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PARAMETER-DEPENDENT PERIODIC PROBLEMS FOR
NON-AUTONOMOUS DUFFING EQUATIONS WITH
SIGN-CHANGING FORCING TERM

JIRf SREMR

ABSTRACT. We study the existence, exact multiplicity, and structure of the
set of positive solutions to the periodic problem

W’ = p(t)u+ h(Olul sgnu+ pf(£); u(0) = u(w), w(0) = v’ (W),
where p € R is a parameter. We assume that p, h, f € L([0,w]), A > 1, and
the function h is non-negative. The results obtained extend the results known
in the existing literature. We do not require that the Green’s function of the

corresponding linear problem be positive and we allow the forcing term f to
change its sign.

1. STATEMENT OF THE PROBLEM

We consider the periodic problem
u" = p(t)u+ h(t)|u* sgnu+ pf(t); u(0) = u(w), u'(0) = ' (), (1.1)
where p, h, f € L([0,w]), h > 0 a.e. on [0,w], A > 1, and p € R is a parameter.
By a solution to problem (L.I), as usual, we understand a function u: [0,w] — R
which is absolutely continuous together with its first derivative, satisfies the given
equation almost everywhere, and meets the periodic conditions.

In [T1], we considered problem with © = 0 and we showed, among other
things, that for the existence of a positive solution it is necessary that p ¢ V~(w)U
Vo(w). Using a technique developed in [I1], we provided in [I5] effective conditions
for the existence and exact multiplicity of positive solutions to the periodic problem
for a non-autonomous Duffing equation with a sign-changing forcing term, i.e.,
problem with ¢ = 1. In the present paper, we conclude our studies and show,
in the case of p € V™ (w) U Vy(w), the existence/non-existence as well as the exact
multiplicity of sign-constant solutions to problem depending on the choice of
the parameter p. The results obtained are compared with the results known for
the autonomous case and the results available in the existing literature.

For the results covering the multiplicity and local/global bifurcations of periodic
solutions to super-linear equations (and their systems), we refer the readers, for
instance, to [II, 2l [3, [ [6l 8, 12} [13] (see also the references therein). We studied
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a bifurcation of positive solutions to problem (|1.1)), with the non-positive function
h, in [14].
In [2], the authors study the parameter-dependent problem
2+ cx’ +a(t)r — b(t)x® = Md(t); x(0) = z(T), 2/(0) = 2/(T), (1.2)

where ¢ > 0, A € R is a parameter, and a,b,d: [0,T] — R are continuous functions
such that

7.‘.2 C2 T
< — 4+ — A T 1.
alt) < 75+ 5 forte[0.7) A a(s)ds > 0, (1.3)
and
b(t) >0, d(t)>0 fortel0,T). (1.4)

Theorem 1.1 ([2, Theorem 1.1]). Assume that (1.3)) and (1.4) hold. Then, all
solutions to (1.2)) are of one sign and there is \g > 0 such that

(1) problem has a unique solution which is negative (positive) and unstable
fOT A> A ()\ < —)\()),

(2) problem has exactly three ordered solutions for |\ < |Xo|. Moreover,
the middle solution is asymptotically stable and the remaining two are un-
stable. When —Ag < A < 0, the mazimal solution is positive and the other
two are negative. When A = 0, problem has one positive, one 0, and
one negative solution. When 0 < A < Ao, the minimal solution is negative
and the other two are positive.

(3) problem has exactly two one-signed solutions for A\ = +Xg; both of
them are unstable.

Recently, Liang [8] proved the conclusion of Theorem under the positivity
of a,b,d and the hypothesis |all, < (14 ¢*)K(2p*) with some p > 1. It seems
from the proof of Theorem that its conclusions, which concern the existence
and multiplicity of solutions, remain true even in the case of ¢ = 0.

In Section [3] we extend the conclusions of Theorem [I.1] for the case of undamped
Duffing equation (i.e., for ¢ = 0). Moreover, we weaken hypotheses and
(1.4). In particular, is replaced by a weaker assumption —a € VT (T) (see
Definition , b may be equal to zero on a set of positive measure, and d may
change its sign so that (—a,d) € U(T) (see Definition |2.7). Furthermore, we prove
the existence/non-existence of solutions to problem ([1.2)), with ¢ = 0, depending on
the choice of the parameter A in the case of a(t) > 7% on a set of positive measure.

At the end of this section, we show, as a motivation, what happens in the au-
tonomous case of (L.I). If p(t) := —a, then p & V™ (w) U Vy(w) if and only if a > 0
(see Remark . Therefore, we consider the equation

"o_

2" = —ax + bz  sgnx 4 p, (1.5)

where a > 0 and b, € R. In this paper, we are interested in the equation in
with a non-negative h and, thus, we assume that b > 0 in . By direct
calculation, the phase portraits of this equation can be elaborated depending on
the choice of the parameter p and, thus, one can prove the following proposition
concerning periodic solutions to equation .

Proposition 1.2. Let A > 1 and a,b > 0. Then, the following conclusions hold:

1
i) If p > ()‘;\1)“ (%)**, then equation (L5) has a unique negative equilib-
rium (saddle) and no other periodic solutions occur.




EJDE-2023/65 PARAMETER-DEPENDENT PERIODIC PROBLEMS 3

(i)

(iii)

(vi)

(vii)

If u = (A;\l)a (%)ﬁ, then equation has a unique positive equilib-
rium (cusp), a unique negative equilibrium (saddle), and no other periodic
solutions occur. )

Ifo<pu< ()‘_)\1)@ (%)ﬁ, then equation possesses exactly two posi-
tive equilibria x1 > xo (1 is a saddle and x5 is a center), a unique negative
equilibrium x3 (saddle), and non-constant (both positive and sign-changing)
periodic solutions with different periods. Moreover, all non-constant peri-
odic solutions oscillate around xo between x3 and 1.

If w = 0, then equation possesses a unique positive equilibrium xg
(saddle), a trivial equilibrium (center), a unique negative equilibrium —xg,
and non-constant sign-changing periodic solutions with different periods.
Moreover, all non-constant periodic solutions oscillate around 0 between
—xg and xgq. )

If—@ (%)ﬁ < @ <0, then equation possesses exactly two neg-
ative equilibria x1 < o (1 is a saddle and x5 is a center), a unique positive
equilibrium x3 (saddle), and non-constant (both positive and sign-changing)
periodic solutions with different periods. Moreover, all non-constant peri-
odic solutions oscillate around xo between x1 and 3.

1
If p=-— ()‘;\1)“ (%) 2= then equation (L.5)) has a unique negative equilib-
rium (cusp), a unique positive equilibrium (saddle), and no other periodic
solutions occur. .

If p < —@ (%)*7, then equation (L.5) has a unique positive equilib-

rium (saddle) and no other periodic solutions occur.

2. NOTATION AND DEFINITIONS

The following notation is used throughout this article:

R is the set of real numbers. For z € R, we put [z]y = 1(|z| + z) and
(2] = L(jal — ).

