists A\g > 0 such that (\gB — A)~! € L(X); hence, vi(-) = (\oB —
A)7Y(NoB — A)vi (1) € C([0,00) : X) is bounded, as well as (d/dt)Bvi(t),
Buy(t) and Avq(t) are continuous and bounded for ¢ > 0. Define v,(t) :=
JoS 7@ (st™*)vi(s) ds, t > 0 and v, (0) := v1(0). Using Theorem |4.8{and
the arguments contained in its proof, it readily follows that the function
va(+) is a bounded solution of problem (5.19), satisfying in addition that
the functions ¢ — v (), ¢ > 0 and t — Av,(-), ¢ > 0 can be analyti-
cally extended to the sector X, SRS g The uniqueness of solutions of
problem can be proved with the help of Theorem |4.6
(b) Suppose now that (Bf)(x) = X(a,c0,a)(®)f(z), = € R (f € X), where
—00 < a < oo. Then B € L(X), B = B*, B> = B and the conclu-
sions established in the part (a) of this example, ending with the equation
, continue to hold. In our concrete situation, we have the validity
of condition [I7, (2.11)] but not the condition [I7, (2.14)], in general. De-
fine fo(t) == [iTt ®a(st™*)Bui(s)ds, t > 0, fo(0) := Bvi(0) = uo,
ha(t) = [;5 t7 o (st™*) Avi(s) ds, t > 0 and hq (0) := Avi(0).
By the foregoing, we have that f,, h, € C(]0,00) : X) are bounded
and D¢ f,(t) = hao(t), t > 0, which simply implies Bh(t) = hq(t), t > 0.
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By (5.20), we have that Av;(t) = T(t)Tug € B~'[Avy(t)] and BAv,(t)
Avy(t) (t > 0), whence we may conclude that Avy(t) € A[Bvi(t)] (¢
0). Since A is closed, an application of Theorem [2.3] yields that hq(t)
Bha(t) € AB71f,(t) (t > 0); consequently, the function ¢ — f,(t), t > 0
is a pre-solution of problem with B = I, F(t) = 0 and, by Remark
[4.2(iv), the problem has a bounded p-solution v,(-) satisfying, in
addition, that the functions ¢ — Buv,(-), t > 0 and t — Ava(:), t > 0
can be analytically extended to the sector Emm(( EENEIY The uniqueness
follows again from an essential application of Theorem 4.6

(ii) ([31]-[32]) Here we would like to observe, without going into full details, that

we can similarly prove some results on the existence and uniqueness of analytical
solutions of the abstract Volterra equation

v

t
6—va(t,r) = a(r)/ Jo(t — s)va(s,m)ds+ f(t,r), t>0, rel0,1],

r 0
on the sector X, 5,1 _1)z x), Where a € C1[0,1] and the mapping ¢t — f(t,-), t >0
is continuous and exponentially bounded with the values in the Banach space C0, 1]
(cf. [31, Example 1] and Theorem [4.8)); using Theorem [4.9]instead of Theorem
we can consider the well-posedness in C|0, 1] for the equation

%Uc(t,r) = a(r)/o c(t — s)ve(s,r)ds+ f(t,r), t>0, re]|0,1],

where ¢(+) is a completely positive function.

Fractional Maxwell’s equations have gained much attention in recent years (see
e.g. [10], [27], [60], [74], [83] and references cited therein for more details on the
subject). Here we want to briefly explain how we can use the analysis of Favini
and Yagi [17, Exampe 2.2] for proving the existence and uniqueness of analytical
solutions of certain classes of inhomogeneous abstract time-fractional Maxwell’s
equations in R?; the time-fractional analogues of Poisson-wave equations (see e.g.
[I7, Example 2.3, Example 6.23]) will be considered somewhere else.

Consider the following abstract time-fractional Maxwell’s equations:

rot E=-D¢B, rotH=D{D+J (5.21)

in R3, where E (resp. H) denotes the electric (resp. magnetic) field intensity, B
(resp. D) denotes the electric (resp. magnetic) flux density, and where J is the
current density. It is assumed that the medium which fills the space R? is linear
but possibly anisotropic and nonhomogeneous, which means that D = e¢FE, B = uH
and J = oF + J' with some 3 x 3 real matrices e(z), p(x), o(x) (z € ]R3) and J'
being a given forced current density. Let any component of €(x), u(z), o(x) be a
bounded, measurable function in R?, let the conditions [I7], (2.23)-(2.25)] hold, and
let f(t) = —(J'(-,t) 0)T. Then we can formulate the problem in the abstract
form

B*DyBuvi(t) = Avi(t) + f(t), t>0;

B’l)1 (0) = U,

in the space X := {L?(R?)}%, using the bounded self-adjoint operator B of multi-

plication by 1/c(x) acting in X, and A being the closed linear operator in X given
by [I7, (2.27))].

(5.22)



36 M. KOSTIC EJDE-2023/63

In our concrete situation, the conditions [I7, (2.10) and (2.14)] hold, so that
the assumptions f € C?([0,00) : X) and ug = Buvy for some vy € D(A) satisfy-
ing Avg + f(0) € R(B*) ensure by [17, Corollary 2.11] that the problem
has a unique strict solution v1(-) in the sense of equation [I7, (2.13)]. Suppose,
additionally, that the function f”(¢) is exponentially bounded. Then we can use
[I7, Theorem 2.5], the proof of [I7, Corollary 2.11] and the arguments from the
part (i)/(a) of this example in order to see that the solution v; € C([0,00) : X)
is exponentially bounded, as well as that H(t) := (d/dt)Buvy(t), Bv1(t) and Av; (t)
are continuous and exponentially bounded for ¢ > 0. Define v, (t) and f,(t) as
before, Ho(t) = [0t *®q(st™*)H(s)ds, t > 0 and H,(0) := H(0). Perform-
ing the Laplace transform, it can be simply verifed that (g1_q * (Bva — uo))(t) =
fot H,(s)ds, t > 0, so that DY Buv,(t) exists and equals to H,(t). On the other
hand, we have

¢
B*Bu; (t) = A(g1 = v1)(t) + B*uo —|—/ f(s)ds, t>0,
0
so that .
B*Buq(t) = A(ga * va)(t) + B ug —|—/ fa(s)ds, t>0
0

by Theorem [£.8] This implies D B* Bva (t) = Ava(t) + fa(t) and, since D§ Bu, (t)
exists, B*D{ Bu,(t) = Ava(t) + fo(t), t > 0. Clearly, Bv,(0) = ug so that v, €
C([0,00) : X) is an exponentially bounded solution of problem

B*D{ Bu,(t) = Ava(t) + fo(t), t>0;
B, (0) = ug,

that is analytically extensible on the sector Emin((l_l)%)ﬂ) and satisfies, in addition,

(5.23)

that the mapping Av, € C([0,00) : X) is exponentially bounded and analytically
extensible on the same sector, as well. The uniqueness of solutions of problem (P,)
follows from Theorem [£.6l

We end this example with the observation that Theorem and Theorem
can be successfully applied in the analysis of a large class of abstract degenerate
Volterra integro-differential equations that are subordinated, in a certain sense, to
degenerate differential equations of first and second order for which we know that
are well posed [17), [22], 25| [7T], [73], [75], [76].

Concerning the adjoint type theorems, it should be noticed that the assertions of
[36, Theorem 2.1.12(i)/(ii); Theorem 2.1.13] continue to hold for (a, k)-regularized
C-regularized families subgenerated by closed multivalued linear operators. Fur-
thermore, it is not necessary to assume that the operator A is densely defined in
the case of consideration of [36, Theorem 2.1.12(i)].

