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GLOBAL ANALYSIS ON A CONTINUOUS PLANAR PIECEWISE
LINEAR DIFFERENTIAL SYSTEM WITH THREE ZONES

MAN JIA, YOUFENG SU, HEBAI CHEN

ABSTRACT. This article concerns the global dynamics of a continuous planar
piecewise linear differential system with three zones. We give global phase
portraits in the Poincaré disc and classify bifurcation diagrams under certain
parametric conditions, when the dynamics of central linear zone is anti-saddle.
Rich dynamical behaviors are demonstrated, from which we observe homoclinic
loops appearing in three linear zones and limit cycles occurring in three linear
zones which surround a node or node-focus.

1. INTRODUCTION

In several scientific fields, piecewise linear differential systems have attracted a
lot of attention from a rather diverse group of scientists such as physicists and math-
ematicians [1} [T, [12] 17, 25l 26l B0}, B3]. This is because, in addition to academic-
theoretical significance [2), 4] T3], 14, [16) 18}, 23], B1L [32} [36] B7], the study of piecewise
linear differential systems has practical applications [5] 6] [15], 19, 20, 28] [34] [35].
Piecewise linear differential systems can model a large number of nonlinear prob-
lems arising in physics and engineering such as design of electric circuits [T}, 8], some
memristor oscillators [}, [5 [8, @, 15l 23] 26, 27, B4] and FitzHugh-Nagumo system
[30, B1l 35]. Although piecewise linear differential systems may be considered as
some of the most tractable nonlinear ordinary differential equations, they display
various rich and interesting dynamical behaviours, with all the dynamics of gen-
eral smooth nonlinear systems (such as limit cycles, homoclinic loops, heteroclinic
loops, strangle attractors and so on), and with special dynamical behaviors (such
as jump bifurcation, grazing bifurcation, sliding bifurcation, singular continuous
systems and so on) [15] [I7].

In this article, we are interested in continuous planar piecewise linear (CPWL)
differential systems. A CPWL differential system with three zones separated by
two parallel lines is of the Liénard form:

dr dy _
L =F@) -y =) -a, (1.1)
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where

to(z—1)+t,, ifa>1,
F(z) =1 tex, if —1<z<1,
t(x+1)—t., ifz<-—1,

de(x —1)+d., ifz>1,
g(x) =< dez, if —1<z<1,
di(x+1)—d,, ifzx<—1,

with three open linear zones in the plane R?:
S = {(z,y) e R? 1z < 1},
Sei={(z,y) eR*: -1 <2 < 1},
Sy = {(z,y) eR*: 2 > 1}

by two straight lines I'; := {(z,y) € R? : 2 = —1} and T, := {(z,y) € R? : x =
1}. Considerable attention has been devoted to characterizing global dynamics of
system 6], 17, (9, (10} 17, 20}, 24} 25, 26, 27, 29]. Jia-Su-Chen [21] once investigated
global dynamics of system in the region:

G = {(tr,te,t1,dryde,dp, @) €RT 2 tt > 0, dpdy < 0},
where G is divided into four parametric regions:
G = {(ty,te, 1, dyyde,dy,) €ER 11, >0, £, >0, d >0, d <0},
Go = {(ty,te, b, dyyde,dy,) €RT 11, >0, t; >0, d <0, d >0},
Gz = {(tr,te, i, dyydeydpya) €ERT 28, <0, 1 <0, dp >0, d; <0},
Gy = {(ty,te, by, dy,de,dy,) €R7 1, <0, t; <0, d. <0, d >0}

By a proper transformation, the regions Gy, G3 and G, can be changed into the
region Gi. So all discussions for system were restricted in the region Gj.
When d. < 0, global phase portraits in the Poincaré disc and bifurcation diagrams
of system in the region G; were presented [21I]. Therefore, in this study we
continue to explore global dynamics of system in the region G; when d. > 0.

The article is organized as follows. In Section 2, we state our main results of
system ([1.1)) with d. > 0 in the region G;. To study the local dynamical behaviors
of system (|1.1)), we introduce some preliminary results in Section 3. Local dynamics
of system (|L.1)) are investigated in Section 4. Nonlocal dynamics of system are
explored in Section 5. The proofs of our main results are presented in Section 6,
while numerical phase portraits are demonstrated in Section 7. A brief conclusion
is given in Section 8.

2. MAIN RESULTS

In this section, we summarize our main results of system with d. > 0 in
the region Gy, i.e., the bifurcation diagram in the («,t.)-plane and global phase
portraits in the Poincaré disc. Notice that the condition ¢2 — 4d, < 0 (resp. = 0 or
> 0) implies that the dynamics of right linear zone of system is a focus (resp.
improper node or bidirectional node) (see Lemma for more details). Moreover,
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since system (|1.1]) has different qualitative properties of equilibrium points at infin-
ity for the three conditions t2 —4d,. < 0, t2 —4d,. = 0 and t2 — 4d,. > 0 (see Lemma
for more details), our main results are achieved in the following three regions:

Gi1 = {(tr te,ti,dp,de,djy) €R7 14, >0, ¢, >0, d >0, d. >0, d; <0,
t2 —4d, <0} C Gy,
Giz = {(tr te,ti,dp,de,djy@) €R7 14, >0, ¢, >0, d >0, d. >0, d; <0,
tz —4d, = O} C Gy,
Giz = {(tr te,ti,dp,de,djy) €R7 14, >0, ¢, >0, d >0, d. >0, d; <0,
t2 —4d, >0} C Gi.
System (1.1]) has two equilibrium points F; : (o + de)/d; — 1, (a + dc.)/dy — tc)
and E. : (a/d.,tca/d.) when d. > 0, —d. < a < d. and t. < 0 in Gy, where Ej is
a saddle, E,. is a stable node for ¢.2 — 4d. > 0 or a stable focus for ¢.2 — 4d, < 0.
Theorems [2.142.3|and Theorems [2.4H2.6|are presented according to the nonexistence

of the homoclinic loop appearing in three linear zones which surrounds the stable
node E.. For simplicity, we set

. to(o—do) + tr\/(a —do)? +dady — F(a+do) 404 d,)
e 2d, * 2d,
e _t,(oz —d. + /4ad, + (o — d.)?)

¢ 2d, ’

where t and t3** are continuous functions on « when t,,d,,d. and d; are fixed.

FIGURE 1. Bifurcation diagram in the (o, t.)-plane of system (|1.1)
as (tﬂ tc,tla dra dca dla a) S g11~

Theorem 2.1. When (t,,te, b, dr, de, di, @) € Gu1, the bifurcation diagram of sys-
tem (L1.1)) in the (o, t.)-plane consists of the following bifurcation curves:

(a) Boundary equilibrium bifurcation curves:

BEy; = {(a,t.) €R*: o= —d.}, BFy={(a,t.) eR*:a=d.}.
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(b) Homoclinic bifurcation curves:
HLy; = {(a,t.) € R?*: —d, < a < d., t. = d(a)},
HLjs = {(a,t.) €ER? : > d, t. = p(a)}.
(¢) Double limit cycle bifurcation curve:
DLy = {(a,t.) € R*: a > d, t. = h(a)},
where the function t. = ¢(«) is continuous, monotonic and satisfies
max{t*, —2v/d.} < ¢(a) <0 for —d, < o < d_,
max{t:, —2/d.} < ¢(e) < —t,\/d/dy for a = d,,

and the function t. = h(«a) is continuous satisfying p(a) < h(a) < t3** for a > d..
Moreover, the bifurcation diagram and global phase portraits in the Poincaré disc of
system (1.1) in G11 are respectively shown in Fz'gures and@ where —d. < o < d.,
and

I={(a,t.) eR?:a < —d.},
IT={(a,t)) eR?: —d, < a < do, t.>2\/d.},

IIT = {(a,t.) € R?: —d, < v < d, 0 < to < 2V/d.},
IV = {(a,t.) €R?: —d, < a < d,, t. =0},
V={(at.) €ER*: —d. < a <d,, ¢(a)<t, <0},
VI={(a,t;) eR?*: —d. < a < d,, —2/d, < t. < $(c)},
VII={(o,t.) €R?: —d, < o < d¢, t, < —2:/d,},
VIII = {(a,t.) €ER?:a > d,, t. > h(a)},

IX = {(a,t.) ER?*:a > d,, p(a) <t.< h(a)},

X ={(ayt.) € R?:a>d, t.< o(a)},

BEis = {(a,t.) €eR* :a =d,, t.> 2\/d70},
BEiy = {(a,t.) € R? i a = d,, —t,\/de/dy < te < 2y/d.},
BE1o3 = {(a,t,) e R?: v = d,, t. = —t,\/d./d,},
BE1g; = {(a,t.) e R? : a = d,, ¢() < t. < —t,\/dc/d,},
BEis = {(a,t.) € R? :a = d,, —2V/d, < t. < ¢(a)},
BEis = {(a,t.) e R? :a = d,, t. < —2V/d.},
HLiyy = {(o,t.) €R?*: —d. < a < a* < d,, t. = d(a)},
HLijo = {(a,t.) €R?: —d. < a = a* < d,, t. = ¢(a)},
HLj3 = {(o,t.) €R?*: —d. < o* < a < d,, t. = d(a)},
HLy1y = {(o,t.) €R?*:a=d,, t. = d(a)}.

In Figure [2| the stable limit cycle is marked by red color, the center is marked
by baby blue color, the unstable limit cycle is marked by dark blue color, the semi-
stable limit cycle is marked by yellow color and the unstable homoclinic loop is
marked by green color. When there is a unique limit cycle (stable or unstable) in
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\% VI VII VIII
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IX X BE, BE12
BE122 BE25
BE2 HLin HLy2 HLs

I

HILq14 HL» DL,

FicUrE 2. Global phase portraits in the Poincaré disc of system

" as (t,«,tc,tl,dr,dc,dl,a) c gn.
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Theorem [2.1] it involves two or three linear zones, see global phase portraits in the
Poincaré disc of V', X, BE154 and HL15. When there are two limit cycles, the inner
limit cycle involves two or three linear zones and the outer limit cycle involves three
linear zones, see global phase portrait in the Poincaré disc of IX. The semi-stable
limit cycle involves three linear zones, see global phase portrait in the Poincaré disc
of DLy. The homoclinic loop involves two (resp. three) linear zones, see global
phase portraits in the Poincaré disc of HL11; and H Ly1o (resp. HL113, HL114 and
HL3), and the homoclinic loop becomes tangent to I',., see global phase portrait
in the Poincaré disc of HLq1s.

BEy,

FIGURE 3. Bifurcation diagram in the (o, t.)-plane of system (1.1)
as (tra t07 tly dTa dCa dl7 CY) S gl?-

Theorem 2.2. When (t,,t., t;,dr,dc,di, &) € Gia, the bifurcation diagram of sys-
tem (L.1) in the (o, t.)-plane consists of the following bifurcation curves:

(a) Boundary equilibrium bifurcation curves:
BFEsy = {(a,t.) € R?:av = —d.}, BFa = {(a,t.) €eR*:a=d.}.
(b) Homoclinic bifurcation curve:
HLy = {(a,t.) €R?*: —d. < a < d, t. = ¢(a)},

where the function t. = ¢(a) is continuous, monotonic, satisfying max{t:, —2/d.}
< ¢la) < 0 for —d. < a < d.. Moreover, the bifurcation diagram and global
phase portraits in the Poincaré disc of system in Gio are respectively shown
in Figures 3l and [, where —d. < o* < d., and

Ry = {(a,t.) € R?: v < —d,.},
Ry = {(a,te) € R?: —do < a < do, te > 2/d.},
Ry ={(a,t)) €R?*: —d. < a < d., 0<t,<2\/d.},
Ry ={(a,te) €R*: —d. < a < d,, t. =0},
Ry ={(a,tc) €R?: —d, < a < d, ¢(a) <t. <0},
Ro = {(ote) ER?: —do < & < de, —2V/d, <t < $(a)},
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Ry = {(a,t.) €R*: —d, < a < d, t. < —2+/d.},
Ry = {(a,t.) e R? 1 a > d.},

BEsy = {(a,t,) e R? : a = d,, t. > 2/d.},
BEs = {(a,t.) € R? s a = do, to < 2:/d.},
HLy = {(a,t.) ER?*: —d. < a < a* < d,, t. = ¢(a)},
HLg = {(a,t.) €ER?*: —d, < a = a* < d., t. = p(a)},

HLys = {(a,t.) €ER?: —d. < a* < a < d, t. = ¢(a)}.

i

2

BE3: HLs

BE>

HLy HLys

FIGURE 4. Global phase portraits in the Poincaré disc of system

" as (t’ratwthd’radmdlaa) S g12-
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In Theorem [2.2] the unstable limit cycle involves two or three linear zones, see
global phase portrait in the Poincaré disc of R5. The homoclinic loop involves two
(resp. three) linear zones, see global phase portraits in the Poincaré disc of H Lo,
and HLos (resp. HLs3). The homoclinic loop becomes tangent to T'., see global
phase portrait in the Poincaré disc of H Los.

FIGURE 5. Bifurcation diagram in the («,t.)-plane of system

‘) as (tTatmtladTadCadlaa) S g13'

Theorem 2.3. When (t.,te, t;,dy, de, dy, @) € Gi3, the bifurcation diagram of sys-
tem (L.1) in the (o, t.)-plane consists of the following bifurcation curves:

(a) Boundary equilibrium bifurcation curves:
BFE3 = {(o,t.) €R?*: o= —d.}, BF3 = {(a,t.) €eR*:a=d.}.
(b) Homoclinic bifurcation curve:
HL3 = {(a,t.) € R? : —d. < a < d, t. = ¢(a)},

where the function t. = ¢() is continuous and monotonic satisfying max{t:, —2/d.}
< ¢(a) <0 for —d. < a < d.. Moreover, the bifurcation diagram and global phase
portraits in the Poincaré disc of system in Gi3 are respectively shown in Fig-
ures [ and [f], where —d. < a* < d., and

I ={(a,t.) eR?*:a < —d,},

L= {(a,t.) eR?: —d, < a < do, t. > 2V/d.},
I ={(c,t.) ER?: —d, < o < de, 0<t.<2\/d.},
Iy = {(a,t,) €R*: —d. < a < d, t.=0},

Is = {(a,t.) €ER*: —d, < a < d., $(a) <t, <0},

Is = {(a,te) €R?: —d, < a < do, —20/de <t < $(a)},
Ir={(o,t.) €ER?: —d, < o < de, to < —2+/d,},
Is={(a,t.) €eR*:a >d.},

BEsy = {(a,t.) € R? : a = d,, t. > 2/d.},
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BEss = {(a,t.) €R? 1 = d,, t. < 2V/d.},
HLz ={(ot.) ER?: —d. < a < a* < d,, t. = ¢(a)},
HLgzs = {(a,te) €ER?*: —d. < a =a* < d,, t. = ¢(a)},
HLsz = {(a,t.) €ER?: —d. < a* < a < de, t. = p(a)}.

