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ABSTRACT. This work creates a version of the periodic unfolding method suit-
able for domains with very small inclusions in RN for N > 3. In the first
part, we explore the properties of the associated operators. The second part
involves the application of the method in obtaining the asymptotic behavior
of a stationary heat dissipation problem depending on the parameter v < 0.
In particular, we consider the cases when v € (—1,0), v < —1 and v = —1.
We also include here the corresponding corrector results for the solution of the
problem, to complete the homogenization process.

1. INTRODUCTION

A recent and novel approach for homogenization theory is the periodic unfold-
ing method originally introduced by Cioranescu, Damlamian, and Griso for fixed
domains in [9] 10, 19, 20]. This method is favored because it gives an elementary
proof for the classical periodic homogenization problem and due to the nature of
technique which maps the oscillating domain to a fixed domain, it does not further
require any extension operators. Later on, to take into account materials with pe-
riodic perforations, Cioranescu, Donato and Zaki extended the method in [I4] to
perforated domains, for more details we refer to [13, 15} [I6]. Successively, when the
size of the holes are smaller than the period, the technique was adapted by Cio-
ranescu, Damlamian, Griso, and Onofrei in [12] (for domains with two small holes,
see [3, 28]). For a general presentation of unfolding, we refer to the comprehen-
sive book [1I]. Meanwhile, extensions to time-dependent functions involved in the
heat and wave equations in perforated domains are treated by Donato and Yang
in [23] 24], and similarly in small holes by Cabarrubias and Donato in [5]. More-
over, Donato, Le Nguyen, and Tardieu constructed a variant for domains with two
components in [21], and another type for highly oscillating boundary by Aiyappan,
Nandakumaran, and Prakash in [I]. Since then, the adaptation of the method suit-
able for different domain configurations has been extensively explored and studied.

In this article we intend to develop a version of the periodic unfolding method
suitable for domains with very small inclusions whose sizes are smaller than its
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period. Next, we apply this method by studying the asymptotic behavior of an
elliptic problem where in the interface of the components, the jump of the solution
is proportional to the flux. To complete the homogenization process, we also obtain
some corrector results.

To this goal, for N > 3 we consider an open and bounded set @ C RY with a
Lipschitz continuous boundary 02, where €2 is a union of the open sets Qf’s and
Q5° with a common boundary I'*<. The component 25 is a disconnected union
of e-periodic very small inclusions of size d(¢) < ¢ in 2. Moreover, we let the

component Q9 = Q\ Q23 be connected while I'%¢ := 9Q5*°.
For the first part, we introduce two unfolding operators: Tf’e acting on functions

defined in Q5 and another operator T3"° for the functions defined in Q5. Here,
we prove their corresponding properties and establish the relationship of these two
operators and the behavior of their traces on the interface. To achieve the second
goal of the paper, we apply this method to describe the asymptotic behavior and
obtain corrector results for the elliptic problem given by

—div(ATVuy®) = f in Q)F,
—div(A°Vud) = f in Q5F,
ATVuSE 0l = —A°VuST  nd on TOF, (1.1)
fAEVu‘;’E . n‘i’s = Ewh‘s’e(uf’s - ug’s) on I'%¢,

ud* =0 on dQ,

for v < 0 where nf’s is the unit outward normal to Q?’E, for i = 1,2. We assume
that f is a square integrable function in 2, the matrix field A® is bounded and
uniformly elliptic and h%< is a positive and bounded Y-periodic function.

The physical motivation of this problem concerns a stationary heat dissipation
in a two-component composite with very small inclusions with a thermal barrier on
the interface whose influence in the heat propagation varies with €”. This condition
on the interface can be observed in radiation phenomena. As discussed in [6], if
there is no conduction due to the continuity of the temperature field when we
traverse on the components due to imperfect bonding among the phases, we obtain
an interfacial condition which relates the jump of the temperature to the heat flux
across the interface.

The pioneer work in homogenization for two-component domains can be traced
back to Auriault and Ene [2] using the multiple scale method. Meanwhile, for
inclusions whose size is the same as the period via Tartar’s method, one may consult
the work of Monsurrd [26] for v < —1, together with Donato [22] for v > —1. For
a related problem in domains with very small inclusions via Tartar’s method, the
reader is referred to the article [27] by Monsurrd. The first time where periodic
unfolding method was used in a two-component domain for v < 1 was due to the
work of Donato, Le Nguyen, and Tardieu in [2I]. In our case, we only consider
v < 0 because when v € [0, 1] one cannot obtain the necessary trace convergences
and when v > 1 the solution becomes unbounded as investigated by Hummel [25].

Meanwhile, for works concerning the homogenization in domains with small
holes, Tartar’s method was used by Cioranescu and Murat in[I7] (see also [29, [30]
by Tartar) to obtain the limiting behavior of a Poisson equation with Dirichlet
boundary condition in perforated domains where the critical size e™/(V=2) gives
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rise to an additional zero-order “strange term” in the limit problem which depends
on the capacity of the set of holes in the limit. Also, a related problem for the
case of a nonhomogeneous Neumann problem for the Laplacian in the same geo-
metric setting but with critical size of order ¢V/(N=1) was done in [I8] by Conca
and Donato.

The primary novelty in this work is the introduction of another version of the
Periodic Unfolding Method that is suited for domains with very small inclusions.
Alongside is its application in finding the asymptotic behavior of a particular elliptic
problem as well as in determining the corresponding corrector results. In fact, with
the aid of this new version, we effectively reveal the contribution of the small
inclusions on the homogenized problems by means of a zero order strange term at
the limit. This key feature arising from the small scale in this type of domain has
not been previously observed for instance in [27] where the limit is only the classical
Dirichlet problem. Also, this is the first time for this class of problem where we
obtain an additional corrector as a consequence of the strange term at the limit.

The main difficulties addressed in this work are the following: establishing the
necessary conditions associated with the parameters € and ¢ in order to describe the
appropriate trace behaviors, demonstrating the contribution of the small inclusions
in the limit problem using an appropriate class of test functions, and analyzing how
the small scale manifests in the correctors.

This article organized as follows: Section 2 recalls the unfolding operators for
two-component domains. Next, Section 3 develops the version of the unfolding
method suitable for domains with very small inclusions. We first assume that
~v < 1 and provide the properties of the associated operators and then due to some
limitations, we shift to v < 0 for the trace behaviors. In Section 4, we describe the
asymptotic behavior of problem by starting with the case v < —1 followed by
v € (—1,0) where no interface influence can be observed at the limits. We present
lastly, the case v = —1 as the integral term on the common boundary appears at
the homogenized problem. At the end of this work is Section 5 which gives the
convergence of the energies leading to the corrector results.

2. UNFOLDING OPERATOR FOR TWO-COMPONENT DOMAINS

We start by recalling the periodic unfolding operator for two-component domains
originally developed by Donato, Le Nguyen, and Tardieu in [21I]. This operator is
one of the key tools in the homogenization results later.

Let © ¢ RY for N > 2 be an open bounded set with a Lipschitz continuous
boundary 0. Set Y = Hi]il(o, ;) to be a reference cell where each ¢; > 0. Let Y3
and Y3 be two open connected subsets of Y such that Yo C Y and Y =Y, UY,
and the boundary I" = 0Y5 is also Lipschitz continuous.

Let i = 1,2. For any k € Z", denote by k; = (ki1/1,...,knfx) and define
the sets Y* = ky+Y, Y} =k +Y;, and K° = {k € ZV | Y} C Q}, Q5 =
int Upeg,. €Yy, TI'¢ =005 and Q5 = Q\ 05.

We also consider the sets for i = 1,2, K. = {k € ZN | eY* c Q}, Q. =
intUy .z (ke +Y) and Ao = Q\Qo. O = U, ¢ eV AF = 05\ QF, and T = 005

K3
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In the sequel, we let ¢ take on values from a positive real sequence tending to
zero and for g € L'(O), where O is an open set in RY, we use the notations:

(i ez:');" wd (i) Molo) = i [ adv (2.1)

We also denote by ¢ the zero extension of the function ¢ defined on 25 to the whole
of Q.

Definition 2.1. Let ¢ = 1,2. For any Lebesgue measurable function ¢ in {25 the
periodic unfolding operator 7;° is given by
o(c[2ly +ey) for ae. (x,y) € Q. x V;,

7; (@)(m,y) = {O for a.e. (Cﬂ,y) S As x Y.

Remark 2.2. Notice that if we define the operator 7; in Q X Y to be

) Ti(p) inQxY,
7;(90){7'25(90) in Q x Y5,

we obtain the unfolding operator for the fixed domain € given in [9].

Next, let us recall some properties of this unfolding operators. We only state
here the necessary properties for this work.

Theorem 2.3. Let p € [1,+00) and i = 1,2. The operators T () are linear and
continuous from LP(Q5) to LP(Q2 x Y). Moreover,
(1) TE(py) = TE(Q)TE(W) for every Lebesgue measurable functions o, on
8
(2) for every p € L*(Q),
1
v [ Ty = [ s@de= [ elwdo [ o) dn
Y1 Jaxy, Qs Qs AS
(3) TE(¢) — ¢ strongly in LP(Q x Y;), for ¢ € LP(Q);
(4) if pe € LP(CX)) satisfies ||pe||Lr(as) < C and T (pe) — © weakly in LP(Q x
Y;), then . — 0; My, (p) weakly in LP ().

We now have the following adjoints of these unfolding operators together with
properties that we will need later.

Definition 2.4. For p € [1,4o0], the averaging operators U : LP(Q2 X Y;) —
LP(Q),1 = 1,2, are defined as follows:

by o Cle]y en {hy) e forac z ey,
0 for a.e. x € AS.