Suppose now that A is a subgenerator of an (a, k)-regularized C-resolvent family
(R(t))ef0,r), » € Nand z; € Az, for 1 < j < n. Then we can prove inductively
that, for every t € [0, 7),

n—1
R(t)x = k(t)Cxo + Z (a**j # k) (6)Cxj + (™" * R(-)wy) (1). (5.24)
j=1

Keeping in mind the identity , Theorem and Proposition (ii), it
is almost straightforward to transfer the assertion of [36, Proposition 2.1.32] to
degenerate case.
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Proposition 5.15. (i) Suppose a € (0,00) \ N, z € D(A) as well as C™1f, fa €
C([0,7) + X), fa(t) € ACT1f(t), t € [0,7) and A is a closed subgenerator of
a (ga,C)-regularized resolvent family (R(t))icjo,r)- Set v(t) = (graj-a * f)(),
t €[0,7). Ifv e CleI=1([0,7) : X) and v®(0) = 0 for 1 < k < [a] — 2, then
the function u(t) := R(t)x + (Rx C~1f)(t), t € [0,7) is a unique solution of the
following abstract time-fractional inclusion:

we Cl0,7): X)ncl*1=1(o,r) : X),

N dlel—1
Diu(t) € Au(t) + W(g[a'\—a * f)(t), t€[0,7),

u(0) = Cz, u™(0)=0, 1 <k < [a] —1.

(i1) Suppose 1 > 0, n € N\ {1}, x; € Az;_1 for 1 < j < mn, f;(t) € Af;_1(t)
fort €[0,7) and1 < j <n, f; € C([0,7) : X) for 0 < j <n, and A is a closed
subgenerator of a (91 /n, gri1)-regularized C-resolvent family (R(t))icpo,)- Then
the function v(t) := R(t)x + (R* C71f)(t)x, t € [0,7) is a unique solution of the
following abstract time-fractional inclusion

ve CH(0,7): X)nc(o,7): X),

n—1 n—1
V(1) € Av(t) + D g m+r B C; + > (9G my4r * ) (2)
j=1 §=0

d
+ —tg,,Jrl(t)Cx, te (0,7),

d
0(0) = 4o (0)Cz.
Furthermore, v € C*([0,7) : X) provided thatr > 1 or x =0 and r > 0.

5.1. Differential and analytical properties of (a, k)-regularized C-resolvent
families. The main structural characterizations of differential and analytical (a, k)-
regularized C-resolvent families generated by single-valued linear operators continue
to hold in our framework (cf. [I7, Chapter III], [6] [7, 19] for some references on
infinitely differentiable semigroups generated by MLOs). We will use the following
definition.

Definition 5.16. (see [30], Definition 2.2.1] for non-degenerate case)

(i) Suppose that A is an MLO in X. Let a € (0, 7], and let (R(t));>0 be an
(a, k)-regularized C-resolvent family which do have A as a subgenerator. Then it
is said that (R(t))¢>0 is an analytic (a, k)-regularized C-resolvent family of angle
«, if there exists a function R : ¥, — L(X) which satisfies that, for every z € X,
the mapping z — R(z)z, z € 3, is analytic as well as that:

(a) R(t) = R(t), t >0 and
(b) lim, ,0.ex, R(2)r = k(0)Cx for all v € (0,) and = € X.

(ii) Let (R(f))¢>0 be an analytic (a, k)-regularized C-resolvent family of angle
a € (0,7]. Then it is said that (R(t)):>0 is an exponentially equicontinuous, ana-
lytic (a, k)-regularized C-resolvent family of angle «, resp. equicontinuous analytic
(a, k)-regularized C-resolvent family of angle «, if for every v € (0, a), there exists
w, > 0, resp. w, = 0, such that the family {e""®*R(z) : z € £,} C L(X) is
equicontinuous. Since there is no risk for confusion, we will identify in the sequel

R(-) and R(+).
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In the following example, we consider a time-fractional analogue of the linearized
Benney-Luke equation in L?-spaces and there we will meet some interesting exam-
ples of exponentially bounded, analytic fractional resolvent families of bounded
operators whose angle of analyticity can be strictly greater than 7/2; in our ap-
proach, we do not use neither multivalued linear operators nor relatively p-radial
operators ([I7], [73]). The method employed by G. A. Sviridyuk and V. E. Fedorov
[73] for the usually considered Benney-Luke equation of first order can be very hep-
ful for achieving the final conclusions stated in (i)-(ii), as well as for the concrete
choice of the state space X below (cf. also [38, Example 2.2.49, Example 2.2.53] for
our recent study of fractional analogues of the abstract Barenblatt-Zheltov-Kochina
equation in finite domains, where we have used the pure Laplace transform tech-
niques from [42]).

Example 5.17. Suppose that ) # Q@ C R" is a bounded domain with smooth
boundary, and A is the Dirichlet Laplacian in X := L?(Q), acting with domain
H2(Q) N HY(Q). By {\:}[= 0(A)] we denote the eigenvalues of A in L?(Q) (re-
call that 0 < =X\ < =Xg -+ < =X\ < -+ = 400 as k — oo; cf. [(7, Section
5.6], [1, Section 6] and [73] Section 1.3] for more details) numbered in nonascend-
ing order with regard to multiplicities. By {¢x} C C*(Q) we denote the corre-
sponding set of mutually orthogonal eigenfunctions. Then, for every ¢ > 0, we
define the spectral fractional power C; € L(X) of —A by C¢- = (—A)~(©)/2. .=
S st () (= A6)TC/D ey (cf. [69] for more details). Then C; is injective and
R(C) =: D((—=A)/?) = {f € L*(Q) : Xyo1 [{f, @) (= Ak)¢ < o0}

Let A € 0(A), let 0 < n < 2, and let , 8 > 0. Consider the time-fractional
analogue of the linearized Benney-Luke equation

(A— A)DVu(t,z) = (aA — BAY)u(t,z) + f(t,z), t>0, z €,
(%u(t’x))m =up(z), z€Q, 0<k<][n] -1, (5.25)

u(t,z) = Au(t,z) =0, ¢t>0, ze€dQ,

for which is known that plays an important role in evolution modeling of some
problems appearing in the theory of liquid filtration. Denote by X, the vector
space of those functions from X that are orthogonal to the eigenfunctions ¢/(+) for
A = A. Then X is a closed subspace of X, and therefore, becomes the Banach
space equipped with the topology inherited by the X-norm (cf. [73l Example
5.3.1, Theorem 5.3.2] for the case n = 1). On the other hand, the operators A :=
aA —BA? and B := X\ — A, acting with maximal domains, are closed in L?(Q). Set
0 := min((mw/n) — (7/2), 7). Using the Parseval equality, the asymptotic expansion
formula [l (1.28)] and an elementary argumentation, we can simply prove that the
operator family (77(2)).ex,u{0} € L(Xo), given by
2
t T,(2) = Z En(%Zn)<',¢k>¢k, z € ¥p U {0},
KA #£A Tk

is well-defined, provided n € (0,2). If n = 2, then we define (T5(%))i>0 € L(Xo) in
the same way as above; since E»(2?) = cosh(z), we have that, for every ¢ > 0,