FIGURE 6. Global phase portraits in the Poincaré disc of system

‘) as (tTatC,tladTadCadlaa) S g13'

Theorem 2.4. When (t,,t., t;,dr,de, di, &) € Gy, the bifurcation diagram of sys-
tem (L.1) in the (o, t.)-plane consists of the following bifurcation curves:

(a) Boundary equilibrium bifurcation curves:

BEy = {(o,t.) €R?*:a= —d.}, BEs = {(a,t.) eR*:a=d.}.
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(b) Homoclinic bifurcation curves:
HLy = {(a,t,) €R?: —d, < a < d,, t. = ¢(a)},
HLy = {(a,t.) €ER*:a > d,, t. = p(a)}.
(¢) Double limit cycle bifurcation curve:
DLy = {(a,t.) ER? : a > d., t. = h(a)},

where the functiont, = ¢() is continuous and monotonic satisfying max{t:, —2/d.}
< ¢la) < 0 for —d. < a < @, ¢p(a) = —2v/d. for a« = @ = ¢~ (-2V/d,),

tr < ¢p(a) < —=2y/d, for @ < a < d,, the function t. = p(a) is continuous and

monotonic, and the function t. = h(a) is continuous satisfying (o) < h(a) < t5**

for a > d.. Moreover, the bifurcation diagram and global phase portraits in the

Poincaré disc of system in G11 are shown in Figure@ where —d, < o <@ <

d., and

Gi = {(a,t.) ER?* 1 a < —d,},
Gy ={(o,t.) €R?: —d. < o < do, te > 2V/d.},
Gs={(a,t.) eR?: —d. < a < de, 0 < t. <2/d.},
Gy = {(a,t.) €ER?*: —d, < a < d,, t. =0},
Gs = {(a,t.) €ER?*: —d. < a <@, ¢(a) <t.<O0}U
{(o,te) eR? @ < a < d, —2V/d, < t. <0},

Ge ={(a,te) eR?: —d, < a <@, —2y/d. < t. < ¢(a)},
Gr={(o,t.) eR?:a < a < de, da) <t <—2V/d.},
Gs={(a,t) eR?*: —d, < a < @, t, < —2y/d.}U
{(ayte) eR?:a < a<d, t. < ¢a)l,

Gy = {(a,t.) ER?*: v > d,, t. > h(a)},

Gio = {(a,t.) €R?* 1 a > d., p(a) < t. < h(a)},

G = {(a,t.) €R? 1 a > d,, t. < ¢(a)},

BEy = {(a,t.) € R? : a = d,, t.>2\/d.},

BEy = {(a,t.) € R? : a = d,, —t,\/de/dy < to < 2/d.},
BEy3 = {(a,t.) €eR?: a =d,, t. = —t,\/d./d.},
BEss = {(a,t.) € R? :a = d,, —2\/d, < t. < t,\/d./d,},
BEys = {(a,t.) e R? : a = d,, ¢p(a) < t.<—2v/d.},

BEj9 = {(a,t.) ER?* 1 a = d,, t. < ¢(a)},
HLy = {(a,t) €R? . —d. < a < a* <@, t.= &
HLjo = {(a,t,) €ER?: —d. < a=a* <@, t.= ¢
HLys = {(a,t.) €R?: —d. < a* < a <@, t. = d(a)},
HLy4 = {(a,t.) €R?: —d. <@ < a < d,, t.= &
HLy5 = {(o,tc) € R?:a=d,, t.= o(a)}.

—
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Gy

G G
Gy G
Bifurcation diagram in the (o, t.) plane of system (1.1 i as

(tratc;thdrvdcvdlv S gll

O

Gr BEys HLj4 HLys

FicUre 7. Bifurcation diagram and global phase portraits in the
Poincaré disc of system (L.1)) as (¢, te, b, dr, de, dj, @) € G11.

As we observe, the unstable limit cycle involves two or three linear zones in the
global phase portrait in the Poincaré disc of G7 or BE425. The unstable homoclinic
loop involves three linear zones in the global phase portrait in the Poincaré disc of
HLj14 or HL415. The equilibrium point lying in S, is a stable node in the global
phase portrait in the Poincaré disc of G7 or HL414. However, in the global phase
portrait in the Poincaré disc of BFE495 or H L4j5, the equilibrium point lying on the
switching line T, is a stable node (as seen from S.), and is an unstable focus (as
seen from S ). Compared with Theorem . the homoclinic bifurcation curve of
system (1.1 in Theoremn is different in the region {(a,t.) € R?| —d. < a < d.}
of the (a, ) plane, while the other conditions are the same. Global phase portraits
in the Poincaré disc of .BE’417 BE421, BE422, B.E4237 BE424, BE426, HL411, HL412,
HL413, ]{[1427 Z)L47 Gl, GQ, G’37 G4, G5, GG, Gg, Gg, GlO and Gll of Theoremlﬂl
are the same as those in the Poincaré disc of BEll, BE121, BE122, BE123, BE124,
BFEy9g, HL111,HL112, HL113, HL1o, DLy, I, II, I1I, IV, V, VI, VII, VIII,
IX and X of Theorem respectively. Therefore, we omit the details and only
present global phase portraits in the Poincaré disc of G7, BE,25, HL414 and H Lyy5
in Theorem 2.4l

Theorem 2.5. When (t.,te, b, dy, de, d, @) € Gia, the bifurcation diagram of sys-
tem (L.1) in the (a,t.)-plane consists of the following bifurcation curves:



12 M. JIA, Y. SU, H. CHEN EJDE-2023/83

(a) Boundary equilibrium bifurcation curves:
BEs; = {(a,t.) €R*:a= —d.}, BEsy={(a,t.) €R*:a=d.}.
(b) Homoclinic bifurcation curve:
HLs = {(a,t.) €R?*: —d. < a < d, t. = ()},

where the functiont. = ¢() is continuous and monotonic satisfying max{t:, —2+/d.}
< ¢a) <0 for —d. < a < @, ¢p(a) = —2V/d,. for a = @ = ¢~ 1(-2/d,.), and
tr < ¢(a) < —24/d, for @ < a < d.. Moreover, the bifurcation diagram and global
phase portraits in the Poincaré disc of system in Gio are shown in Figure @
where —d, < o <@ < d., and

N = {(a,t.) € R? : o < —d,.},
No ={(ate) ER?: —d, < & < do, to > 2V/d},
Ny ={(a,t.) €ER?: —d, < o < de, 0 < to < 2/d.},
Ny={(a,t.) €R?: —d, < a < d, t.= 0},
N5 = {(a,t.) €eR?*: —d, < a <@, ¢(a)<t.<O0}U
{(o,te) eR?:a < a < d,, —2V/d. < t. <0},
No = {(a,t.) eR?: —d. < a <@, —2V/d. < t. < p(a)},
Ne={(a,te) €R? 1@ < @ < de, $(@) <t < —2v/dc},
Ng ={(a,t.)) eR?: —d. < a <@, t, < —2/d.}
U{(a,t.) ER*:a < a<d., t.< ¢(a)},
Ny = {(a,t.) e R? 1 a > d.},
BEsy = {(a,t.) e R? :a = d,, t. > 2v/d.},
BEs = {(a,t.) € R? s a = d,, to < 2:/d.},

HLs = {(a,t.) €ER®: —d. < a < a* <@, t. = $(a)},
HLs = {(a,t)) eR?: —d, < a = a* < @, t. = ¢(a)},
HLsz = {(a,t.) €R?: —d. < o* < a <@, t.= ¢(a)},
HLsy = {(a,t.) ER?: —d. <@ < a < de, t. = ¢(a)}.

Although homoclinic bifurcation curves of system in Theorem are dif-
ferent from the ones described in Theorem in the region {(a,t.) € R?| —d. <
a < d.} of the (a,t.)-plane, all other bifurcation curves of system in Theorem
[2.5 are the same as those shown in Theorem 2.2} It indicates that 14 global phase
portraits in the Poincaré disc of Theorem can be found in Theorem In
other words, global phase portraits in the Poincaré disc of BE51, BE591, BFEs9,
HL51, I{L527 }IL537 N]_, Ng, ]\737 N4, ]\757 ZV(;7 Ng and Ng of Theoremare the
same as those in the Poincaré disc of BE21, BE221, BEQQQ, HL211, HL2127 HL213,
Ry, Ry, R3, R4, Rs, Rg, Ry and Rs of Theorem [2.2] respectively. Hence, we only
show global phase portraits in the Poincaré disc of N; and H L5714 in Theorem [2.5]
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BEs BE:s:

N Ny

Bifurcation diagram in the (o, t.)-plane of system (1.1 as
(trv tCa tl7 dTv dm dl, O[) S g12

N7 HL54

FIGURE 8. Bifurcation diagram and global phase portraits in the
Poincaré disc of system (1.1) as (¢, t., t;, dy, de, di, @) € Gio.

Theorem 2.6. When (t,,t.,t;,d.,de, di, &) € Gi3, the bifurcation diagram of sys-
tem (1.1)) in the (o, t.)-plane consists of the following bifurcation curves:

(a) Boundary equilibrium bifurcation curves:
BEg = {(o,t.) €ER?*:a = —d.}, BEg = {(a,t.) €R? :a=d.};
(b) Homoclinic bifurcation curve:
HLg = {(a,t.) €R?*: —d. < a < d, t. = ¢(a)},
where the function t. = ¢(«) is continuous, monotonous and satisfies
max{t’, —2v/d.} < ¢p(e) <0 for —d. < a < @,
o(a) = —2\/d, fora=a= qﬁ_l(—Z\/d_c),

and t} < () < =2+/d. for @ < a < d.. Moreover, the bifurcation diagram and
global phase portraits in the Poincaré disc of system (L.1)) in Gi3 are shown in
Figure [0 where —d. < o* <@ < d., and

Ui = {(a,t.) €ER*: a < —d.},
Uy = {(a,t,) €R?: —d. < o < do, . >2v/d.},
Us ={(a,te) €ER?: —de < o < de, 0 < t, <2\/dc},
Uy = {(a,t) € R?: —d, < a < d, t.=0},
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BEa L3 BEs

Bifurcation diagram in the (o, t.)-plane of system (1.1 as
(try tc; tl7 dra dca dl7 Ot) € g13

U7 HL64

FIGURE 9. Bifurcation diagram and global phase portraits in the
Poincaré disc of system (L.1)) as (¢, te, t, dr, de, di, @) € Gi3.

Us ={(a,t;) eR*: —d. < a <@, ¢(a) <t <0}
U{(a,t) eR*:@ < a<de, —2¢/de <t <0},
Us ={(a,te) €ER?: —de < a <@, —21/de < te < $(a)},
Ur ={(a,t.) eR? :a < a < de, d(a) < te < —2V/d.},
Us = {(o,t.) €eR?: —d. < a < @, t. < —2y/d.}
U{(at,) ER*:a < a<d., t. < ¢(a)},
Uy = {(a,tc) eR?: e > d.},
BEgy = {(a,t,) e R? : a = d,, t. > 2\/d.},
BEgy = {(a,t.) e R? s a = do, t, < 2:/d.},

HLei = {(a,t.) €R*: ~d, <a < a* <@, t. = ¢(a)},
HLg = {(a,t;) €R*: —d, < a=a" <@, t. = ()},
HLgs = {(a,t.) ER?: —d. < a* < a <@, t. = d(a)},
HLes = {(at.) €R?: —~d, <@ < a < d,, t. = p(a)}.
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In Theorem the homoclinic bifurcation curves of system are different
from the ones described in Theorem [2.3]in the region {(a, t.) € R?|—d, < a < d..} of
the («, t.)-plane. However, the other bifurcation curves of system in Theorem
2.6l are the same as those described in Theorem 2.3 under the same conditions.
Therefore, 14 global phase portraits in the Poincaré disc of Theorem can be
found in Theorem 2.3} In other words, global phase portraits in the Poincaré disc
of BE61, BE621, BE622, HL61, HL627 I‘IL637 Ul, UQ, Ug, U47 U5, Uﬁ, Ug and U9 of
Theorem are the same as the corresponding ones in the Poincaré disc of BEj31,
BE321, BE322, HL311, HL3127 HL313 and the regions Il, IQ, .[3, .[47 I57 IG, I7, Ig
of Theorem respectively. Thus, we only illustrate global phase portraits in the
Poincaré disc of U; and H Lgy4 as given in Theorem

In addition, note that system is analytic in R?\{T; UT,.} and Lipschitz
continuous in R2. Therefore, classical theorems on the existence, uniqueness and
continuity of solutions hold for system under the initial conditions [26].

3. PRELIMINARIES

We consider a continuous planar piecewise linear differential system in the Liénard
form
j;:F(w)_ya y'zg(m), (31)
where the functions F(z) and g(x) satisfy the following four conditions for € (a, )
with a < 0 < b:
(C1) both F(z) and g(z) are Lipschitz continuous with respect to x;
(C2) F(0) =g(0) =0 and zg(x) > 0 for = # 0;
(C3) there exists a unique switching line & = 0;
(C4) the unique equilibrium point (0,0), is a stable focus as seen from the left
linear zone of the switching line x = 0, and is an unstable focus as seen
from the right linear zone of the switching line z = 0.
Let z(z) := [; g(s)ds with z; := z(b) and 2z := z(a). Obviously, we have
z(z) > 0 for z € (a,0) U (0,b) and z(zx) = 0 for x = 0. Denote two branches of the
inverse of z(x) as z1(z) and x2(z) when « > 0 and x < 0, respectively. Set

Fi(z) := F(x1(2)), Fa(z):= F(x2(2)). (3.2)

Re-write system (3.1) as

dz 2'(z)dxz  g(z)dz

— = = =Fi(2) — 0 3.3

- - Ry ze(0a) (33)
for x > 0, and

dz  2Z'(z)dx  g(z)dz

= - = = FRy(z)—y, z€(0, 3.4

- T T Ry ze (0 (3.4)
for x < 0. From —, we have the following result.

