Electronic Journal of Differential Equations, Vol. 2024 (2024), No. 10, pp. 1-14.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2024.10

GROUND STATE SOLUTIONS FOR FRACTIONAL KIRCHHOFF
TYPE EQUATIONS WITH CRITICAL GROWTH

KEXUE LI

ABSTRACT. We study the nonlinear fractional Kirchhoff problem
(a + b/ |(7A)S/2u|2d:p) (=A)Y’u+u= f(z,u) + \u|2z_2u in R3,
R3

uw € H5(R3),

where a,b > 0 are constants, s(3/4,1), 2% = 6/(3—2s), (—A)* is the fractional
Laplacian. Under some relaxed assumptions on f, we prove the existence of
ground state solutions.

1. INTRODUCTION

In this article, we consider the fractional Kirchhoff equation with critical growth

(a+ b/RB (- 2uPde) (<A utu = f(a,u) +
u € H*(R?),

*_ .
272y in R3,

(1.1)

where a, b > 0, the fractional Laplacian (—A)* is defined by (—A)*u = F~1(|¢|** Fu),
F is the usual Fourier transform. The function f satisfies the following conditions:

(A1) f € C(R?® x R,R), there exist constants Cy > 0 and ¢ € (2,2%) such that
|f(z, )] < Co(1+[t]771), where 2; = 35 is the fractional critical Sobolev
exponent.

(A2) f(z,t) >0 fort >0 and f(x,t) = o(|t]), [t| = 0, uniformly on R3;

(A3) For any r > 0 and 7 € R\{0}, f satisfies

12

o) flrn) )
- 1- >0, V R”;
[ = ()7 | sign(1 —7) + e 20 € R’;

(A4) There exists an open set 2 C R? satisfying 0 € Q and

F(x,st) =+4o00, VreqQ,

4
[t]—o00 Mm

where F(z,t) = fg f(x,s)ds.
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2 K. LI EJDE-2024/10
When s = 1, equation (|1.1)) reduces to the Kirchhoff equation
- (a+b/ \Vu|2)Au+u:f(x,u)+u5. (1.2)
R3

Li and Ye [I5] studied problem , under some assumptions on the sign-changing
function f(x,u), they proved the existence of positive solutions by variational meth-
ods.

In recent years, the Kirchhoff-type problem

_(”b/w Vul?de) Au+ V(w)u = f(z,u) in R, (1.3)

u € HY(R"),

has attracted much attention, where V' € C(R™,R), f € C(R" x R,R) and a,b > 0
are constants. Many results of existence, multiplicity of solutions, ground states and
concentration phenomenon for problem have been obtained when f satisfies
various conditions; we refer the reader to [7, 9, 13|, 17, 20, 22, 21} 24] 25]. One
usually assumes that f(x,u) is subcritical or superlinear at v = 0 and satisfies the
Ambrosetti-Rabinowitz type condition:

(AR) there exists p > 4 such that 0 < pF(z,t) < tf(z,t) for all ¢ € R, where

F(z,t) = fot f(x, 8)ds; or that 4-superlinear at t = co
(F) im0 F(t‘ﬁ’t) = oo uniformly for € R™; or the following variant convex
condition
(VC) f(z,t)/[t|? is strictly increasing for ¢ € R\{0}.
Li and Ye [16] proved that had a ground state solution in R® when f(z,u) =
|ulP~*u and 2 < p < 3. In this case, neither (AR) or (VC) was satisfied. Guo
[12] generalized the result of [16] to with general nonlinearity. Guo considered
(1.3) with f(x,u) = f(u) and proved that had a positive ground state solution
if f satisfies
o f€CYRT,R), f(t) =o0(t) ast — 0;
o limy o % =Y
o lim; , %t) = +00;
@
Anello[2] studied the existence and multiplicity of solutions for the nonlocal per-
turbed Kirchhoff problem

—(a + b/ |Vu|2dx>Au = Mg(z,u) + f(z,u), inQ,
R’n

u=0, on JQ,

where (2 is a bounded smooth domain in R™, n > 4, a,b,\ > 0, and f,g: xR = R
are Carathéodory functions, with f subcritical, and g of arbitrary growth.
Fiscella and Valdinoci [10] considered the Kirchhoff type problem

. is strictly increasing in (0, +00).

