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IMPULSIVE REGULAR ¢-DIRAC SYSTEMS

BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA, HAMLET A. ISAYEV

ABSTRACT. This article concerns a regular g-Dirac system under impulsive
conditions. We study the existence of solutions, symmetry of the corresponding
operator, eigenvalues and eigenfunctions of the system. Also we obtain Green’s
function and its basic properties.

1. INTRODUCTION

Boundary value problems under impulsive conditions have been extensively in-
vestigated because they arise as the mathematical modeling of various areas of
science. For example in population dynamics, economics, optimal control, and
chemotherapy. It is well-known that these equations serve as basic models to study
the dynamics of processes that are subject to sudden changes in their states. For
recent studies see [4} Bl [I0L 16] (18] 19] and their references.

In 2005, Annaby and Mansour [2] applied quantum calculus to classical Sturm-
Liouville problems and investigated g-Sturm-Liouville problem

1
— Do Py T Oy = Ay,
a11y(0) + a12Dy-1y(0) =0, az1y(a) + a2Dy-1y(a) = 0,

where £ € [0, al, a;j (i,j = 1,2) are real numbers, A € C, v is a real-valued function
defined on [0, a] and continuous at zero. Later on, ¢-Sturm-Liouville problems were
studied by some authors by putting impulsive boundary conditions. Cetinkaya [g]
studied discontinuous ¢-Sturm-Liouville problems with eigenparameter-dependent
boundary conditions. Karahan and Mamedov [12] [T3] 4] investigated a g-Sturm-
Liouville problem with discontinuity conditions. In [I5], the author studied the
singular ¢-Sturm-Liouville problem with impulsive conditions. Aygar and Bairamov
[6] studied the properties of the scattering function of an impulsive g-difference
equation. Bohner and Cebesoy In [7] investigated the locations of the eigenvalues
and spectral singularities of an operator corresponding to impulsive g¢-difference
equations.
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In 2017, Allahverdiev and Tuna [I] moved the classical Dirac system to g-calculus
and entered the regular ¢-Dirac system defined as

0 —4Dg1\ (mn L (P& 0N () _y\ (wnn
D, 0 Y2 0 r(&)) \w y2)’
a
a11y1(0) + a1292(0) =0, az1y1(a) + a22y2(5) =0,
where £ € [0,a], a;; (i,j = 1,2) are real numbers, A € C, p and r are real-valued
functions defined on [0, a] and continuous at zero and p,r € L}] (0,a).

In this study, the above system is considered under impulsive boundary condi-
tions. First, the existence theorem is proved. Then, the symmetry of the impulsive
g-Dirac operator, the basic properties of eigenvalues and eigenfunctions are given.
Finally, the Green’s function was established and its basic properties were exam-
ined.

2. PRELIMINARIES

In this section, we give the basic concepts of g-calculus that will be used in this
article. Detailed information can be found in [ITJ, 3} @].

Let ¢ € (0,1) and let A C R := (—00,00) be a g-geometric set, i.e., if ¢¢ € A
for all £ € A. We begin by defining the operator

h(q€)—h(£)
Dyh(§) = (a1 o
limy, o0 %7 f =0,

where &,¢ € A. When it is required, g will be replaced by ¢~!. The following facts,
which will be frequently used, can be verified directly from the definition:

Dy-1h(€) = (Dgh)(q€), (D3h)(q7'€) = ¢Dg[Dyh(q™"€)] = Dy-1Dgh(€).

Related to this operator there exists a non-symmetric formula for the g-differentiation
of a product

Dy[h(€)g(§)] = 9(§)Dgh(§) + h(a€) Dyg ()
We define the Jackson g¢-integration by

5 o
| ey = -0 S0 hiae) (€ < 4.
n=0

provided that the series converges, and

/ab h(v)dgy = /Ob h(v)dgy — /Oa h(v)dg,

where a,b € A. Through the remainder of this article, we deal only with functions
g-regular at zero, i.e., functions satisfying

Jim h(£g") = R(0),

for every £ € A.
The g¢-trigonometric functions are given by the formulas (see [3])

20" (2(1 = )"
(¢ Q)2n

oo

cos(ziq) = 3 (1)

n=0

)
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oo n(n+1) _ 2n+1
, nd (2(1—q))
sin(z;q) = -1 ,
&9 ,;,( : (¢; @)2n+1
where
n—1
(@ qo=1, (aq)= ][]0 —ad".
k=0

3. IMPULSIVE REGULAR ¢-DIRAC SYSTEMS

We counsider the following regular boundary-value problem (BVP) with impulsive
conditions

Wy) =Xy, €1,
L1(y) == y1(0) + k1y2(0) = 0,
La(y) := y1(d—) — kayr(d+) =0,
La(y) := y2(q~'d—) — ksya(q~'d+) = 0,
La(y) := y1(a) + kaya(q~'a) = 0,
where ki, ko, k3, k4 are real numbers, 0 < d < a < oo, I; := [0,d), I := (d,al,

I:= Il U IQ,
_1ip
) = | “aPav2 + (&) )= <y1> 7
‘qul +7"(f)y27 Y2

and A is a complex eigenvalue parameter.
Our basic assumptions throughout the paper are the following:
(A2) Let ¢ € (0,1) and koks = o > 0.
(A2) p and r are real-valued continuous functions on [0,d) U (d, ¢~
finite limits p(d+), r(d=+).