Proposition 3.1. If conditions (C1)—(C4) hold, then we have
(i) The unique equilibrium point O(0,0) of system is an unstable focus if
and only if F1(z) > Fy(2) for 0 < z < 1.
(ii) The unique equilibrium point O(0,0) of system is a stable focus if and
only if F1(z) < Fa(z) for 0 < z < 1.
(iii) The unique equilibrium point O(0,0) of system is a center if and only
if F1(z) = Fo(z2) for 0 < z < 1.




16 M. JIA, Y. SU, H. CHEN EJDE-2023/83

Proof. Note that the existence, uniqueness and continuity of the solution of system
holds under the initial conditions, so the qualitative property of O(0,0) de-
pends on the qualitative property of the left-hand and right-hand linear zones of
the switching line = 0. It follows from condition (C4) that O(0,0) is a focus or
center.

To prove that O(0,0) of system is an unstable focus if and only if F(2) >
Fy(z) for 0 < z < 1, we suppose that O(0,0) is a center, and take a closed
orbit denoted by ~ in a small neighborhood of O(0,0). We denote by A and B
the intersection points of v with the positive and negative y-axis respectively, see
Figure[10fa). Furthermore, we denote the corresponding integral curves of systems
and by 1 and - respectively. Evidently, 71 and 5 are connected by
A and B. We denote by P the intersection point of 7y with the curve Fi(z), as
shown in Figure [I0}(b). If Fi(z) > F»(z) holds in a small neighborhood of O(0,0),
by the comparison theorem [IT], Corollary 6.3] to systems and we know
that o passing through A intersects the curve Fj(z) at C' and 7y, passing through
B intersects the curve Fi(z) at D, where C lies on the right side of P and D lies on
the left side of P. This indicates that system has no integral curves connecting
A and B. This contradicts the existence of v. In other words, O(0,0) is a focus
if F1(2) > F»(z) holds in a small neighborhood of O(0,0). It is easy to see that
0(0,0) is an unstable focus if and only if Fy(z) > Fy(z) for 0 < z < 1.

) 1 F

FIGURE 10. (a) Closed orbit v of system (3.1); (b) Closed orbits
~v1 and o of systems (3.3) and (3.4)) when F(z) > Fy(z).

Similarly, we can prove that O(0,0) is a stable focus if and only if F;(z) < Fy(z)
for 0 < z < 1. If Fi(2) = F3(z) in a small neighborhood of O(0,0), then v, and o
will coincide. This implies that O(0,0) is a center if and only if Fy(z) = Fy(z) for
0<zx 1. g

(C5) The unique equilibrium point (0,0) is an unstable focus as seen from the
left linear zone of the switching line x = 0, and is a stable focus as seen
from the right linear zone of the switching line x = 0.

Proceeding in an analogous manner, we can derive the dual result of Proposition
[3.1] as follows.

Proposition 3.2. If conditions (C1)—(C3), (C5) hold, then we have
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(i) The unique equilibrium point O(0,0) of system is a stable focus if and
only if F1(z) > Fa(z) for 0 < z < 1.
(ii) The unique equilibrium point O(0,0) of system is an unstable focus if
and only if F1(z) < Fa(z) for 0 < z < 1.
(iil) The unique equilibrium point O(0,0) of system is a center if and only
if F1(2) = Fa(z) for 0 < z < 1.

4. LOCAL DYNAMICS OF SYSTEM (|1.1))

Lemma 4.1. When d. > 0 in G1, system has no equilibrium points if a <
—d.; one equilibrium point Ey if a« = —d.; two equilibrium points E1 and E. if
—d, < a < d; two equilibrium points Fy and E.. if o = d;; and two equilibrium
points Ep and E, if a > d.. The qualitative properties of these equilibrium points
are shown in Table [l where E; : ((a +d.)/d; — 1, t)(ac 4+ de)/di — tc) lies in Sy,
E.: (a/de tea/de) lies in Se, By : ((a —de)/dr + 1,8 (o — de)/dr + t.) lies in Sy,
E. : (—1,—t.) lies on the left switching line Ty, and E. : (1,t.) lies on the right
switching line T',..

TABLE 1. Qualitative properties of finite equilibrium points of sys-

tem (1.1) with d. > 0 in Gy

Possibilities t,, te, dr, dc, @ Number, Stability and Type
a < —d. 0
te <0 | te? —4d. <0 1, E.; cusp (Fig. Eka))
te2 —4d. >0 1, B saddle-node (Fig. [11[(b))
a = —d. te =0 1, E.; cusp (Fig. [11)c))
te>0 | t.2—4d. <0 1, E¢ cusp (Fig. [11)d))
te? —4d. >0 1, B saddle-node (Fig. [11[e))
te <0 | te? —4d. <0 2, E; saddle, E. stable focus
te? — 4d, >0 2, E; saddle, E. stable node
—de < a<de | te=0 2, E; saddle, E. center
te >0 | te? —4d. <0 2, E7 saddle, E. unstable focus
de >0 t.2 —4d. >0 2, E; saddle, E. unstable node
te <0 | te?2—4d. <0 | t.2 —4d,. <0 2, FE, saddle, E., a focus or center
t.2 —4d, >0 | 2, E; saddle, E,, focus-node (Fig. [11[f))
to2—4d, >0 | t,.2 —4d, < 0 | 2, E; saddle, E,, node-focus (Fig. [11[g))
t,2 —4d,. > 0 | 2, Eq saddle, E., node-node (Fig. [11|(h))
a=d. te =0 t.2 —4d, <0 | 2, E; saddle, E., unstable focus (Fig. ll_lkl))
t,.2 —4d, >0 | 2, E; saddle, E., focus-node (Fig. [11(j))
te >0 | to2 —4d. <0 | t,.2 —4d, <0 | 2, E; saddle, E., unstable focus
t.2 —4d, >0 | 2, E; saddle, E., focus-node (Fig. [11(k))
to2—4d, >0 | t,.2 —4d, < 0 | 2, E; saddle, E,, node-focus (Fig. [11[1))
t,.2 — 4d, >0 | 2, E; saddle, E., unstable node
a > de t.2 —4d, <0 2, E7 saddle, E,. unstable focus
t.2 — 4d, >0 | 2, E; saddle, E, unstable node

Proof. As we know, the number of equilibrium points of system is determined
by the number of roots of g(z) = a. If d. > 0 in Gy, by a direct calculation, we
see that system exhibits two equilibrium points E; and FE, for a > d., two
equilibrium points F; and E.,. for a = d., two equilibrium points FE; and E. for
—d. < a < dg, one equilibrium point E, for « = —d., and no equilibrium points
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for @ < —d,, as shown in Table[I} The Jacobian matrices at E;, E, and E, have
the forms respectively

[t -1 [te -1 [t -1
JEl.—[dl 0}, JEC._[dC 0], JET._[dT 0].

From det Jg, = dy <0, det Jg, = d. > 0 and det Jg, = d, > 0, it follows that £
is a saddle and F. and E, are anti-saddles, as shown in Table

1
|
]
1

ol
i
i
v
[

|2_
() te>0, .2 —4d, <0 () t, >0, t.2 —4d, >0 (f) te, <0 te” —dde <0,

t.2 —4d, >0

.I III_JEI-..-‘\_. L E -
! A
=3 ] [ ae
e | [ II' ol
\\1 A N

t. < 0, 'tCQ —4d. > 0
() t.2—4d,. >0

: 2 42
N 0.b2 ad >0 (k) e > 05 t2 —4de <0,y te >0, 8.7 —4de > 0,
() te=0.6"=4dr 20 (k) 57 )5 W2 ad, <0

FIGURE 11. Qualitative properties of F.; and E., of system (|1.1)
with d. > 0 in G;
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It follows that the qualitative property of E. (resp. E..) depends on the qual-
itative property of the left-hand and right-hand linear zones of the switching line
Iy (resp. I';). The equilibrium point E., is an unstable focus as seen from S, and
is an unstable focus as seen from S, for t, > 0, t.2 — 4d, < 0 and t,2 — 4d, < 0.
Therefore, E., is an unstable focus in the above case. The equilibrium point F,, is
a stable focus as seen from S,, but is an unstable focus as seen from S, for t. < 0,
t2 —4d. < 0 and t,2 — 4d, < 0. Then, E., can be a focus or center (see Lemma
5.9). The equilibrium point FE., is a stable node as seen from S, and is an unstable
node as seen from S,. So E.. is a node-node, as shown in Figure h). More
similar results are illustrated in Figure [L1] as well. (I

Lemma 4.2. [2I] Equilibrium points at infinity of system (1.1|) in the Poincaré
disc are shown in Figure in the region G .

—4d, <0 t2—4d, =0 t2 —4d, >0

FIGURE 12. Equilibrium points at infinity of system (L.1)) in the
Poincaré disc in G;

5. NONLOCAL DYNAMICS OF SYSTEM (|1.1))

In this section, we study limit cycles and homoclinic loops of system with
d. > 0 in the region G;. By Lemma E; lies on the left switching line I'; and
is a half of a saddle in S;. Namely, system has two invariant lines in S;. We
know that system has no limit cycles and homoclinic loops when o« = —d,. < 0.
Therefore, we only need to investigate limit cycles and homoclinic loops of system
when o« > —d. and d. > 0. When d. > 0, we separate our discussions into
three cases —d. < a < d., a = d. and a > d., respectively.

5.1. Limit cycles and homoclinic loops for d. > 0 and —d. < a < d. in G;.
According to Lcmma system has two equilibrium points F; and E, when
de > 0 and —d. < a < d. in G;. Moreover, F; is a saddle and F. is a node for
t2 —4d. > 0, t. # 0 or a focus for t2 — 4d, < 0, t. # 0 or a center for t. = 0. Set
m := a/d.. Then, the coordinates of E, can be rewritten as (m,t.m). By making
a linear transformation

r—=x+m, Yy—y+im,

system (|1.1)) reduces to
— =g(z), (5.1)
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tr(x+m—1)+t.(—m+1),
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ifex>-m+1,

F(z) = q te, if —m—-1<z<-m+1,
tilz+m+1)+t(—m—1), ifz<-m-—1,
de(x4+m—1)4+de(-m+1), ifz>-m+1,

g(z) = < dex, if —m—1<z<-m+1,

di(x+m+1)+d.(—m —1),

fx<-—-m-—1.

It is easy to see that F. of system is moved to O(0, 0) of system and F;
of system (1.1]) is moved to Ny(d.(m + 1)/d; — m — 1,tid.(m + 1)/d; — t.(m + 1))
of system . Clearly, we have —m + 1 > 0 and —m — 1 < 0 because of d. > 0
and —d. < a < d.. The plane R? is divided into three open linear zones

S i={(z,y) eR?: 2z < —m — 1},
S.i={(z,y) eR*: —m—1<z<-—m+1},
S ={(z,y) eR?*: 2> -—m+1}

by two straight lines I := {(z,9) € R2 : 2 = —m — 1} and T, := {(z,y) € R? :
x = —m + 1}. For simplicity, for system (5.1)) we still use F' and g to represent F
and g, respectively. Note that systems nd are topologically equivalent.
Therefore, we only need to study limit cycles and homoclinic loops of system
to obtain the corresponding results for system by a translation.

In the following lemma, we show the nonexistence of limit cycles and homoclinic
loops of system with d. > 0 and —d, < @ < d, in G;.

Lemma 5.1. Assume that d. > 0 and —d. < o < d. in Gy. System (1.1)) exhibits
neither limit cycles nor homoclinic loops when t, > 0 or t, < t}, where

b= do) +tpyf(a = do)? + dad, — F(@+ ) 4(q 44,
th=— -
c 2d7" + 2dl

Proof. Tt follows from Lemma [£.1] that system has two equilibrium points IN;
and O when d. > 0 and —d. < a < d. in G;. Moreover, N; is a saddle, and O is
a node for t2 —4d. > 0, t. # 0 or a focus for t2 —4d. < 0, t. # 0 or a center for
t. = 0. To study the nonexistence of limit cycles and homoclinic loops of system
, we set a generalized Filippov transformation

)= [ aloyis

where z1(z) and z4(z) are the branches of the inverse of z(z) for > 0 and z < 0
respectively. Denote the abscissa of saddle point N; by zy, 1= de(m+1)/d;—m—1.
We know that limit cycles of system must only surround O by the index theory
[38, Chapter 4] if they exist. Therefore, it suffices to consider = € (zy,, +00). From
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system (|5.1)) it follows that
de2® 4 (d, —do)(m — 1)z + L(dy — d)(m —1)2
ifex>-m+1,
2r)={ %8 i —m—1<z<-m+1, (5.2)
dﬂ + (dy — de)(m + 1)z + 3(d; — de)(m + 1)2
1fa:Nl <r<-m-—1.

Moreover,
(delomtl)” m+1)” ,+00), ifz>-m+1,
(@) € [,ﬂ]y fo<z<-m+1,
(0, detmD®y if —m—1<z<0,
(Gelmtl)” (m+1)2 ZN,), oy <z <—-m-—1,

where 2y, 1= d.(d; — d.)(m + 1)%/(2d,). It follows from (5.2) that
[2z fo<z<-m+1
331(2):{ " e (5.3)

hi(z) —m+1, ifz>-m+1,

—. /2% if —m—1< 0
wa(z) =9 Vi Pommasrsh (5.4)
ho(z) —m—1, ifzy <z <-m-—1,
with
—de(—m +1) + /(=dyd. + d2)(—m + 1)2 + 2d,.2
hl(Z) = d s
_dc(_m B 1) — \/(_dldc + dg)(_m — 1)2 + 2dlZ
ha(z) := a .