272y, in Q,

M( (—A)5/2u|2dx)(fA)Su — \f(z,u) + |u

e (1.4
u=0 inR"\Q,

where 2 C R™ is an open bounded set, M and f are two continuous functions. This

equation models the nonlocal aspect of tension arising from nonlocal measurements

of the fractional length of the string. Under some assumptions on M and f, they
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showed the existence of non-negative solutions. Autuori, Fiscella and Pucci [3] con-
sidered the problem and obtained the existence and the asymptotic behavior
of non-negative solutions when the Kirchhoff function M could be zero at zero.
Ambrosio and Isernia [I] dealt with the fractional Kirchhoff equation

(p+a =) [ 18 uPde) (-8 u=glw) R

where ¢ : R — R is an odd function satisfying Berestycki-Lions type assumptions.
By using minimax arguments, they established a multiplicity result when ¢ is suf-
ficiently small. Zhang, Tang, and Chen [26] studied

(a + b/ |(7A)S/2u|2dx) (=A)u+ V(z)u = f(z,u) + Mu[P~2u in R®,

R3
where a,b > 0, s € (3/4,1), p > 2% = ﬁ, V, f satisfies some conditions, in
particular, f satisfies (VC). They showed the equation has a ground state solution

and a signed-changing solution. Gu, Tang and Yang [I1] considered the fractional
Kirchhoff equation

(a + b/]RS |(—A)s/2u|2dﬂc>(—A)su +V(z)u = Q(x)f(u) + Muf?u in R3,

where a,b > 0, s € (%,1), V vanishes at infinity, f satisfies some assumptions,
which contains the generalized (AR) condition

tf(t) — 4F(t) > 0t f(0t) — 4F(6t)

for all t € R and 6 € [0,1], where F(t) := fot f(s)ds.
For any dimension n > 2s, Jin and Liu [14] studied the fractional Kirchhoff
equation

(a+b |(—A)S/2u|2d:c)(—A)su+u:f(u) in R”,
Rn

with a critical nonlinearity. They proved the existence of solutions without the
Ambrosetti-Rabinowitz condition when the parameter b is small and they obtained
the asymptotic behavior of solutions as b — 0. Liu, Squassina, Zhang [18] studied
the following nonlinear fractional Kirchhoff equation

(a +b (—A)5/2u\2dx)(—A)Su +V(z)u= f(u) inR"

R3 | (1.5)

uwe H*(R™), wu>0 inR",
where s € (0,1) and n > 2s. They proved the existence of ground states if f
satisfies the following assumptions:
(A5) fe CY(R*,R), f(t) =0 for all <0 and lim,_o £2 =0;
(A6) limy_ a0 tf(—t}l =1;
(A7) there are D > 0 and 2 < ¢ < 2% such that f(t) > t>~' 4 Dt9~! for any
t > 0, and the potential V satisfies some conditions.

Remark 1.1. It should be pointed out that f € C!, (A6) and (A7) are very
crucial in [I8} [14]. Similar to [4], the smoothness condition f € C?! is used to prove
some Pohozaev type identity. In this paper, we only need f € C and f satisfying
(f1) — (f1). For example, if we take f(z,t) = f(t) = (|t] + alt|?)t, 0 < a < 82,
Vt € R, then after some calculations, f satisfies (A1)—(A4). It is easy to verify that
f does not satisfy (AR), (VC) and the generalized (AR) condition in [IT].
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The main result of this paper is described as follows.

Theorem 1.2. Assume that (Al)—(A4) hold. Then for any a,b > 0, equation (1.1)
has a ground state solution.

Throughout this paper, C' denotes generic positive constants, which may change
from line to line. The paper is organized as follows. In Section 2, we give some
preliminaries. In Section 3, we prove the main results.