Let H = L2((0,d); C?) + LZ((d,a); C?) be a Hilbert space endowed with the inner
product

/\A/\/\A
DU W b =
S~ N N N

La] and have

d a
wgw:/lﬂ”ymkmg+a/<mﬂ¢%@%&
0 d
where

ney = 41V©, €l _JaWe), ¢eh
R, €€, 9P, (el

Theorem 3.1. For A € C, the initial-value problem with impulsive conditions
I(y) = M,
y1(0) =c1, y2(0) =ca, c1,02 €R,
yi(d=) — kay1(d+) =0,
y2(q~d—) — ksya(q~"d+) =0,
has a unique solution 1 which is an entire function of X for every ¢ € [0,d) U (d, al.
Proof. From [1], we infer that the problem

Wy(&) = Ay(§), £€(0,d),
y1(0) = c1,  42(0) = co,
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_ (Y1
Y1= (%2)

which is an entire function of . O

has a unique solution

Consider the problem

) = My, €€ (dal, (3.6)
n(d+) = -du(d-), (3.7)
™) = - vala ) (3.8)
Let
Un(€.2) = Uol&, ) + ¢ /d E (%f&ﬁfjﬁ;ﬂ)) M (qt)Un—1 (g1, )t
where

Uol6.N) = - {d=0) + 1 (€~ dala = N), €€ I
A AE;
901(53 ) - (@11 2,/\§> = (Cgi((i\\gq()])> )
EA
)

12
1Sy ) _%
P2(&,A) = (9022 , )> - (COS()\§§Q)> ’

_(p O
v=(5 1),

and the supraindex T means the transpose of a matrix. Here ¢; and ¢5 are the
fundamental solutions of (3.6) for

_(p 0) _
A

It is clear that the functions U,, are entire functions.
Let A € C be fixed. Then there exist positive numbers N(A) and A such that

N(A .
euten < VIR ijo1s,

IMEN] <A, Us(&, V] <NO), €€l

(
(
(
(

Then,
[U1(€,A) = Uo (€, A)

/(mxasm%ﬁ” D cos(rgt: )] 0t Uon g, Ayt

/ cos(AE; q) cos(Agt; q)

N sin(\; q) sin(Agt; q)
by A

- 3
< 2gN(A\)AN(N)| /d

MWWM%»%4
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< 2gN(A)AN(N)

Similarly, we obtain
APN2(N)E2(1 - ¢)°

103(6,) = U2l M| < 2°¢* NN ===y

which implies

(AN = g)"

forn =1,2,3,.... From Weierstrass’s test, we see that the series
> nn =~ AN 1 - n
= (¢ @)n
is uniformly convergent. Thus the series
UL(EN) + Y {Unia(&N) = Un(€, M)} (3.10)

n=1

is uniformly convergent with respect to £ on (d,a]. Then we have
lim Un(§7 >\) = 1/12(57 >‘)7
n—o0

i.e.,

Pa(&,A) = U1 (&N + D AUnt1(6A) = Un(§, M)}

n=1

Now we show that 1y of (3.6)).
DqUn+1(€, )\) - DqUn(gv )‘)

13
= q/d [Dyp2(€; Nt (gt, A) — Dgipr (€, M) 3 (gt A)]M (gt)
X [Un(qta A) - Un—l(qtv A)]dqt
It follows from (3.9)) that the series

> {DgUn41(€,)) — DyUn(€, M)}

n=1

is uniformly convergent with respect to £ on (d,al]. Since

D, cos(3&:q) = (—r(§) + ) 22O,
D, MOS0 _ (r(g) + 2 cos0E:0),
we conclude that
Dgt21(&,3) = Y {DgUn11,1(6, ) = DgUn 1 (£, M)}
n=1
= (—’I“(f) + >‘) Z{Un,1<£7 )‘) - Unfl,l(fv )‘)}

n=1

= (—=7(§) + MNb22(§, A).
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The validity of the other equation in (3.6)) is proved similarly. Moreover, 15 satisfies

(13.7)-(3.8). Consequently,

A I
Va(§A) €Dy
satisfies (3.1])-(3.4). Likewise, we can obtain the following theorem.
Theorem 3.2. For any A € C, Equation (3.1) has a solution
A I
Ay = §aleA ceh (3.12)
XZ(C, )‘)a C S 12

satisfying conditions (3.2))-(3.5) which is an entire function of \ for every ¢ € I.