Let Fi(2) := F(x1(2)) and Fs(2) := F(x2(2)). Proving that Fi(z) > Fy(z) or
Fi(z) < Fy(z) for z € (0,2y,), is equivalent to that there are no limit cycles and
homoclinic loops [27, Section 6]. Based on (5.3)) and (5.4]), we derive

ter) 2, if 0 < z < delomtD?
Fi(z) = de T (5.5)
tohi(2) +to(—=m + 1), if z > Sl
and
—tey/ 2, 0 < 2 < delmt)?
Fy(z) = d (er;)z ? (5.6)
tth(Z) +te(—m —1), if =5F— <z <z,
From (5.5) and (5.6)) it follows that
Fi(z) — F»(z)
2, /2, it 0 < z < delomal)?
: (5.7)

toha(2) + to(—m A 1)+ foy /22, if S o o delmi )
tohy(2) — tiha(2) + 2te, if demtD® oo <y,



22 M. JIA, Y. SU, H. CHEN EJDE-2023/83
for 0 < a < d,, and
Fi(z) — Fa(2)

20/ 22, ifo<z<%, (5.8)
B —de+r/—drde+d2+2d,. de—/—didc+d2+2d; .
t, - = -t o 42t if 'l <z<ay,

for « = 0, and
Fi(z) — Fa(2)

2,\/2, if 0 < z < delmtl)
‘ (5.9)
= 3t/ Z — tiha(2) +te(m + 1), if LB o 5 < deloml)
tohy(2) — tiha(2) + 2t if deCmtD)® 5 o2y,

for —d. < a < 0.
We consider the value of Fy(z) — Fa(z) for 0 < a < d. by three cases t. > 0,

te =0 and t. <0, see (5.7).
Case (al) When t. > 0, we have Fy(2) — Fa(z) > 0 for 2z € (0,d.(—m +1)2/2],

and
tr te

+
V(=drde +d2)(—m+1)2 +2d,z  V2d.z
for z € (de(—m +1)%/2,d.(m + 1)?/2], and
Fi(2) = F3(2)

>0

Fi() - Fy(z) =

t, t
= + l >0

V(=drde +d2)(—m+1)2 +2d,z  \/(—didc +d2)(—m — 1)2 + 2d;2
for z € (de(m +1)2/2, 2n,). Therefore, we have Fy(z) — Fa(2) > 0 for z € (0, zy,).
According to [27] Section 6], we know that system (5.1) has no limit cycles and
homoclinic loops for t. > 0, 0 < a < d. and d. > 0.
Case (a2) When t. = 0, we have F(z) — F»(z) = 0 for z € (0,d.(—m + 1)?/2] and
F{(2)—=F5(2) > 0 for z € (de(—m + 1)?/2, zy,). Hence, we obtain Fy(z) — Fy(z) > 0
for z € (0, zn, ), which implies that system (5.1]) has no limit cycles and homoclinic
loops according to [27 Section 6] when ¢t. =0, 0 < o < d.. and d. > 0.
Case (a3) When t. < 0, we have F;(z) — Fp(z) < 0 for 2z € (0,d.(—m +1)2/2].
For z € (de(—m + 1)%/2,d.(m + 1)?/2], a routine computation gives rise to

Fl(2) — Fi(z) = —te/2d, % + ter/(—drde + d2)(—m + 1)% + 2d, 2
<0, ift.<—t,,
=0, ift.=—t,,
>0, ift,>—t,

for t2d. — t2d, = 0; and
<0, if z < zp,
Fi(z) = F3(2) { =0, if 2 = 2,
>0, if z> 2z
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for t2d, — t2d, > 0; and
> 0, if 2 < 20,
Fl(z) = Fy(2){ =0, if z= z,
<0, if z > z
for t2d, — t2d, < 0, where
t2(—dyd. + d2)(—m +1)?

= 1
=0 2(t2d, — 2d,) (5.10)
If t2d. — t2d, < 0 and zg € (d.(—m + 1)?/2,d.(m + 1)? /2], then
(F1(2) = F2(2))|:=z
—d.(— 1 —d,d. + d?)(— 1)2 + 2d,
_ o Shm D+ VEdde A B)Cm AP Moz gy 20
d, d
—tyde + ted, — \/(—d, + d,)(t2d. — £2d,
= ( \/(d I ))(—m+1)<0.

If t, < t., then
(F1(2) — F2(2))] _

—do(—m +1) + \/d2(—m + 1)% + 4d,d.m

de(m+1)2
2

=t 4 +t(—m+1) +t.(m+1)
— — 2(_ 2
e de( m+1)+\/dzi( m +1)2 4 4d,.d.m Lot <0,

where

. tr(a—de) + tr/(a — d.)? + dad,
o 2d, ‘
As z € (d.(m +1)%/2, zn,), if t. < %, then F|(z) — F5(z) > 0 and

(F1(2) = F2(2))]z=2,

de(m — 1) + /&2(—m + 1)? + ddydem — SR (m+ 12 4q (m + 1)
d, -

=1,

+ 2%,
< 0.

It is easy to check that t* < .. So we have Fi(z) — Fa(z) < 0 for z € (0,2y,)
if t. < tf. According to [27, Section 6], system exhibits no limit cycles and
homoclinic loops when t. <1}, 0 < a < d. and d. > 0.
We now consider the value of Fy(z) — Fa(z) for a = 0 by three cases t, > 0,
t. =0 and t. <0, see .
Case (b1l) When ¢, > 0, we have Fi(z) — F»(z) > 0 for z € (0,d./2], and
t, t;
= + >
V-dide +d2+2d,z \/—did. + d% +2d;z
for z € (d./2,d.(d; — d.)/(2d;)). Therefore, Fy(z) — F5(z) > 0 for z in the interval
(0,d.(d; — d.)/(2d;)). Tt follows from [27), Section 6] that system exhibits no
limit cycles and homoclinic loops when ¢, > 0, = 0 and d. > 0.
Case (b2) When ¢, = 0, we have Fy(z) — F3(z) = 0 for z € (0,d./2] and F](z) —
Fi(z) > 0 for z € (d./2,zn,). It implies that Fy(z) — Fa(z) > 0 for z € (0, 2y,).

Fi(z) = F3(2)

i
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Therefore, system ([5.1]) exhibits no limit cycles and homoclinic loops [27, Section
6], when t. =0, « = 0 and d. > 0.

Case (b3) When t. < 0, it follows that Fy(z) — Fa(z) < 0 for z € (0,d./2] and
F{(z) — Fj(z) > 0 for z € (d./2,d.(d; — d.)/(2d;)). Furthermore, we have

—do+ B g
(Fi(2) = Fo(2))|_ deta)—ae) =ty Lo e 4o <0,
F=""aq; d, d;

when

d;

—tpde + by fd2 - S5
2d, 2,

te < —

Note that ¢} with o =0 is

tr = (—tode + te /@2 = &ed2]d;) [ (2d,) + ide/(24)).

Therefore, we obtain Fy(z) — Fa(z) < 0 for z € (0,d.(d; — d.)/(2dy)) if t. < ¢3.
Based on [27, Section 6], system (5.1) has no limit cycles and homoclinic loops
when t. <}, o« =0 and d. > 0.

Next, we discuss the sign of Fy(z) — Fa(z) for —d. < a < 0 by three cases t. > 0,
t. =0 and t. <0, see (5.9).
Case (c1) When t, > 0, we have Fy(z) — Fy(z) > 0 for z € (0,d.(m + 1)?/2], and

t te
+

V(=dide + 2)(—m —1)2 + 2d;z  V2dcz
for 2 € (de(m +1)2/2,d.(—m + 1)%/2], and

F(z) = F3(2)

Fl(z) - Fy(z) =

>0,

tr t
= + ! >0
\/(—drdC +d2)(—m+1)%2+2d,z \/(—dldc +d?2)(—m —1)%2 4 2d;z

for z € (de(—m +1)?/2, zn,). Thus, we obtain Fy(z) — Fy(z) > 0 for z € (0, zn,).
From [27, Section 6], it follows that system (5.1)) exhibits no limit cycles and ho-
moclinic loops for t. > 0, —d. < a < 0 and d. > 0.

Case (c2). When t. = 0, we find Fy(z) — Fa(z) = 0 for z € (0,d.(m + 1)?/2] and
F{(z) = Fi(2) > 0 for z € (de(m + 1)?/2, 2, ), which means that Fy(z) — Fz(z) >0
for z € (0,zn,). Then, system (5.1)) has no limit cycles and homoclinic loops
according to [27), Section 6], when t. =0, —d. < o < 0 and d. > 0.

Case (c3). When t, < 0, we find F;(z) — Fa(2) < 0 for 2z € (0,d.(m + 1)?/2]. For
z € (de(m +1)2/2,d.(—m + 1)?/2], a routine computation gives rise to

<0, if z < zg,
Fl(z) = F3(2) =0, if z = z,
>0, if z > z,

because t?d. — t2d; > 0, where zq is given in (5.10). When ¢, < t., it follows that
(F1(2) — F2(2))]

_ 2
o= del 72n+1)

de(—m — 1) — \/d2(m + 1)% — 4dd;d.m

=to(—m+1) —to(—m—1) — t;— y
l
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de(—m — 1) + \/d2(m + 1)2 — 4d;d.m

=t
l 4

+2t, < 0,

where

P t(a+ dc) — tl\/(oz +d.)? — dad;

o 2d,
For z € (d.(m + 1)%/2, zn,), it holds that F{(z) — F5(z) > 0. If ¢, < t, then

Fi(z) - F2(2)|Z: dc<dr§%)<m+1>2 <0.
1

We see that t* < t. implies F} (2)—F»(z) < 0 for z € (0, zw, ) if t. < t5. According
to [27), Section 6], system exhibits no limit cycles and homoclinic loops when
te <tX, —d. <a<0andd.>0.

From Cases (al), (a2), (bl), (b2), (c1), and (c2), we obtain that system
exhibits neither limit cycles nor homoclinic loops when t. > 0, —d. < a < d. and
d. > 0 in G;. System has neither limit cycles nor homoclinic loops by Cases
(a3), (b3) and (c3), when t. < t}, —d. < o < d, and d. > 0 in G;. O

From Lemma it suffices to study the existence of limit cycles of system
when d. > 0, —d. < a < d. and t} <t. < 0in G;. From Lemma we know that
system has two equilibrium points E; and E. when d. > 0, —d. < a < d. and
t; <t.<0in G;. Moreover, E is a saddle and E. is a stable node for tg —4d, >0
or a stable focus for ti —4d. < 0. Since E. lies in S, and limit cycles of system
must only surround E. by the index theory [38, Chapter 4], we obtain the existence
of small limit cycles of system when d. > 0, —d. < o < d. and t} <t. <0 in
G, as follows.

Lemma 5.2. Assume that d. > 0 and —d. < a < d. in G1. Ift; <t. <0, then
the following two assertions hold.
(a) System (1.1)) exhibits no small limit cycles when t.> — 4d, > 0.
(b) System exhibits at most one small limit cycle that is unstable when
te? —4d. < 0. The small limit cycle lies in SGUT,US, if t. > tid./d; or in
S UT,US, if te > —tpr/de/dy.

Proof. When d. > 0, —d. < a < d. and t. < 0 in Gy, it follows from Lemma {4.1
that system has two equilibrium points N; and O, N; is a saddle, and O is a
stable node for ¢.2 —4d. > 0 or a stable focus for ¢.2 —4d. < 0. Applying the index
theory [38, Chapter 4], we know that limit cycle of system must surround O
if it exists. Therefore, we study the existence of small limit cycles of system
by analyzing the dynamical behavior of O. Given t.? —4d,. > 0, since O is a stable
node, system has at least one invariant line in gc, namely, there is no small
limit cycle. Thus we arrive at the desire result (a). Given t.> — 4d. < 0, we note
that small limit cycle of system lies in §l Ufl Ugc or in gc UfT Ugr if it exists.
We discuss it by classification in what follows.

Firstly, we denote the small limit cycle of system by I'y. The small limit
cycle I'y lies in §l U fl U <S~’C, as shown in Figure a). Moreover, Ay, By, C1, D1,
E,, Fy, G1, and H; are points on I'y, the points A;,G; lie on the line z = 0,
the points By, F; lie on the left switching line fh the points C1, Fq lie on the line
x = te(m+1)/t; —m — 1, and Dy, Hy are the intersection points of T'; and the
curve y = F'(z). We claim that the intersection point of I'; and the negative z-axis
lies in the region {z € R|zy, < z < z*}, where zn, = de(m +1)/d; —m — 1 is
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=Fig)

14

Small limit cycle of T'y of (5.1)) I’y lies in the (p — y)-plane

FIGURE 13. Small limit cycles of system (5.1)) in g’l U fl U g’c

the abscissa of saddle point N; and z* :=t.(m + 1)/t; — m — 1 satisfies F(z*) = 0.
Otherwise, we have

dE = g(x)F(z) <0,
'
when the intersection point of T'; and the negative z-axis lies in the region {z €
R|z* <z < 0}, where
2

E(x,y) := /Of” g(s)ds + %

is an energy function along the vector field of system (5.1). This contradicts the
fact that . dE = 0.
To prove that

F'(z)dt > 0,
Iy

(5.11)

which indicates that the small limit cycle I'y is unstable and hyperbolic [T, Propo-
sisition 3.1], we let p := F(z) and denote by z1(p) and x2(p) the branches of the
inverse of p(z) for —-m —1 <z < —m+1 and zn, < £ < —m — 1, respectively.
From system it follows that

z1(p) = tg’ for to(—m+1) <p < —t.(m+1),
_p | (te—t)(m+1)
z2(p) = e (5.12)
tid 1
for —t.(m+1)+ % <p< —t(m+1).
1
We re-write (5.1) as
d A
WP e (1o m + 1), —telm+ 1)
d )\f) Y fido(m + 1) (5.13)
Y 2\p 1ac(Mm
= . pE(~tem+1)+ 2T (m+ 1),
D20 e ety + (m+1)
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where

_ 9(z1) _ dep _ 9l@2) _dip  (tedr —tidc)(m+1)
)\1(]7) T F/(J?1> - 12 5 )\2(p) . FI(LUQ) - ? tlz .

If M (p) = A2(p), then

_ t2(ted) — tyd.)(m + 1)
Po= t2d, — t2d,

(5.14)

From the sign of § of system , we know that ya, > yp, > yc, > 0 and
0> yg, > yr > Ya,, Where ya,, yn,, Yo,, Yg,, Yr, and yg, are the ordinates of
Ay, By, C1, E1, Fy and G, respectively. It means that pg < 0 if it exists. Then,
t. > tid./d;. Denote z7 := x1(po) and x5 := x2(po). Evidently, we have

te(m+1)

le<£L';< p
l

-m—-1<0<z]<-m+1. (5.15)

We claim that pg exists and pg < 0, i.e., I'; intersects with the lines z = =] and
x = z5. Otherwise, it follows from the comparison theorem [I1], Corollary 6.3] that
it contradicts the existence of the small limit cycle I';. We denote

Fl = U?:ll—‘u,

where I'11, I'12, I'13 and I'14 are the parts of I'; located in the regions 0 < x <
—-m+1, —-m—-1<z<0,2" <z<-m-—1, and zn, <z < z*, respectively. The
small limit cycle I'; in the (p,y)-plane is indicated in Figure [[3[b). We have

F'(x)dt + / F'(z)dt

INT!