Ui (¢)(x) = {

Theorem 2.5. Letp € [1,400) andi = 1,2. The averaging operators Us are linear
and continuous. Moreover,

(1) U5 () = @llLeas)y = 0 for every ¢ € LP(Q);

(2) if pe belongs to LP(§), then the following assertions are equivalent:

(a) T:(pe) = @ strongly in LP(w xY;) and /A |pe|Pdx — 0,

() llpe = U (D)l Lr sy — 0.
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Now, for v < 1 we define the space HS (see [2I] for the details regarding this
space) as,
H: = {u = (u1,u2) | ug € Ve juy € Hl(Q;)}7
where V¢ = {v € H*(Q5) | v =0 on 9Q}.
Theorem 2.6. Let u® = (uj,u3) € HS. Then

1

L 1) - ) dedoy < / [ — w5 do.
E|Y| QxT re

Theorem 2.7. If ¢ € D(2) and u® = (uf,u3) € HS, then for ¢ small enough,

[ hes o = o [ h() (T () ~ T3 (15)) p e o,
Ie QxI'

Theorem 2.8. If u = (uf,u3) is a bounded sequence in HS, then

17 (Vui)ll e xyy) < C,
175 (Vu3)l L axys) < C,

175 (u5) = T (u3) | o (oxry < Ce 7

Theorem 2.9. Let u® = (uf,u5) be a bounded sequence in HS. Then there exists
a subsequence (still denoted by ¢), uy € Hy(Q) and Uy € L*(Q; H,,,.(Y1)) such that
TE(us) — uy  strongly in L*(Q; HY(Y1)),

TE(Vu§) = Vuy + Vi weakly in L*(Q x Y7), (2.3)

with Mr (1) = 0 for almost every x € Q). Furthermore,
7 = 2 (T5 () — My(TF () = yr Vs + @
weakly in L?($; H(Y1)), where
yr =y — Mr(y). (2.4)

Theorem 2.10. Lety <1 and u® = (uf,u3) be a bounded sequence in HS. Then
there exists a subsequence (still denoted by €) and uy € L?*(Q) such that

T5 (u5) = ug  weakly in L*(Q; H' (Y2)),
€T (Vus) — 0 strongly in L*(Q x Y3)).

Moreover, if v < 1 and and hold for a subsequence, then us = uq, i.e.,
TE(uS) — un weakly in L3(Q; HY(V2)).

(2.5)

Theorem 2.11. Let u® be a bounded sequence in HS. Then there exists a subse-
quence (still denoted by €) and Uy € L?(2; H(Y2)) such that

1 ~ .
Z3 = Z (Ty (u3) = Mr(T5(u3))) — Uz weakly in L*(Q; H'(Y2)), (2.6)
T (Vus) — Vs weakly in L*(Q x Ya), (2.7)

where Mr(uz) = 0 for almost every x € §Q.
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Theorem 2.12. If v < 1, and u® = (uf,u5) is a bounded sequence in HS, then
there exist a subsequence (still denoted by €), u1 € Hi(Q),us € L3(Q),u; €
L2(Q; Hp,, (Y1), and Gy € L*(Q; H'(Yz)) such that (2.2), 2.3), and R2.5)-2.7)
hold.

Furthermore, if v < 1, then u; = us and

(i) if vy < =1 thenuy =uy —yrVu; on Qx T,
(i) if v = —1, then for some function &r € L?(S2),
Tr (i) — Ty (u3)

- — U1 —Us +yrVuy + &0 weakly in L2(Q x T).

3. UNFOLDING OPERATOR FOR DOMAINS WITH VERY SMALL INCLUSIONS

Let © ¢ RY for N > 3 be an open bounded set with a Lipschitz continuous
boundary 0Q2. Let £ be a positive real sequence that approaches zero and let
0=20(s) <1lbesuchthat 6 > 0ase — 0. Let Y = Hﬁil(o,éi) be a reference cell
where each ¢; > 0. Let B C Y and set Yo = dB, the d-scaled version of B, with
Lipschitz continuous boundary I' = dY5. Moreover, we set Y; = Y \ Y5. From this
construction, Y is the disjoint union Y = Y; UY, UT'. We assume that both Y; and
Y5 are connected

For any ¢ € ZV, denote by & = (£141,...,En0N) and define the set K€ = {§ €
ZN | e(& 4+ Y2) N Q # 0}. From here, define the sets Q5° = int Ueek. €(& + Y2),

% = 905° and Q5° = Q\ Q3. Thus, we have 9Q9° = 9Q U T and Q is the
disjoint union © = QU Q5°UT?<. We mention that Q7 is connected and assume
that 0QNT%¢ = ) so that Qg’s is a collection of pairwise disjoint translated sets Y3
distributed with period .

05° olofo|o Lo Y, =6B
o|lojofe /
90 —> olojo|e|0o]|e Vi
olojolejojolorsly
Qe o|lo|o|ofofe .
o|lojofe r

FiGURE 1. Two-component domain with very small inclusions

Furthermore, we define the sets
K.={¢eczZN|e(&+Y)cl,
Q. =imtU, z e(&+Y), A-=90\Q, (3.1)
O =int Uy p (& +Y:), AP =00\ Q) T =00  (3.2)

Again, we use the notation ™ to denote the zero extension as defined in the previous
section.
Let p € [1,00). We define the functional space

Ve = {o e WH(9]7) |0 =0 on 00}, (33)
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endowed with the norm ||UHVPS,5 = ||Vv||Lp(Qis‘s) for every v € Vp‘s*s.

Remark 3.1. A Poincaré inequality holds in the space V;D‘S’E. Consequently, the
norms in V¢ and W'» (Q29°) are equivalent.

For each real number v, we define the function space

HYS = (e = (5, 0d%) [l € VISl e W95}, (34)
equipped with the norm,
5 b,e s
T R 4 o ST CE:)

Remark 3.2. The norms in H,‘i’j, and VP&E X Wl*p(Qg’E) are equivalent (see, for
instance, [27] for analogous developments on this equivalence).

Theorem 3.3. Ifu = (u'i 5 u2 e H5 ° is bounded, then there is a constant C > 0
independent of € such that

63 1.0 sy < C (3.6)
IVuy Nposey <€ (3.7)
[ — ug®|| o rocy < Ce™P. (3.8)
Moreover, if v <1, then
145 a0 3y < C- (3.9)

Pmof Suppose that u in Hﬁj; is bounded Then is immediate from Remark
nd , while estimates (| and follow from (3.5). Finally, estimate
4-

3.9) follows from Remark |3 n and after minor computations when v < 1. (]

3.1. Unfolding operator. Let us now introduce the unfolding operator suitable
for our geometric setting and provide some properties. We also describe here the
relationship of the operators and prove the behavior of its traces on the interface.
From now on, we let ¢ = 1,2 unless otherwise stated.

Definition 3.4. Let p € [1,+00). For ¢ € LP(Qf’g), the unfolding operator 7;5‘5
from LP(Q2°) to LP(2 x RN), is defined by

90(5 [%}Y + 862) for a.e. (56721) € Qe X %)/Za

d,€ _
T (p) (@, 2) = {O for a.e. (z,2) € Ac x %Yi'

For ease of presentation, if ¢ is a function defined in €, we denote 7;6’5(<p) =
5

T (elgoe)-

Remark 3.5. The operator ’T1 is the unfolding operator “7¢ s” in [11],[12]. When

0 = 1, the operators 7;68 are the unfolding operators “7;*” in [21I]. Moreover, we
also recover the unfolding operator “7.” for fixed domains given in [9] if we set

B T2%() in Qx Y7,
ZW){@ﬂw n 0 4%,

Before we proceed, let us first introduce the mean value and local average oper-
ators.
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Definition 3.6. For p € [1,400), the mean value operator My, from LP(Qx %Yz)
to LP(Q) is defined as

5N
|Yil

1
My, (p)(2) = plw,z)dz, Vo€ LP(Qx Y)).

An immediate consequence of this definition is the following proposition.

Proposition 3.7. If o € LP(Q2 x {Y;), then

oN
||M ( )”LP(Q) |Y|||80||LP (Qx1iv;)-

Definition 3.8. For p € [1,400), the local average operator Mi; from Lp(Qf’E)
st
to LP(Q) is defined as

M () () =

5N

Yl

7'56( Wz, 2)dz, Vpe Lp(Qf’E).

We are in a position to give some properties of 7;5’5. In what follows, for p €
[1,00) and N > 3, set p* to be the associated Sobolev exponent to p given by
pN
N-—-p

*_

(3.10)

Theorem 3.9. Let p € [1,400). The unfolding operator 7;6’5 is linear and contin-
uwous. Moreover, it has the following properties.

(i) For every v)",w)* € LP(Q)), T2 () “wp®) = TS ()T (w]).
(i) For every u;® € LP(2;°),
N

— TOF (ud) da dz = / ul dx = / ud® dx — / ule dz.
Y] ax1ly; Qo Qs ADE

(i) For every u}* € LA(Q), [T () | oaxam) < (5) i
(iv) For every u’*® e Ll(Q§€),

66 d,e 56
- < .
‘/QM dx |Y\ oty T (uy d:vdz’ / [udF| da:

(v) Let ui’ € Wl’p(Qf’E). Then

o2y

1
ﬁﬁ,s(vmuf,f) _ 7V 7—66( E) i QX 5}/;7 (31]‘)

€ € el c
IV T ey < Dol [V gy (312

(vi) If {wSF} is a sequence in LP(Q7F) such that w™® — w; strongly in LP(S),
then we have the convergence 7;6’5( 65) — w; strongly in LP(2 x RY).
vil) Let w; be a bounded open set in . For every u,” € ), the
i) L be a bounded in RN. P 8¢ e Whe(Q2F), th
following estimates hold for i =1,2:

<o
5

7w = M3, () v (3.13)

] ||LP(Q;LP* (RN)) ),
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d,e/ O,e
17" (ug ) Lr (@)

< 20€|Y|
5y

(3.14)

s, [Y]VP Nz
— IV | Q(,E)—|—2| w; VP v sN(—3 B e

where C' is the Sobolev-Poincaré- Wirtinger constant for WYP(Y;) and p*
as in .

(viii) Let {w;“} be a sequence in Wl’p(Qf’E) which is uniformly bounded when
both € and & approach zero. Then, up to a subsequence, there is W; €
LP(Q; L (RN)) with V,W; € LP(Q x RV)N such that

N
§e ! .
5 e [wf’a /\/l ( )]1%)/1_ —~ W, weakly in LP(Q; LP" (RY)),  (3.15)
gt
Vzﬁé’a(w?@)l%yi —~ V.W;  weakly in LP(Q x RV)N, (3.16)
where p* is given by (3.10). Assuming furthermore that
N
lim sup L < —+0o0, (3.17)
e—0
then we can choose the subsequence above and some U; € LP(; LT, (RY))
such that
N g
’ e 8 .
. T2 (w)®) = U;  weakly in LP(Q; LY, (RN)). (3.18)

Proof of (i)—(vi). The corresponding properties for 716’8 follow by a change of vari-
able y = 0z as similarly shown in [I2] for the case p = 2 and in [I1] for p € [1,00)
(for time-dependent functions, see [5]). The proofs for ’7'25"’E are analogously ob-
tained. ]

To prove Theorem (vii) and (viii), we require the next result which describes
the interplay between the mean value and local average operators.