Now, we consider the sets
Diax = {y € H : the one-sided limits y; (d+) and y»(¢~'d+) exist and are finite,
La(y) = La(y) = 0, I(y) € H },

Diyin = {y € Dpax : yl(o) = yQ(O) = yl(a) = yQ(a) = O}

Then the maximal operator L,.x on Dyayx is defined by Laxy = {(y). If we restrict
the operator L.« to the set Dy,in, then we obtain the minimal operator Li,. Let

Y= <y1> y = (Zl> € Drax-
Y2 22

Then the ¢-Green formula is given by

/ "), ) — (0, (=)ot
= [ya Z](a) - [ya Z](d+) + [y7 Z](di) - [ya Z](O)a

(3.13)

where

[y, 21(&) == W (y, 2) = y1(€)22(a7€) — 21(&)y2(a™"€).
Let us consider the operator £ with domain consisting of vectors y € Diax, (Ly =

I(y)) that satisfy (3.2)-(3.5). Then the following theorem is obtained from (|3.13))
and conditions (3.2)-(3.5).

Theorem 3.3. The operator L is symmetric.

Corollary 3.4. (i) All eigenvalues of the BVP — are real.

(i) If A\ and Ay are two different eigenvalues of the BVP —, then the
corresponding eigenfunctions uy and us are orthogonal.

(#ii) All eigenvalues of the BVP - are simple from the geometric point of

view.

Now, we shall define the characteristic function of the BVP (3.1)-(3.5)). Let us
define the following entire functions

wi(A) = Woaler, x1)(§), wa(A) = Wya(pa, x2)(§),

because these Wronskians are independent of € for € € Iy and € € I, respectively.
From (3.3))-(3.4), we find that wy(\) = aws(A). Thus, the characteristic function of
the BVP (3.1))-(3.5) is defined as w(A) := w1(A) = awa(A).
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Lemma 3.5. Let

Lty Lixi Lis Lixe
A = Lyypr  Laoxi Lava  Laxe .

L3p1 Laxi La2  Laxe

Lix1 Lax:i Lava Laxe

Then, every A € C, we obtain A(X) = —2w3()).
Proof. From (3.11) and (3.12]), we obtain

A(N)

0 wl()\) 0 0
_ | Yuld=,A) x11(d—, A) —kotpo1 (d+, \) —kaxa1(d+, )

Y12(g7td—,N)  x12(g7rd—,A)  —ksoa(q rd+,N)  —ksxoe(q td+, N)
0 0 “un(\) 0
Y1 (d—, A) —katpo1 (d+, X) —kax21(d+, N)
=wi(N)||Y12(g7 d—,N)  —ksthaa(qtd+,N)  —ksxaa(gtd+, N)
0 —LUQ(/\) 0
_ P11(d—, \) —kaxa1(d+, A)
— LUl(A)wQ(A) d)12(q_1d_7)\) _k3X22(q_1d+, )\)‘
_ Y11(d—,A)  xai(d—, )
= Wz () P12(d—, \) X12(d—7)\)‘
1 .

= —wi(Nwa(N) = f%w‘m. O

Theorem 3.6. The eigenvalues of (3.1)-(3.5) are the same as the zeros of the
entire function w(\). Hence the eigenvalues of (3.1)-(3.5)) form a finite or infinite
sequence without a finite accumulation point.

Proof. Let A be a zero of w()\). Then wa(A?) = W, 5(12, x2) = 0, i.e., 12 = Cx2
for some ¢ # 0. Thus 1, satisfies (3.5)). Therefore the function

(0) T
)\(0) _ 1/’1 (53 A )7 € €l
vEAT) {me%.geb

satisfies the BVP (3.1)-(35), i.e., A(?) is an eigenvalue.