C(I) denotes the set of continuous real functions defined on the interval
I CR. For u € C([a,b]), we put ||ul|c = max{|u(t)| : t € [a,b]}.
AC*([a,b]) is the set of functions u: [a,b] — R which are absolutely con-
tinuous together with their first derivatives.

AC([a,b]) (resp. AC,([a,b])) is the set of absolutely continuous functions
u: [a,b] = R such that u’ admits the representation u'(t) = v(t) + o(t) for
a.e. t € [a,b], where y: [a,b] — R is absolutely continuous and o : [a,b] — R
is a non-decreasing (resp. non-increasing) function whose derivative is equal
to zero almost everywhere on [a, b].

L([a, b)) is the Banach space of Lebesgue integrable functions p: [a,b] — R
equipped with the norm ||p||, = f: |p(s)|ds. The symbol Int A stands for
the interior of the set A C L([a, b]).

Definition 2.1 ([10, Definition 0.1]). We say that a function p € L([0,w]) belongs
to the set VT (w) (resp. V~(w)) if, for any function u € AC*(]0,w]) satisfying

u’(t) > p(t)u(t) forae. t€[0,w], u(0)=u(w), «(0)=1u'(w),

the inequality

u(t) >0 forte[0,w] (resp.u(t) <0 forte [0,w])



4 J. SREMR EJDE-2023/65

holds.

Remark 2.2. In an alternative terminology, p € V™ (w) (resp. p € V1 (w)) means
that the maximum principle (resp. the anti-maximum principle) holds for the linear
periodic problem

W= plty u(0) = u(w), w(0) = (). (2.1)

Definition 2.3 ([I0, Definition 0.2]). We say that a function p € L([0,w]) belongs
to the set Vo(w) if problem (2.1) has a positive solution.

Remark 2.4. Let w > 0. If p(t) := po for t € [0,w], then one can show by direct
calculation that:

> p €V (w) if and only if po > 0,

> p € Vo(w) if and only if pg = 0,

> p €V (w) if and only if po € [ — 2—2,0[,

> p € Int V' (w) if and only if po € | — %2,0[.
When the function p € L([0,w]) is not constant, efficient conditions for p to belong
to each of the sets VT (w) and V™ (w) are provided in [10] (see also [1}16]).

Remark 2.5. It is well known that, if the homogeneous problem (2.1) has only
the trivial solution, then, for any f € L([0,w]), the problem
W =pt)u+ f(t); u(0) =u(w), ' (0) =u'(w) (2.2)

possesses a unique solution u and this solution satisfies

u(t)] < A(p) / f)lds fort € (0.,

where A(p), depending only on p, denotes a norm of the Green’s operator of problem
([23). Clearly, A(p) > 0.

Assuming that p € Int VT (w), we extend the function p periodically to the whole
real axis denoting it by the same symbol. It is proved in [I0, Section 6] that, for
any a € R, the problem

v =pt)u; ula) =1, ula+w) =1
has a unique solution u, and wu,(t) > 0 for ¢ € [0,w]. We put
T(p) == sup { |luallc : a € [0,w] }elo PN+ ds, (2.3)
It is clear that I'(p) > 1.
Remark 2.6. If p € V*(w), then the number A(p) defined in Remark [2.5| can be
estimated, for example, by the a maximal value of the Green’s function of problem

(2.1) (see, e.g., [16]). On the other hand, assuming p € Int V*(w), some estimates
of the number I'(p) are provided in [I0, Section 6].

2
s

For instance, if p(t) := po for ¢t € [0,w] and py € [—%,O[, resp. pg € ] — F,O[,
then

/ —1 / -1
A(p) < (2 |p0|sinw 2\]90\) , resp. I'(p)= (cos MTW) .
Definition 2.7 ([10, Definition 16.1]). Let p, f € L([0,w]). We say that a pair
(p, f) belongs to the set U(w), if problem (2.1) has a unique solution which is

positive.
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3. MAIN RESULTS

This section contains formulations of all the main results of the paper. Their
proofs are presented in detail in Section

We start with the most general statement of the paper, which provides the
existence/non-existence results in the case of p ¢ V™ (w) U Vy(w). This condition is
satisfied, for instance, if

/0 T p(s)ds <0, p(t) £0

(see Lemma [4.15)). Note also that, for the Duffing equation with the constant
coefficients
2"+ ax — ba® = puf(t),
the above-mentioned condition is satisfied if and only if a > 0.
Theorem 3.1. Let A > 1, p € V™ (w) UVp(w), f(t) #0, and
h(t) >0 for a.e. t€0,w]. (3.1)

Then, there exist —oo < p, < 0 and 0 < p* < 400 such that the following conclu-
sions hold:

(1) For any pu €|pw, p*[, problem (L.1) has a positive solution u* such that
every solution u to problem (L.1)) satisfies

either u(t) <u*(t) forte[0,w], or wu(t)=u*(t). (3.2)

Moreover, for any couple of distinct positive solutions uy, ug to (1.1) sat-
isfying
up(t) Z2u*(t), wa(t) £ u*(t), (3.3)

the conditions
min{uy () — ua(t) : t € [0,w]} <0,

max{uy(t) —uz(t) : t € [0,w]} >0 (3:4)

hold.
(2) If p* < 400, then
(a) for u > p*, problem (1.1) has no positive solution,
(b) for u = p*, problem (1.1)) has a unique non-negative solution u* and
every solution u to (1.1) satisfies .
(3) If ps > —00, then
(a) for u < ps, problem (1.1) has no positive solution,
(b) for u = p«, problem (1.1) has a unique non-negative solution u* and
every solution u to (1.1) satisfies .
(4) If [ f(s)ds >0 (resp. [; f(s)ds <0), then u* < 400 (resp. ji. > —00).

Corollary 3.2. Let A > 1, p € V™ (w) UVy(w), f(t) £ 0, and condition (3.1) hold.
Then, there exists 0 < pg < +00 such that, for any p €] — po, po[, prodblem (1.1
has a negative solution u, and a positive solution u* such that every solution u to

problem (L.1)) different from u., u* satisfies
u(t) < u(t) <u*(t) forte[0,w]. (3.5)
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Remark 3.3. The conclusions of Theorem [3.I]and Corollary [3:2]extend the conclu-
sions of Proposition [I.2]for non-autonomous Duffing equations with a sign-changing
forcing term. Indeed, let w > 0 and

p(t) :==—a, h(t):=b, f(t):=1 fortel0,w],

where a,b > 0. Then, condition holds and, by Remark we obtain p ¢
V™ (w) UVy(w). We emphasize, in particular, the conclusion of Corollary [3.2| which
claims that there exists 0 < pg < +o00 such that, for any p €] — uo, o[, equation
has a maximal (resp. a minimal) w-periodic solution which is positive (resp.
negative); compare it with conclusions (iii), (iv), (v) of Proposition

We now provide a lower (resp. an upper) estimate of the number p* (resp. )
appearing in the conclusion of Theorem [3.1]

Proposition 3.4. Let A > 1, p ¢V~ (w)UVy(w), f(t) £ 0, h satisfy (3.1), and .,
w* be the numbers appearing in the conclusion of Theorem . If [f(t)]+ £ 0, then

r

* ! su
W2 s AT
and, if [f(t)]- £ 0, then

1 r
e S e " A )

where A is defined in Remark [2.5
Remark 3.5. Let A > 1, w > 0, and
p(t) :==—a, h(t):=b forte[0,w], (3.8)

r>0, ptrlhe V+(w)}, (3.6)

>0, ptrrthe V+(w)}, (3.7)

where a,b > 0, and

2w A=baraysty ifq <« A (7)?
@(a,b, )\7(4)) = { s A (éb) )\;1 (UJ) ?