7tc(m+1) dp 7tc(m+1) dp 7tc(m+1) dp 7tc(m+1) dp
/0 Pp—u /0 bp—= /O P—=Y2 0 p— 2

el ) —t.(m+1) ()
_/0 == CEEA e (5.16)

where y; and yo represent the orbit segments I'15 and T'y3 respectively, which lie
above y = p, and z; and 29 represent the orbit segments I';5 and I'13 respectively,
which lie below y = p. We now compare two integral curves I'y; and I'14. By
a change of coordinate transformation p — up,y — uy with g4 = yp,/ym,, L1
(m) is an orbit segment crossing through D;, where p < 0, and A and G are
points on I'1; and both lie on the y-axis. The functions 7; and Z; represent the orbit
segments I';; respectively, which lie above and below the line y = p. Therefore,

T2

F(x)dt = /  Fladi= //\ F@di= [ Fayd. — (5.17)
T Gi1H1 Ay GD, A Ti1

Note that ¥, (pp,) = y2(pp,) = Z1(pp,) = 22(PD, ), ¥1(0) > 92(0) and z,(0) <
22(0). By the uniqueness of zero of the equation A1 (p) = A2(p), we have 7, (p) >
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y2(p) and Z1(p) < z2(p) for p € (pp,,0). Then

/7F’(x)dt+/ F'(z)dt

INT] Tia

PDy d PDy d PDy d PDy d
:—/ P +/ P +/ P —/ p (5.18)
0 P—Yy 0 p—z 0 P—=Y2 0 p— 22

[ et mea
o =T)p-y) Jo (@-Z1)Fp-=2)

So, we see that follows from — immediately when ¢, > tldf/dl.N

We claim that system has at most one small limit cycle in S UT; U S,.

Otherwise, there are at least two small limit cycles denoted by I's; and I'ss in

g[ U fl U gc, where I's; and T's are adjacent to each other. From (5.11)) it follows
that

?{ F'(z)dt > 0, % F'(z)dt > 0.
Fsl FsZ

In other words, I's; and I'yy are all unstable [7, Proposisition 3.1]. According to
the Poincaré-Bendixson Theorem, there exists a stable limit cycle between I'g; and

I's2, which contradicts (5.11)).

=) —

Small limit cycle 'y of (5.1)) Iy lies in the (p,y)-plane

FIGURE 14. Small limit cycles of system (5.1)) in §C U fr U g,«

Secondly, we take the small limit cycle of system that lies in g‘c U fr U g},
denoted by I's, as shown in Figure [14{(a). Note that Ay, Ba, Co, Do, Eo, F5, Go, Ho
are points on I'y, the points A, G2 lie on the line = 0, the points B, F5 lie on the
right switching line I'y., the points Cy, Es lie on the line # = t,(m — 1)/t, —m + 1,
and Do, Hy are the intersection points of I's and the curve y = F(z). Set p := F(x).
Then, the limit cycle I’y in the (p, y)-plane is displayed in Figure b). Similarly,
we can prove that

F'(x)dt > 0, (5.19)

1Y
ift, > —t,.+/d./d,, and system has at most one small limit cycle in ‘SN’CUI:TUgT.
In addition, it is impossible for a limit cycle to lie in gc u f,n U g,«, when a limit
cycle lies in S UT; US,. The proof is complete. O
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Lemma 5.3. Assume that d. > 0 and —d. < a < d. in G1. Ift; <t. <0, then
the following two assertions hold:
(a) System exhibits at most one limit cycle when t.2> —4d, > 0. Moreover,
the limit cycle is large if it exists.
(b) System ezhibits at most two limit cycles when t.>—4d. < 0. Moreover,
it consists of a small limit cycle and a large limit cycle if they exist.

FiGure 15. (a) Two large limit cycles I's and T'y of system (5.1));
(b) Orbit segments BsD3F3 and ByDyFy.

Proof. Tt follows from Lemma that system has two equilibrium points N;
and O asd, > 0, —d. < a < d. and t. < 0 in G;. A straightforward calculation
shows that IV; is a saddle, and O is a stable node for t.2 — 4d. > 0 or a stable focus
for t.2 —4d. < 0. By the index theory [38, Chapter 4], we know that the limit cycle
of system only surrounds O if it exists. Based on Lemma we continue
to investigate the existence of large limit cycles of system . We take any two
large limit cycles of system ([5.1) denoted by I's and I'y that are adjacent to each
other, as indicated in Figurea). The large limit cycle I's is the innermost one,
Ai, Bi, Ci7 Di) Ei; Fi; Gi; Hi, Ii7 Ji, Ki, L,L are points on FZ‘, the abscissa of Bi, F,L is
—m — 1, the abscissa of C;, E; is t.(m + 1)/t; — m — 1, the abscissa of H;, L; is
m — 1, and the abscissa of I, K; is t.(m —1)/t, —m + 1 for i = 3,4. Following [9],
we now prove that
7( Fl(a)dt < 74 F/(x)dt. (5.20)
s Ty
Let ys(x) and y4(z) represent the orbit segments Lg/Ag\Bg and L4/A4\B4, respec-
tively. It follows that

/Ls/A;33 F'(z)dt — /Lm4 F'(z)dt
B —m—1 F/(JZ) . —-m—1 F’(x) i
= o w@® L o (5:21)
/ml F'(z)(y3(x) — ya(x)) d
me1  (F(z) = y3(2))(F(z) — ya(z))

x <0,
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because of F'(x) =t. <0, y3(x) —ya(x) < 0 and (F(z) — y3(x))(F(x) —ya(x)) > 0
for z € (—m — 1,m — 1). Similarly, we can obtain

//\ F’(m)dt—/F/\ F'(z)dt < 0. (5.22)

F3G3H3 4G4H4

Consider a system without the switching lines

p _
S =tle+m+ ) +t(-m—1)—y:=F) -y,
) (5.23)
di; =di(z +m+1) +de(—m — 1) :=g(),

in the region {(z,y) € R? : z < 0}. Since systems (5.1)) and (5.23)) are the same
in the region {(z,y) € R? : z < —m — 1}, we turn to study two orbit segments

Bg/Dg\Fg and B4/Dﬁ’4 in system ([5.23)) for simplicity, as displayed in Figureﬁ(\).
We denote by P; and @Q; the first intersection point of the orbit segment B;D;F;
and y-axis for ¢ = 3,4 respectively, as t decreases and increases. To show that

/A F(z)dt = /A F(x)dt, (5.24)
P;D3Qs3 PyD4Qa
using p = F(x) we re-write system as
dy  dip+tedi(m+1) —tide(m + 1)
dp t2(p—vy) '
By making /aihange of coordinate transformation p — up, y — py with p =

YD, /YDs, P3D3Q3 becomes an orbit segment crossing through Dy of system (5.25)).
Therefore, we obtain (5.24)). A routine computation gives rise to

/ T (2)dt — / T (2)dt
P3B; PiBs
—

(T F@ [ F@)
_/0 () () /0 o) - @) (526)
_ /’”1 _ F(@) @) - 7@)

o (F@) - m@) (Flo) - 7))

where g3(x) and yz(z) represent the orbit segments .P/3E3 and P/4§4 respectively.

Combining (5.24)) and ([5.26) yields

(5.25)

—/

dx > 0,

/ F'(z)dt — / F'(z)dt < 0. (5.27)
BsDs3Fs BiD,Fy
Similarly, we have
/ F'(z)dt — / F'(z)dt < 0. (5.28)
HsJsLs HadaLa

Hence, inequality (5.20)) follows from ([5.21))-(5.22)) and (5.27)-(5.28) immediately.

(a) When t.2 — 4d. > 0, we suppose that system ([5.1)) has at least two large limit
cycles denoted by I';; and I'j3, where I'j; and I'jp are adjacent to each other and
T';; lies in the interior of I'j5. By Lemma system ({5.1]) has no small limit cycles
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when t.2 —4d. > 0. It means that I';; is internally unstable. From (5.20) it follows
that

j{ F'(z)dt =0, % F'(z)dt > 0.
F[l 1—‘l2

In other words, I';; is semi-stable (internally unstable and externally stable) and
T';2 is unstable [7, Proposisition 3.1]. When a; < a2, we obtain

F(2)|t.=a, =y 9(x)
F(@)lte=az =y 9(2)

zg(z)(ag —a2) <0, —-m—-1<z<-m+1,
de(m+1)

di

where the equality sign obviously cannot hold for the entire closed orbit of system
(5.1). Hence, the vector field (F(x) — y,g(x)) of system is rotated about ¢,
by [22] Definition 1.6] or [38, Definition 3.3]. It follows from [38, Theorem 3.4]
that the semi-stable limit cycle I';; will bifurcate into at least one unstable limit
cycle and one stable limit cycle when t. varies in the suitable direction. This
contradicts . Thus, we infer that system has at most one limit cycle
when t.2 — 4d. > 0. Moreover, the limit cycle is large if it exists.

(b) When t.2 — 4d. < 0, we know that system has at most one small limit
cycle by Lemma and the small limit cycle is unstable if it exists. If system
has no small limit cycles for t.? — 4d. < 0, the proof of which there is at most one
large limit cycle is the same as the proof of Part (a), Therefore, we omit it.

We denote the small limit cycle of system by 7vs. We only need to study the
existence of large limit cycles when -, exists. Assume that system exhibits
at least three large limit cycles when -, exists, denoted by ~;1, 2 and -3, where
~;1 lies in the interior of ;2 and ;2 lies in the interior of ;3. Since the small limit

cycle s is unstable, by ([5.20) we have
7( F'(2)dt < 0,
Vi1

In other words, ~;; is stable, v;2 is semi-stable (internally unstable and externally
stable) and 73 is unstable [7, Proposisition 3.1]. When t. varies in the suitable
direction, it follows from [38, Theorem 3.4] that the semi-stable limit cycle ;o will
bifurcate into at least one unstable limit cycle and one stable limit cycle. This
contradicts .

We then suppose that system has two large limit cycles when -y, exists,
denoted by ;1 and 2, where 1 lies in the interior of 7. Since the small limit cycle
vs is unstable, we find that v is internally stable. If 41 or 75 is semi-stable, then
there are three large limit cycles by [38, Theorem 3.4] when ¢, varies in the suitable
direction. This is a contradiction. Therefore, we infer that v, is stable and -5 is
unstable, i.e.,

(—m+ Dg(z)(a1 —az) <0, x>-m+1,

—(m+1)g(z)(a1 — a2) < 0, -—m—-1l<z<-m-—1,

F'(2)dt =0, 74 F'(2)dt > 0.
Y3

Yi2

F'(z)dt <0, F'(z)dt > 0.
71 2
According to [38, Theorem 3.3], it follows that the attracting limit cycle of system
(5.1) contracts and the repelling limit cycle of system (5.1)) expands when ¢, de-
creases. Therefore, 75 and ~; will coincide and become a semi-stable limit cycle
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~ (internally unstable and externally stable) when t¢. decreases to a certain value.
If t. continues to decrease, then the semi-stable limit cycle v will disappear by
[38, Theorem 3.3] again. It implies that system has one limit cycle v when
t. — —oo. This contradicts the nonexistence of limit cycles of system when
t. — —oo (see Lemma . Therefore, we have arrived at the desired result. O

From Lemma we only need to study homoclinic loops of system when
de >0, —d. < a <d.and t}; <t. <0in G;. It follows from Lemma [£.1] that E; of
system is a saddle and E. of system is a stable focus for t.? —4d. < 0 or
a stable node for ¢.% —4d, > 0 when d. > 0, —d. < a < d. and t} < t. < 0in G;. It
is notable that t* may be greater than or less than or equal to —2+/d... Therefore,
we study homoclinic loops of system for two cases max{t:, —2v/d.} < t. <0
and t} < t. < —2y/d.. In the case of max{t*, —2/d.} < t. < 0, homoclinic loops
of system may involve two or three linear zones because E. is a stable focus.
In the case of t} < t. < —21/d,, homoclinic loops of system only involve three
linear zones because E. is a stable node, so there is invariant line in S..

Lemma 5.4. When d. > 0, —d. < a < d. and max{t},—2vd.} < t. < 0 in
G1, there is a continuous function t. = ¢(a) € (max{t:, —2v/d.},0) and a value
o* € (—d.,d.) such that the following three assertions are true.

(a) System erhibits a unique homoclinic loop involving two linear zones
when t. = ¢(a) for a < o, and the homoclinic loop is unstable.

(b) System ezhibits a unique homoclinic loop that is tangent to I, when
t. = ¢(a) for a = a*, and the homoclinic loop is unstable.

(c) System ezhibits a unique homoclinic loop involving three linear zones
when t. = ¢(a) for a > a*, and the homoclinic loop unstable.

Proof. For simplicity, we consider a continuous planar piecewise linear differential
system with two zones:

dx dy
= F(x) — = = 2
7 = F@ -y, — =) (5.29)
where
Fla) = tex, ?fxzfmfl,
tx+m+1)+t(—m—-1), ife<—-m-—1,
d0x7 lfJSZ—m—l,
g(x) = :
di(x+m+1)+d.(—m—1), ife<—-m-—1

Note that systems and are the same in the region {(z,y) € R? : 2 <
—m + 1}. Therefore, we consider the existence, uniqueness and stability of homo-
clinic loops of system in the region {(x,y) € R? : # < —m + 1}. System
has two equilibrium points N; and O when d. > 0 and —d. < a < d.. in Gy,
where N; is a saddle and O is a stable focus if —2v/d. < t. < 0.

To prove the existence of homoclinic loops of system , we denote the eigen-
values of the corresponding Jacobian matrix at the saddle point Ny by A1 and As,
where

t; —+/t? —4d t++/t? —4d
Moo= VI TR, = % M+ =t M =d. (5.30)

— 5 ;
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We then obtain that the Aj-eigenvector and As-eigenvector of

A t1 —1 B A+ A —1
N7 dr 0] T | M 0

are (1,2)7 and (1, A1) respectively. Denote the intersection point of the linear
A1 (resp. A2) invariant manifold that emanates from the saddle point N; along the
eigenvector (1, A2)7 (resp. (1,A1)7) with the line x = —m — 1 by E: (—m — 1,y;)
(resp. A:(—m —1,21)). That is,

Ol"l‘dc _ —_ 1
h, 1] —m—l]
a+d. + = 5.31
[W —tum+1)| 7 [AJ [ v (5:31)
and
atde _ -1
A1 m 1 o —m — ].:|
o =+ = , 5.32
l(MAﬁ)Ai o) g m1)| P [/\J [ 2 (5:52)
where p = — <. It follows from ([5. an . that
h 5t Tt follows from (5.31) and (5.32) th
+d +d
a= T t(m D), g = T — te(m 1),
1 2

We denote the eigenvalues of the stable focus point O of system (5.29)) by o +wi,
where
te 4d, — t2

0=, W= < ol+w?=d,.