Ty(t) = 1 Z [eit((ﬁx\z—a/\k)/(/\—,\k))1/2 _ e—it((ﬁ/\z—a/\k)/(/\—/\k))1/2} (-, b1 ks
B[ Ak #£X
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and that (T5(t))¢>0 is bounded in the uniform operator norm. Differentiating T5(t)
term by term, it can be easily seen that the mapping ¢t — Ta(t)f, t > 0 is con-
tinuously differentiable for any f € D((—A)'2) N X, and therefore, continuous.
Since D((—A)'/2) N X; is dense in Xy and (T5(t))¢>0 is bounded, the usual ar-
guments shows that (T5(t));>0 is strongly continuous. Now we can proceed as in
the proof of Theorem in order to see that, for every n € (0,2), (T,(t))¢>0 is an
exponentially bounded, analytic (g,, I)-regularized resolvent family of angle 6. A
straightforward computation shows that, for every n € (0, 2], the integral generator
A of (T,(t))¢>0 is a closed single-valued operator in Xy, given by A = {(f,g) €
Xo x Xo: (A= Xe){g, or) = (X, — BAI)(f, ¢x) for all k € N with A\, # \}; in par-
ticular, A is an extension of the operator B~1A|x,. It is also clear that (T}(t)):>0
is a mild (g, I)-existence family generated by A. Keeping in mind the identity
[B, (1.25)], we can carry out a direct computation showing that the homogeneous
counterpart of problem = with z; = 0 for 1 < j < [(] — 1, has an
exponentially bounded pre-solution up, o(t) = T),(t)xo, t > 0 for any z € D(A)NXp
(0 <k < [n]—1), which seems to be an optimal result in the case that n < 1. Con-
cerning the homogeneous counterpart of problem with g = 0, its solution
up,,1(t) has to be find in the form wuy, 1 ( fo s)z1 ds t>0.
Consider first the case n € (1,2). Then for each k € N with Ag # A, we have

il (5(S30E) 1))

i — B2
=DJE (a kt”)
t—n \— )\k:
alp — BA2 alp — BA2
_ B, ), t>0.
A— g K A— g -
On the other hand, expanding the function ET,(M:\’“%/Q’\’%W) — 1 in a power series we

obtain that
s a)\k fM,\tn)n—‘rlt

il (B (2 ) -y Bt

2
The previous two equalities together imply that %[92_7, * (En((”\/\’“_if:’“") —DJ() =

A= BN} fo a)‘k B)"“ s7)ds, t > 0 and

A=Ak
_3)2 [t
> [ (N )

D} g1 * T, (-)21] (t)

k| Ak #X
— 2
k|)\z¢)\ %tE (0‘);\19_7@)‘1%”) <x17¢k>¢}c7 t>0.
k

Using again the asymptotic expansion formula [5, (1.28)], we obtain that the above
series converges for any 1 € Xy and belongs to D(B) provided, in addition, that
x1 € D(B)N Xy. In this case, the equality BD}uy 1(t) = Aup1(t), t > 0 readily
follows, so that the function wuj(¢) := un0(t) + up,1(t), t > 0 is a pre-solution of
problem provided that xg € D(A) N Xo and 27 € D(B)N Xy (with X =Y =
L?(Q) in Definition [4.1iii)); furthermore, the mappings t ~— u(t) € L2(), t > 0
and t +— Buy(t) € L*(Q), t > 0 can be analytically extended to the sector Xg. The
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situation is slightly different in the case that n = 2 since we cannot use the formula
[5L (1.28)]; then a simple computation shows that, formally, for every ¢t > 0,

Buy, 1 (t) = Aup,1(t)

L ; i —a Y
=35 > {Z((ﬁ)\g — k) /(A= )\k))l/2€ H(BAZ—are)/(A=A)) '/
kAR

_ Z((ﬂ)\2 o Oé)\k)/()\ N )\k))1/267it((ﬁ>\27Oé>\k)/(/\*)\k))1/2i| <5Cla ¢k>¢k-

Hence, the function uy, (¢) := wup o(t)+up,1(t), t > 0is a pre-solution of problem
with zg € D(A) N Xy and 21 € D((—A)3/2) N Xy. The range of any pre-solution
of problem with f = 0 must be contained in Xy, so that the uniqueness of
solutions of problem follows from its linearity and Proposition ii).

Before considering the inhomogeneous problem , we would like to observe
that the assumptions (z,y) € A and = € D(A) imply (z,y) € B*1A|XU. Keeping
in mind this remark, Theorem as well as the fact that the assertion of [68]
Proposition 2.1(iii)] admits a reformulation in our framework, we can simply prove
that for any function h € WI})’Cl([Q 00) : Xp) satisfying that

d
te Y (ak— wz)(%(gn « h) (1), dr )b € Li([0,00) : Xp), (5.26)
KA #A
the function upp(t) := fo (g, = h)ds, t > 0 is a solution of problem

with f = Bh On the other hand the operator B annihilates any function
from span{¢x : k[A = Ay} so that the function ¢t — >7,\ _ %d)k, t>0is
a pre-solution of problem with f = Zk\)\k:A<f(')? ¢r) bk, provided that the

following condition holds
(A1) : DJ{f(t),¢r) exists in L2(Q2) for kA = i, (zo,0x) = 0 for k|A # A,
(x1,¢K) = 0 for K|\ # A\, 1 <n <2, (x0,0) = EAURTIRN EIA = Ag, and

,8)\2 alg
(21,80 = S22 for k|A = Ap, 1 < <2

Summa summarum, we have the following:
(i) 0 < m < 2 : Suppose that xg € D(A)N Xy, 21 € D(B) N Xy, if n >

L2 ke <f>\(2’)i’“>q5k Wlicl([() 00) : Xp) satisfies (5.26), and the
condition (A1) holds. Then there exists a unique pre-solution of problem
(15.25)).

(i) n = 2 : Suppose z; € D((—A)*/?) N X, and the remaining assumptions
from (i) hold. Then there exists a unique pre-solution of problem (|5
Observe also that our results on the well-posedness of fractional analogue of the
Benney-Luke equation, based on a very simple approach, are completely new pro-
vided that n > 1, as well as that we have obtained some new results on the well-
posedness of the inhomogeneous Cauchy problem P, ¢ in the case that n < 1 (cf.
[22, Theorem 4.2] for the first result in this dlrectlon)

The following theorem can be deduced by making use of the argumentation
contained in the proof of [39, Theorem 2.16]. Here we would like to observe that
the equality Ry, = 0, stated on [39, p. 12, 1. 4], can be proved by taking the
Laplace transform of term appearing on [39, p. 12, 1. 1-2] in variable p, and by
using the strong analyticity of mapping A — F(\) € L(X), A € N, along with
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the equality Ry, = 0 for RA > w, a(A\)k(\) # 0 (the repeated use of identity [39,
(2.30)] on [39] p. 12, 1.4] is wrong and makes a circulus vitiosus):

Theorem 5.18. (see [36, Theorem 2.2.4] for non-degenerate case) Suppose that
a € (0,7/2], abs(k) < oo, abs(|a|) < oo, and k(\) can be analytically continued
to a function g : w+ ¥z, — C, where w > max(0,abs(k),abs(|al)). Suppose,
further, that A is a closed subgenerator of an analytic (a, k)-reqularized C-resolvent
family (R(t))i>0 of angle o satisfying that the family {e”“?R(z) : z € £,} C L(X)
is equicontinuous for all angles v € (0, ), as well as that equation holds for
each y = x € X, with Ri(-) and Cy replaced therein by R(-) and C, respectively.
Set

N:={dew+Tzia:9(N) #0}.

Then N is an open connected subset of C. Furthermore, the existence of an
analytic function & : N — C such that a(\) = a(A), X > w implies that the
operator I — a(\)A is injective for every X € N, R(C) C R(I — a(\)C~LAC) for
every A € Ny :={X € N : a(\) # 0}, the operator (I —a(\)C~rAC)~1C € L(X) is
single-valued (A € Ny ), the family

{(A —w)gW) (I —aNCTAC) ' Ciae Ny (w+ zgm)} C L(X)
is equicontinuous for every angle y1 € (0, ), the mapping

A (1= d(/\)C_l.AC)_lC'x, A € Ny is analytic for every x € X,

and

lim A\ (I —a(\)A) "' Ce = R(0)z, = € X.
A—400,a(A)E(A)#£0
Keeping in mind Lemma Theorem and Theorem [5.5] we can repeat
almost literally the proof of [36, Theorem 2.2.5] in order to see that the following
result holds.