<
- mIT fe> 25(2)
1

It follows from the proof of [15, Corollary 3.19] that, if [f(¢)]+ #Z 0 and [f(¢)]— #£ 0,
then

. D(a,b,\w) - _ D(a,b, \,w)
ST s T T PG ds
If
f@®) >0 forte0,w], f(t)£0, (3.9)

then it follows from [I5] Theorem 3.15(3)] that, for any p > 0, problem (1.1)) has a
unique negative solution. Therefore, the conclusions of Theorem can be refined
as follows.

Theorem 3.6. Let A > 1, p € V™ (w) UVy(w) and conditions (3.1)) and (3.9) be

fulfilled. Then, there exists 0 < pg < 400 such that the following conclusions hold:

(1) For any u > pg, problem (1.1) has a unique negative solution u, and no
positive solution. Moreover, every solution u to (1.1) satisfies

either u(t) > u.(t) forte[0,w], or wu(t)=u.(t). (3.10)

(2) For p = po, problem (L.1)) has a unique negative solution u, and a unique
non-negative solution u*. Moreover, every solution u to problem (L.1)) dif-

ferent from ., u* satisfies (3.5)).
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(3) For u €]0,ugl, problem has a unique negative solution u. and a
positive solution u* such that every solution u to problem different
from u,, u* satisfies (3.5))

(4) For u = 0, pmblem has a unique positive solution ug, the trivial
solution, and a unique negative solution —ugy. Moreover, every solution u
to problem different from us, u* changes its sign and satisfies .

(5) For p €] — o, 0[, problem has a unique negative solution u, and a
positive solution u* such that every solution u to problem different

from uy, u* satisfies (3.5))
(6) For pn = —pg, problem (1.1) has a unique non-positive solution u,. and a
unique positive solution u*. Moreover, every solution u to problem (1.1

different from ., u* satisfies (3.5)).
(7) For any pu < —pg, problem (L.1) has a unique positive solution u* an no
negative solution. Moreover, every solution u to (1.1)) satisfies (3.2)).

Remark 3.7. It follows from Theorem [3.11)) that, in Theorem [3.6{[3lf5]), if w1, uo
are distinct positive (resp. negative) solutions to problem (|1.1) different from u*
(resp. uy), then conditions (3.4)) hold.

Remark 3.8. Let w > 0 and
p(t) := —a, h()'zb f():=1 forte[0,w],

where a,b > 0. Then, conditions (| and 1.} hold, p & V™~ (w) U Vo(w) (see
Remark [2.4)), and all the conclumons of Theorem [3.6| are in compliance with those
in Proposition 12

We showed in [II, Example 2.8] that assuming p ¢ V~ (w) U Vy(w), hypothesis
in Theorems [3.1] and [3.6] (i.e. the positivity of h a.e. on [0,w]) is essential
for the existence of a positive solution to problem with ¢ = 0 and cannot be
weakened to the non-negativity of h. However, under a stronger assumption on the
coefficient p, namely, p € VT (w), hypothesis of Theorems and can be
relaxed to

h(t) >0 forae. t€[0,w], h(t)ZD0. (3.11)
Theorem 3.9. Let A > 1, p € VT (w), h satisfy (.11), and
(0. f) € Ulw), / f(s)ds > 0. (3.12)
0

Then, there exist —oo < p. < 0 and 0 < p* < 400 such that the following conclu-
sions hold:

(1) For any p > u*, problem (L.1) has no positive solution.
(2) For p = p*, problem (1.1) has a unique positive solution u* and, moreover,

every solution u to problem (1.1) satisfies (3.2)).
(3) For p €10, u*[, problem (L.1) has exactly two positive solutions ui, ug and
these solutions satisfy

ur(t) > ua(t) >0 fort e [0,w]. (3.13)
Moreover, every solution u to problem (L.1|) different from wy is such that
u(t) <uy(t) forte[0,w]. (3.14)

(4) For u =0, problem (1.1) has exactly three solutions: a positive solution g,
the trivial solution, a negative solution —uq.
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(5) For u €lus,0[, problem (L.1) has either one or two positive solutions.
Moreover, (L.1)) has a positive solution u* such that every solution to prob-

lem (1.1)) satisfies (3.2)).
(6) If ps > —o0, then, for any u < p., problem (1.1)) has no positive solution.

Remark 3.10. Assume that hypotheses of Theorem hold and p, > —oo. If]
moreover, h(t) > 0 for a.e. t € [0,w], then it follows from Theorem that
problem with ¢ = p, has a unique non-negative solution u* and, moreover,
every solution to with g = u. satisfies (3.2)).

Open questions. The following two questions remain open in Theorem [3.9}

(1) Does the inequality p. > —oo hold without any additional assumption?
(2) What happens in the case of g = pi, if . > —o0 and h(t) = 0 on a set of
positive measure?

Remark 3.11. It is proved in [10, Theorem 16.4] that, if p € Int V*(w), then the
inclusion (p, f) € U(w) holds for every function f € L([0,w]) satisfying f(t) # 0
and

/ ()4 ds > T(p) / ") ds,

where I is given by (2.3]).
On the other hand, if p € VT (w) and f satisfies (3.9)), then (p, f) € U(w) as well
(see [10, Remark 9.2]).

Remark 3.12. In [I], to show a possible use of the main results, the authors
consider the parameter-dependent periodic problem for the forced Mathieu-Duffing
equation

2 = —(e+bcos(t))z+v2® +c(t);  2(0) = z(2m), 2/(0) = 2/ (27), (3.15)
where e > 0 and b € R are such that e 4 |b| > 0 and
[le + beos(-)]+ ||z < max {K(2a*,27) : a > 1},

K is the so-called best Sobolev constant, c satisfies (—(e+bcos(+)),c) € U(2), and
v € R is a parameter. It is proved in [I, Corollary 45] that there exits vg > 0 such
that problem has at least two positive solutions provided that 0 < v < vyp.
Putting u(t) := /v z(t), problem is equivalent, in some sense, with problem
in which p(t) := —(e 4+ beos(t)), h(t) := 1, f(t) :=c(t), A:=3, and p := /1.
Since —(e 4+ bcos(+)) € V1 (w) in the case considered, Theorem [3.9| complements
the conclusion of [I, Corollary 45] as follows: There exists vy > 0 such that problem
has exactly two positive solutions provided that 0 < v < vy, a unique positive
solution provided that v = vy, and no positive solution provided that v > vy.

Theorem [3.9] guarantees the existence of certain “critical” values p., u* of the
parameter p such that crossing these values, a bifurcation of positive solutions to
problem occurs. From an application point of view, the estimates of these
numbers are also needed.