Proposition 3.10. Let p € [1,00).
(i) For u’® € LP(Q2°), we have
T IMYS, ()] = My [T ()] = MG (7).

1Y

(i) If {w®*} is a sequence in LP(Q7F) such that w>® — w; strongly in LP(SY),
then

./\/l ( ) =M 1y, (wi) =w;  strongly in LP(S).
s, s, s, y|t/P -1
(i) 1f ul® € LP(Q)°), then [|MT3, (u) lore) < VO ude | gpey-
Proof. Let us show the case i = 1; when ¢ = 2 the proofs are similar.

The identity in (i) uses Definitions and the fact that y = dz.

(i) If {w<} is a sequence in LP(Q°) such that w’ — w; strongly in LP(2),
then by (i), linearity of M1y, , and using Proposition and Theorem (vi) we
have

s, 5, S, 5,
1M, (@i%) = wille) = My, [T (wr%)] = May, (i)l e
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S,e/  d,e
= My, [T (wy®) — wi] |l e
< 5N 7—576 5,6 0
> @H L (wy )*’Wl”LP(QxRN) — U.

Finally, (iii) follows from Definition and Theorem [3.9| (iii). O

Proof of Theorem[3.9 (vii) and (viii). We only show here the case i = 1; when
i = 2 the proofs are essentially the same. Estimate in (vii) is a direct
consequence of the Sobolev-Poincaré-Wirtinger inequality. Meanwhile, the second
estimate in (vii) follows from the fact that by Proposition (i) one has

T = [T (03%) = TP (MG, () + TP (M35, ()PP

v v
d,e[ 0, d,e d,e d,e d,e
< 2p(|7—1 [ul - M%yl (uy )] P+ |M%y1 (uy )|p)~
This, since w; C RY, by (3.13) and Proposition (iii), we obtain the desired

estimate.

Let us now prove (viii). Using estimate (3.13), there exists W, € LP(Q; LP"RN))
such that (3.15) holds. Next, we show (3.16). From (3.12)), there exists S; €
LP(Q x RV)N such that

o
€
Meanwhile,from Proposition (i) and Definition we have V.77 [w]® —
Mi; (w‘fe)] = V.77 (w®). Using this, for ¢ € D(Q x RY) we have
sY1

(3.19)

VTS (W) lay, = S weakly in LP(Q x RY)N, (3.20)

N1
/ - Vzﬂé’a(wf’e)godxdz
axiy; €
N_q
p
_ / TP [wde — MO, ()] Vi da dz.
QX%Yl € st

Passing to the limit in this equation using (3.20) and (3.15), we obtain

/ S1pdrdz = —/ WhiVpdrdz = / V. Wipdzdz,
QxRN QxRN

QxRN
and so §; = V,W;. In view of (3.20), then (3.16) holds. The last convergence in
(3.18]) is immediate from (3.14)) with the aid of (3.17]). O

Also, an unfolding criterion for integrals holds for this operator. This is an
immediate consequence of Theorem [3.9| (iv).

Proposition 3.11. If a sequence {w’} in LY (QX°) satisfies

/5 lw> ()| dz — 0,
A yE

then
N 5 5
/ we(x) dr — T T (W) (@, ) de dz = 0.
Qf:f ‘Y| QX%Yi

Moreover, we write

d,e Tiéys 6N d,e(, 0,€
/ wy(z)de >~ — T (w; %) (x, 2) dz dz.
Qe Y| axly;
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Corollary 3.12. Let {u°} be a bounded sequence in LP(Q0F) and v € LI(Q7F)
such that % + % =1. Then

7—;5,5 5N

/ wWude N T T2 (ud®) (@, 2) T (v) (2, 2) da dz. (3.21)
Qe Y] ax1y;

Furthermore, if {vf’s} is a bounded sequence in LPO(Qf’E) such that 1% + p%] <1,

then

7—;5,5 5]\7
/95 ) uf’g v?’s dx ~ VT Joury ﬁg’s(u?’e)(x, 2) 7;5’5(1)?’8)(17, z)dedz.  (3.22)
i Xs¥i

Proof. For the relation in (3.21]), we employ the Lebesgue Dominated Convergence
Theorem. Meanwhile, (3.22)) is straightforward from the boundedness of the bound-

ary. O

3.2. Trace behaviors. Let us now proceed to some results concerning the jump
on the interface. We investigate the relationship between the two operators and
establish the behavior of their traces on the common boundary.

Lemma 3.13. Let p € [1,00). If u’€ = (u, u3®) € H%%, then

6N_1 5,6/ 0,& d,e/ 0,&
T (uy™) = T (uy”)

P
drdo, < / [ud — ud¥|P do.
5|Y‘ QXF’ Ié.e ! 2
Proof. In view of (3.11)), all traces are well-defined. By the definition of QE given
in (3.1]), and Definition of the unfolding operator,
5N71 P
’ dzr do,

T (") = T3 (u3)

E|Y| QxT
5N71 / ‘ 5 ( T 5 €T P

- E uyt (e = +562)7u‘€ ({5, +552)‘ dz do,.
eV S Jeerynr e =

Note that if z € £(£,+Y), then x = (& +y1) for some y; € Y. This, the periodicity
in Y, and by a change of variable z = e£, + €6z, along with the definition of T'%¢ in
(13.2), the above equation becomes

N-1
0 : dxdo,

70 (u)) = T3 ()

elY| Jaxr
5N71

= Z / ‘u‘i’e (€0 + €62) — uS*® (&0 + eéz)‘p dz do,
elY] ceR. Jetety)xr

5N_1

ey

P
eNY| Z / ‘u?’e (€0 +202) —ud*® (&0 + 552)‘ do,
~ Jr
eR.

P
_ N-1gN-1 Z / ‘u‘f’e (e€¢ +€bz) — ug’f (e + 55z)‘ do,
ek,
P

=Y [ @ -] e
ceR. Ole(€0+Y2)]

p
= u
f&,s

d,e d,e dO’m

1 T U
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P
S/ uS —ulc| do,,
I'6.e
which yields the desired inequality. O

Now, we prove some estimates for the unfolding of the gradients and the jump
on the unfolded functions along the boundary.

Theorem 3.14. Let p € [1,00) and v < 1. Ifu = (u‘;’s,ug’s) € H,‘E’,; is bounded,
then there is a C' > 0 independent of € and 0 such that

||T16’5(VU(E’E)HLP(WRN) <057, 3.23)
£ 5 _N
1754 (Vu3®) | Logaxrny < CO 7, 3.24)
15 (%) = T3 () | pogaxry < Ce 7677 (3.25)

Proof. Estimates (3.23) and (3.24) are immediate from the boundedness of u in

Hf/j) along with Theorem (i), (3.6), and (3.7). Meanwhile, one obtains (3.25))
using Lemma (3.8), and the boundedness hypothesis. O

(
(

To accurately describe the trace behaviors, let us introduce the following mean
value operator acting on the interface.

Definition 3.15. For p € [1,+00), the mean value operator Mr is a function from
LP(Q x T') to LP(£2) and is defined as

Mr(p)(z) = |—1£|/F<p(3:,z) do,, Vo€ LP(QxT).

Remark 3.16. The properties obtained under Theorem [3.9| (vii) and (viii) also
hold when formulated for this operator.

In the sequel, we suppose that (3.17) holds and we further assume that
N—-1

lim
e—0 g

exists in RY. (3.26)

We are now ready to give the trace behaviors. In what follows, we assume that
v < 0 since some of the properties do not hold when ~ € [0, 1].

Theorem 3.17. Let p € [1,00) and v < 0. If v’ = (u{,ud%) € HYE s

bounded, then up to a subsequence, there exist Uy € LP(Q;LTOC(RN)) and Wy €
LP(Q; WEP(RN)) such that

N
,,8 1715’6(@6) —~ U, weakly in LP(Q; L2, (RN)), (3.27)
57 TP (Vude) = VoW1 weakly in LP(Q x RV)N. (3.28)
Moreover, we have
57

70 = —— [T (wy®) = Mo(TF (w) )] 11y,

1

—~ W (3.29)

weakly in LP(€; L (RN)), where Mp(W7) = 0.
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Proof. The existence of Uy € LP(; LY (RY)) and Wy € LP(Q; WHP(RY)) such
that convergences (3.27) and (3.29) hold are immediate consequences of (3.18),
[3.15) and Remark respectively. Furthermore, by the linearity and Definition
@f Mr, in view of 7 we have Mr(W7) = 0 since

N
§» 1

Mr(Z)%) = S (Mr(TP (w]9)) - (m)\rwr( TS w(®) =0, (3.30)

€
On the other hand, - ) follows from (3.11)) and ( with Remark [3 - O

Theorem 3.18. Letp € [1,00) and v < 0. Ifu®® = (u‘is,u2 )€ H‘S6 s uniformly
bounded, then up to a subsequence, there exists Uy € LP(Q; LY (]RN)) such that

loc

57t
TP (uy®) = Uy weakly in LP (4 LF, (RY)), (3.31)
e6TF (V) — 0 strongly in LP(Q x RV)N, (3.32)

If we further assume that (3.26), and (3.27) and (3.28|) hold up to subsequences,
then Uy = Uy. That 1is,

N
5!
VTS~ Ur weakly in L(Q; L

loc

. RM)). (3.33)

Proof. Using (3.18)), we have the existence of Uy € LP(€2; LY, (1Y2)) such that (3.31))
holds. Moreover, (3.32)) follows from using (3.11)) and (3.24)) which yield

0T F(Vuy®) = VT (ud®) = 0 strongly in LP(2 x RM)N
By triangle inequality and (3.25]),

N
o» !
I T3 (uy®) — UlHLP(QxF)
5% !
P S,/ 8, S,/ 8, 5
< 1757 (uy®) = T (uy")| (uy®) = UlHLP(QxI‘)

6?71 11—y 1-N (5 e
< (T>C€ P +‘ ( (157 )_UlHLP(QxI‘)

N N
vy NI\ -1/p 6r s s
:C( € )( € ) e+ H c 7—1’6(u1’6)_U1||er(9xr)'
(3.34)
The first term in the right-hand side of (3.34)) approaches zero by (3.17| - 3.26]) and

since v < 0. Meanwhile, for the second term by the trace theorem and 1-)

| T (i) = U HLP(er)

From these observations and (3.34}), we obtain

N
577]
— 0.