2. VARIATIONAL SETTING

For p € [1, 00|, we denote by || - ||, the usual norm of the space LP(R3). B,(x)
denotes the open ball in R? of radius ¢ centred at x. We recall some definitions of
fractional Sobolev spaces and the fractional Laplacian, for more details, we refer to
[8]. For any s € (0,1), the fractional Sobolev space H*(R?) is defined as follows

) = {u e PFRY): [ (14 |61 Pu(©) e < oc)
with the norm
e = [ 0Fu(@P + g1 Fu(@) ) (21)

where Fu denotes the Fourier transform of u. By S(R™), we denote the Schwartz
space of rapidly decaying C* functions in R”™. For u € S(R") and s € (0,1), (—A)®
is defined by

(—A)'u=FH(E** (Fu)), VEeR™
By Plancherel’s theorem, we have |Fuly = |ul2, ||€]°Fulz = |(—A)%/?uls. Then by
(2.1), we obtain the equivalent norm

e = ([ (C-2Pu@P + u(w))de)
RS
For any fixed constant a > 0, H*(R3) can be equipped with the inner product

(u,v) =/ a(—A)S/Zu(—A)S/dex—F/ uv dz
R3 R3

and the corresponding norm

1/2
] = (/R a|(—A)s/2u|2dx+/RS uide) . (2.2)

By Theorem 6.5 in [8], we know that H*(R3) is continuously embedded in L7(R3)
for any ¢ € [2,2%]. It is easy to see that the norm in (2.2) is equivalent to || - || g=.
For s € (0,1), the fractional Sobolev space D*?(R3) is defined as

D**(R?) = {u € L* (R?) : [¢[* Fu(é) € L*(R")},

which is the completion of C§°(R3) with respect to the norm

e = ([ 1o apan) " < ([ eriruora)

We define the best Sobolev constant

1/2

[[ul

—A)s/2 24
Sy = inf Jos 1(=2) ul 2?. (2.3)
weD2ENO} ([ Juf2 da)?/>
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_3-2s

It is known that [5] S is attained by the functions @(z) = & (u? + |z — zo|*) * |

r € R3, where k € R\{0}, ¢ > 0 and zg € R? are fixed constants. We define
1

u(r) = a(x)/|[ull2: and let u*(x) = u(x/Ss*), then by the [I9, Claim 6], u* is a

solution of the problem

(=A)°u = 2:-2y,  in RS, (2.4)

* 3 —2s
and ||u*H§i = st For any £>0,set Us(z) =g 2 u*(Z). Then U, is a solution

of @4) and ||U.||3 2 = = S¥. Fixr > 0and let ¢ € C§°(R3,10,1]) be such that
suppgo C B, (0) and o(z) =1 for z € B,(0). By Proposition 3.4 and Proposition
3.6 in [§], we have

2
A2 = 26| Fu(e) 2de = S0 // @) =W gy (25
-y P2ul = [ jePFulas [ i deay, @)

where |~ cos(é) )
)= [, g )

Without loss of generality, we assume that C(s) = 2.
Let ve(z) = ¢(x)Us(x). From (2.5)), Proposition 21 and Proposition 22 in [19]
and (24) in [23], it follows that

3
) Pu@)Pde < SF 0, (2.
2" = 3
/Rs [ve(z)[* dz = 53 + O(e”), (2.7)
O(e (3738)11’), p< 73325,
/ |ve (@) [Pdx = O(aw logel), p= ﬁ, (2.8)
R3 (2—=p)3+2sp
O(e 2 ), - 25.

The functional associated with (1.1)), I : H*(R3?) — R is
1 b 2 1
I(u) = f||u||2 + - / \(fA)S/Qusz) 7/ F(z,u)dr — — %dx, (2.9)
: R3 25 Jrs

where F(x,u) fo
It is easy to see that I is Well defined, I € C*(H*(R3,R)) and

(I'(w), 0) = /R (a(~2)u(~8) 0 + wo)da

T |(—A)s/2u|2daz/ (—A)2u(—A) 20 da (2.10)
R3 R3
f(a:,u)vdx—

R3
A function u € H*(R3) is a weak solutlon of (1.1)) if for any v € H*(R?),

a+b/ I(— S/2u\2dx>/ (= A 2u(—A) 2y
Rl}
:/ flz,u)vde +
R3 R3

It is clear that the critical points of I are weak solutions of (|1.1)).