Proposition 3.13. Let A > 1, p € Int V*(w), h satisfy (3.11)), and

[ 161 as > 1) [T as> o (3.16)
0 0



EJDE-2023/65 PARAMETER-DEPENDENT PERIODIC PROBLEMS 9

where T is given by (2.3). Then, the numbers u., pu* appearing in the conclusion
of Theorem [3.9 satisfy

<A71> A >rﬁ

foe < — ; (3.17)
NP R 0] [
A
_ -1
AN Sy h(s)ds] =1 fo 4 ds
where A is defined in Remark[2.5, and
ds— L ds] 7
* < I'(p fo $ fo 8|31 (3.19)

/\fo 5) ds]x= l[fo - fo (s)]- 5]'

If the forcing term f is non-negative, then, similarly as in Theorem the
conclusions of Theorem [3.9 can be extended as follows.

Theorem 3.14. Let A > 1, p € VT (w), and conditions (3.9) and (3.11)) be fulfilled.
Then, there exists 0 < pg < +00 such that the following conclusions hold:

(1) For any u > g, problem has a unique solution which is negative.

(2) For u = po, problem has exactly two solutions: one positive and one
negative.

(3) For u €]0, upl, problem has exactly three solutions uy, us, usz and
these solutions satisfy

ur(t) > ua(t) >0, wus(t) <0 forte[0,w].

(4) For pn =0, problem has exactly three solutions: a positive solution ug,
the trivial solution, a negative solution —uyg.

(5) For p €] — po,0[, problem has exactly three solutions uy, us, us and
these solutions satisfy

ur(t) <wug(t) <0, wus(t) >0 forte[0,w].

(6) For u = —pg, problem (1.1) has exactly two solutions: one positive and one
negative.
(7) For any u < —po, problem (1.1) has a unique solution which is positive.

Remark 3.15. Theorem [3.14] extends the conclusions of Theorem [[L1] for the case
of ¢ = 0 and confirms a conjecture formulated in [2, Remark 3, p. 2502] because,
at least in case of ¢ = 0, the conclusions of Theorem (except for the asymptotic
stability) are still true for d which changes its sign (and belongs to a certain class
of functions).

We finally provide the upper and lower estimates of the number g appearing in
Theorem [3.14] which follow immediately from Proposition [3.13]

Proposition 3.16. Let A > 1, p € Int VT (w), and conditions (3.9) and (3.11)
hold. Then, the number py appearing in the conclusion of Theorem satisfies

<A—1> [Alp >rﬁ
[’\ fo ds} 1 fo ds

0=
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where A is defined in Remark[2.5, and

A-1)[T(p fo ds - fo ds]i

0 < )
[)\ fo ds] X1 fo s)dsds

where T' is given by ,
Remark 3.17. Let A > 1, w > 0, and
p(t) := —a, h(t):=0b, f(t):=1 fortel0,w],
where 0 < a < Z—z and b > 0. Then, conditions , nd hold, p €
3.14]

V1 (w) (see Remark[2.4]), and all the conclusions of Theorem [3.14|coincide with those
in Proposition Moreover, from Remark [2.6] Remark and Proposition [3.16]
we obtain

- P =1 (A — P
%Q(Ab) §“0<(Coslwf) (AAl)a(%) ;

compare it with the number appearing in Proposition

4. AUXILIARY STATEMENTS
We first recall some results stated in [I5].
Lemma 4.1 ([I5, Theorem 3.15(2,3)]). Let A>1, p € R, p € V™ (w) UVy(w), and

h satisfy (3.1). Then, the following conclusions hold:
(1) Assume that there exists a positive function o € AC,(|0,w]) such that

o (t) > p(t)alt) + h(t)a () + pf(t)  for a.e. t €[0,w], (4.1)
a(0) = a(w), o'(0) =a'(w). 4.2

Then, problem has a positive solution u* satisfying
u*(t) > at) fortel0,w] (4.3)

such that every solution u to problem satisfies (3.2)). Moreover, for
any couple of distinct positive solutions uy, ug to (1.1)) satisfying ,
conditions hold.

(2) If puf(t) < 0 holds for a.e. t € [0,w], then problem has a unique
positive solution.

Lemma 4.2 ([15] Corollary 3.16]). Let A > 1, p € R, p ¢ V™ (w) UVy(w), h satisfy
BI) and
7“

d <s {7
[ mseas < s { g
where A is defined in Remark [2.5 Then, there exists a positive function o €
AC([0,w]) satisfying (1) and ([A.2).

Lemma 4.3 ([15, Theorem 3.25(1,3,4,5)]). Let A > 1, p € R, p € VT (w), and h
satisfy (3.11)). Then, the following conclusions hold:

(1) Problem has at most two positive solutions.

(2) Assume that there exists a positive function o € AC([0,w]) satisfying (4.1
and . Then, problem has a positive solution u* satisfying
such that, for every solution u to problem , condition holds.

cr>0, p+rlhe V+(w)},
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(3) Assume that (p, uf) € U(w) and there exist functions a; € AC([0,w]) and
s € ACH([0,w]) such that

0 < as(t) <ay(t) forte|0,w], (4.4)
Al (t) > p(t)au(t) + h(t)an(t) + pf(t) for ae. t € [0,w], k=1,2, (4.5)
ar(0) = ag(w), ar(0) =ai(w), k=1,2. (4.6)

Then, problem possesses exactly two positive solutions ui, us and
these solutions satisfy . Moreover, for every solution u to problem
different from uy, condition (3.14)) holds.

(4) If pf(t) < 0 holds for a.e. t € [0,w], then problem has a unique
positive solution.

Lemma 4.4 ([15, Corollary 3.29]). Let A > 1, p € R, p € VT (w), and h satisfy
(3.11). Then, the following conclusions hold:

(1) If

A—1
MA@ T S h(s)ds) T
where A s deﬁned n Remark . then there emsts a positive function

a € ACH([0,w]) satisfying [@.1) and [@2).
(2) If(p,uf)GU )cmd

A—1
0 L ds 7 4.7
< / [,Uf < [A( )\ 1 [)\ fO ds] = ( )

where A is defined in Remark 2.5, then there exists functions ai,an €
AC([0,w)) satisfying (@A), (3), and (E6).
Lemma 4.5 ([I5, Theorem 3.32]). Let A > 1, u € R\ {0}, p € Int V*(w), h satisfy

B11), f(t) #£0, and
| s as =) [ sl
A—1 |D(p) [ Ip(s)]- dsffo ds|* T
A [)\ f() ds] >\ 1
where T is given by (2.3). Then, problem (1.1)) has no non-negative solution.

0< [Inslas <

We now provide several lemmas needed in the proofs of the main results.
Lemma 4.6. Let A > 1, u >0, f satisfy , and either
p €V (w)UWo(w), h(t) >0 forae te[0,w], (4.8)
or
peVH(w), h(t)>0 forae tc0,w], h(t)ZO0. (4.9)

Then, problem (1.1)) has a unique negative solution u. and, moreover, every solution
u to problem (1.1)) satisfies (3.10)).