N
§» L
. T2 (ul®) — Uy strongly in LP(Q x T).
From (3.31)), uniqueness of the limit implies that
Ups=U; aeinQxT, (3.35)

which gives (3.33]). [
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Remark 3.19. It is important to notice that unlike the trace behaviors in [21]
which hold for v < 1, Theorem only permits the case v < 0. This is due to
the fact that when + € [0, 1], one cannot have convergence (3.33)).

Theorem 3.20. Let u®® = (uf b uy®) € H‘S ° be bounded. Then up to subsequences,
there exists Wo € LP(Q; WHP(RY)) such that

§% 1
ZS’E =

(755 (w3) = Mp(T3 (wy®))] 11y, — Wa (3.36)
weakly in LP(C; LP” (RN)), where Mp(Ws) =0, and

57 TS (Vud®) = VoW, weakly in LP(Q x RV)N. (3.37)
Proof. Convergence (3.36) is an immediate consequence of (3.15)), where Wy €
LP(Q; WEP(RN)). A similar computation to (3.30) shows that Mp(Z5°) = 0 which
by (3.36) yields Mrp(W3) = 0.

To see (3.37)), we just use (3.11)) and so that

1 5v 1

OV T (Vuy®) = 67 [ VLT (u5%)] =

weakly in LP(Q x RV)N. O

( )I%Yg — V. Wy,

We end this section with a theorem that summarizes our results so far.

Theorem 3.21. Let p € [1,00),7 < 0, and u®° = (u‘ig,u2 ) € H‘S8 be bounded.
Then, up to subsequences, there exist U; € LP(S%; LY (RN)) and W; € LP(Q Whp(RY)),

such that (3.27), (3.28)), (3.31), (3.32), (3.36)), and (3.37)) hold.
Furthermore, if (3.26) holds, then Uy = Uy and

Wi=W, onQxT. (3.38)

Proof. Convergences (3.27)), (3.28), (3.31), (3.32)), (3.36), and (3.37)) hold by Theo-
rems [3.17] -- Moreover, as in (3.35]) we have U1 Us.

Now, notice that using the convergences in and (3.36) together with the
trace theorem for WP (3Y;) for i = 1,2, we obtain

Z0€ — 70 ~ Wy — W, weakly in LP(Q x T). (3.39)

Meanwhile, by Definition [3.15] we have

1 1/p
M@y < o ( | |@|deday) < Il axry-
X

P

This, along with the definitions of Zf’ and ZSE in and (3.36)), triangle
inequality, and (3.25]), we obtain

N

dr
s, s, 0, (,,0, b, ()0
120 = 257 oy < == [ITP* () = T () oy

+ [ Mr (T2 @) = T2 59) || 1oy |

N
6% 1
< ()27 @) = T ()l

g( pE )2051%”512N
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N1 N-1, _
ey e
€ €
Then (3.17)), (3.26) and since v < 0 imply that
Zf’e — Zg’e — 0 strongly in LP(2 x T).

Comparing this with (3.39)), we obtain (3.38]). O

4. HOMOGENIZATION RESULTS

Let us now obtain the asymptotic behavior of our dissipation problem given in
(1.1)) for v < 0 as (,6) — (0,0). First, we denote by M(a, 3, O) the set of matrix
fields A € L>®(O)N*N satisfying

(A(W)&, ) > al¢l* and  |A(y)E| < BIEl, VE€RY, vy e O,

where O is an open set in RY and «a, 8 € R such that 0 < o < .
We define the functions

£ . E 5,6 p— } E
A(:c)_A(E> and h (x)_h(é{g}), (4.1)
and consider the following assumptions on our data:
(A1) Ae M(a,B,Y) and f € L?(Q);
(A2) h € L>=(T) be periodic in Y3 and there exists hyg € R such that 0 < hg <

h(z) a.e. in T}
(A3) Suppose that 6 = §(e) is such that (3.26) holds and
|
ki = lim 0= exists in RY.
e—0 £

Remark 4.1. The number k; corresponds to the critical size e¥/(N—=2) of Dirichlet
small holes first observed in [I7] (this is also (3.17) for the case p = 2). Meanwhile,
(3-26)) corresponds to the critical size e¥/V=1 of the Neumann small holes from
[18].

From (3.3) and (3.4)), when p = 2, we write V¢ := V;’E and Hg’g = Hj’; The
variational formulation of (L.1)) is: Find u® = (u$%,ud) € HY*# such that for all
v = (v1,v2) € Hgﬁ

/ AV Voyda + / AV Vo, da
Ql’s

S,e
Q?

+&7 . RO (Ul — ud®) (vy — v3) doy (4.2)

2
= ;/QM fu;dx.

Theorem 4.2. Under assumptions (A1) and (A2), problem (4.2) admits a unique
solution u®* € H,‘E*E such that for some constant C > 0,

[u%]| 5.« < C. (4.3)
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Proof. The existence and uniqueness of the solution of follows from invoking
the Lax-Milgram Theorem together with (A1) and (A2).

On the other hand, taking the unique solution u®¢ as a test function in and
then applying (A1), (A2), triangle and Cauchy-Schwarz inequalities, and Remark

one obtains (4.3)). O
All throughout, let N > 3 and p* as in (3.10). Let us start by recalling some

spaces and results from [I1] for homogenization in domains with small holes via the
periodic unfolding method. _

For p € [1,N), we recall the homogeneous space WHP(RY) = {¢ € Lp* (RN) |
Ve € LP(RM)N}. In what follows, for p = 2, we write HY(RY) := WL2(RV).
Moreover, we define the functional space

WEP(RN) == {WLP(RY) | Vi € LP(RN)V}
equipped with the norm
1ol ry = 19012, gy + (0P, Vip € WHP(RY).

Proposition 4.3 ([I1]). Letp € [1,N).

(i) The space WHP(RN) is isomorphic to WYP(RN) @ R. That is, for every
© € WHP(RN), there exists a real number (o) (called the weak limit of
@ at infinity) such that ¢ — p(co0) € WIP(RN).

(ii) We have the estimate ||o—p(00)|| Lo @y < ClIVel porny Ve € WHP(RY),
where C' > 0 is the constant for the Sobolev embedding of Wl’p(RN) to
LP" (RN).

For an open set B C RN, we define the subspace Kp of H'(RV) @ R by Kp =

{p € HL (RYN)| Vy € L2 RY)N and ¢ = 0 on B}, equipped with the norm
lellks = IVellpe@yy, Vo € Kp.
Furthermore, we define the space
Lp={Vel?(QH®RY)®H}Q) |V =0 ae inQx B},
equipped with the norm
IVIZ, = 19V (00 By + IV, V22 @urry ¥V € L.

Next we recall some density results from [I1] that are essential in reaching our goal.

Lemma 4.4 ([I1]).

(i) Forp € [1,00), the set Use(o,5,{e € WHP(Y) | ¢ constant on OB} is dense
in WHP(Y).
(ii) Forp € [1,N), the set Use(o,5,{¢ € W'P(Y) | ¢ = 0 on OB} is dense in
WLhr(Y).
Remark 4.5 ([I1]). Lemma holds also true in the space W:2(Y) (in place of
WhP(Y)).

We now introduce the important class of test functions which will aid us in
revealing the contribution of the small scale of the inclusions to the homogenized
problems.
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Lemma 4.6 ([I1]). Let p € [1,00) and v € VVé’f(RN) such that V,v € LP(RM)N
and has compact support. Set

v>e(z) = v(% {E}Y> for a.e. x €. (4.4)

€
By Proposition [{.3(i), v has a limit at infinity denoted by v(co). If & is small
enough, the function v>¢ belongs to WYP(Q) and

v — v(oo)  strongly in LP(Q). (4.5)

1

N_
Moreover, if 2 “— s uniformly bounded, then v2e — v(00) weakly in WHP(Q).

Remark 4.7. For v%¢ defined in (£.4)), in view of (3.11)) for i = 1,2, 7;6’€(Vv5’5) =
%VZU
&€
Theorem 4.8. Let p € [1,00), u’¢ = (uiE,UQ ) € H‘SE and h%° be as in (&)
such that h satisfies (A2). Then, for ¢ € D(2) we have

5N71

5,6, 6,6\ _ 0,0, 6,6 S,
T L he () - T8 T o) e

= /. hOE (Ul — ud®)p do,.
T'6.e

Proof. By similar arguments as in the proof of Lemma we have

Nt Sl 8 Sl 8 5
h(z) (T (u5") = 75 ’E(uf)) TP (o) dw dor

é‘lY‘ QxI

N-15N-1 Z / (&g +e6z2) — u2 (& + 562)) p (e +€dz) do.
§€K
By the change of variable © = £ + €6z, (A2), and since the support of ¢ is a
compact subset of Q, the integral on T'%¢ is the same over ['%¢ so that the above
equation is transformed into
5N_1

h(z) (T9° (%) = T3 (u§) ) T () da dor.