Theorem 5.19. Assume that A is a closed MLO in X, CA C AC, o € (0,7/2],
abs(k) < oo, abs(|a|]) < 0o and w > max(0, abs(k), abs(|a|)). Assume, further, that
for every A € C with R\ > w and a(\)k(\) # 0, the operator I — a(\).A is injective
with R(C) C R(I — a(\)A).

If there exist a function q : w + Xz 4o — L(X) and an operator D € L(X) such
that, for every x € X, the mapping A = q(A\)z, X € w + Xz, is analytic as well
as that

gNz = k) (I —a(N)A) " Cx, RA > w, a(NEN) £0, € X,

for every v € (0,a), the family {(A —w)q(\) : X € w+ ¥z} C L(X) is equicon-
tinuous and

lim M(A\)z =Dz, z€ X, if D(A) # X,

A—+oo

then A is a subgenerator of an exponentially equicontinuous, analytic

(a, k)-regularized C-resolvent family (R(t))i>0 of angle a satisfying that R(z)A C
AR(z), z € Xy, the family {e"“*R(z) : z € ¥} C L(X) is equicontinuous for all
angles v € (0,), as well as that equation holds for each y = x € X, with
R1(:) and Cy replaced therein by R(-) and C, respectively.
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Suppose that ) # Q C R" is a bounded domain with smooth boundary. As
explained by Falaleev and Orlov in [16], the equation

t
(a0 — A)ug = BAu + Au +/ g(t —s)Au(s,x)ds, t>0, zeQ;
0
w(0,2) = d(x),  w(0,2) = (),

where g € Ll ([0,00)), @ € R and 8 € R\ {0}, appears in some models of nonlinear
viscoelasticity provided that n = 3. In the following illustrative example, we will
consider the well-posedness of equation following the approaches from [42]
and this article.

Example 5.20. Let A be the Dirichlet Laplacian in X := L?(2), acting with
domain H2(Q2) N H} (). As in Example we will denote by {A\r} [= o(A)]
the eigenvalues of A in L?()) numbered in nonascending order with regard to
multiplicities; {¢r} C C*°(€2) denotes the corresponding set of mutually orthogonal
eigenfunctions. Integrating twice with the respect to the time-variable ¢, we
obtain the associated integral equation

(@ = A)u(t) = (a+ (B = DA)p(z) + ta = A)yp + BA(gr * u) ()
+ A(ge *u)(t) + A(ge x g *u)(t), t>0.
Set B := a— A, Ay := A, Ay = Ay := A (acting with the Dirichlet boundary
conditions), as(t) := g1(t), a1(t) := ga(t), ao(t) := (g2 * g)(t), and
:)\2+,8/\+§(>\)+1[ a)? —A}
A2 A2+ BA+g(N)+1

Suppose that a = A, € o(A) for some kg € N and the function g(¢) is Laplace
transformable (in [42], Example 3.15], we have considered the case o > 0, with the

state space being LP(f2) for some 1 < p < 00). Then there exist constants M > 1
and w > 0 such that |f0t g(s)ds| < Me“t, t > 0 and

oo t oo
/\/ e_M/ g(s)dsdtz/ e Mg(t) dt,
0 0 0

and A > w, which simply implies that the set {g(\) : A > w + 1} is bounded.

Define D : L*(Q) — L*(Q) by Df := (=1)871 Y72 1 (¢, f)w, f € L*(). Using
Parseval’s equality, it can be simply verified that D, BD € L(L?(Q2)); furthermore,
[ROA: A)| = O(Joe = A|7!) as A — a (see [44, Example, pp. 57-58]). Using the
resolvent equation and these facts, we obtain the existence of a sufficiently large
real number R > 0 such that P ' € L(L?(Q)) for |\| > R, as well as that

(5.27)

(5.28)

Py :

2
A7 [HPFII +1BP | + Z ||dj(A)AjP;1|‘:| <M, |\>R,

7=0
lim A"'PMf=Df, lim A'BP;'f= BDY, (5.29)
[A]—00 [A| =00
Mllim MNP =0, 0<5<2 (feL*).
— 00

Using [42, Theorem 3.9], we obtain that there exists an exponentially bounded once
integrated I-existence family (E;(t));>o for (5.28), in the sense of [42 Definition
3.8(1)], satisfying additionally that for each f € L?(Q) the mappings t — E1(t)f,
t>0,t— BE((t)f,t>0andt+— Aj(a; *x E1)(t)f, t > 0 can be analytically
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extended to the sector X /o; furthermore, (F1(t)):>o is an exponentially bounded
once integrated I-uniqueness family for (5.28), in the sense of [42] Definition 3.8(ii)].
Therefore, for every ¢, 1 € H*(Q) N H}(Q2), there exists a unique strong solution
of the associated once integrated problem

2

(0= A)u(t) = Hor+ (5~ DAY() + (0~ M)+ B (g1 u) ()
+ A(gg * u)(t) + A(gg x g * u)(t), t>0,

given by u(t) = E1(t)(a+ (8 —1)A)p + fot Eq(s)(a — A)pds, t > 0. On the other
hand, equation @ taken together with the equality lim|y o )FlBPglf =
BDf, Theorem [5.19) and Remark [£.2|v) implies that for each § € (—m, x| the
MLO e? AB~! generates an exponentially bounded, analytic once integrated (b +
g2(t) + (g2 = g)(t), I)-regularized resolvent family (Eq p(t) = BE1(t))i>0 of angle
/2. Since [36, Theorem 2.1.29(ii)] holds in our framework, this immediately yields
some results on the existence and uniqueness of analytical (possible, entire, cf. [44]
Theorem 2.2]) solutions of the problem with the term t(a + (8 — 1)A)¢p +

2
2

(5.30)

(a — A)y replaced by a general inhomogeneity f(t).

The classes of exponentially equicontinuous, analytic (a, k)-regularized Cy-exis-
tence families and (a, k)-regularized Cy-uniqueness families can be introduced and
analyzed, as well. For the sequel, we need the following notion.

Definition 5.21. Let X =Y, and let A be a subgenerator of a Cy-existence family
(Ry(t))i>0 (cf. Definition [5.1fi) with a(t) = 1 and k(t) = 1). Then (Ry(t)):>0 is
said to be entire if, for every x € X, the mapping ¢t — Ri(t)z, t > 0 can be
analytically extended to the whole complex plane.

Using the arguments in the proof of [4I, Theorem 3.15], we can deduce the
following result.

Theorem 5.22. Suppose r > 0, 6 € (0,7/2), A is a closed MLO and —A is
a subgenerator of an exponentially equicontinuous, analytic r-times integrated C'-
semigroup (Sy(t))e>0 of angle 0. Then there exists an operator C; € L(X) such

that A is a subgenerator of an entire Cy-ezistence family in X .

Remark 5.23. (i) It ought to be observed that we do not require the injectivity
of operator C; here. The operators T, (z) and S, (%), appearing in the proof of
[41, Theorem 3.15], annulate on the subspace AQ.

(ii) Theorem is closely linked with the assertions of [40, Theorem 2.1, Theo-
rem 2.2]. These results can be extended to abstract degenerate fractional differential
inclusions, as well.