Proof. Tt is clear that u is a solution to problem (1.1)) if and only if —u is a solution
to the problem

= p()z + (D)= sgnz — pf () 2(0) = 2(w), #(0) = Z(w).  (4.10)
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It follows from Lemmas|4.1{[2]) and [4.3{|4]) that, in both cases (4.8) and (4.9)), problem
(4.10)) has a unique positive solution z*. Moreover, Lemmas [4.1|(1)) and [4.3(|2)) (with

a(t) := z*(t)) guarantee that, in both cases (4.8) and (4.9), every solution z to
problem (4.10)) satisfies

either z(t) < z*(t) fort e [0,w], or z(t)=z"(t).

Therefore, the conclusion of the lemma holds with u, := —z*. O

Lemma 4.7. Let A\ > 1, u > 0, p € VT (w), and conditions (3.9) and (3.11)) hold.
Then, every solution to problem (|1.1)) is either positive or negative.

Proof. Putting q(t,z) = h(t)|z|* 1sgnx for a.e. t € [0,w] and all z € R, the
conclusion of the lemma follows immediately from [I5, Theorem 3.13(4)]. O

Lemma 4.8. Let A > 1, p € V' (w), conditions and hold, and
{pn}22, be a non-decreasing sequence of positive numbers. Let, for any n € N, u,
be a positive solution to problem with (1t = py,. Then, the sequence {||un|lc}52,
is bounded and lim, oo pn, < +00.

Proof. For any n € N, Lemma (with a(t) := u,(t) and p := p,) implies that
problem (|1.1f) with x = p, has a positive solution « such that

every solution u to (L.1)) with p = u, satisfies u(t) < w)(t) for t € [0,w]. (4.11)
Let n € N be arbitrary. Put

alt) = () fort € [0,w].
+1

Then, in view of (3.11)) and the condition p, < pnp41, (L.1) with g = w41 yields
(E2) and

o) = p(Biatt) + (M) b0 + a0

n

> p(t)a(t) + h(t)ar(t) + paf(t)  for a.e. t € [0,w].
Therefore, it follows from Lemma |4.3((2)) (with p := u,) and (4.11)) that

Hn (8 < ui(t) for t € [0,u].
Hn41
Consequently,
Hn_ o _Fntl gorte[0,w], neN. (4.12)
luplle = llupgalle
We now show that
sup {||lunlc : n € N} < +o0. (4.13)

Suppose on the contrary that (4.13]) does not hold. Then, in view of (4.11)), we can
assume without loss of generality that

nEIJIrloo luy,|lc = +o0. (4.14)
Put
s (t
vp(t) == alt), fort € [0,w], n € N. (4.15)
lluz |
Clearly,

lonlle =1, vn(t) >0 fort e [0,w], n€N. (4.16)



EJDE-2023/65 PARAMETER-DEPENDENT PERIODIC PROBLEMS 13

It follows from (1.1) with g = p, that, for any n € N,

V() = p(t)un (t) + [[ul ]| A (E) + IIuFiTIL|c f(t) forae te0,w], (4.17)

which yields

_ [ 8$)vn(s)ds + [lus 27" : s
0= [“peas 1l [T neeas L [ as @

for n € N. In view of (4.16)), from the latter equality, we obtain

o / h(s ds—|— HC/ f(s ds</ Ip(s)|ds for n € N. (4.19)

Put
A :=sup {||u;||é_1 / h(s)vp(s)ds:n € N} (4.20)
0

Hn
B::sup{W:HEN}. (4.21)

It follows from (3.11)), (3.12)), (4.16)), and (4.19) that A €]0,+oo[ and B €]0 .
For any n € N, we choose t,, € [0,w] such that v/, (t,) = 0. In view of (4.16]), 4 2
and m, integrating (4.17) from t,, to t, we obtain

O =1 [ [+ I 061 + 2 0] s

luille

* —1 © Hn ©
§/0 [p(s)[vn(s) ds + [l 1 /O h(s)vy(s)ds + h— / ()] ds

luzllc

</ |p(s)|ds+A+B/ |f(s)|ds forte[0,w], neN.
0 0

Therefore, the sequences {||v,|lc}32, and {||v),||lc}52, are bounded and, thus, by
the Arzeld-Ascoli theorem, we can assume without loss of generality that

lim v,(t) =wvo(t) uniformly on [0,w], (4.22)

n—-+o0o

where vy € C([0,w]).
It follows from the hypothesis (p, f) € U(w) that the problem

o = p()o+ f(1); 0(0) = v(w), v'(0) = /() (4.23)

has a unique solution v which is positive. Putting z(t) := v, (t) — W v(t) for

t € [0,w], n € N, and taking into account (3.11)) and (4.16]), from (4.17)) "and (4.23)),

we obtain
2'(t) > p(t)z(t) for a.e. t €[0,w], 2(0)= ( ), 2'(0)= z’(w)
and, thus, the hypothesis p € V1 (w) ylelds zn(t) >0 for t € [0,w], i

on(t) > 20 p(t) >

v(t) forte [0,w], n €N,

~ lulle HUIHC
because (4.12)) holds and v is positive. Consequently, by (4.22)), we obtain
w(t) > L y(t) >0 for t € [0,u]. (4.24)

[uille
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On the other hand, in view of (3.12)), (4.19) yields
w 1 w
/ h(s)vp(s)ds < ﬁ/ Ip(s)|ds forn €N
0 & 0

(4

and, therefore, passing the limit for n — 400 and taking into account (4.14) and
(4.22)), we conclude that

/w h(s)vy(s)ds < 0. (4.25)
0

However, by (4.24), the latter inequality contradicts (3.11). The obtained contra-
diction proves that (4.13]) holds.
Now we show that lim,, o ft, < +00. Suppose on the contrary that

lim p, = +o0. (4.26)

n—-+oo

Integrating the equation in (1.1)) with pu = p, over the interval [0,w], we obtain

0= /wp(s)un(s) ds—i—/w h(s)u(s) ds + fin /Ow F(s)ds forneN

0 0
which, in view of (3.11)) and the positivity of u,, yields

/ f(s)ds < HU"HC/ Ip(s)|ds for n € N.
0 0

Lin
Taking into account (4.13), (4.26) and passing the limit for n — 400, we obtain
Iy f(s)ds <0, which contradicts (3.12). O
Lemma 4.9. Let A> 1, p € V™ (w) UVy(w), h satisfy (3.1),
w
/ f(s)ds >0, (4.27)
0

and {pun}S2, be a sequence of positive numbers. Let, for any n € N, u} be a
positive solution to problem (1.1) with p = p,. Then, the sequences {||u}|lc}S2,
and {un 352 are bounded.

Proof. We first show that
sup {||usllc : n € N} < +o0. (4.28)

Suppose on the contrary that does not hold. Then, we can assume without
loss of generality that is satisfied. Define the functions v, by . It is
clear that holds and, in much the same way as in the proof of Lemma
we show that the sequences {||v,|lc}52; and {||v}|lc}52; are bounded. Therefore,
by the Arzeld-Ascoli theorem, we can assume without loss of generality that
is satisfied, where vy € C([0,w]). From and (4.22)), we obtain

vo(t) >0 forte[0,w], uvollc=1. (4.29)

Moreover, in much that same way as in the proof of Lemmal[4.8] we derive inequality

(4.25)) which, in view of (4.29)), contradicts (3.1)).