€|Y| QxT

N 1¢N-1
P (G
Z Oe(€e+Y2)]

S E ) - @) do
[e(&e+Y2)]

¢ek,
B / o (u) — uy®)p o
8[U5€f(\55(£l+y2)]

= [ e - yedo,
Td.e

d, d,e d,e
= hof(ul® —uy®)pdoy,
Té.e

which completes the proof. ([

We are now in a position to describe the asymptotic behavior of (4.2)) for different
values of 7 < 0. To aid us in passing to the limit, we further assume that,
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(A4) there exists a matrix A € M(a,5,Q x Y) such that 77(A%)(z,y) —
A(z,y) for ae. (z,y) € 2 xY; and

(A5) there exists a matrix F € M(a,3,Q x RN) such that 7,7(A%)(z,z) —
F(z,z) for a.e. (7,2) € 2 x RV,

4.1. Case v < —1.
Theorem 4.9. Let v < —1. Under assumptions (A1)—(A3), let u®< = (ud®,u}®) €
H,‘i’E be the solution of ([A.2)). Then there exist uy € H}(Q) and Gy € Ly such that

u?’s — O;u; weakly in L*(S2), (4.6)
TP (u®) = Gi weakly in L*(Q; L, (RY)) with Gi(00) =ur, (4.7
Vﬂ;‘s’g(uf’e) — V.Gy  weakly in L?(Q x RN, (4.8)

where 0; is given by (i), and @; € L*(; H),, o (Yi)) such that
TE(Vul) = Vuy + Vi weakly in L*(Q x Y1)V, (4.9)
T (Vud©) — Vs weakly in L*(Q x Y)V, (4.10)

for i =1,2. Moreover, under assumptions (A4) and (A5), the pair (G1,u) is the
unique solution of the unfolded limit problem

2
Lid F(z,2)V,G1(z, 2)V,Vdrdz
Y1 Jax®y\B)
1 ~
+ iG] A(z,y)(VG1(-,00) + V,u)(VV (-, 00) + V, V) dz dy (4.11)
QxYy

= /QfV(.,oo) dz, YV eL*QH),.(Y)), VVeLg,

where U € L*(%; H,,,, o(Y)) is the extension by periodicity of the function

Ay = {0y yen, (4.12)
u2('7y) - y’yvul ) S YYZu

where
yr =y — Mr(y). (4.13)
Proof. We divide the proof in four steps.

Step 1. Using (4.3), (2.2) and (2.5) in Theorem (iv), we obtain
ud® = Gu;  weakly in L2(€), (4.14)

proving ([4.6) for i = 1. We will show later that us = wu; so that uy € HJ ()
which will prove the case i = 2 in (4.6). Furthermore, the existence of u; €
L*(Q; H,,,.(Y;)) for i = 1,2 such that convergences (4.9) and [@.10) are true,
come from ([2.3)) and (2.7). We also delay the proof of (4.7) and (4.8]).

Step 2. To capture the effect of the periodic oscillation of the coefficients in (4.2)),
for ¢ € D(Q2) and ¢ € H},,(Y) vanishing in a neighborhood of the origin, we let
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v1 = vy = ¢ = ()1 (£) be the test functions in (4.2). Since v1 = vy, the third
term in (4.2)) becomes zero and so we obtain

/Q . A*VuS Ve da + /Q .- ATVu Vo dr = Zj; /Q . fod. (4.15)
Concerning the test functions, direct computations show that

T (p) — 0 strongly in L?(Q x Y;), (4.16)

TE(Ve) = V, ¥ strongly in L*(Q x Y;)V, (4.17)

where U(x,y) = ¢(z)¥(y). Unfolding the right-hand side of (4.15)) using 7;° and
T5, respectively, using Theorem [2.3| (i) (iii), and passing to the limit using (4.16)
yield

2 2
: T . 1 < € _
lim E_l /Q{LE fodr ~ ;I_I}(l) E_l ¥ TE()TS (p)dxdy = 0. (4.18)

e—0 = Qxy;

For the first term on the left-hand side of (4.15)), we apply 7 and Theorem
(i), then pass to the limit using (A4), (4.9), and (4.17) yield

1
lim AV Vpde = — A(z,y)(Vur + Vyu)Vy¥dady. (4.19)
e—=0 Jqie YT Jaxy,

Now we consider the second term on the left-hand side of (4.15)). By using 75 and
Theorem (i), passing to the limit with (A4), (4.10)), and (4.17]), we obtain

lim AV Veode = — A(z,y)V, iV, ¥ dx dy. (4.20)
€20 Jale Y| Jaxys
Therefore, via (4.18)), (4.19), and (4.20)), we obtain the limit equation
1 ~
— Az, y)(Vur + Vyuq)V, U d dy
‘Y| QXY
| (4.21)
+ — Az, y)V, 12V, U dzdy = 0.
|Y| QxYs

Finally, observe that using Theorem ?7? (i) as v < —1, we can define a function
u (extended by periodicity) in L*(Q; H},.(Y)) given by (4.12), where yp is simi-

larly defined as in (2.4). Using this along with the density of D(Q) x H} . (Y) in
L2(; H(Y)), then equation (4.21)) becomes

per

/ A(z,y)(Vuy + V)V, Wdedy =0, YU € L*(Q H)..(Y)). (4.22)
QxY

Step 3. Let us now show the existence of G; € L such that and hold,
and that us = u; as postponed in Step 1.

For i = 1,2, let us have the following results. From (A3) and with Remark
there exists G; € L?(Q; L2 (RY)) such that up to subsequences,

loc

T2 (ud®) = G;  weakly in L2(Q; L7 (RM)). (4.23)

3

Theorem then implies that G; = G2 so that the above becomes
T (ud®) = Gy weakly in L2(Q; L (RV)). (4.24)

loc
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From estimates and and Theorem [3.10] (i), we have
Miy (uf*)lsy, > u;  strongly in L2(9; LY, (RY)). (4.25)
Meanwhile, by (3.13), there exists J; € L2(Q;L* (RY)) with V.J; € L?(Q x
RM)N such that
T2 [ude M S (W) 1ay, = J; weakly in L*(9; L% (RY)). (4.26)

Now, the linearity of ’Ti‘s’s together with (4.24), (4.25), and (4.26)) imply
G1 — U; = Ji and szl = Vsz

By (3.38)), J1 = J> and since u; is independent of z, we obtain u; = ug in
concluding the proof of (4.6)) from Step 1.
Meanwhile, by (A3) and (3.16)) with Remark

V.77 (ud®) = V.G, weakly in L(Q x RV)N, (4.27)
For the case i = 1, Definition [3.4] gives
T2 (ul®) =0 in Qx B, (4.28)
and with (4.24)), we obtain
Gi1=0 inQxB. (4.29)
Thanks to - , we have G; € Lg and
G1(+,00) = ug. (4.30)

This along with (4.24)) and (4.27)) prove (4.7)) and (4.8]).

Step 4. In this part, we will prove the rest of the limit equations. To see the
effect of the very small inclusions, let ¢ € D(2) and v € Kp such that V, v has
compact support. Take v = vy = v>¢(z)p(z) as a test function in (&.2)), where v%*

is defined in (4.4).

Since vy = vg, the third term in (4.2) vanishes and we obtain

2
ATVUSV (055 ) da+ . ATVUS V(075 ) da = Z/Qsafv‘s’sgodx. (4.31)

Qi e
Before we proceed, observe that
T2 (0)Vau — V.0 strongly in L2(Q x RY). (4.32)
The first term in the left-hand side of becomes
- ATVuSEV (095 ) da
! (4.33)
= /Q&E ATV o da + ” AVuS v Vi da.

For the first term on the right-hand side of (4.33]), we unfold using '7'1 * due to the
factor Vovd=e. Usmg Theorem 3 1 3.11f), Remark . and passing to the limit
using (A3), (A5), (4.8), and (4.32)

k2
lim AEVU(;EV’U(SEQO de = — F(z,2)V,G1(z, 2)pV vdr dz.
e=0 e Y] Jox®™\B)
(4.34)
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Unfolding the second integral in (4.33)) using 7¢ and passing to the limit using

(A4), (4.9), (4.5), Theorem (iii) we obtain
lim ATVUS eV o da = @/ Az, y)(Vur + Vyuq)Vede dy. (4.35)
e=0 Jqole Y1 Jaxv,

Similarly, for the second term in the left-hand side of (4.31]),

/QJ,E ATVuS Y (1°% ) da

(4.36)
= /6 AEVug’EV"u‘S’Egoder/é ATVuS v Ve da.
Qde
For the first term in the right-hand side of (4.36] 7 we unfold using '7'2 in a similar
fashion in getting (4.34]). Using Theorem 3 , and Remark - and then
passing to the limit using (A3), (A5 | and l , because of (4.29)), we obtain
k:
lim ATVUS Ve pde = —= F(z,2)V,G1(z, z)pV, vdxdz = 0.
=0 Jade Y| Jaxs
(4.37)

Unfolding the second term in the right-hand side of (4.36)) using 75 and invoking
(A4), (2.7), (4.5), and Theorem (iii), we obtain

lim ATVuS v Vo dr = @/ Az, y)V, 12V dr dy. 4.38
50 955 |Y| QxYs ( ) y 2 90 ( )

For the right-hand side of (4.31]), we unfold the terms using 77 and 75, respec-
tively,

2

d,e 73 6 55 €
> sadxfzm |, T T dedy,
i=1 i i=

and so by (4.5) and Theorem (iii), and since f and ¢ are independent of y,

lim fo*fpdr = v(oo)/ fpdx. (4.39)
Q

a—>0 Qé e

Therefore, i4 35)), (4. 34‘ (4 38)), (4.37)), and allow us to pass to the limit as

e — 0 in (4.31] , and the density of D(Q) x Kp in Lp, using (4.12)), we
obtain

F(z,2)V,G1(z,2)V,Vdrdz

|Y| Qx (RN\B)
1

+ 5 A(z,y) (VG (-, 00) + V, @) VV (-, 00) dz dy (4.40)
|Y| Qxy

/fV ydz, VYV € Lg.