Example 5.24. In a great number of research papers, many authors have consid-
ered infinitely differentiable semigroups generated by multivalued linear operators
of form AB™! or B~'A, where the operators A and B satisfy the condition [I7,
(3.14)], or its slight modification, with certain real constants 0 < f < a <1,y€R
and ¢, C' > 0 (in our notation, we have A = L and B = M). The validity of this
condition with o = 1 (see e.g. [I7, Example 3.3, 3.6]) immediately implies by The-
orem and Remark v) that the operator AB~! generates an exponentially
bounded, analytic o-times integrated semigroup of angle Y, cctan(1/¢), Provided that
o > 1— f; in the concrete situation of [I7, Example 3.4, 3.5], the above holds with
the operator AB~! replaced by B~ 'A.
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Unfortunately, this fact is not sufficiently enough for taking up a fairly com-
plete study of the abstract degenerate Cauchy problems that are subordinated to
those appearing in the above-mentioned examples and, concerning this question,
we will only want to mention that the subordination fractional operator families
can be constructed since the semigroups considered in [I7, Chapter III] have a
removable singularity at zero (cf. the proof of [5, Theorem 3.1], [47] and the forth-
coming monograph [38] for more details). On the other hand, from the point of
view of possible applications of Theorem [5.22] it is very important to know that
the operators AB~! or B~ A generate exponentially bounded, analytic integrated
semigroups. This enables us to consider the abstract degenerate Cauchy problems
that are backward to those appearing in [I7, Examples 3.3-3.6]. For example, we
can consider the following modification of the backward Poisson heat equation in
the space LP(Q):

%[m(m)v(t,x)] =—Av+bv, t>0, x€Q;

v(t,z) =0, (t,z) € [0,00) x 99, (5.31)
m(z)v(0,2) =uo(z), z€Q,

where  is a bounded domain in R™, b > 0, m(z) > 0 a.e. z € Q, m € L>®(Q) and
1 < p < 0. Let B be the multiplication in LP(2) with m(x), and let A = A —b
act with the Dirichlet boundary conditions. Then Theorem implies that there
exists an operator C; € L(LP(Q2)) such that A = —AB~! is a subgenerator of an
entire C1-existence family; hence, for every ug € R(C}), the problem has
a unique solution ¢ — wu(t), ¢ > 0 which can be extended entirely to the whole
complex plane. Furthermore, it can be proved that the set of all initial values wg
for which there exists a unique solution of problem is dense in LP(§2) provided
that there exists a constant d > 0 such that |m(x)| > d a.e. z € Q.

In the following example, we consider the existence and uniqueness of solutions
of abstract degenerate relaxation Cauchy problems that are not subordinated to
those of first order.

Example 5.25. It is clear that the examples presented in [I'7, Chapter I1I] can serve
one for consideration of a wide class of abstract degenerate relaxation equations that
are not subordinated to the problems of first order (a fairly complete analysis of such
equations is quite non-trivial and we shall skip all related details for convenience):
Suppose that the condition [I7, (3.1)] holds with certain real constants 0 < 8 < a <
1, ¢, M >0, as well as that 0 € (7/2,0), ¢ € (0,1) and § > W—arctan%—i—H > %77(.
Then X, ctan 140 © p(e®® A) and, in general, p(e?’ A) does not contain any right
half-plane. An application of Theorem shows that the operator e A generates
an exponentially bounded, analytic (g¢, gr+1)-regularized resolvent family of angle
0" := min((w — arctan(1/c) + 6 — (7¢/2))/¢,7/2), where r > ((1 — ), if A is not
densely defined, and r = {(1 — ), otherwise.

Suppose now that z € E, 1 —=( >n>1-C8, 0 >0,0< v <0, t>0is
fixed temporarily, Ty := {re/(("/2+0) + p > =13 U {t=1? : 0 € [0, (7/2) + ]},
Dy = {re T2+ . p >4~y U {t71e? : 0 € [~(7/2) —7,0]} and T :=T, UTy is
oriented counterclockwise. Define u(0) := 0 and

1 N
u(t) == — / e“A—"(AC —e’eA) z d.
I

~ omi
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Arguing as in [I, Theorem 2.6.1, Theorem 2.6.4], it readily follows that u €
C([0,00) : E), [Ju(t)]| = O@"+<A=1) t > 0 and that the mapping ¢ ~ u(t), t > 0
can be analytically extended to the sector ¥y. Keeping in mind Theorem and
Theorem [2.4(i), we obtain that there exists a continuous section ¢t — u,9.¢(t), t > 0
of the multivalued mapping t — e A(g¢ *u)(t), t > 0, with the meaning clear, such
that
u(t) = ’LL_Aﬁ’C(t) + gn+<(t)$, t>0.

Observe, finally, that the Riemann-Liouville fractional derivative D$u(t) need not
be defined here.

In the sequel, we need the following notion. Suppose that a sequence (M, )nen,
of positive real numbers satisfies My = 1, as well as the following conditions:

(A2) M? < My 1M, 1, peN,

(A2) Mp < AH? minpl ,p2EN,p1+p2=p Mpl MI)

(A2) 302, St < oo,
Set

n € N, for some A > 1 and H > 1,

29

o0 tn
=y >
wi(t) : ;Mn’ t>0.

The most important results concerning differential properties of non-degenerate
(a, k)-regularized C-resolvent families remain true, with almost minimal reformula-
tions, in our new setting. The proofs of following extensions of [36, Theorem 2.2.15,
Theorem 2.2.17] are omitted.

Theorem 5.26. Suppose that A is a closed MLO in X, abs(k) < oo, abs(|a|) < oo,
r > —1 and there exists w > max(0,abs(k),abs(|al)) such that, for every z € {\ €
C: RA > w, a(Nk(\) # 0}, we have that the operator I — a(z)A is injective and
R(C) C R(I —a(z)A). If, additionally, for every o > 0, there exist C, > 0 and an

open neighborhood €., of the region

Ao ={A€C:RA<w, RA> —oln|IN+C,} U{A€C: RA > w},
and a function he : Qp — L(X) such that, for every x € X, the mapping A\ —
hoe(Nz, X € Qp . is analytic as well as that hy(X) = k(A)(I — a(A\)A)~1C, R >
w, a(A)k(X) # 0, and that the family {|\|""he(X) : X € Ay} is equicontinuous,
then, for every ¢ > 1, A is a subgenerator of an exponentially equicontinuous

(a, k * geyr)-reqularized C-resolvent family (R¢(t))i>o0 satisfying that the mapping
t — Re(t), t > 0 is infinitely differentiable in L(X).
Theorem 5.27. Let (M, )nen, satisfy (M.1), (M.2) and (M.3)’.

(i) Suppose that abs(k) < oo, abs(|a|]) < oo, A is a closed subgenerator of a
(local) (a, k)-regularized C-resolvent family (R(t)):e[o,r)
w > max(0, abs(k), abs(|a])) and m € N. Denote, for every e € (0,1) and a corre-
sponding K. > 0,

F. .= {)\ eC:R\> —lnwL(K€|%)\|) +w}.

Assume that, for every e € (0,1), there exist K. > 0, an open neighborhood O,
of the region Ge, :={A € C: RA>w, a(Mk(A) #0} U {AeF., :RA\<w}, a
mapping he : O — L(E) and analytic mappings f. : Ocpy, = C, ge : Oey, — C
such that:

(a) fo(A) = k(V), RA>w; g=(N) = a(N), RA>w,
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(b) for every A € F ,, the operator I — g.(\)A is injective and R(C) C R(I —
9:(A)A),

(c) for every x € X, the mapping A — he(N)x, A € G., is analytic, he(\) =
fE()‘)(I - ge()‘)A>_1C7 NS Gs,w;

(d) the family {(1 + [A)"™e I®ANA () : X € F.,, R\ < w} C L(X) is
equicontinuous and the family {(1+|A\])""h:(A) : A € C, RA > w} C L(X)
1S equicontinuous.