Now we show that the sequence {u,}52; is bounded. Suppose on the contrary
that sup{p, : n € N} = 4+00. Then, we can assume without loss of generality that
(4.26]) holds. Integrating the equation in (I.1)) with g = u, over the interval [0, w],
we obtain

Oz/owp(s)uZ(S)ds+/ow h(s)(uZ(S))Ads+un/0wf(s)ds forn e N
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which, in view of (3.1]) and the positivity of .}, yields

/f(s)dsgw/ Ip(s)|ds for n € N.
0 HnoJo

Taking into account (4.26), (4.28) and passing the limit for n — +o0, we obtain
Js f(s)ds < 0, which contradicts ([{.27). O

Lemma 4.10. Let A > 1, p € V™ (w) UWy(w), h satisfy (3.1), and {un}S>, be a
bounded sequence of real numbers. Let, for any n € N, uw), be a positive solution to
problem (L.1)) with pu = py,. Then, the sequence {||ul||c}52 is bounded.

Proof. Suppose on the contrary that sup{||u’||c : n € N} = co. Then, we can
assume without loss of generality that (4.14) holds. Let the functions v, be given
by (@.15)). It is clear that (4.16) and re fulfilled. Define the numbers A, B
by formulas (4.20) and (4.21)), respectively. Since the sequence {u,}52 ; is bounded
and {||u}|lc}o2, satisfies (4.14), we conclude easily that B €]0,+oo[. Hence, in

view of (3.1) and (4.16)), condition (4.19) yields
| / h(s)vh(s)ds < / Ip(s)|ds + B/ |f(s)|ds forneN, (4.30)
0 0 0

which guarantees that A €]0,4+o00[. In much that same way as in the proof of
Lemma (4.8, we show that that the sequences {||v,|lc}52; and {||v,|c}32, are
bounded and, thus, by the Arzeld-Ascoli theorem, we can abbume Without loss of

generality that (4.22) is satisfied, where vy € C(]0,w]). From and ([£.22), we

obtain (4.29).
On the other hand, (4.30) yields

“ 1
/ h(s)vfl‘(s)dsgﬁ(/ |ds—|—B/ |ds forn e N
0 [l

and, therefore, passing the limit for n — 400 and taking into account (4.14)) and

4.22)), we obtain (4.25). However, in view of (3.1), condition (4.25) contradicts
4.29). O

The following lemma follows from the well-known Gronwall-Bellman’s lemma for
the systems of first-order ODEs (see, e. g., [7, §1.7] or [I7] for the case of continuous
0).

Lemma 4.11. Let £ € L([a,b]) be a non-negative function and w € AC"*([a,b]) be
such that
w(t) >0 forté€la,b], w(a)=0, w'(a)=0, (4.31)
w”(t) < L(t)w(t) for a.e. t € [a,b].
Then, w(t) = 0.
Lemma 4.12. Let A > 1, pu* > 0, p € VY (w), h satisfy , and there exist a

positive function o € AC*([0,w]) such that (&1) with u = p* and (&2) hold. Then,
for any u €10, u*[, there exist functions a1, a0 € ACH([0,w]) satisfying conditions

{@4), (45), and (4.6).
Proof. Let 1 €10, p*[ be arbitrary and as(t) = ;—*a(t) for t € [0,w]. It follows
from with p = p* and that

as(t) >0 for t € [0,w], (4.32)
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az(0) = as(w), a5(0) = ah(w), (4.33)

(
ay (t) = p(t)aa( (4.34)
(

meas {t € [0,w] : &4 (t) > p(t)as(t) + h(t)as(t) + pnf(t)} > 0, (4.35)

because 0 < p < p* and h satisfies (3.11]).

Therefore, Lemma (with a(t) := az(t)), problem has a solution a;
such that

a1 (t) > as(t) for t € [0,w]. (4.36)

Consequently, the functions «y, as satisfy conditions and (4.6). We finally
show that is fulfilled as well. Suppose on the contrary that (4.4) does not
hold. Extend the functions p, h, f, aj, as periodically to the whole real axis
denoting them by the same symbols. Then, in view of and , there
exists a € [0,w] such that

ai(a) = az(a), of(a) = aj(a). (4.37)
Put
w(t) := aq(t) — aa(t) fort € la,a+ wl,
o(t) := g(ai(t), az(t)) fort € la,a+ wl,
where

% for z,y € R, = #y,
g(z,y) = [
Mz|*tsgna forz,y e R, x =y.

It is not difficult to verify that g: R? — R is a continuous function and, thus, the
function ¢ is continuous and non-negative on [a,a + w]. By (4.36) and (4.37)), w

satisfies (4.31) with b = a + w. Since oy is a solution to problem (1.1) and as
satisfies (4.34]), we have
w’(t) < p(tyw(t) + h(t) (ad () — 3 (1))
< (Ip@®)] + h(t)e(t))w(t) for ae. t € [a,a + w].

Therefore, Lemma (with £(t) := |p(t)|+h(t)p(t) and b := a+w) yields w(t) =0,
i,e., ai(t) = aa(t). However, this contradicts condition (4.35)), because a7 is a
solution to problem ([1.1)). a

Lemma 4.13. Let A > 1, p* > 0, p,h, f € L([0,w]), h satisfy (3.11)), and there
exist functions ay, a € AC([0,w]) such that {@5) with u = p* and [@.6) hold and

0 <ay(t) <ai(t) forte|0,w]. (4.38)
Then, there exist i > p* and a positive function a € AC*([0,w]) satisfying (&.1))
with = p* and (4.2)).

The proof of the above lemma is similar to the proof of [14, Lemma 4.9] and
thus, it is omitted.

Lemma 4.14. Let A > 1, p* € R, p € V™ (w) UVy(w), and h satisfy (3.1)). Then,
for any ¢ > 0, there exists a function f € AC*([0,w]) such that

B (t) < p(t)B(t) + h()BMNt) + u*f(t)  for a.e. t € [0,u], (4.39)
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B(0) = B(w), B'(0) =B (w), (4.40)
B(t) >c fortel0,w]. (4.41)
Proof. Put
qo(t,z) == h(t)|z|*~ for a.e. t € [0,w] and all z € R.

Since limg o0 2271 [, h(s) ds = +oo for every E C [0,w], meas E > 0, it follows
from [I5] Lemma 4.15] that there exists R > 0 such that p + go(-, R) € V™ (w).
Therefore, the conclusion of the lemma follows from [I5, Proposition 4.21] (with
q(t,x) == qo(t,x) and o := 0). O

Lemma 4.15 ([I0, Proposition 10.8, Remark 0.7]). If p € V™ (w) U Wy(w), then
either [," p(s)ds > 0 or p(t) = 0.

5. PROOFS OF MAIN RESULTS

Proof of Theorem[53.1] Put

A :={p € R: problem (L.1)) has a positive solution}. (5.1)
In view of Lemmas[L.1|(T) and [£:2] there exists ¢ > 0 such that | —e,e[NA # 0. Let
py i=1inf A, p*:=sup A (5.2)

Then, —oco < py < 0 and 0 < p* < 4o00.