Set n:=2 = \/4;27_)5%. Let (xp,yp) be the initial point of an orbit of system ([5.29)

with > —m — 1 and (zf,yy) be the terminal point after a time ¢. By the phase
angle § = —wt, we have

<xf> - ((}C cosf + L sinf £ siné + - cos 0) <$b) (5.33)
sin 0 cos 0 : :
Yr T “w Yo

When E : (—m — 1,y;) is the beginning point for an orbit, we want to know the
point D : (0,y2) along the orbit as ¢ decreases. From (/5.33) it follows that

1 . 1 .
(0) - (—dCCOSH—l—d"CmHH dcsmﬁ—i—;’cose> (—m—l) (5.34)

Z =5 =" Z
From the first coordinate of ([5.34) we obtain
1
tan 6 — M7
—Yrtnm+n

Sme_\/ (s + m + 1)
(P + Dl + (m + 17"

sl — \/ (—=y1 +nm+n)?
(* + Dyt + (m+1)2]°

From the second coordinate of ((5.34]) we derive

m+ 1 +m +1)2 —y1 +nm +n)?
y2:eﬂ70(7 \/ (Y1 ) +yl\/ (=y1 +nm +n) )

w VDR m+1)? " w2+ D+ (n+1)7]
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When A : (—m — 1, z1) is the beginning point for an orbit, we want to know the
point B (0, z2) along the orbit as ¢ increases. From ([5.33) it follows that

0 - —diccos6?+dicsin0 d%sin0+dlccos9 —-m-1
20 ) sin 0 cos 6 2 .

w w

Similarly, we have
o 67779<m+1 (nz1 +m+1)2 n 21 (—z1 + nm +1n)? )
’ o V@ +DE 127w\ P+ DR+ (m+1)2))

We define the Poincaé map P : (0, z3) — (0, z*) for system (5.29) with > 0, where
z9 and z* lie on the same orbit. We have

P(z*)=—e""z

with

«_ g o—mp(m+1 (nz1 +m+ 1)2
£ =-€ € ( 2 2 2
w (4 1)[ef + (m+1)?]

LA (=21 +nm +n)? )
w \[ (n? + D[zt + (m+1)2]/)7
If z* = ys, then

enw(mel\/ (nz1 +m+1)2 Zl\/ (=21 +nm+n)? )

w V@ +DE+m+12 " w\ P+ D2+ (m+1)2

(5.35)

_ m+1 (ny1 +m +1)2 n (=y1 +nm +n)?
w P+ m+1)? w2+ Dyt + (m+ 1)
Thus, system has a homoclinic loop.

Note that system is piecewise linear, Lipschitz continuous in R? and ana-
Iytic in R2\{(z,y) € R? : 2 = —m—1}. By [12, Theorem 3.3] and Ay +A_ =t; > 0,
the homoclinic loop of system is unstable.

As a1 < as, it follows that

F(@)|to=a, —y  9(x)
F@)|te=ar =y 9(x)
_ Jzg(w)(ar —az) <0 for . > —m — 1,
| =(m+ Dg(x)(ay —az) <0, for %ﬁl) -—m—-1l<z<-m-—1,

where the equality sign cannot hold for the entire closed orbit of system .
Hence, the vector field (F(z) — y, g(x)) of system is rotated about t. [22]
Definition 1.6] or [38, Definition 3.3]. From [2I, Lemma 5.3], it follows that the
manifolds W;& and Wy of the saddle point N; of system rotate clockwise
when t. increases and ¢, d., d;, o are fixed, where VVJ'\,Ir is the stable manifold of the
right-hand side of N; and W is the unstable manifold of the right-hand side of Nj.
This indicates that system exhibits at most one homoclinic loop.

To prove that the amplitude of the homoclinic loop of system increases as
« increases, we use the transformation

x—=z—m-—1, y—oy—t(m+1),
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to change (5.29) to
dx

—F — =3 :
5 = F@ -y, - =9(), (5.36)
where
ﬁ tex, ?f x>0,
tixz, ifx <O,
(x —m—1), if x >0,
dla:—i—d m—1), ifz<D0.
By the scaling transformation
z—de(m+ 1z, y—d.(m+1)y, (5.37)
system ([5.36)) reduces to
dx dy
> F(r) — A .
L R ) (5.39)

where

Fla) tex, if x>0,
) =
tix, ifx <O,

dex—1, ifx >0,
g(x) = .
dir—1, ifx<O0.

Evidently, system is independent on «, so the homoclinic loop of system
(5.38) is independent on « as well. Since systems and are topologically
equivalent, it follows from the scaling transformation that the amplitude of
the homoclinic loop of system is increasing as « increases.

y=Fix)

¢(a) for a < o te = ¢(a) for a = o te = ¢(a) for o > a*
FIGURE 16. Homoclinic loops of system (5.1))

We denote by C:(x.,t.x.) the right intersection point of the homoclinic loop of
system (5.29)) with the curve y = F(x) If the point C is on the line x = —m + 1,

then )

tz dete(—m + 1w

< —de=———". 5.39

2 ¢ e Mz ( )
By solving equations (5.35) and (5.39) and using the implicit function theorem,
there exists a continuous function t. = ¢(«) and a value o* such that system (5.29)

has one homoclinic loop that is tangent to the line z = —m + 1 when t. = ¢(«) for

a = o, where ¢(a) € (max{t}, —2v/d.},0) and o* € (—d,,d.). Since systems (5.1
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and are the same in the region {(z,y) € R? : < —m + 1}, we can plot the
homoclinic loop for system which is unstable, see Figure b). In view of the
monotonicity of the amplitude of the homoclinic loop of system in the region
{(z,y) € R? : < —m + 1}, we are led to the conclusion that the homoclinic loop
of system involves two linear zones when t. = ¢(«) for a < a*, as shown in
Figure|16|a). In addition, given the existence, uniqueness and continuity of system
(5.1) under the initial conditions, we can obtain that the homoclinic loop of system
(5.1) involves three linear zones when t. = ¢(a) for o > o, as shown in Figure
c¢). The proof of Lemma is completed. O

The following lemma is concerning the existence, uniqueness and stability of
homoclinic loops of system (1.1)) when d. > 0, —d. < o < d and t¥ < t. < —2+/d,
in G;. The proof is closely similar to the one of Lemma [5.4] so we omit it.

Lemma 5.5. Ifd. > 0, —d. < a < d. and t: < t. < —2/d. in Gy, then system
(1.1) exhibits a unique homoclinic loop involving three linear zones that is unstable
when t. = ¢(a) for a > a*, where t. = ¢(a) € (t5, —2/d.| is a continuous function
and a* € (—d.,d.) is a constant.

For the uniqueness of limit cycle of system (1.1)) with d. > 0 and —d. < o < d_,
we have the following lemma.

Lemma 5.6. Ifd. > 0, —d. < a < d. and max{t}, —2\/d.} < t. < 0 in Gy,

then there is a continuous function t. = ¢(a) € (max{t}, —2v/d.},0) such that (a)

system (L.1)) exhibits no limit cycles when t. € (max{t:, —2v/d.}, ¢(c)]; and (b)
o7

system exhibits a unique limit cycle that is unstable when t. € (¢p(a),0).

Proof. When d. > 0, —d. < a < d. and max{t}, —2v/d.} < t. < 0 in Gy, system
has two equilibrium points E£; and E. by Lemma where F is a saddle and
E. is a stable focus. Denote by W§1 and Wg the stable and unstable manifolds
of the right-hand side of E; of system , respectively. According to Lemma
system exhibits a unique homoclinic loop that is unstable when t, =
d(a) € (max{t:, —2/d.},0), see Figure [17(b). However, the unstable homoclinic
loop breaks when t. = ¢(a) £ ¢, even € > 0 is sufficiently small. According to [21]
Lemma 5.3], the manifolds WEL and W, rotate clockwise when ¢. increases and
tr,t,dp,de,dp, a0 are fixed. When t. = ¢(a) — e and t. = ¢(a) + &, the relative
locations of the manifolds W and W are depicted in Figure (a) and (c),
respectively. By Lemma again, we know that the unstable homoclinic loop
involves two or three linear zones depending on « and a*, where o* € (—d.,d.). It
implies that we need to consider the nonexistence of limit cycles of system in
the interior of the unstable homoclinic loop by two cases o < o* and o > a*.

Ey E; Ei
te=¢(a) —¢ t. = o) te=¢(a) +¢

FIGURE 17. Homoclinic loop bifurcation of system (1.1])
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For a < o, from Lemma @ we know that the unstable homoclinic loop of
system involves two linear zones when t. = ¢(a) for a« < o, and the unstable
homoclinic loop is tangent to I', when ¢, = ¢(«a) for & = a*. Now we claim that
there is no limit cycle in the interior of the unstable homoclinic loop. Suppose
that there exists a small limit cycle because system has at most one small
limit cycle from Lemma Since E. is a stable focus and the homoclinic loop is
unstable, the small limit cycle is semi-stable by the Poincaré-Bendixson theorem.
This contradicts the fact that the small limit cycle of system is unstable
by Lemma if it exists. Therefore, system exhibits no limit cycles when
te = ¢(a) for a < a*.

For a > o*, it follows from Lemma[5.4]that the unstable homoclinic loop involves
three linear zones when t. = ¢(«) for a > o*. We claim that there is no limit cycle
in the interior of the unstable homoclinic loop. Otherwise, there exist two limit
cycles because system has at most two limit cycles from Lemma Since
E. is a stable focus and the homoclinic loop is unstable, we infer that the two limit
cycles consist of an unstable limit cycle and a stable limit cycle, where the unstable
limit cycle lies in the interior of the stable limit cycle. When ¢. = ¢(a) + €,
the relative locations of the manifolds W;fl and W are shown in Figure c).
However, by the Poincaré-Bendixson theorem, there exist three limit cycles when
te € (¢(a),¢(a) + €), which contradicts the fact that system has at most
two limit cycles according to Lemma Therefore, system exhibits no limit
cycles when ¢, = ¢(«) for o > a*. O

By an analogous argument, we can obtain the following result.

Lemma 5.7. Ifd. >0, —d. < a < d. and t} < t. < —2/d. in Gy, then there is
a continuous function t. = ¢(a) € (t%, —2v/d.] such that (a) system exhibits
no limit cycles when ¢(a) € (t%, ¢(a)]; and (b) system exhibits a unique limit
cycle that is unstable when t. € (¢p(a), —2v/d.].

5.2. Limit cycles and homoclinic loops for o =d. > 0 in G;. It follows from
Lemma that system exhibits two equilibrium points E; and F.. when
a =d. > 0in Gy, where E lies in S; and E., lies on I'.. Since Ej is a saddle, it
follows that limit cycles of system must only surround E,, by the index theory
of [38, Chapter 4] and homoclinic loops of system must involve three linear
zones by the location of E... Note that the condition t% —4d, < 0 (resp. =0 or
> 0) means that the dynamic of right linear zone of system is a focus (resp.
improper node or bidirectional node) by Lemma Hence, there is at least one
invariant line in S, when t2 — 4d,. > 0. This implies that system has no limit
cycles and homoclinic loops when « = d. > 0 and ¢2 — 4d,. > 0. In other words,
we only need to investigate limit cycles and homoclinic loops of system when
a:dc>0andt%—4dr<0.

With the translation transformation x — = + 1, y — y + t., system
becomes

Y P(r) — Z 3 4
e R S E) (5.40)
where
tx, if x >0,
F(z) = | tex, if —2<2<0,

t(x+2) —2t., ifz<-=2
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d,zx, if z >0,
g(z) = < d.z, if —2<2<0,
d(z+2)—2d,, ifx<—2.
That is, E., of system (1.1]) is moved to O1(0,0) of system (5.40) and E; of system
(1.1)) is moved to M;(2d./d; — 2, —2t. + 2t;d../d;) of system (5.40)). The plane R? is
divided into three open linear zones
S ={(z,y) eR? : z < =2},
S.={(z,y) e R?: —2 < x < 0},
S, ={(z,y) eR?: z > 0}

by two straight lines T} = {(z,y) € R? : & = —2} and T, = {(z,y) € R? : = = 0}.
For the sake of convenience, for system we still use F' and g to represent
F and §, respectively. Clearly, system is topologically equivalent to system
, so for the existence of limit cycles and homoclinic loops of system we
may start by analyzing system .

Lemma 5.8. If a = d. > 0 and t2 — 4d, < 0 in Gy, then system (L.1) exhibits
neither limit cycles nor homoclinic loops when t. > —t.+/d./d, or t. < 5%, where

oy ded; — d? n tid.
c T drd di

Proof. When a = d. > 0 and t2 — 4d,. < 0 in Gy, it follows from Lemma that
system ([5.40) exhibits two equilibrium points O; and M;, where M; is a saddle. We
define a generalized Filippov transformation

o(z) = /Oxg(s)ds.

Let z1(z) and z2(%) be the branches of the inverse of z(z) for x > 0 and < 0,
respectively. Let Fy(z) := F(z1(2)) and Fy(2) := F(z2(z)). Denote the abscissa of
M; by xp, := 2d./d; — 2. Then we obtain

dTQiZG [0,—}—00), ifl‘ZO,
z(x) = dex? o (0,2d,], if —2<z<0, (5.41)

ha® 1 o(dy — do)x + 2(dy — do) € (2de, 2ar,), if way < @ < 2,
where 257, := 2d. — 2d?/d;. Tt follows from (5.41]) that

2
z1(z) = 1/(72’ if z>0, (5.42)

—\/ %, if 0 < z < 2d.,

ra(z) =9 VO —~
2(di—dc)—+/ d‘tdc(dl dc)+2d127 if Qdc << 2,
From ((5.42) and (5.43)) we deduce

Fi(z) = tM/Z—Z, if z>0,

(5.43)
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Fy(z) = /i

" 2d.—+/ —4dc(dl—dc)+2dlz
l
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if0 <2< 2d,

4 —2t., f2d.<z<zpy.
Then we have
>0, i te >ty /%
Fl(z)*FQ(Z):@(\;;—T+ \;;—c) =0, it = —t,/%, (5.44)
<0, ift.<—t, %
for z € (0,2d.], and
Fi(2) - Fy() = —- d (5.45)

- + >0
\/2er \/—4dc(dl — dc) + 2dlZ
for z € (2d., zpg,). From (5.44)) and (5.45)) we find Fy(z) — F2(z) > 0 for z € (0, zpz,)

if t. > —t,+/d./d,. However, when t. < —tr\/dc/dr, Fi(z) — F5(z) < 0 holds for
z € (0, zpy,) if and only if

dedy — d%2 2td,
F; - F vmny, = 2t c _
(Fi(2) = FoD)smesg, = 20| S5 = 5

Solving givest, < t:*. It is easy to check t3* < —t,\/d./d,, so F1(z)—F5(z) <
0 holds for z € (0, zpy,) if t. < t2*. From [27) Section 6], it follows that system
with @ = d. > 0 and t2 — 4d,. < 0 has neither limit cycles nor homoclinic loops
when t. > —t,+\/d./d, or t. < t¥*. O

+2t, < 0. (5.46)

Note that in Lemma it is unclear whether E.. of system (1.1]) is a focus or a
center when o« =d, > 0, t, <0, t.2 —4d, < 0 and t,2 — 4d, < 0 in G;. Now we are
ready to answer this question.