Then the mapping t — R(t), t € (0,7) is infinitely differentiable in L(X) and, for
every compact set K C (0,7), there exists hx > 0 such that the set {%"WR@ :
t € K, n €Ny} is equicontinuous. '

(i1) Suppose that abs(k) < oo, abs(|a]) < oo, A is a closed subgenerator of a
(local) (a, k)-regularized C-resolvent family (R(t)):efo,r)
w > max(0,abs(k),abs(|a|)) and m € N. Denote, for every e € (0,1), p € [1,00)
and a corresponding K. > 0,

Fowp={N€C:RA> K. |SN\"" +w}.
Assume that, for every € € (0,1), there exist K. > 0, an open neighborhood O ., of

the region Ge = {N € C:RA>w, a(ME(N\) #0} U (A€ F.y,:RA< W}, a
mapping he : Oc — L(X) and analytic mappings f. : Oz, — C and g : Oz, —
C such that the conditions (i)(a)-(d) of this theorem hold with F ,, resp. G,
replaced by F ., ,, resp. Gz p. Then the mapping t — R(t), t € (0,7) is infinitely
differentiable in L(X) and, for every compact set K C (0,7), there exists hx > 0

e e R (1)

such that the set {h mr——te K, n € No} is equicontinuous.

Let us recall that the case p = 1 in Theorem [5.27]is very important because it
gives a sufficient condition for an (a, k)-regularized C-resolvent family to be real
analytic.

Suppose now that n € N, |a|(¢) satisfies (P1)-C and abs(a) = 0. Following [68],
Definition 3.3, p. 69], we say that a(t) is n-regular if and only if there exists ¢ > 0
such that [A™a(™ ()] < cla(\)], A € Cy, 1 <m < n. Set al=V(t) := fg a(s)ds,
t > 0 and suppose that a(t) and b(t) are n-regular for some n € N. Then we know
that a(\) # 0, A € C,, as well as that (a * b)(t) and a(~V)(t) are n-regular, and
that a'(t) is n-regular provided that abs(a’) = 0.

Following [68] Definition 3.1, p. 68] and [36, Definition 2.1.23], it will be said
that the abstract Volterra inclusion with B = I (denoted henceforth by the
same symbol) is (kC)-parabolic if and only if the following holds:

(i) |a|(t) and k(t) satisfy (P1)-C and there exist meromorphic extensions of
the functions a()\) and k(\) on C,, denoted by a(\) and k()). Let N be
the subset of C; which consists of all zeros and possible poles of a(\) and
k(X).

(ii) There exists M > 1 such that, for every A € CL \ N, 1/a(\) € pc(A) and
BN = a(\)A)TIC| < M/|A].

If k(t) = 1, resp. C = I, then it is also said that is C-parabolic, resp.
k-parabolic.

Now we are ready to formulate the following extension of [36, Theorem 2.1.24].

Theorem 5.28. Assume n € N, a(t) is n-regular, (X,| - ||) is a Banach space, A
is a closed MLO in X, the abstract Volterra inclusion (1.1) is C-parabolic, and the
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mapping A — (I —a(\)A)~1C, X € C4 is continuous. Then, for every a € (0,1], A
is a subgenerator of an (a, got1)-reqularized C*-resolvent family (S (t))i>0 which
satisfies supy~q >0 b~ |Sa(t + h) — Sa(t)|| < 00, DPSa(t)CF*1 e C*1((0,00) :
L(X)), 1<k <n as well as:

[/ D] DFS()CH Y <M, t>0,1<k<n, 0<j<k-—1, (5.32)

|t*DF1DeS, (1) CF 1 — sk DE-1 DS, (s)C* |

t (5.33)
§M|t75|(1+lnt7>, 0<s<t<oo, 1<k<n,
-8
and, for every T >0, e >0 and k € N, there exists Mz, >0 such that
" DETI DS, (1) CF T = SFDETI DI S, (5)CF
[t* Dy~ Di*Sa(t) (s) [ (5.34)

SMi(t—s)'"5, 0<s<t<T, 1<k<n.

Furthermore, if A is densely defined, then A is a subgenerator of a bounded (a, C?)-
regularized resolvent family (S(t))i>0, satisfying additionally that the mapping t —
S()C*1, ¢t >0 is in class C*¥71((0,00) : L(X)), 1 < k < n and that (5.32)-(5.34)
hold with DS, (t)C*~1 replaced by S(t)C*=1 (1 < k < n) therein.

The representation formula [68] (3.41), p. 81] and the assertions of [68, Corollary
3.2-Corollary 3.3, pp. 74-75] can be extended to exponentially bounded (a,C)-
regularized resolvent families subgenerated by multivalued linear operators, as well.
For more details about parabolicity of abstract non-degenerate Volterra equations,
we refer the reader to [68, Chapter I, Section 3].

5.2. Non-injectivity of regularizing operators C3; and C. In this subsec-
tion, we consider multivalued linear operators as subgenerators of mild (a,k)-
regularized (C7, Cs)-resolvent operator families and (a, k)-regularized C-resolvent
operator families. We use the same notion and notation as before but now we allow
that the operators Co and C' are possibly non-injective (see Definition Deﬁnition
. Without any doubt, this choice has some obvious displeasing consequences
on the uniqueness of corresponding abstract Volterra integro-differential inclusions
(see Proposition [5.8](ii) and Theorem [5.9ii)).

As before, we assume that X and Y are two SCLCSs, 0 < 7 < o0, k € C([0,7)),
k#0, a€ LL(0,7),a#0 A:X — PX)isan MLO, C; € L(Y,X),
C, Co € L(X) and CA C AC. We define the integral generator A, of a
mild (a, k)-regularized Cy-uniqueness family (R2(t))icjo,r) (mild (a, k)-regularized
(C1, Cy)-existence and uniqueness family (R (t), Ra(t))ic(o,r); (a, k)-regularized C-
regularized family (R(t))¢cjo,r)) in the same way as for injective operators C' and
C5. Then we have that A, C Cy L Aint O (Aint € C71 A, C) is still the maximal
subgenerator of (Ra(t)):ejo,r) ((R(f))ief0,)) With respect to the set inclusion and
the local equicontinuity of (Ra(t)):ef0,r) ((R(f)):e[0,r)) implies that A, is closed;
as the next illustrative example shows, C ™' A;,:C need not be a subgenerator of
(R(t))tef0,r) and the inclusion C7 ' AintC C Ay is not true for resolvent operator
families, in general [50].

Suppose that a(t) is a kernel on [0,7), A and B are two subgenerators of an
(a, k)-regularized C-resolvent family (R(t))¢cjo,), and x € D(A) N D(B). Then
R(t)(y —z) =0, ¢t € [0,7) for each y € Az and z € Bx. Furthermore, the local
equicontinuity of (R(t)):c[o,r) and the closedness of A imply that the inclusion
continues to hold without injectivity of C' being assumed.
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In the following definition, we introduce the notion of an (a, k, C)-subgenerator

of any strongly continuous operator family (Z(t))¢cjo,-) € L(X). This definition
extends the corresponding ones introduced by Kuo [64, 55 Definition 2.4] in the
setting of Banach spaces, where it has also been assumed that the operator A = A
is linear and single-valued.
Definition 5.29. Let 0 < 7 < o0, C € L(X), a € L{ ([0,7)), a # 0, k € C([0,7))
and k£ # 0. Suppose that (Z(t));cj0,r) € L(X) is a strongly continuous operator
family. By an (a, k, C)-subgenerator of (Z(t));c[o,r) we mean any MLO A in X
satisfying the following two conditions:

(i) Z({t)x — k(t)Cx = fot a(t — s)Z(s)yds, whenever t € [0,7) and y € Az.
(ii) For all z € X and ¢ € [0,7), we have fot a(t — s)Z(s)xds € D(A) and
Z(t)r — k(t)Cx € Afot a(t —s)Z(s)z ds.