Conclusion (I): Let g € A\ {0} be arbitrary and y € R be such that 0 < |u| < |uo
and sgn u = sgn pp. Let, moreover, up be a positive solution to problem (1.1]) with
W= po. Put

a(t) = L ug(t) fort €[0,u]. (5.3)
Ho

Clearly, a(t) > 0 for t € [0,w]. It follows from (1.1) with p = uo that « satisfies
(4.2) and

o' (t) = p(t)alt) + (%)A‘lh@)oﬂ(t) + uf(t)
> p(t)a(t) + h(t)a (t) + pf(t) for a.e. t € [0,w],

because |po| > || > 0 and holds. Therefore, Lemma yields p € A.
Consequently, ], p*[C A and, thus, conclusion of the theorem follows from
Lemma.
Conclusion .' Assume that p* < +o00. Then, it follows immediately from
and that conclusion of the theorem holds.

Let {u,}22, be a sequence of positive numbers such that

(5.4)

pn €A forneN,  lim p, =p" (5.5)
n—-+oo

and, for any n € N, let u,, be a solution to problem with p = p1,. Lemma [4.10]
yields . By the standard arguments using in the proof of a well-possedness
of the periodic problems for second-order ODEs, one can show that there exists a
subsequence {un, }72; of {u,}32, such that

lim “511;2 (t) = (u*)D(t) uniformly on [0,w], i = 0,1, (5.6)
k——+oo
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where u* € AC*([0,w]) is a solution to problem (T.1)) with z = p*. All the functions
Uy, are positive and, thus, it is clear that
u*(t) >0 forte[0,w].

We now prove that v* is a unique non-negative solution to problem (1.1f) with
i = p*. Suppose on the contrary that w. is a non-negative solution to (1.1)) with
u = " such that

k

ux(§) #u*(§) for some & € [0,w]. (5.7)
Put
a(t) := max {u.(t),u*(t)} for t € [0,w].
It is not difficult to verify that o € AC,([0,w]), condition with p = p* holds,
and
ala) = a(w), d(a)>a(w). (5.8)
Let us show that
a(t) >0 fort e [0,w]. (5.9)
If this condition does not hold, then, in view of the non-negativity of u,, u*, there
exists to € [0,w] such that

Extend the functions p, h, f, u., u* periodically to the whole real axis denoting
them by the same symbols. Then, using and the non-negativity of u,, u*,
we obtain

ul(to) =0, (u*) (to) =0. (5.11)
Since the function 2 + |z|*sgnz is Lipschitz on every compact interval, for any
c1,c2 € R, the Cauchy problem

u” = p(t)u + h(t)|u| sgnu + p* f(t);  ulte) = c1, v (to) = ca (5.12)

is uniquely solvable. Therefore, and yield w.(t) = w*(¢), which con-
tradicts (5.7). Hence, holds. Now, in view with pu = p*, , and
(5.9), it follows from Lemma that problem (|1.1)) with g = u* has a positive
solution u* such that

0 <wu.(t) <a*(t) forte0,w] or 0<u*(t)<a*(¢t) forte |[0,w].

Therefore, Lemma [4.13] guarantees that there exist i > p* and a positive function
a € AC([0,w]) satisfying

&' (t) > p(t)a(t) + h(t)a (t) + af(t) for ae. t € [0,w], (5.13)
a(0) = a(w), & (0)=a'(w). (5.14)

Consequently, it follows from Lemma (with a(t) := &(t) and p := fi) that
problem with p© = i has at least one positive solution, which contradicts
the above-proved conclusion . The contradiction obtained proves that u* is a
unique non-negative solution to problem with g = p*.

It remains to show that every solution u to problem with g = p* satisfies
. Indeed, suppose on the contrary that u is a solution to problem with
u = p* such that does not hold. We have mentioned above that, for any
to € [0,w] and ¢1, ¢y € R, the Cauchy problem is uniquely solvable and, thus,
the solution wu satisfies

max {u(t) — u*(t) : t € [0,w]} > 0. (5.15)
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Put
a(t) == max {u(t),u*(t)} fort e [0,w]. (5.16)
It is not difficult to verify that & € AC,([0,w]) and conditions (4.2 with 4 = p* and
(5.8) hold. Moreover, it follows from Lemma that there exists 8 € AC* ([0, w])
satistying (E39), (£40), and
B(t) > a(t) fort e [0,w]. (5.17)
Therefore, by ([£.2) with p = p*, (#39), [@.40), (5.8), and (5.17), we conclude

that « and 8 form a well-ordered pair of lower and upper functions and, thus,
problem (1.1)) with u = p* has a solution @ such that

a(t) <a(t) < B(t) fort e 0,w].

However, this condition, together with (5.15) and (5.16)), implies that @ is a non-
negative solution to problem ([1.1)) with u = p* different from «*, which contradicts
the above-proved fact concerning the uniqueness of the non-negative solution u*.
Conclusion : It can be proved in much the same way as conclusion consid-
ering —p and — f instead of y and f.

Conclusion ({): It follows immediately from Lemma O

Proof of Corollary[3.4 1t is clear that u is a solution to problem (L.1I) if and only
if —u is a solution to problem (4.10). Therefore, the conclusion of the corollary
follows from Theorem (3. 1{{1]). d

Proof of Proposition[34} Let pi., p* be the numbers appearing in the conclusion of
Theorem [B.11
Assume that [f(t)]+ # 0 and suppose on the contrary that (3.6) does not hold,
i.e.,
we < ! sup { !
S 1 (s)]+ ds A(p+r>—th)

where A is defined by Remark Then, p* €10, +oo[ and there exists € > 1 such
that

7 >0, p+rtheVh(w)},

/w[eu*f(s)]+ds<sup{A( ! 7 >0, p+rth e Vi(w)}.
0

p+r*1h)
Therefore, from Lemmas and that problem (|1.1)) with ¢ = eu™ has at
(22)

least one positive solution, which contradicts conclusion

) of Theorem
Assuming [f(¢)]- # 0, estimate (3.7]) can be proved analogously to (3.6). O

Proof of Theorem[3.6 It follows from Theorem and Lemmas and that
there exists po €]0, o[ such that conclusions , , and of the theorem hold.
Since u is a solution to problem if and only if —u is a solution to problem (4.10)),
conclusions , @, and of the theorem hold as well. Finally, conclusionf
the theorem follows from Lemma [£.6] and the above-mentioned equivalence. O

Proof of Theorem[3.9. Let the set A be given by formula (5.1). In view of Lem-

mas [4.3|2l3) and [4.4][1)), there exists € > 0 such that | —e,e[NA # 0. Define the
numbers p, and p* by (5.2)). Then, —oo < p. < 0, p* > 0, and Lemmaimplies
that p* < +o0.