L 2ywde, Vv e H*(R?).

22y da.
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3. GROUND STATE SOLUTIONS

Lemma 3.1. Under the assumptions (A1), and (A2) we have
(i) there exist §,p > 0 such that ||u|| = p implies that I(u) > 6 > 0;
(ii) there exists e € H*(R®) such that |le|| > p implies that I(e) < 0.

Proof. (i) From (Al) and (A2), it follows that for any € > 0, there exists C. > 0
such that

[, w)] < eful + Celul™. (3.1)
Then
Lo € 2
I = gl =5 [ s
1
> (2 2 _ q _
> (5 = Ce)llul®* = Clul

For e € (0, 55), we can choose p and § such that I(u) > 6 > 0 for |lul| = p.
(i) By (3.1), we have F(z,u) > —£[ul* — %Mq. Then for ¢ > 0 and up €
Ci°(R?),

2
I(tug) < —||u0H2 —|— — / [(— é/Quo|2ala: — —/ luo|?dx
Cet 2 .
_Ce / o2 da,
q Jgrs 25 Jrs
since 2% > 4, it follows that lims, 4o [(tug) = —oo. We choose sufficiently large ¢,
and set e = toug such that |le|| > p and I(e) < 0. O

We denote the mountain pass value by

= inf I
¢ = Inf max I((1))

where

I:={y € C([0,1], H*(R?)) : 7(0) = 0, I((1)) < 0}.
By Lemma there exists a Palais-Smale sequence {u,} C H*(R3) for I at the
level ¢ (or (PS). sequence, for short):

I(u,) » ¢ and I'(u,) -0 asn — oo. (3.2)
Lemma 3.2. Assume that (A1)—(A3) hold. Then
b T3
0O<ec<c = “S @S5 py2s | S s .
4 2
where T > 0 is the unique mazimum point of the function J(t) = “TSSt?’_QS +
bSEgo—as _ £ g5 ),

2%

Proof. By (i) of Lemma B.1] ¢ > 0. Let 7:(t) = v(-/t). From ) and (2.5)), it
follows that

at3 2s . bt6_4s s 2
I(7:(t) = | |28 PoPde + = (/ (=) /2. 2da)
R3

5 (3.3)

3
+ tf |v€(;v)|2dx —/ F(z,ve(z/t))dx — —/ lve (2)]?
2 Jgs RS 2% Jgs
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By [19] (4.18)], U. can be written as (with zy = 0)

—2s

Ue(z) = ke~ R (u + ‘ ‘2)77 (3.4)
52“
where k € R\{0}. We choose k > 0, from (3.4)),
063 225
U:(z) = 5 (3.5)

(Mstl/S€2 + |$|2)%

where C' > 0. Since 0 € Q and Q is an open set, then B.(0) C Q. Since v.(x/t) —
+o00 as t — +oo, £ — 0. By (A4), (3.5)),

P, v.(/t))dz > / P, v.(x/t))dz

R3 B.(0)

2
Z M 1(/8 E) 3—2s
B:(0) (u2t2Ss"°e2 + |z]2) =

( t2e )2Sd
LR R
B.(0) \p2t252/%e2 4 g2

Mt 3 9
S
(/ﬂt?Si/s +1)2

where M is a large positive number.