The (a, k, C)-integral generator Ajn; of (Z(t))seo,r) (integral generator, if there is
no risk for confusion) is defined by

At = {(z,y) e X x X : Z(t)x — k(t)Cx = /ta(t —8)Z(s)yds for all t € [0,7)}.
0

If A is a subgenerator of (Z(t))icp,r), then it is clear that (Z(t))icjo,r) is a
mild (a, k)-regularized (C, C)-existence and uniqueness family which do have A as
subgenerator. Since we have not assumed that A commutes with C or (Z(t)):c[o,r)
it does not follow automatically from Definition that (Z(t)):ep0,r) is an (a, k)-
regularized C-resolvent family with subgenerator A.

By x(Z) we denote the set consisting of all subgenerators of (Z(t)):e[o,r)- The
local equicontinuity of (Z(t)):e[o,r) yields that for each subgenerator A € x(Z) we
have A € x(Z). The set x(Z) can have infinitely many elements; if A € x(Z), then
A C A (cf. B8, Example 4.10, 4.11]; in these examples, the partially ordered
set (xsu(Z), C), where xs,(Z) denotes the set consisting of all single-valued linear
subgenerators of (Z(t))se[o,r), does not have the greatest element) and, if x(Z) is
finite, then it need not be a singleton [35]. In general, the set x(Z) can be empty
and the integral generator of (Z(t)).c[o,r) need not be a subgenerator of (Z(t)):co,r)
in the case that 7 < oo; see [50] for a counterexample given for local C-regularized
semigroups.

If A and B are subgenerators of (Z(t)).c[o,r), then for any complex numbers o, 3
such that o+ = 1 we have that a.A+ BB is a subgenerator of (Z(t))c(0,r). Set AA
B :=(1/2)A+(1/2)B. We define the operator AVyB by D(AVoB) :=span[D(A)U
D(B)] and

AVg B(ax + by) := aAz + bBy, € D(A), y € D(B), a, b € C;

AV B := AV B. Then A Vg B is a subgenerator of (Z(t)):cjo,r), and AV B is a
subgenerator of (Z(t))¢c(o,r), provided that (Z(t))co,r) is locally equicontinuous.
In the case of non-degenerate K-convoluted C-semigroups, C' injective, it is well
known that the set x(Z), equipped with the operations A and V, forms a complete
Boolean lattice ([78], [35, Remark 2.1.8(ii)-(iii)]). We will not discuss the properties
of (x(Z),A,V) in general case.
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If Ais a closed, A € x(Z), 0 € supp(a) and y € Az, then we have (f(;t a(t —
$)Z(s)xds, Z(t)x — k(t)Cx) € A, t € [0,7), i.e.,

(/Ot a(t—s)Z(s)a:ds,/Ota(t—S)Z(s)yds) €A telon). (5.35)

Suppose now that 79 € (0,7). By [35, Theorem 3.4.40], there exists a sequence
(fa)nen in L1[0,70] such that (a * f,)(t) = g1(¢) in L'[0,70]. Then the closedness
of A along with shows that (fot g1(t — 8)Z(s)z ds, fg g1(t — 8)Z(s)yds) € A,
t € [0,79]. After differentiation, we obtain that (Z(t)z,Z(t)y) € A, t € [0, 7]
and since 7y was arbitrary, we have that Z(t)A C AZ(t), t € [0,7) for any closed
subgenerator A of (Z(t))cpo,-). If this is the case and Z(t)C' = CZ(t), t € [0,7),
then C~1AC also commutes with Z(¢): Suppose that (z,y) € C~1AC. Then Cy €
ACz, CZ(t)x = Z(t)Cx € D(A), t € [0,7) and CZ(t)y = Z(t)Cy € Z(t)ACx C
ACZ(t)x = AZ(t)Cz, t € [0,7) so that Z(t)y € CT*ACZ(t)z, t € [0,7) and
Z(H)[CTLAC) C [CLAC)Z(t), t € [0, 7).

Suppose again that A is a closed subgenerator of (Z(t)).c0,r), 0 € supp(a) and
y € Az. Then (fot a(t — s)Z(s)yds, Z(t)y — k(t)Cy) = (Z(t)x — k(t)Cz, Z(t)y —
k(t)Cy) € A, t € [0,7). Since (Z(t)z,Z(t)y) € A, t € [0,7), the above easily
implies that (Cz,Cy) € A so that CA C AC, i.e., A C C~1AC. Now we proceed
by repeating some parts of the proof of [35, Proposition 2.1.6(i)]. Let (z,y) € Ajns.
As above, we have (fot a(t — s)Z(s)z ds, fg a(t — s)Z(s)yds) € A, t € [0,7) and
(Z(t)z, Z(t)y) € A= A, t € [0,7). This implies Z(t)y € AZ(t)x = A[O(t)Cz +
fot a(t — s)Z(s)yds], t € [0,7) and, since fot a(t — s)Z(s)yds € D(A) for t € [0,7),
Cz € D(A) as well as 0 € A[O(t)Cz + fot a(t —s)Z(s)yds — fot a(t —s)Z(s)yds| —
O(t)Cy, t € [0,7). Hence, Cy € ACx and A;,y € C~LAC. If, additionally, the
operator C' is injective and Z(¢)C = CZ(t), t € [0, 7), then we can simply verify that
C~'AC is likewise a closed subgenerator of (W(t))tejo,r), 50 that Aje = CtAC
by previously proved inclusion A C C~*AC and the fact that A extends any
subgenerator from y(W).

Let A and B be two subgenerators of (Z(t)):e[o,), let B be closed, and let a(t)
kernel on [0, 7). Suppose that y € Axz. Then (fot a(t—s)Z(s)yds, Z(t)y—k(t)Cy) =
(Z(t)x—k(t)Cx, Z(t)y—k(t)Cy) € B, t € [0,7), which implies by Theorem [2.3| that
((axZ)(t)x—(axk)(t)Cx, (axZ)(t)y—(axk)(t)Cy) € B, t € [0, 7). Since (axZ)(t)x €
D(B), t € [0,7), the above implies that Cx € D(B). Hence, C(D(A)) C D(B).

We continue by observing that Proposition [5.3, Proposition [5.8, Proposition|5.13
the equation and assertions clarified in the paragraph directly after Theorem
continue to hold without any terminological changes. If (Ri(t), Ra(t))tefo,r)
is strongly continuous and holds, then it can be easily seen that the inte-
gral generator Ajy; of (Ra(t))iejo,r) is a subgenerator of a mild (a, k)-regularized
(C1, Cy)-existence and uniqueness family (Ry(t), R2(t))seo,r)- This is no longer
true if holds only for 0 < ¢, s, t+ s < 7; see [50] for more details.
Proposition 5.30. Suppose that A is a closed MLO, 0 < 7 < o0, a € Li ([0, 7)),

loc
axa#0in LL ([0,7)), k € C([0,7)) and k # 0. If £ A are subgenerators of mild
(a, k)-reqularized Cy-existence families (R1 +(t))tejo,r) (mild (a, k)-regularized Cs-
uniqueness families (Rg +(t))tcjo,r); (a,k)-reqularized C-resolvent families

(R+(t))teo,r))s then A? is a subgenerator of a mild (axa, k)-regularized C\ -existence
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family (Ri(t) = (1/2)Ri(t) + (1/2)R1,—(t))iefo,r) (mild (a * a, k)-reqularized Cs-
uniqueness family (Ra(t) = (1/2)Ra(t) + (1/2)Ra,—(t))iefo,r); mild (a x a, k)-regu-
larized C-resolvent family (R(t) = (1/2)R4.(t) + (1/2)R_(t))ic(0,7))-