Conclusion : It follows from (5.1f), (5.2, and the condition p* €]0, 400 .
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Conclusion (2): We first show that
u* e A (5.18)

Indeed, let {p,}52; be a non-decreasing sequence of positive numbers such that
*

pn €A forneN,  lim p, =u".

n—-+oo
Moreover, for any n € N, let u,, be a positive solution to problem with g = piy,.
It follows from Lemma[4.8] that condition holds. By the standard arguments
using in the proof of a well-possedness of the periodic problems for second-order
ODEs, one can show that there exists a subsequence {un, }32, of {u,}n2, such
that is satisfied, where u* € AC"([0,w]) is a solution to problem with
= p*. Since the functions u,, , k € N, are positive, it is clear that

u*(t) >0 fort e [0,w]. (5.19)

In view of the hypothesis (p, f) € U(w) and the positivity of u*, problem (4.23]) has
a unique solution v, which is positive. By (1.1) with g = p*, (3.11)), (4.23)), and
(5.19), we obtain

2"(t) > p(t)z(t) for ae. t €[0,w], 2(0)=z(w), 2(0)=2z(w),

where z(t) := u*(t) — p*v(t) for t € [0,w]. Therefore, the hypothesis p € V1 (w)
yields z(t) > 0 for ¢ € [0,w]. Hence, we have

u*(t) > p*v(t) >0 fort e [0,w]

and, thus condition holds.

Since u* is a positive solution to problem with g = p*, in view of Lemma
4.3{(2), to prove conclusion of the theorem, it is sufficient to show that problem
(1.1)) with p = p* does not have more than one positive solution. Suppose on the
contrary that problem with 4 = p* has a positive solution different from u*.
Then, it follows from Lemma [4.3(|2)) (with «(t) := u*(¢) and p := p*) that problem
with g = p* possesses solutions u,, u* such that

W (t) > U (t) >0 fort e [0,w].
Therefore, Lemma [4.13] (with a1 (t) := @*(t) and as(t) := @.(t)) guarantees that
there exist i > u* and a positive function & € AC*([0,w]) satisfying and
(5.14). Consequently, by Lemmal[41|(T) (with a(t) := &(t) and p := j1), we conclude
that problem with z = /i has at least one positive solution, which contradicts
the above-proved conclusion .
Conclusions (3)): Having a positive solution u* to problem with p = p*, it
is clear that all the hypotheses of Lemma (with «(t) = u*(t)) are fulfilled.
Consequently, for any p €10, u*[, (p, uf) € U(w) and there exist functions aq, s €
AC'([0,w)) satistying conditions (£.4)), and and, therefore, conclusion
of the theorem follows from Lemma [4.3(3])
Conclusion : It follows immediately from [IT, Corollary 2.31(2)].
Conclusion (B): Let po € AN] — 00,0[ and p € [uo,0[ be arbitrary and let ug be
a positive solution to problem wigth p = pg. Define the function a by .
Clearly, a(t) > 0 for ¢t € [0,w]. It follows from with u = o that o satisfies

4.2) and (5.4), because pg < p < 0 and (3.11)) holds. Therefore, Lemma [4.3(2))

yields u € A. Consequently, |u.,0[C A and, thus, conclusion of the theorem

follows from Lemma [4.3|(1}i2)).
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Conclusion (6)): Assume that p, > —oo. Then, it follows immediately from (5.1)
and (5.2)) that, for any g < u., problem (1.1) has no positive solution. O

Proof of Proposition[3.13. By Remark it follows from that condition
holds. Let 4, p* be the numbers appearing in the conclusion of Theorem

We first show that u. satisfies , where A is defined in Remark Suppose
on the contrary that does not hold, i.e.,

o—mmnﬁ%

A A Jy" h(s) ds] = Jo [F())-ds
Then, u. €] — 00, 0] and there exists € > 1 such that

P > —

¢ o [ de < A DAGT
O<Akamw—smAwmrd<[M) YRS

Therefore, it follows from Lemmas |4.4{|1)) and [4.3|(2)) that problem (1.1)) with

1 = epy has a positive solution, which contradicts conclusion @ of Theorem
Now we show that p* satisfies (3.18)), where A is defined in Remark Suppose
on the contrary that (3.18]) does not hold, i.e.,
A
A—1)[A(p)] *T
o G=1[AE) | 520
A Sy h(s)ds] 1 I [f ()4 ds
By the conditions (p, f) € U(w) and wt >0, we obtaln (p, w*f) € U(w). Therefore,
in view of (5.20)), it follows from Lemmas 4.4{[2) and that problem (1.1))

with g = p* has exactly two positive solutions, which contradicts conclusion (2 of
Theorem 3.9

We finally show that w* satisfies , where I' is given by . Suppose on
the contrary that ) does not hold, i.e.,

. fo —ds— [, [p(s)]+ ds] x2T
)\[)\fo (s) ] fo +ds—T pfofs |- ds]
Then, it follows from Lemma E 5| that problem with 4 = p* has no positive
solution, which contradicts conclusion of Theorem E (Il

Proof of Theorem[3.17} We first note that, by Remark [3.11] condltlo holds.

Therefore, it follows from Theorem [3 -lll and Lemmas [4.6] and - that there
exists o €]0,400[ such that conclusions (L)), , and of the theorem hold.

Since u is a solution to problem (1.1)) if and only if —u is a solution to problem
(4.10)), conclusions ({5)), @, and ([7)) of the theorem hold as well. Finally, the validity
of conclusion of the theorem follows immediately from Theorem [3.94). O

6. CONCLUSIONS

The existence and exact multiplicity of solutions to problem was studied
depending on the choice of the parameter u. We extended the conclusions stated in
[2, Theorem 1.1] for the case of undamped Duffing equation with ¢ := 0 and
weakened hypotheses and . Our results confirm a conjecture formulated
in [2, Remark 3, p. 2502] because, at least in the case of ¢ = 0, the conclusions of
Theorem (except for the asymptotic stability) are still true for d which changes
its sign (and belongs to a certain class of functions). We also provided both lower



22 J. SREMR EJDE-2023/65

and upper estimates of the “critical” values p., pu* (resp. pg) of the parameter p
appearing in the conclusions of Theoremsand (resp. Theoremsand.

The approach used in [2] employs identifying the fold point on bifurcation curves
and the continuation method combined with the Sturm’s comparison theorem, topo-
logical degree, and the maximum principle. We used a slightly different approach;
we proved our results by using the method of lower and upper functions only, which
was combined with the the maximum and anti-maximum principles. The results
obtained substantially generalize the results available in the literature because they
are not only specific sufficient conditions. Our general results hold for all the equa-
tions of the type studied whose coefficient in the linear part belongs to a certain
sufficiently wide class of functions. Such a class is described in terms of the behav-
ior of the corresponding linear periodic problem and does not exclude the so-called
resonant cases.

Finally, it is worth mentioning that if the results concerning the maximum and
anti-maximum principles are known for the periodic linear problem

v =p(t)u+ gty u(0) =uWw), v'(0) =u'(w)
with p, g € L([0,w]), the parameter-dependent problem
u" = p(t)u+ g(t)u' + h(t)|u]* sgnu + pf(t);  u(0) = u(w), u'(0) = u'(w)

might be also studied in a similar way as (|1.1)). The first steps are already done for
the Duffing equation with a constant damping coefficient g (see, e. g., [2, [§]).
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