Lemma 5.9. Ifa=d. >0, t. <0, t.2 —4d. < 0 and t,> —4d, < 0 in Gi, then
the equilibrium point E.,. of system (1.1)) is an unstable focus for t. > —t.\/d./d,
or a center for t. = —t,+/d./d, or a stable focus fort. < —t.\/d./d,.

Proof. From Lemma we know that E.,. of system lies on I',. When o =
de > 0,t. <0, t2—4d. < 0 and t,2 — 4d, < 0 in G, E., is a stable focus
as seen from S, but is an unstable focus as seen from S, so is O; of system
(5.40). This implies condition (C4) of Proposition In order to study the local
dynamics of Oy of system (5.40)), it suffice to consider system in the region
{(z,y) € R? : =2 < x < 2}. This implicitly implies that conditions (C1)—(C3)
of Proposition hold. According to Proposition 3.1} we know that O; of system
(5.40) is an unstable focus for t. > —t,.+/d./d, or a stable focus for t. < —t,.+/d./d,

or a center for t, = —t,.\/d./d, by (5.44), so is E., of system (1.1)). |

By Lemma it suffices to study limit cycles of system when o =d. > 0,
t.2 —4d, < 0 and t* < t. < —t.\/d./d, in G;. Tt follows from Lemmas
and that E; of system is a saddle and E., of system is a stable
focus for t.2 — 4d. < 0 or node-focus (see Figure g)) for t,2 — 4d. > 0 when
a=d.>0,t%—4d, < 0 and t* < t. < —t,\/d./d, in G;. Obviously, we
have —2/d, < —t,+/d./d, because of t.2 — 4d, < 0. However, t** may be greater
than or less than or equal to —2+v/d.. Therefore, we study limit cycles of system
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by two cases max{t:*, —2\/d.} < t. < —t,\/d./d, and t:* < t. < —2\/d,,
while &« = d. > 0 and ¢,2 —4d, < 0 in G;. In what follows, we discuss the
existence of limit cycles of system with @ = d, > 0 and t,2 — 4d,, < 0 when
max{t:*, —2v/d.} < t. < —t.\/d./d, (see Lemma or t** < t. < —2+/d. (see
Lemma in G;.

Lemma 5.10. If o = d. > 0 and t,> — 4d, < 0 in G, and max{t:*, —2/d.} <
te < —tpr\/d./d,, then system (1.1)) exhibits at most one limit cycle, which is large
if it exists.

Proof. When o = d,. > 0, t,2 — 4d,. < 0 and max{t}*, —2\/d.} < t. < —t,\/d./d,
in Gy, it follows from Lemmas and that Ej of system is a saddle and
E.,. of system is a stable focus. By the index theory of [38, Chapter 4], we
know that limit cycles of system must only surround FE... Since E.,. lies on
I, and Fj lies in &, it follows that limit cycle of system may be a small limit
cycle or a large limit cycle if it exists. If it is the small limit cycle, it only lies in
S.url,us,.

We claim that system has no small limit cycles when o = d,. > 0, t,2—4d, <
0 and max{t:*, —2v/d.} < t. < —t,.\/d./d, in G;. Otherwise, there is at least one
small limit cycle in S, U T, U S,. Recall that system exhibits at most one
small limit cycle that lies in S, UT, US, only if t. > —t.1/d./d, by Lemma
when d. > 0, —d. < a < d, and max{t}, —2v/d.} < t. < 0in G;. When d, > 0 and
o — d., we know that ¢} changes to ¢t}* and the equilibrium point E, of system
changes to E.,. by Lemma In view of the existence, uniqueness and continuity
of solutions of , there is at most one small limit cycle in S, UT,. U S, only
if t. > —t,\/de/d, when a = d. > 0, max{t;*,—2\/d.} < t. < 0 in G;. This
contradicts the condition t. < —t,.1/d./d,.

To prove that has at most one large limit cycle when o = d, > 0, t,.2—4d, <
0 and max{t:*, —2\/d.} < t. < —t.\/d./d, in G1, by way of contradiction we
assume that there are two large limit cycles of system denoted by I'; and
I'5, where I'y and I'y are adjacent to each other and I'; is the innermost one. As
discussing in the proof of Lemma we can prove that

él F'(z)dt < ji F'(z)dt.

Consequently, we obtain that system (1.1) has at most one large limit cycle if it
exists. 0

When a =d. >0, t,2 —4d, < 0 and t** < t. < —2y/d, in Gy, from Lemma
we know that F; of system (1.1)) is a saddle and E., of system (l.1) is node-focus
as shown in Figure (g) Proceeding in analogous manner, we obtain the following
lemma.

Lemma 5.11. When o = d, > 0 and t,%> — 4d, < 0 in Gy, if t** < t. < —2/d.,
then system (1.1)) exhibits at most one limit cycle, which is large if it exists.

From Lemma for homoclinic loops of system we need to consider the
case of « = d. > 0, t,2 — 4d, < 0 and t* < t. < —t,\/d./d, in G;. Since E;j of
system lies in §; and E., of system lies on T, it follows that homoclinic
loops of system must involve three linear zones. Thus, we obtain the following
result.
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Lemma 5.12. If a = d. > 0, t,2 —4d, < 0 and max{t:*, -2v/d.} < t. <
—tpr/de/dr in Gy, then system (L.1) exhibits a unique homoclinic loop involving
three linear zones that is unstable when t. = ¢(«), where t. = ¢p(a) is a continuous

function satisfying ¢(a) € (max{t:*, —2y/d.}, —t,.+/d./d,).

Proof. When a = d, > 0, t,%2 — 4d, < 0 and max{t}*, —2v/d.} < t. < —t,\/d./d,
in Gy, system exhibits two equilibrium points M; and O; by Lemmas and
[.9) where M; is a saddle and Oy is a stable focus.

To prove the existence of homoclinic loops of system 7 we denote by WZ\J/FIZ
and W, the stable and unstable manifolds of the right-hand side of M; of system
respectively. If ¢,2 — 4d, < 0, there is no equilibrium point at infinity in
the right half plane of system by Lemma (see Figure [12(a)). So the
manifolds WA'Z and Wy, must intersect the curve y = F(z). Denote the first

intersection point of Wy (resp. Wy; ) with the curve y = F(z) by P(zp, F(xp))
(resp. Q(zq, F(xq))). Evidently, system (5.40)) has a homoclinic loop if and only if
xp —xg = 0. To show the existence of homoclinic loops of system ([5.40)), we need

to prove xp — xg > 0 for t, = t}* and zp — xg < 0 for t. = —t,\/d./d;.

Tr by

yFe \R ¢ it / .
~ -
X \ 72 ) r k |
M M

n | N
te =t te = —tr\/dc/d, te = d(a)

FIGURE 18. Homoclinic loops of system ([5.40))

When t. = t*, it follows from Lemma that system exhibits neither
limit cycles nor homoclinic loops. So zp —xzg # 0 and it must be zp —zg > 0,
as shown in Figure [18|(a). Otherwise, there exists at least one limit cycle by the
Poincaré-Bendixson theorem. This yields a contradiction.

When t. = —t.+/d./d,, from Lemma system m exhibits neither limit
cycles nor homoclinic loops, i.e., zp — zg # 0. Form (5.44) and (5.45), we see
Fi(2) — F»(2) = 0 for z € (0,2d.] and Fy(z) — Fy(z) > 0 for 2 € (2d, 2d. — 2d?/d;].
We can directly get zp — zg < 0 as we discussed for Proposition see Figure
iED)

There are some values ¢, € (max{t:*, —2v/d.}, —t,\/d./d,) so that xp —zg =0
for system by the mean value theorem. Therefore, we obtain the existence
of homoclinic loops of system (5.40).

For the uniqueness of homoclinic loops of system , by following [2T, Lemma
5.3], we know that the manifolds Wy, and Wy, of M; of system rotate
clockwise when t. increases and t,,t;,d,,d., d;,a are fixed. So there is a unique
value t. € (max{t:*,—2v/d.}, —t,.\/d./d,) satisfying zp — g = 0 for system
(5.40). Namely, there is a continuous and monotonous function ¢(«) on t. such
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that exhibits a unique homoclinic loop, as shown in Figure [1§|c), where
d(a) € (max{t:*, —2\/d.}, —t,\/dc./d,).

For the stability of homoclinic loop of system , at the saddle point M; of
system , two eigenvalues of the associated Jacobian matrix are A_ and A}
satisfying A_ + Ay = ¢;. Due to t; > 0, by virtue of [I2] Theorem 3.3], we know
that the homoclinic loop of system is unstable. O

Similarly, we have the following lemma.

Lemma 5.13. Ifa = d. > 0, t,2 —4d, < 0 and t}* < t. < —=2y/d. in G1, then
system (1.1) exhibits a unique homoclinic loop involving three linear zones that
is unstable when t. = ¢(a), where t. = ¢(a) is a continuous function satisfying

$(a) € (tr, —2V/d].

It is notable that system also exhibits a unique homoclinic loop involving
three linear zones that is unstable if « = d, > 0, t,2 —4d, < 0 and t. = (),
where t. = ¢(«) is a continuous function satisfying ¢(a) € (¢%*, —t,+/d./d;). The
arguments are almost the same as we did for Lemma [5.12] so we skip them.

Lemma 5.14. When a =d, > 0, t,2 —4d, < 0 and t2* < t. < —t,.\/d./d, in Gy,
there is a continuous function t. = ¢(a) € (£3*, —t./d./d,) such that the following
two assertions hold.
(a) System exhibits no limit cycles when t. € (t5*, #(a)].
(b) When t. € (¢p(c), —trr\/dc/dy), system exhibits a unique limit cycle
which is large and unstable.

Proof. When a = d. > 0, t,2 —4d, < 0 and t* < t. < —t,\/d./d, in Gy, from
Lemmas and it follows that Ej of system is a saddle and E., of system
(1.1)) is a stable focus for t.?> — 4d. < 0 or node-focus for ¢.2 — 4d. > 0, see Figure
). We also know that system has a unique homoclinic loop involving three
linear zones that is unstable when o = d, > 0, t,2 — 4d, < 0 and t. = ¢(a) in G;.
We claim that there is no limit cycle in the interior of the unstable homoclinic loop.
Otherwise, there is a semi-stable limit cycle (internally unstable and externally
stable) in the interior of the unstable homoclinic loop by the Poincaré-Bendixson
theorem. Moreover, there are two limit cycles if the unstable homoclinic loop
breaks. This contradicts Lemmas and Therefore, system has no
limit cycles when a = d, > 0, t,2 — 4d, < 0 and t, = ¢() in Gi.

Denote by W;El and Wy the stable and unstable manifolds of the right-hand
side of E; of system respectively. From the proof of Lemma we know
that the relative locations of the manifolds W;El and Wy, is shown in Figures a)
and M(c) respectively when t. € (£5*, ¢(a)) and t. € (¢(«x), —t,+\/dc/d,). In view
of the fact that the interior of the unstable homoclinic loop of system exhibits
no limit cycles, we arrive at the desired result. O

5.3. Limit cycles and homoclinic loops for a > d. > 0 in G;. By Lemma
we know that system exhibits two equilibrium points E; and FE,. when
a > d. > 01in Gy, and E; in §; is a saddle and F, in S, is an unstable focus
for t2 — 4d, < 0 or an unstable node for t2 — 4d,. > 0. Therefore, limit cycle of
system must only surround F, by the index theory of [38, Chapter 4] which
can be a small limit cycle or a large limit cycle. However, homoclinic loops of
system only involve three linear zones. Note that system has no limit
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cycles and homoclinic loops because of the invariant line in S, when a > d, > 0
and t2 — 4d, > 0 in G;. Therefore, we only need to investigate limit cycles and
homoclinic loops of system when o > d. > 0 and t2 — 4d, < 0 in G.

By setting e := (o —d.)/d, > 0, the coordinates of E, of system can be
represented by (e + 1, t.e +t.). By the transformation

r—=z+e+1l, y—y+te+t,

we change system (1.1)) to

dr — dy
= —F(x) — ~Z =3 4
o = F@ -y, — =79, (5.47)
where
t.x, if v > —e,
F(z) = { tex + (L. — t,)e, if —e—2<u1z<—e,
t(x+e+2)—tre—2t., ifx<-—e—2
drx, if x > —e,
9(z) = dex + (de — dy)e, it —e—2<uz< —e,

di(z+e+2)—de—2d., ifx<-—-e—2.

As we see, E,. of system (1.1]) changes to O3(0,0) of system ([5.47) and E; of system
[T.1) changes to P((d,/d; — 1)e + 2d./d; — 2, (tid,/d; — t.)e — 2t. + 2t;d./d;) of
system (5.47). The plane R? can be divided into three open linear zones

Si={(z,y) eR?: 2 < —e — 2},
Se={(z,y) eR?: —e —2 < x < —e},
S, ={(z,y) ER? : x> —¢}
by two straight lines [, = {(z,y) € R? : 2 = —e — 2} and T, = {(z,y) € ]1&2 cx =
—e}. For convenience, for system (5.47)) we still use F' and g to represent F and g
respectively. Since system (5.47) is topologically equivalent to system (1.1]), we can
study limit cycles and homoclinic loops of system (1.1]) through analyzing system

(6-37).