Proof. We prove the proposition only for mild (a, k)-regularized C1- ex1stence fami-
lies. Let # € E and ¢ € [0,7) be fixed. Then 3[Ry 4 (t)x — Ry _(t)x] = 3[Ry, +(t)z —

)i~ [0~ K0)Cua) € JAlas s ZC0) + A B~ ()2)(0) = e
Ry (-)x)(t). Applying Theorem we obtain that §(a* [Ry 4(-)x — Ry, (-)z])(t) €
A(a * a * Ry(-)z)(t). Since ﬁ:A are subgenerators of mild (a, k)-regularized C}-
existence families (Ry +(t))¢cjo,r), the above inclusion implies (a * a x Ry (-)z)(t) €
D(A?) and L([R1 4 (t)x — k(t)Ciz] + [Ry,—(t)z — k(t)Ciz]) = Ri(t)z — k(t)Cha €
A%(a* a* R(-)x)(t), as required. O

The following analogues of Theorems [5.4](i),(iii)] and [5.5 hold.

Theorem 5.31. Suppose that A is a closed MLO in X, Cy € L(Y, X), Cy € L(X),
la(t)| and k(t) satisfy (P1), as well as that (R1(t), R2(t))i>0 C L(Y,X) x L(X) is
strongly continuous. Let w > max(0,abs(|a|), abs(k)) be such that the operator
family {e™t*R;(t) : t > 0} is equicontinuous for i = 1,2. Then the following holds:
(1) (Ri(t), Ra(t))e>0 is a mild (a, k)-reqularized (Cy, Ca)-existence and unique-
ness family with a subgenerator A if and only if for every A € C with

R > w and a(\)k(\) # 0, we have R(C1) € R(I — a(\).A),

/OO e MRy (tydt € kM) (I —a(\)A) ' Chy, y €, (5.36)
0

k(A Cox = /0OO e M[Ry(t)z — (a* Ro)(t)y] dt, whenever (z,y) € A (5.37)

(i) (R2(t))e>0 ts a mild (a, k)-regularized Ca-uniqueness family with a subgen-
erator A if and only if (5.37) holds for RN > w.

Theorem 5.32. Suppose that A is a closed MLO in X, C € L(X), CA C AC,
la(t)| and k(t) satisfy (P1), as well as that (R(t))i>0 C L(X) is strongly continuous
and commutes with C on X. Let w > max(0,abs(|a|),abs(k)) be such that the
operator family {e"“'R(t) : t > 0} is equicontinuous. Then (R(t))i>0 is an (a,k)-
regularized C-resolvent family with a subgenerator A zf and only if for every A € C
with X > w and a(A)k(X) # 0, we have R(C) C R(I A), (5:36) holds with
Ri(+), C1 and Y, y replaced with R(-), C and X, x therem as well as - holds
with Ra(-) and Cy replaced with R(-) and C' therein.

Keeping in mind Theorem and [36 Theorem 1.2.2], it is very simple to prove
the following complex characterization theorem (cf. Theorem [5.10):

Theorem 5.33. Suppose that A is a closed MLO in X, C € L(X), CA C AC,
la(t)] and k(t) satisfy (P1), wp > max(0,abs(|al),abs(k)) and, for every A € C
with RX > wo and a(\)k(X) # 0, we have R(C) C R(I — a()\).A). If there exists a
function T : {\ € C: R\ > wo} — L(X) which satisfies:

(a) YNz € k(A\)(I — a(N)A)~"1Cz for RA > wy, a(A\)k(N) #0, = € X,

(b) the mapping A — T(N)x, RX > wq is analytic for every fivred v € X,

(¢c) there exists T > —1 such that the family {\""T(A) : RA > wo} C L(X) is

equicontinuous,

(d) YNz —a(N) TNy = k(A\)Cz for RA > wy, (x,y) € A, and
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(e) T(N)Cxz =CY(N)x for RA > wg, z € X,
then, for every a > 1, A is a subgenerator of a global (a,k * ga+r)-regularized C'-
resolvent family (Rq(t))i>0 which satisfies that the family {e “°'R,(t) : t > 0} C
L(X) is equicontinuous.

The real representation theorem for generation of degenerate (a, k)-regularized
C-resolvent families can be also formulated but the assertion of Theorem [5.12(ii)
is not attainable in the case that the operator C is not injective. The assertion
of Theorem continues to hold with minimal terminological changes. Since the
identity (5.24]) holds for degenerate (a,k)-regularized C-resolvent families, with
C being not injective, Proposition [5.15] can be reformulated without substantial
difficulties, as well, but we cannot prove the uniqueness of solutions of corresponding
abstract time-fractional inclusions.

As already mentioned, the adjoint type theorems [36, Theorem 2.1.12(i)/(ii);
Theorem 2.1.13] continue to hold for (a, k)-regularized C-regularized families sub-
generated by closed multivalued linear operators and it is not necessary to assume
that the operator A is densely defined in the case of consideration of [36, Theorem
2.1.12(i)]. All this remains true if the operator C' is not injective, when we also do
not need to assume that R(C) is dense in X.

If C is not injective, then we introduce the notion of (exponential equicontin-
uous) analyticity of degenerate (a, k)-regularized C-resolvent families in the same
way as in Definition [5.16f Then Theorem does not admit a satisfactory re-
formulation in our new frame. On the other hand, the assertion of Theorem [5.19
can be rephrased by taking into consideration the conditions (d)-(e) from Theorem
5.33] Differential properties of degenerate (a,k)-regularized C-resolvent families
clarified in Theorem .26l Theorem continue to hold after a reformulation of
the same type.

During the peer-review process, the author has published several research pa-
pers about degenerate (a, k)-regularized C-resolvent families and their applications.
Various subclasses of degenerate convoluted C-semigroups and degenerate convo-
luted C-cosine functions in locally convex spaces have been investigated in [50].
Perturbation results for abstract degenerate Volterra integro-differential equations
have been examined in [51], while the approximation and convergence of degenerate
(a, k)-regularized C-resolvent families have been examined in [52].

6. CONCLUSIONS AND FINAL REMARKS

In this research article, we have analyzed the abstract degenerate Volterra integro-
differential equations in sequentially complete locally convex spaces. We have sys-
tematically investigated the class of degenerate (a, k)-regularized C-resolvent fam-
ilies subgenerated by multivalued linear operators and examined many interesting
topics including the generation of (a, k)-regularized C-resolvent families, smoothing
properties of (a, k)-regularized C-resolvent families and subordination principles.
We have also examined the class of mild (a, k)-regularized Cj-existence families,
the class of mild (a, k)-regularized Cy-uniqueness families and provided a new the-
oretical concept of vector-valued Laplace transform. In addition to the above, we
have presented many useful comments, open problems, examples and illustrative
applications of our theoretical results.

The material of this paper has recently been published as a part of the re-
search monograph [38]; the almost periodic type solutions of the abstract degenerate
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Volterra integro-differential equations have recently been analyzed in the research
monograph [37]. We close the paper with the observation that we have obeyed the
multivalued linear operators approach here; this approach, although very dominant
when compared with the other existing methods and theoretical strategies in this
theory, is not sufficiently adequate to cover all related problems regarding the ab-
stract degenerate Volterra integro-differential equations. For some other concepts
of solution operator families, we may refer to [42] [43] 45, [46].

Finally, we would like to emphasize that almost anything relevant has been
said about the existence and uniqueness of the positive solutions to the abstract
degenerate Volterra integro-differential equations in ordered Banach spaces.
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