Taking into account (4.22)) into (4.40) gives (4.11)). Furthermore, the existence,
uniqueness, and stability of the solution (G, @) to problem follows from Lax-
Milgram Theorem, and so the convergences mentioned in the theorem holds for the
whole sequence. O

The next result gives the classical form of the homogenized system given in
(4.11]).
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Corollary 4.10. Under the assumptions of Theorem[[.9, the limit function u; €
HY(Q) is the unique solution of the homogenized problem
—div(A"™ V) + k20u; = f in Q,

) (4.41)
u; =0 in 09,

where the homogenized matriz AM™! = (a?;m’l)NxN € M(a, 5,9) has entries

N ~
m, 5%
GZO "= My (aij + Z aiki> (4.42)
1 Oy
such that the correctors X; for j =1,..., N solve the cell problems
—div(A(:c,y)V()A(j + yj)) =0 inY, (4 13
X; is Y-periodic, My (X;) =0, 43)
and where for a.e. x € Q,
1
O(z) == — F(z,2)V,0(x,2)V.0(x, z) dz. (4.44)
Y| Jen\B
Proof. We first introduce the classical correctors X; for j = 1,..., N for the ho-

mogenization in fixed domains (for more details, see [4]) that solve (4.43)) which is
equivalently given by

J € L(Q; Hye,(Y),

per

/ Az, y)V(Xj +y;)Vedy =0 ae inQ, VoeH, (V).
Y

From (4.30)), we also have that
VGl(', OO) = Vul. (445)
Using this along with (4.22)) implies that & can be expressed as

u(z,y) = gul X Z 8G1 i(z,y) ae inQxY. (4.46)

Using this expression for @ in (4.40), we have for all V € Lp,

/ APy @ (- 00)VV (-, 00) dx dy

2
+ Lid F(z,2)V,G1(z, 2)V,Vdx dz (4.47)
Y1 Jax@y\B)
z/fV(-,oo dx
Q

where for a.e. z € Q, and by (4.45)),

om,1 o 1 -~
Ab (2)VGi(x,00) := m /Y Az, y) [VGl(x, 00) + V,u(z, y)} dy

1 ~
Y1 Jy
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from which A"™ 1 given by follows (see, for instance, [11]). Now, let us intro-
duce 6 to be the solution of the following cell problem corresponding to component
B given by

0 L*(QKg), 6(x,o00)=1,

/ F(z,2)V.0(x,2)V,¥(z)dz =0 a.e. in §, (4.48)
RN\B

Yo e HY(RY) with ¥ =0 on B.
Multiplying the equation in (4.48)) by wj(x) which is independent of z and setting

U(z) =V, we have a.e. in Q that
/ F(z,2)V.(u1(2)0(z,2)) V.V dz = 0. (4.49)
RN\B
On the other hand, in view of (4.47)), setting V (-,00) = 0 we have
/ F(z,2)V,G1(2,2)V,Vdz=0 ae. in Q. (4.50)
RN\B

By the Lax-Milgram Theorem, admits a unique solution. Therefore, in view
of and (4.50), since G (z, -) and u; (x)60(z, ) are both in K p and are solutions
of the same problem which admits a unique solution, we have that Gi(z,:) =
up(x)f(z,-). Indeed, this coincides with since G1(-,00) = uy(z)0(x,00) =
up(x)(1) = uy(z). Now, if we set

V(z,z) = Y(2)0(x,2) ae in QxRY

in ([£.47), where Y € H}(Q) and 6 as in (4.48)), then (4.47) becomes

/Ahom’1VG1(~,oo)Vdedy+k%/ Ou, Y dx dz

@ @ (4.51)

:/dex, VY € H(Q),
Q

where O(x) is given by (4.44)), a nonnegative function and can be interpreted as the
local capacity of the set B. Finally, we have (4.51]) as the variational formulation

of (4.41). U
4.2. Case v € (—1,0).
Theorem 4.11. Let v € (—1,0). Under assumptions (A1)-(A3), let u>* =

(U, ud®) € H%< be the solution of ([L.2). Then there exist uy € Hg(2) and
G1 € Lp such that

W G weakly in 12(Q) (4.52)
TS (u)®) = Gy weakly in L*(Q; L3, (RY)), with Gi(-,00) = uy 1459
VTS (u)%) = V.G1  weakly in L*(Q x RM)Y, (454

VTP () —~ 0 weakly in LX(Q x RNV, 459

and uy € L*(; HY,, ,(Y1)) such that

per,0

TE(Vud®) = Vuy + Vyiy  weakly in L2(Q x Y1)V, (4.56)
T£(Vud®) —= 0 weakly in L*(Q x Y)N. (4.57)
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Moreover, under assumptions (A4) and (A5), the pair (G1,u1) satisfies the unfolded
limit problem

2
Ll F(z,2)V,G1(z,2)V,Vdzdz
YT Jox@®\B)
1 ~
+ v Az, y)(VG1(-,00) + V,u1)(VV (-, 00) + V, ¥1) dr dy (4.58)
QXYl
:/fV(-,oo) der, YU € L*(Q;Hy,(Y)), VVeLg.
Q

Proof. We divide the proof in five steps.

Step 1. As in Step 1 from the proof of Theorem by a Poincaré inequality and
using the boundedness of the solution from Theorem E there exists u; € Hg ()

such that (4.52)) holds for ¢ = 1. Also, as in (4.14)), we have

uS® = fyuy  weakly in L2(Q). (4.59)

Moreover, the existence of @; € L*(9; H},, ((Y1)) such that convergence (4.56) is
true, come from (2.3)).

Step 2. To capture the effect of the periodic oscillation of the coefficients in (4.2)),
for p; € D(Q) and ¢; € H],(Y) vanishing in a neighborhood of the origin, we

let v; = @; = ep;(x)1h; (£) be a test function in ([.2)) for i = 1,2. Following the
arguments in Step 2 in obtaining (4.21]), we obtain the limit equation

1 ~
™ Az, y)(Vur + Vyur)Vy ¥y da dy
|Y| QxYy
X (4.60)
+ — A(z,y)V, iV, ¥ dx dy = 0.
|Y| QxYs
This along with the density of D(Q) x H},(Y) in L*(Q; H},(Y)), then equation

(4.60) holds for every ; € L*(Q; H},.(Y;)).
Step 3. As argued in Step 3 from the proof of Theorem [£.9] we have the existence
of G; € L2(; L2 (RY)) such that

loc

T (ud®) = G;  weakly in L2(Q; L2, (RVY)). (4.61)

In view of and , we obtain
Gi—ui=J;, V.Gi=V.J, (4.62)
VT2 (ul®) = V.G, weakly in L2(Q x RV)N, (4.63)

for i = 1,2. We also have here that G; € Lg and
G1(+,00) = u. (4.64)
From these statements, when ¢ = 1 in (4.62) and (4.63)) prove (4.53) and (4.54).

Step 4. Let us now show the contribution of the inclusions to the limit equations.
As in Step 4 of the proof of Theorem [£.9] to capture the effect of the very small
inclusions, let ¢ € D(Q) and v € Kp such that Vv has compact support. Take
vy = vg = v2%(2)p(x) as test functions in where v is defined in (4.4)).
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Since vq = v, the third term in (4.2)) vanishes and we obtain
2
ATVUSV (055 ) da+ ATVUS TV (075 p) da = Z foPfpdr. (4.65)
7 i im1 /o

For the first and second terms in the left-hand side of (4.65)), similar computations

used in (4.34)—(4.38)) yield
lim ATVUSEV (055 ) da

e—0 Q(IS,E
Kt
= — F(z,2)V,G1(z, 2)pV, vdx dz (4.66)
Y| Jax@y\B)
+ 2 [ A ) (Vs + V00 Viededy,
|Y| QXYl
and
5 ki
lim ASVUS V(025 p) d = —= F(z,2)V.Ga(z, 2)pV vdr dz
e=0 Jade Y] Jaxn
(4.67)
+ v(oo)/ Az, y)Vyua Ve de dy.
|Y| QAxYs

Meanwhile, for the right-hand side of (4.65]), computations to those used in (4.39)
give

2
. 0,6 . _
8113(1);/9{375 foi"pidx v(oo)/ﬂfgpda:. (4.68)

Using equations (4.66)—(4.68) when passing to the limit as ¢ — 0 in (4.65)), by
(4.64) and the density of D(Q) x Kp in Lp, and taking into account (4.60), we
obtain the limit equation

ki

— F(x,2)V, U(x,2)V,Vdxdz
Y] Jox®y\B)

1 ~
+ — Az, y)(VG1(-,00) + V,u1)(VV (-, 00) + V, ¥1) dx dy
|Y| QxY;
2
+ L F(z,2)V,Ga(x,2)V,Vdrdz (4.69)
|Y| QxB
1 ~
+ — Az, y)V, 2 (VV (-, 00) + V,Uy) dz dy
|Y| QxYs
= [ fV(,00)dzx, VV; € L*(QH.,(Y;) fori=1,2 VVeLp.
Q

Let us now have an insight about the explicit form of V,G4 and V,u,. To this
aim, choose V =0, ¥U; =0, and ¥y = Uy, then becomes
1
|Y| QXxYs
However, as A(z,y) € M(a, 3,Q2xY), we have by ellipticity and that V,us =
0, which by gives . Furthermore, in view of for i = 2, and ,

we have

A(x, y)Vyﬂgvyﬂg =0. (470)

V. T8 (uSF) = e6T75 (Vud®) — 0.
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Comparing this with for i = 2, we have VG2 = 0 giving .

Therefore, since V42 = 0 and V.G2 = 0, equation simplifies to .
Furthermore, the existence, uniqueness, and stability of the solution (Gi,u;) to
problem follows from Lax-Milgram Theorem, and so the convergences men-
tioned in the theorem holds for the whole sequence.

Step 5. Finally, since v < 0, the second part of Theorem [3.21] is applicable; and
consequently, G; = Ga. In view of (4.61]), we obtain (4.53? for i = 2. Moreover,
using (3.38]) in (4.62)), we have J; = Jy and since u; is independent of z, we have

u1 = ug. This along with (4.59)) yield (4.52) for ¢ = 2. O

Let us now have the classical form of the homogenized system given in (4.58).
The arguments of the proof are similar to that of Corollary however instead
of integrating over Y at some parts, here the integrals are over Y7 only.

Corollary 4.12. Under the assumptions of Theorem[].11] the limit function u; €
HY(Q) is the unique solution of the homogenized problem
—div(A"™2Vu,) + k20u; = f in Q,

) (4.71)
u; =0 in 09,

where the homogenized matriz APO™?2 = (a?]‘»)m’2)NXN € M(a, 8,9Q) has entries

ij

N
ahom,2 _ MYl (aij -+ Z aik?) (472)
1 Yk

such that the correctors X; for j =1,..., N solve the cell problems

—div(A(z,y)V(x; +y;)) =0 in Y1,
A(z,y)V(X; +y;) =0 onT,
X; is Y -periodic, My (xX;) =0,

and where © is given by (4.44).

4.3. Case v = —1. As presented in the next theorem, the asymptotic behavior
for this case is more delicate as the limit problem contains a jump term on the
common boundary.