Let A9 be an eigenvalue and n(¢, )\(0)) be any corresponding eigenfunction. We
want to show that w(A(®) = 0. Assume that w(A(?)) # 0. Then we conclude that
wi(A®) #£ 0 and wy(A(?) # 0. Thus there exist constants ¢;, i = 1,2,3,4, at least
one of which is not zero, such that

(5 )\(0)) _ 411/11(57 )\(O)) + CQXI(E? )‘(0))7 5 S Il
’ Ca2(€, M) + Gax2(6,2), € € I,

Therefore, L;in(&, \?) =0, i = 1,2, 3,4, since (¢, A(?)) is the eigenfunction. Hence
det (Lin(§, X)) = A() =0,

because at least one of the constants &;, ¢ = 1,2,3,4 is not zero. It follows from
Lemma [3.5] that A()) # 0, a contradiction. O
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4. GREEN’S FUNCTION

In this section, we construct the Green function of the BVP

—éDq—1y2+{A+p(£)}y1 = hi, (4.1)
Dy +{X + (&) }yz = ho, (4.2)
Y1(0) + k1y2(0) = 0, (4.3)
y1(d—) — kays(d ) (4.4)
y2(q~d—) — ksya(q~ ) 0, (4.5)
yi(a) + kay2(q~"a) = 0, (4.6)

where £ € [ and h = (Zl> cH
2

Theorem 4.1. Suppose that X is not an eigenvalue of (3.1)-(3.5). The BVP (4.1))-
(4.6) has a unique solution y defined as

d a
Y(EN) = /0 GE, £, (D)t + /d G(E,t MA(t)dyt, (4.7)

where

60 = L {x(g,A)wT(t,Ax OStsEsa t#d 4D

Cw) | BENXT(HN), 0<E<t<a, t#d, E£d
Proof. By , we have

soy X&) f§(¢11(qt7 Mhi(qt) + ba1(qt, A)ha(qt))dgt
oy Y(§A fgd (x11(qt; A)h1(qt) + x21(gt, A ha(qt))dgt
W(A)iﬁu ENa [7 (xaz(gt, Nha(gt) + xa2(qt, \ha(qt))dgt, & € I,

7)\))(12 (&N fo (Y11(qt, N)ha(qt) + a1 (qt, N)ha2(qt))dgt
SoyX2(§ Ao fd V12(qt, A)ha(gt) + P22(qt, Nha(qt))dgt
) )

w(k)%z & N)a [¢ (xaz(at, Nha(gt) + x22(gt, Mha(at))dgt, & € I,
(4.9)

Y1 (57 )‘) =

ShXa1(6 ) Js (i1 (gt Aha(gt) + ar (gt A ha(gt) ) dgt
%wm &) J¢ O (at, Nha (gt) + xaa (g, Mha(at) dyt
Soy Y€ Na Jar [3 (xa2(at, A)ha(qt) + xa2(qt, Nha(qt))dgt, & € I,

ﬁ)m €,2) Jol(wn1(at, Nha(qt) + a1 (qt, Nha(qt))dgt
SoyXe2(§ Aa fd Y12(qt, \)hi(qt) + 2a(qt, Nha(gt))d,t
) )

w(,\)1/122 P! fg X12(qt, N hi(qt) + xa2(qt, \)ha(qt))dgt, & € Ia,
(4.10)

Y2 (57 >\) =
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From (4.9), we find that

S5 Daxan (6, 2) fi (an(gt, Nha (gh) + o1 (gt Nha(qt))dyt
+w()\ Dgp11 (€, N) fg x11(qt, N)hi(qt) + x21(qt, N)ha(qt))dgt
M(A) Dyp11(& N [3 (x12(qt, \)ha(qt) + x22(qt, A ha(qt))dgt
Day1(§,A) = d
ﬁ ax12(§A) [y (Vra(at, \ha(gt) + dai(at, Aha(qt))dgt
w(A) Dyxaz(&, N[5 (12t Nha(gt) + taa(qt, N ha(qt))dyt
w(A Dyh12(&, N ff x12(qt, A\)h1(qt) + x22(qt, A)ha(qt))dgt
+aWy2(x, ¥)(g€)he, §elr
S = @b (€0 Ji (Yn(at. Mha(at)
+1b21(qt, A)h2(qt)) dqt
oty D = @€ ) [ (xan(at, A (at)
+x21(qt, A)hz(qt)>d t
5t = (@ (€ Na [} (xaz(at, Vi (at)
a2 (at, )\)hg(qt))dqt + ho, cel,
So A = (€ x22(8A) Jy (T/Ju(qt, A)hi(qt)
o (gt Mha(at) ) dot
5ty = (O a2 (€ Na [ (Yaz(at, N (at)
o (gt Mha(at) ) dot
5 = (O na(e, Mo J¢ (xaalat, N (at)
+xea(at, \ha(at) ) dgt + ha, g€ b,
={A = 7(§)}y2(&) + ha2(§)-

The validity of (4.1)) is proved similarly. Hence the function y(&, \) in is the
solution of system (4.1)-(4.6). It is clear that (4.7 satisfies (4.3])-(4.6). O

Lemma 4.2. (i) The Green function is unique.
(i) G(&,t,N) = GT(t,€, 7).
(i11) G(&,t,\) is continuous at the point (0,0).

The proof of the above lemma is similar to the proof of [2, Theorem 5.2]. We
omit it.
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