Lemma 5.15. If a > d. > 0 and t? — 4d, < 0 in Gy, then system (1.1)) exhibits
neither limit cycles nor homoclinic loops when t, > t3**, where

e _tT(oz —d. ++/4ad, + (a — d.)?)

° 2d,

Proof. When a > d. > 0 and t2 — 4d,. < 0 in Gy, system has two equilibrium
points P, and Oz, where P, is a saddle and O is an unstable focus by Lemma [4.1]
To prove the nonexistence of limit cycles and homoclinic loops of system , we
define the Filippov transformation

z(x) = /033 g(s)ds.
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It follows from system (5.47)) that

d,z?

5 if v > —e,
z(x) = %x—l—e)Q—d,.ea:—%reQ, if —e—2<2< —e,
%(z +e+2)%— (dre+2d.)r — Le? —2d. — 2dce, ifap <z<—€—2,
(5.48)
and
[0, +00), ifx >0,
dpe? :
A(z) € ES > ), if —e<z<0, (5.49)

T262,2dc+2dre+ dr2e2]’ if —e—2<uz<—e,

(2de + 2dye + & 2p), ifap <z < —e—2,

where zp, := (d,/d;—1)e+2d./d;—2, zp, = 2d.+2d,e+d.e?/2—(de + 2d.)?/(2d}).
Let x1(z) and x2(z) be the branches of the inverse of z(z) for x > 0 and zp, <
x < 0 respectively. From (5.48)) we derive

2
21 (2) = ,/di, if 2 >0, (5.50)

) —1/%, if —e<xz<0, (5.51)
To(2) = .
(dr—dc)e—,/dgdelz—drdcez+2dcz, £ —e—9 <z<—e
We define F(z) := F(z1(z)) and Fy(z) := F(x2(z)). It follows from (5.50) and
(B31) that
2
Fi(z) = M/CTZ’ if 2> 0,
~t,y/ 22, if0 <2< B
FQ(Z) - dre—y/d2e?2—d,d.e?+2d.z .o de2 d,.e?
te T —tre, if 5= <2 < 2d. + 2dre + -

By the two equalities above, we find that
F1 (Z) — F2 (Z)

2
2,4/ 2, if0<z< e,

= dyo—\/BE d .7 30,2 . ) .
tr\/%_tc € e e+ Z+tr€, lfdrTESZSQdcﬁ-ere—kd’;

de

for 2z € (0,2d,. + 2d,e + d,.e*/2]. Clearly, from the above equality we have Fy(z) —
Fy(z) > 0 when z € (0,d.e*/2). When z € [d,.e?/2,2d. + 2d,.e + d,e?/2], a direct
calculation gives rise to

to\/d2e2 — dpdee? + 2doz + ton/2d,
Fi()— By(z) = Ve @ 2oz IV (5
\/d%e2 —dydee? +2d.z - \/2d,z

for t. > 0. For t. < 0 we have

<0, if z < zp,
=0, ifz=2z, (5.53)
>0, if z> zg,

by \/dEeZ —dydee? +2d.z + to/2d, 2

Fi(z) — F}
1(2) 5(2) \/dgez —d,dee? +2d.z - /2d, 2
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as t2d. — t2d, > 0, or
<0, ifd, <d.,
Fl(z) = Fi(z) =8 =0, ifd, =d,, (5.54)
>0, ifd,>d,,
as t2d, — t2d, = 0, or
>0, if z < zg,
Fi(z) = F5(2) { =0, if 2 = 2, (5.55)
<0, if z > zp,
as t2d, — t2d, < 0, where
. t2(d,d.e® — d?e?)
07 T o(2d, — 12d,)
When z € (2d.. + 2d,e + d.e?/2, zp,), from the monotonicity of Fy(z) and Fy(2),
we have
Fi(2) > F1(2d. + 2d,e +d,e?)2), Fy(z) < Fy(2d, + 2d,e + d.e*/2).
That iS, Fl(Z) — FQ(Z) > 0.
When t, > 0, from (5.52)) it follows that Fy(z) — F2(z) > 0 for z € (0, zp,). When
—try/de/d, < t. <0, we have

(5.56)

220 ; d.e — \/dgeQ —d,d.e? 4+ 2d.zg

(F(2) = Fale)lomry = tr) 5 .

That is, F1(z) — Fa(z) > 0 for z € (0, zp,). When t, < —t,+/d./d,, from (5.54) and
(5.55), we have Fy(z) — F5(z) > 0 for z € (0, zp,) if and only if

+te> 0.

4d. + 4d,e + d,e?
(F1(2) = B2 ()], Ly, 4 2q,e4 222 = tr\/ 0 + 2t +tre > 0. (5.57)

Solving (5.57) leads to t%** < t. < —t,4/d./d,. According to [27, Section 6], we

know that system (5.47) exhibits neither limit cycles nor homoclinic loops when

a>dc>0,tz—4dr<Oandt62tz**ingl. O
Similarly, we can obtain the following result.

Lemma 5.16. Ifa >d. >0, t,2 —4d, < 0 and t. < t:** in Gy, then system (1.1)
exhibits at most two limit cycles.

Following |21, Lemma 5.3], we have the following lemma.

Lemma 5.17. if @ > d. > 0, t2 — 4d, < 0 and t. < t*** in Gy, then system
exhibits a unique homoclinic loop that is unstable when t. = p(a) € (—oo, t5**),
where the function t. = p(a) is continuous and monotonous. Moreover, there
exists a unique limit cycle that is stable in the interior of the homoclinic loop .

Following [21], Lemma 5.4], we can further have the following lemma.

Lemma 5.18. If a > d. > 0, t2 —4d, < 0 and t. < t*** in Gy then there is a
continuous function t. = h(a) and a continuous and monotonous function t. =
o(a) such that the following assertions are true, where —oo < p(a) < h(a) < t5**.

(a) System (L.1) has a unique limit cycle that is stable when t. € (—oo, p(a)).
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(b) System has exactly two limit cycles when t. € (p(a), h(a)). The inner
limit cycle is stable and the outer limit cycle is unstable.

(¢) System (L.1) has a unique limit cycle that is semi-stable when t. = h(a).

(d) System has no limit cycles when t. € (h(a),t5**).

6. PROOFS OF MAIN RESULTS

Proof of Theorem[2.1. When the parameters lie in the region Gy, it follows from
Lemma that system has one equilibrium point E,; for « = —d. and two
equilibrium points E; and E., for « = d.. If « = —d. + ¢ or a = d. £ ¢ with
small € > 0, then E. or E,,. will vanish. Thus, BFy; and BFE;5 are the boundary
equilibrium bifurcation curves.

When the function ¢, = ¢(«) is continuous and monotonous satisfying ¢(«) €
(max{t?, —2v/d.},0) (resp. (max{t:, —2\/d.}, —t,.\/d./d,) for —d. < a < d,. (resp.
a =d.), from Lemma it follows that system exhibits a unique homoclinic
loop that is unstable (resp. Lemma when t. = ¢(a). When the function the
function t. = p(«) is continuous and monotonous satisfying ¢(a) € (—oo, t3**) for
a > d., from Lemma it follows that system has a unique homoclinic loop
that is unstable when t. = p(«). Therefore, HLy; and H Ly are the homoclinic
bifurcation curves.

From Lemma it follows that system exhibits a unique limit cycle that
is semi-stable when t. = h(a), where the function ¢, = h(a) is continuous satisfying
h(a) € (p(a),ti**) for a > d.. If t. = h(a) £ ¢ with small € > 0, then the semi-
stable limit cycle will vanish. Moreover, there are two limit cycles accompanied by
the vanishing of the semi-stable limit cycle if ¢ < 0. Hence, we call DL the double
limit cycle bifurcation curve.

It follows from Lemma that there is a unique limit cycle that is unstable
when parameters lie in the region V. By Lemma system exhibits a
unique limit cycle that is large and unstable when parameters lie in the region
BE124. By Lemma [5.18] there are two limit cycles when parameters lie in the
region IX. Moreover, the inner limit cycle is stable and the outer limit cycle is
unstable. From Lemma [5.18| again, there is a unique limit cycle that is stable when
parameters lie in the region X. By virtue of Lemmas and we depict global
phase portraits of system in the Poincaré disc. O

Because the primary procedures in the proofs of Theorems are closely
similar to the proof of Theorem [2.1] we omit them to avoid unnecessary repetition
and redundancy.

7. NUMERICAL RESULTS

In this section we perform numerical phase portraits for system to demon-
strate our theoretical results.

In Theorem system has 23 global phase portraits in the Poincaré disc.
Since there is no finite equilibrium point when parameters lie in the region I,
we show the remaining numerical phase portraits of system in Figure
Table[2)is offered to help facilitate understanding comparisons between global phase
portraits in the Poincaré disc in Theorem and numerical phase portraits in
Figure Similarly, we demonstrate numerical phase portraits of system in
Figures 20| and 21] with the associated Tables, as stated in Theorems and
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TABLE 2. Numerical values chosen for plotting phase portraits of

GLOBAL ANALYSIS ON A PLANAR PIECEWISE LINEAR SYSTEMS

Theorem 2.1]
Figure | Case « te tr | t; | drr | de | dyg
19| (a) | II 05 |2 1|11 |1 [
19| (b) | 11T 05 |1 1 (1|1 |1 [
19)(c) | 1V 05 |0 1 (11 |1 [
19/(d) | vV 0.5 |-01 1 (11 |1 [
19| (e) | VI -0.5 | -0.2 1 (11 |1 [
19| (f) | VII -0.5 | -2 1|11 |1 [
19| (g) | vIII 1.2 -1 1|11 |1 [
19/ (h) | IV 1.2 1.7 1 (11 |1 [
190 (G) | X 1.2 -4 1 (11 |1 [
19/(G) | BE11 | -1 0 1 (11 |1 [
19 (k) | BE12y | 1 2 1 [1]1 |1 [
1ol | BE122 |1 0 111 |1 [
19 (m) | BE123 | 1 -1 1|11 |1 [
19| (n) | BE12a | 1 21009 [ 1 |1 |1 [1 |1
19| (o) | BEj2s | 1 -1.8 1 (11 |1 [
19/ (p) | BE21s | 1 2 1 [1]1 |1 [
19(q) | HL111 [ -05 [-0171 [1 [1]1 [1 [
19(r) | HLyip | 020 [ 01712 |1 [ 1 [1 |1 |-1
19((s) | HLi15 | O 0338 [1 [1]1 [1 ]|
19| (t) | HLiia | 1 -1.61 1 (1 ]1 |1 [
19/ (u) | HL12 | 1.2 21929 [ 1 |1 |1 [1 |1
19 (v) | DL, 1.2 13766 |1 |1 |1 [1 [

TABLE 3. Numerical values chosen for plotting phase portraits of

Theorem 2.2
Figure | Case a te tr | t1 | dr | de | dg
20[ (a) | R 05 |2 2 (1|1 |1 |
20[ (b) | Rs 05 |1 2 (1|1 |1 |-
20((c) | R4 05 |0 2 (1|1 |1 |1
20[(d) | Rs -0.5 | -0.1 2 (1|1 |1 |1
20[ (e) | Re -0.5 | -0.2 2 (11 |1 ]
20[ (f) | R7 05 | -2 2 (11 |1 ]
20 (g) | Rs 1.2 -1 2 (1|1 |1 |
20((h) | BE,; | -1 0 2 (1|1 |1 |-
20((i) | BEa2: | 1 2 2 (1|1 |1 |-
20((j) | BE2aa | 1 -2 2 (1|1 |1 |1
20( (k) | HLoy | -05 |-0171 |2 [1 |1 |1 |-1
o) [HLz [-021]0am2]2 [1]1 |1 [
(m) | HLos | 0.1 | -0.57 2 |11 |1 |1

8. CONCLUSION

47

In this article, we studied global dynamics of a continuous planar piecewise linear
differential system with three zones. Combining with results obtained in [21], we
have achieved our goal to fully present complicated and rich dynamical behaviors
through demonstrating global phase portraits in the Poincaré disc and bifurcation
diagrams of system for the case t,t; > 0 and d,.d; < 0.
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TABLE 4. Numerical values chosen for plotting phase portraits of The-

orem [2.4]
Figure | Case «@ te tr | t; | drr | de | dy
21| (a) | Gs 0.5 -1 1 (a1 |1 [
21[(b) | G 0.2 1.9 1 a1 |1 [
21f (c) | G7 0.8 -3 1 a1 |1 [
21 (d) | Gs 0.8 4 1 |41 |1 [
21| (e) | BEs21 | 1 2 1 |41 |1 [
21[(f) | BEs22 | 1 0 1 41 |1 [
21| (g) | BEs2s | 1 -1 1 (a1 1 [
21[(h) | BEs2a | 1 15 1 a1 |1 [
21 (i) | BEs2s | 1 -3 1 a1 |1 [
21|(5) | BEss | 1 4 1 |41 |1 [
21| (k) HLyi1 | -0.6 -0.565 | 1 4 1 1 -1
() | HL412 | 0446 | -0566 | 1 |4 [ 1 [1 |-1
21 (m) | HL413 | O 138 |1 (a1 [1 [
21| (n) | HL44 | 0.8 -3.2 1 a1 |1 [
21[(0) | HLs,, |1 3.7 1 a1 |1 [

Specifically, we discussed limit cycles and homoclinic loops of system with
d. > 0 and —d. < a < d. in Gy in Section 5.1. The obtained results are totally
distinguished from [21]. If ¢() € (max{t?, —2/d.},0) (resp. ¢(a) € (t%, —2v/d.]),
system exhibits a unique limit cycle that is unstable surrounding E. when
te € (¢(a),0) (resp. t. € (¢(a), —2y/d.]), see Lemma [5.6] (resp. Lemma [5.7). E.
lies in S, and is a stable focus (resp. a stable node). However, homoclinic loops
of system may involve two or three linear zones. For example, system
exhibits a unique homoclinic loop involving two (resp. three) linear zones when
te = ¢(a) for a < a* (resp. @ > a*) and exhibits a unique homoclinic loop that is
tangent to ', when t. = ¢(a) for @ = a*, when ¢(a) € (max{t}, —2v/d.},0), see
Lemmas Limit cycles and homoclinic loops of system witha=d. >0
in G; and with a > d. > 0 in G; were explored in Sections 5.2 and 5.3 respectively.

In the future, we will develop the methods described herein to the Liénard system
with perturbations and present dynamical behaviors on limit cycles and homoclinic
loops in a subsequent paper somewhere else.
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