It follows from (22.6)-(2.8)), (3.6) that for any £ > 0 small enough, I(y.(t)) = —o0
as t — 4o00. There exists tg > 0 such that I(v.(tp)) < 0. Since

2 ANS/2 2 2\ g
Iy ()3 / (=2 P + e m2) d
=372 |(—A)5/2v€(x)|2dm+t3/ |ve ()| d,
R3 R3

by (2.6) and (2.7), we see that lim; o+ ||72(¢)[|%. = 0 for sufficiently small & > 0.
We set 7. (0) = 0, thus v-(to-) € T'. Let yo(-) = 75(t0 ). Then

c< max I(v(t)) = max I(v-(tot)) = max I(7.(t)) < supI(7:(t)). (3.7)
[ ) ] te[ovl] tE[O,to] t>0

By (B3), supysoI(7:(t)) is attainable at t. = t(y.) > 0. By (2.-6)-(2.8),
and (3.3), we have that I(7.(t)) — 07 as ¢t — 0T and I(y:(t)) = —oc as t — 400
uniformly for € > 0 small enough. Then there exist constants ¢1,ts > 0, independent
of £, such that 0 < t; <t. <ty < 0.

Next we need to prove sup,~q I(7:(t)) < ¢*. We define

] 3-25

> M

)

at3—25

. bt6 4s g
0:(8) 1= [ oy @Pdn+ = ( [ 18y o)Pds)
& [
Then by -, we have

sup (12(0) < supgc(t) + 0> = [ Plavla/tde  (38)

t>0 t>0
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By (3.6),

sup I(7:(t)) < sup ge(t) + O(e*7°) — MCe*~2*, (3.9)
t>0 t>0

where C' > 0 is a constant. By a similar argument as above, there exist constants
t3,t4 > 0, independent of €, such that sup;>qg=(t) = supyep, 4, 9:(t). Thus by

, , we obtain

sup I(7.(t)) < sup J(SZt) + O(3-25) — MCe>25, (3.10)
t>0 t>0
where
aS bS? 3
J(t) = —2¢3728 4 s ybds 3.11
() == + 5 (3.11)

S

Since M can be arbitrarily large, from ([3.10)), we see that

sup I(7e () < sup J(SZt). (3.12)
t>0 t>0
y (311),
3 —25)t22s
7= B2,

where

J(t) = aSs 4+ bSH37% — 25,
J'(t) = t2725(bS%(3 — 25) — 2st1573).

Since s > 3/4, there exists a unique 7' > 0 such that J(t) > 0 for t € (0,T) and
J (t) < 0for ¢t >T. Then T is the unique maximum point of J. Therefore, by (3.7 .
and -, we have ¢ < ¢*

Lemma 3.3. For any u € H*(R3) and t > 0, the following inequality holds

1—t4 a(l —t2)?

I(u) > I(tu) + 1 (I' (u), u) + 1 L [(—A)*2u)|?dx. (3.13)

Proof. By (A3), for any r > 0 and 7 € R\{0}, we have

(1—r)7f(z,7)
4
:/1 (f(va) _ f($>y7—) + 1_1/2)V3T4dVZO.

T3 (vr)3 (v7)?

+ F(x,r7) — F(z,7) + = (1 — r?)%7?

| =

(3.14)
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Then, for any u € H*(R3) and ¢ > 0,

1—t4

() — I(tu) — + 41 (), )
1—12)? 11—t
= %HUHQ + 1 /11@3 f(z,w)udx + . F(x,tu)dx — - F(z,u)dz
I e o
+<_£+E+ ) [ lufda
1—12)? ,
> a‘( ) I(_A):,/Qu|2daj
4 -
1—t4 1—¢2)2
+/ [—— f(z,u)u+ F(z,tu) — F(z,u) + !|u|2]d£ﬂ
R3 4 4
1= 11— o
- *da.
+< 2: T or T )R3|“ * o5
Next we prove &(t) = —5= + t;S + % > 0 for all t > 0. In fact, since 2% =

6

3755 > 4, it is easy to see that {(t) decreases on (0, 1) and increases on (1, 00), then

ming> &(t) = (1) = 0 and £(¢) > 0. This together with (3.14) and (3.15) yield
that

1—t4 a(l —t2)?

(I'(u),u) > 1 [(—A)*2u)|?dx. O
RS

Lemma 3.4. Any sequence satisfying (3.2) is bounded in H*(R3). There exists u €
H*(R3), such that, up to a subsequence, u, — u weakly in H*(R3) and (I'(u),u) <
0.