Theorem 4.13. Lety = —1. Under assumptions (A1)—(A3), let u®s = (u5°,ud®) €

H,‘E’E be the solution of (4.2). Then there exist u; € Hg(2) and Gy € Ly such that

ul = O;uy  weakly in L*(Q), (4.73)
TS (u)) = Gy weakly in L*(Q; L2 . (RN)), (4.74)
VTS () = V.Gy  weakly in L*(2 x RN)N, (4.75)
and U; € L*(; Hp,, o(Ys)) such that
Tf(Vu(ls’E) — Vuy +V, i weakly in L*(Q x Y1)V, (4.76)

T (Vus) = Vs weakly in L*(Q x Y2)N, (4.77)
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fori=1,2, Moreover, under assumptions (A4) and (A5), the triple (G1,u1, ) is
the unique solution of the unfolded limit problem
ki

— F(z,2)V,G1(z, 2)V,Vdz dz
Y1 Jax@y\B)

1 ~
G| Az, y)(VG1(,00) + Vi) (VV (-, 00) + V, ¥1) da dy
|Y| QXY
1
g A(2,9) (VG (- 00) + Vyiin)(VV (-, 00) + Vy Wp) dady  (4.78)
QxYs
1 ~ —
+ 54 h(y)(uy — a2) (¥ — Uy) dx doy
|Y| QxT

- / fV(00)de, YU; € L*(Q; Hpo,(Y)) fori=1,2, ¥V € Lp,
Q

p

where tis € L*(Q; HY(Y3)) is the extension by periodicity of the function
Ug = az — yme — EF, (479)
for some &r € L*(Q) and where y, = y — Mr(y).

Proof. We divide the proof in three steps.

Step 1. The existence of u; € Hj(), G1 € Lp, and @; € L*(Q; H},, (V7))

such that convergences (4.73)—(4.77)) hold follow from the same arguments as in the
proofs of (4.6)—(4.10) from Theorem

Step 2. To capture the effect of the periodic oscillation of the coefficients, for
@i € D(Q) and ¢; € H},(Y) vanishing in a neighborhood of the origin, we let
v; = p; = epi(x)Y; (£) be a test function in for i = 1,2. Proceeding as in
Step 2 of Theorem and employing similar arguments in [21] for the interfacial

term, we obtain the following limit equation

/ Al@,y)(Ver +Vﬁl)vy‘l’ldﬂfdy+/ Al,y) V52V, W du dy
QxY; QxYs
(4.80)
+ [ b - @)@ - ) drdo, =0,
I

for all ¥; € L*(; H).(Y)) and i = 1,2.

Step 3. Let us now capture the effect of the very small inclusions in (4.2)). To this
goal, for ¢ € D(Q2) and v € Kp such that V.v has compact support, we use again
the function v>¢ as given in (4.4) and let v; = vy = v*¢(z)p(x) be test functions
in (L2).

Following the arguments in Step 4 of Theorem we obtain

lim ASVUSEV (0o da

e—0 9115,5
_ M
YT Jox@®™\B)
o(0) / Az, y)(Vu + Vi) Vo da dy,
QXYl

Y
v(00)

F(z,2)V.,G1(z, 2)pV vdr dz (4.81)

lim ASVuS V(055 ) da =

Az, y)V,us Ve dz dy, 4.82
LLy . By, A7 (452
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e—0

2
1imZ/Qés fyfﬁw dr. = v(oo)/gfgodm. (4.83)
=1 i

Therefore, in view of (4.81)) - (4.83)), passing to the limit, by (4.30)) and the density
of D(2) x Kp in Lg, we obtain

k2
—L F(x,2)V.G1(x,2)V,Vdxdz
Y] Jox®v\B)
1 ~
|Y| QXYl
! (4.84)
|Y| QXY2

:/fV(-,oo)dx, VvV € Lp.
Q

Finally, taking into account in gives ([4.78)). Furthermore, the existence,
uniqueness, and stability of the solution (G1,u1,@2) to problem follows from
Lax-Milgram Theorem, and so the convergences mentioned in the theorem holds
for the whole sequence. [

For the classical form of the homogenized system given in (4.78]), the arguments
are similar to the the proof of Corollary with additional straightforward com-
putations on the interface.

Corollary 4.14. Under the assumptions of Theorem[{.13, the limit function uy €
H () is the unique solution of the homogenized problem
—div(A"™3Vuy ) + kfOu; = f in Q
u; =0 in 09,

)

(4.85)

where the homogenized matriz Aho™3 = (a?]?m’?’)NxN € M(w, 8,9Q) has entries

hom.3 0% SPLE
a3 — A (ail+ a; —J) + M (ai‘+ a; fj) 4.86
1] Yy J ; kayk Y J ; k ayk ( )

such that the correctors ()?},)?3) for 5 =1,... N solve the cell problems
—div(A(z,y)V(X] + ;) =0 in Yy,
—div(A(z,y) V(X5 + ;) =0 in Ya,
A(x,y)V()’{} +yj)on = —A(x,y)V()?? +y;)-ne onl,
—A(z,y)V(Xj +y;) - m = h(Y; —X5) onT,
)Agjl is Y -periodic, My()@l) = 0.
and where © is still of the form .

Remark 4.15. Let us have the following observations:

(1) From Theorems [4.10} [4.12] and [4.14] the contribution of the coefficient
matrix A€ in the corresponding components Y; and Y5 is taken into account
by the term AP™J for j = 1,2,3, which also recovers the homogenized
matrices in [21].
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(2) The appearance of the zero order strange term k7Ou; in (4.41), (4.71)), and
is brought about by the effect of the very small inclusions.

(3) In contrast to the limit problem in [27] being the classical Dirichlet problem
which does not account for the presence of a strange term, the results of
this paper provide an information on the contribution of the small scale in
the homogenized problem.

To end this section, let us further investigate what happens to the limit function
and the contribution of the very small inclusions to the limit problem if instead of
(A3), we have the assumptions ky = +o00 or k1 = 0.

4.4. Case k1 = +oo. If k1 in (A3) is infinite, together with (3.13) for p = 2 as
e — 0, we obtain

5‘Y|1/2

H,Eé,s [u?,s . Mﬁ,s (u6,€)]| < CFHVU?(S”LZ(Q?’E)N, — 0, (4.87)

FYitl |L2(9;L2* (RN)) =
fori=1,2.

Meanwhile, by and , we have the convergence
ul® — u;  strongly in L*(€).
This along with a similar proof of (4.25)), we have
M‘;; (u?’e)l%yi — u; strongly in L2(€; LY (RN)). (4.88)

loc

Now for v < 0, as shown in Theorems [4.9 and we have u; = wus.
Therefore, by linearity of 7;5’5, Theorem (i), and (4.88)), in view of (4.87)), we

obtain
T2 (ud®) = uy  strongly in L2(Q; L3 (RN)). (4.89)

i loc

However, as seen in the proof of (£.28), 7;°°(u$¥) = 0 in Q x B. Finally, this and
(4.89) imply that u; = 0.

Remark 4.16. When k; = 400 and v < 0, then u; vanishes in ). This means
that the size of the very small inclusions is too big that it forces the limit function
u1 to be zero.

4.5. Case k; = 0. When k; in (A3) is zero, then k? = 0 so that the limit problems
in Theorems 4.10} 4.12} and (4.14]) become

—div(A"™ V) = f in Q,
up =0 in 09,

with their corresponding homogenized matrices given in (4.42)), (4.72) and (4.86]),

respectively.

Remark 4.17. When k; = 0 and v < 0, then the very small inclusions do not
contribute in the limit problem. This means that the size of the very small inclusions
are too small to influence the limit problem and so we do not have the appearance
of a zero order strange term.

Furthermore, let us mention that the proof of the homogenization results for
k1 = 0 requires slight modifications. For instance, let us consider the case when
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v < —1. Let us focus on Step 2 on the proof of Theorem (4.9)). To resolve this, we
will use Theorem (viii). In particular, in place of (4.23), we will use

571
€
The rest of the arguments are similar.

T2 () = U;  weakly in L2(Q; L2 . (RV)).

i % loc

5. CORRECTOR RESULTS

In this section, we prove some convergence for the associated energies to prob-
lem . As a consequence, corrector results will be obtained using the periodic
unfolding method for problem where v < 0. We first recall a classical result
which is essential in this part (see e.g. [11]).

Theorem 5.1. Let {D.}. be a sequence of N x N matriz fields in M(a, 8,0) for
some open set O such that D. — D almost everywhere on O (or more generally,
in measure in Q). If the sequence of vector fields {(.}c converges weakly to ¢ in

L2(O)N, then
liminf [ D.(.( dx > / D(( dx.
e—0 o o
Furthermore if

limsup/ D.(.C. d:cg/ D(( dx,
o o

e—0

then
lim/ D.(. (. dx = / D(Cdx and (. — ¢ strongly in L*(O)Y.
o o

e—0
5.1. Case v < —1. Let us now have the convergence of the energy for this case.

Theorem 5.2. Let v < —1. Under the assumptions of Theorems [[.9 and [{.10,

one has
2

lim Z AEVuf’EVu?’E dx

e—0 8,e
i=1 7%

= / APy, Vg da + k:%/ Ou? dz
Q Q
1

Y| Jaxy
k2
+ =% F(z,2)V,G1(z,2)V.G1(z,2) dr dz,
Y1 Jox@®™\B)

Az, y)(VG1(-,00) + V,0) (VG4 (-, 00) + V1) dz dy

and
2

: 0,612 7., _

lim Z /A VUit Pdz = 0. (5.2)
=1 i

Moreover, we have the strong convergences

T (Vu(ls’e)lgxyla — Vuy + V,ay  strongly in L*(Q x Y1)V, (5.3)
’Tf(Vug’E)lﬂxyzs — V, iz strongly in L*(Q x Y2)V, (5.4)
and fori=1,2,

Vzﬁé’s(uf’s))l%y_a — V.G1  strongly in L*(Q x RM)V. (5.5)
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Proof. Let v; = uf’s be test functions in (4.2)) for i = 1,2. Then

2
5 d,e d,e
E /MA Vu;"Vu,” dx
i=1 7
2
i=1 [ Q)°

Unfolding the left-hand side of (5.6)) using 7;, in view of Remark and Theorem
(ii), we obtain

(5.6)
fu?’s dx} — &7 /1“6 hé’s(u‘f’s — ug’s)(uf’s — ug’s) do.

S lor [ T T (Ul TE (Vul ) do + / ATVl da
° Y| QxY; AP

= (5.7)
ful® dx] - /1“6 RO (u® — ud®) (e — ud) do,.

S,
i=1 Q;

Now, to investigate the convergence of the energy, we set Yy = V0 B and YY) =

Y \ Y. From here, we note that +Yy = %E. With a change of variable y = §z in

Yy, transforming the first and third term in the left-hand side of (5.7)), in view of
Remark (2), and (3.11)), gives

2
1 g I
Yol o T AT (VUi T (Vi) dedy
i=1 XX
LR 5 S 6 S 6
+(—/—) % o (AT T () VLT () ) dadz
€ |Y| Qx3Y? (5 8)
+/5 AEVUf’EVUf’E dx}
Ale
2
- Z { , fuf’6 dx} — 5"’/ h‘s"s(u‘ls’E — ug’s)(uf’s — ug’e) dog.
-1 YT 1o
For conciseness in (5.8)), we set
2
1
A= e [ TEANTE (V)T (Vg ) dedy,
i—1 Y] Qxyy
26521
B =3 (7) — TS (A, TS (W) VL T2% () du dz,  (5.9)
‘ £ |Y| Qxiys
i=1 5t
2
coe = Z AEVu?’EVuf’E dx.
im1 AT
From (4.8)—(4.10)), we have
TE(Vul®)lg,ys = Vur + Vi weakly in L*(Q x Y)Y, (5.10)
Ty (Vus)lgyys — Vyila  weakly in L*(Q x Y3)V, (5.11)

VTS () 1ays = V.Gr weakly in L*(Q x RM)N. (5.12)
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Therefore, with (4.12) and in view of (4.11) with V = G and ¥ = u, same
arguments as in the proof of Theorem Theorem together with (5.6]), (5.7),

(.9) - , and Theorem (ii) yield

/ fGr(-

|Y| QxY
ki

Y1 Jox@®n\B)

< lim inf Ade 4 lim inf B < 1ig51f(,45>5 + B

= lim inf [22: ( / ATV dx) - céf}

i=1 /9% (5.13)

< lim sup [22: (/5 A€Vuf’€Vuf’€ dx) - C‘S’E}
Qb

e—0 i—1

Az, y)(VG1(:,00) + Vyu) (VG (- 00) + Vyu) de dy

F(x,2)V.Gi(x,2)V,G1(x, 2)drdz

2
< lim sup Z AEVu‘S EVU6 cdx

2
= lim [Z ( , fuds dx) - / RO (u® — ud®) (u® — ud®) dam}

= fG1(7OO) dl‘,
Q

which implies that these inequalities are actually equalities. Hence, equations (5.1))

and (5.2)) hold true. Finally, the convergences in (|5.3)—(5.5| follows from ([5.13]) and

with the application of some properties of limits as well as lim sup and liminf. [J

Corollary 5.3. Under the assumptions of Theorem we have the corrector
results fori=1,2,

5, G, -
| Vu; 519\/55 VU1—ZL{5(8xj (z, OO))LF (Vyxj(x,y”yi) ”LQ(Q;-S’E) — 0, (5.14)
Jj=1
and
d,e k1
IVl g0y, = 7z IV=Gall iz (5.15)
Furthermore, fori=1,2,
T2 (ud) = Gy strongly in L?(Q; L3 .(RM)). (5.16)
Proof. First, we note that from and ((4.46] -, we have
~ N 06,
u1 :u’QxYl = a (J? OO)XJ .Y |y1
j=1

which implies

N N

0G, oG ~
Za— ,00)X;(,y)|y, = f(x,m)vyxj(x,y)|yl
j=1 =1 9%
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This along with (5.2), (5.3), Theorem (ii), linearity of U$, triangle inequality,
and Theorem - yleld

N
oG ~
||VU?76191/316 = Vug — ;U{: (87;(737 oo))Uf (vaj (, y)|y1) ||L2(Q‘;'5)

d,e ~
= ||Vu1 191/3’5 - Vu1 — Z/{f(Vyul)HLz(Qia)
< ||Vuiv€19ﬁ,a Ui (Vur) - uf(%al)nmms s (T - wnma,s ~0,
which implies (5.14) for ¢ = 1. Meanwhile, from and ( , we have

lyTed
O0x;

j=1

Uy = a’Qsz +y,Vu, = - (x,00)X;(w,y ’Y + yrVuy,

where yr is given in (4.13). Moreover, a number of computations yield V, (y,Vu;) =
Vuy. This implies

_ el
Vs = Vy(Z—a (x,00)Xj(z,y |Y +eru1>
]:
N
G
Z a UXj(xay)‘y2 +VU/1

This along with , -, Theorem [2.5 (ii), linearity of U5, triangle inequality,
and Theorem (i) yield

N
oG
é, 1 ~
VU3 1 5. — Vua = ;us(axj(x, o) U5 (V%5 9) )l 2 s
- ||vug’€192m = Vuy — U3 (Vyliz = Vur) | 12 ey

5, ~
< VL gme = U5 (Vyiia) o gy + U5 (Vur) = V| gy = 0,

which shows (5.14) for i=2.
Let us prove (5.15). Indeed, from (3.11)), (A3), and (5.5 we have by unfolding

d,
hm ||vu €||2 25 E\SZ\/g a)

52 71\2 1
= lim (7> — VT2 (VLT (ud) da dz
e20% € Y1 Jaxiys
k2
= L |V.G1|? dx dz
|Y| QxRN
K
= |Y|||V GlHLQ(QxRN)

Finally, we prove (5.16). Let w be an open and bounded set and choose R > 0
such that wU B C B(O, R), the ball in RY with center at O of radius R. In view of
(4.28]) and (4.29), a Poincaré inequality holds on the space B(O, R). By Definition

and since Q2° = 02\ A%, we obtain

d,e/ d,e
H’E (ui ) G1||L2(Q5E B(O,R))
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(s, d,e (. 6,
= ”7;66(”2’ ) =Gl N 177 (™) = Gl”iﬁ(Af’ExB(O,R))
)= CIV-T (%)

F T ) = Gl

2
L2(Q9°xB(O,R
< OIV.TE(u)F) = V.G |

- VZGl”iz(

2
38,
L2(Q2° xB(O,R)

AYSxB(O,R)) A% xB(O,R))

< O(IV. T W) = V.G N

2 2
L2(Q2°xB(O,R L2(A9° xB(O,R))

2
+ |Gy ||L2(Af’5><B(OyR)))’

where C' is a generic constant.

For § small enough, w C B(O,R) C RY. This and when is applied to the
first term in the right-hand side, and to the remaining two terms, then the
left-hand side above approaches zero and so we obtain

T2 (ud®) — Gy strongly in L2(Q x w),

3 K2

which yields (5.16)). O

5.2. Case v € (—1,0). For this case, we start by giving the energy convergence.

Theorem 5.4. Let v € (—1,0). Under the assumptions of Theorems and
/.12, one has

2
lim Z ATVUS eVl da

e—0 S,
i=17%

:/AhomVu1Vu1 dx—«—k%/ Ou? dx
Q Q

(5.17)
1 P P
=— Az, y)(VG1(-,00) + V,0) (VG (-, 00) + Vi) da dy
‘Y‘ QxY
ki2
+ —L F(z,2)V,G1(z,2)V,G1(z,z) dz dz,
Y1 Jax@v\B)
2
. 9,612 _
hi%z;/m IVu)®|2dz = 0. (5.18)

Moreover, we have the following strong convergences hold
T (Vu(ls’g)lgxyla — Vuy + Va0 strongly in L*(Q x Y1)V, (5.19)
Ts (Vug’s)lgxyza — 0 strongly in L?(Q x Y), (5.20)
Vzﬂé’s(ui’e))l%yla — V.Gy  strongly in L*(Q x RM)N] (5.21)
VZTQJ"E(ug’E))l%Y; — 0 strongly in L*(Q x RNV, (5.22)
Proof. For this case, the proof of (5.19)—(5.22) is similar to that of Theorem [5.2
the difference being convergences ((5.20) and (5.22)) which are immediate from (4.55)
and (4.57). O

The following result is proved similarly to the one in Corollary
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Corollary 5.5. Under the assumptions of Theorem we have the following
corrector results:

||Vuf’algﬁ,g — Vuq

N
c oG € v
- E Ui (%1(55,00))“1 (Vij(wvyﬂYi)”Lz(Qf’E) =0,

j=1 J

k1

J,
Hvuls |L2(fo5\ﬂl§/§,8) - W”VZGluLQ(QXRN)v

d,
HVUQ’EHLQ(Q;;,E) — 0.

Moreover,
7'16’6 (u(ls’e) — Gy strongly in L*(Q; L2 (RY)),
T5 (uS®) = uy  strongly in L?(2, H'(Y2)).
5.3. Case v = —1. The proofs for the next results are similar to the previous

cases with appropriate modifications.

Theorem 5.6. Let v = —1. Under the assumptions of Theorems and [{-1],
one has
2

lim Z / AEVuf’EVuf’E dz
e—0 4 Q;S,E

i=1

= / APy Vg da + k‘f/ Oui dx
Q Q
1

Y] Jaxy

k2
+ﬁ Ox (RN\B) F(z,2)V-Cr (2, 2)V:Ca(2, 2) du dz,
X

2
: Se12 7,
;I—I%Z/AM |Vu;©|“dx = 0.
i=1 i
Moreover, we have the strong convergences for i = 1,2,
T (Vu?’s)lgxyla — Vuy + Vi strongly in L*(Q x Y1)V,
EE(Vug’g)lﬂxyés — Vi strongly in L*(Q x Ya)V,
Vzﬁé’s(uf’s))l%yva — V.G strongly in L*(Q x RM)V,

Az, y)(VG1(-,00) + V,0) (VG (-, 00) + V1) dz dy

Corollary 5.7. Under the assumptions of Theorem [5.6, we have the corrector
results for 1 =1,2,

||Vuf’alﬂi¢g,5 - Vuy

3 £ aGl (> ~
Yu (e (@00 (Vi )]y sgosey 0,

d,e kl
IVl 2 gengyaey = WHVzGlHL?(QxRN)-
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Furthermore, fori=1,2,

T2 (ul®) = Gy strongly in L*(; L (RY)).

loc
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