Proof. Let {u,} C H*(R3) be a sequence satisfying (3.2). By (A3), for any 7 €
R\ {0},

in(l‘,T) — F(x, 1) —|—l 2= /1 (f(x,r) _fr) + 1_V2> virtdy
0

T3 (vr)3 (v7)?

=

(3.16)
> 0.

For 7 = 0, it is obvious that 27 f(z,7) — F(x,7) + 7% = 0. Since I(u,) — ¢ and
I'(un) — 0 as n — o0, it follows that

c+1+4o0(1)
Z I(Un) - i<ll(un)vu”>

1 1 1 1 * 3.17
= L2 + / Rt (@, ) — Fla,un)]de + (2 — 1) / g Fdz 310
4 Rs 4 4 2: Rs

L 1(=A) 20, Pdz.
4 Jgs

Y
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By (3.17) and (2.3)), there exists a constant M, = M (a, ¢, s) > 0 such that
[(=A)*"2up |y < M. and |uy, |2+ < M,. It follows from I(u,) = ¢+ 0,(1) that

1 1
f/ \un\2da::c—|—on(1)+/ F(m,un)dx—l——/ [t
2 R3 R3 2*

s JR3
, b » ?
- 9/ (= A)*u,, *da — 7(/ (=A)2unPde)” (3.18)
2 Jps 4\ Jgs
2 q M.
<c+o,(1) +elunls + CE|un|q + 9

S

.
2 dx

By an LP interpolation inequality and (2.3]),
ot < fun |8 un 3™ < Clun|](=2) a5, (3.19)

9 Since g0 € (0,2), by Young inequality and (3.19),

where 6 € (0,1), % =441
we have

%
— 2q(1-0)
Celunld < elunl3 + Co|(=A)*Puy |, (3.20)
If we take € = 1/5, from and ([3:20), it follows that |u,|s is bounded. There-
fore {u,} is bounded in H*(R?).
Let A% := limy, o0 [gs |(—A)*/?u,|?dz. By and Fatou’s lemma,

g [(=A) 2u2de < A% (3.21)
Since u,, — u, then u is a weak solution of

(a4 bA?)(=A)**u+u = f(z,u) + [ul*2u. (3.22)

Thus,
1w = el +0( [ 1=8)72Rae) = [ pewude = [

< (a+bA2)/ |(—A)S/2u|2dx+/ \u|2dm—/ flz,w)udx  (3.23)
RS RS R3
—/ lu| dx = 0.
R3

Lemma 3.5. For any sequence {uy} satisfying (3.2)), there exists o > 0 such that

2 dx

O

0o = lim sup/ uzdz > 0.
B1(y)

0 yeR3
Proof. By contradiction, we assume that lim,, . Sup,cgs fBl(y) u2dx = 0. By [6]
lemma 2.3], for any 2 < r < 2%,
u, — 0 in L"(R?) for r € (2,27).
By (Al) and (A2),

lim Un f(x,up)dr — 0 andquad lim F(z,up)dz — 0.
n—0o0 [p3 n—0oo JRr3
This and (3.2) yield

%de = ¢+ o(1), (3.24)

1o b 2 ]
~un® + = ~A) P Pdw)” =
sloal + ([ 18 Pu i) = & [
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and
2 *
funl b [ -0 72unPds) — [ JunPidr=o(v.  (325)
R3 R3

Up to a subsequence, we assume that there exist I; > 0 (i = 1,2, 3) such that
2 .
> 11, b / (-)u, Pdr) L, / ¥z > . (3.26)
R3

by (3.24]) and ( -7 we have

I+l =13, (3.27)
1 1 1 1
G-z)n+(G-g)e=- (3.28)
From ([2.3)), it follows that
L
Junl = aS. ([ Junfae) ™ (3.29)
R3

b( 3 |(7A)8/2un|2d:v) > bsf( n Zde) % (3.30)

Then by (3.25) m,

2/2; C N2 .
dm + bsf( nl% dm) < %dz + on(1). (3.31)
By -,
—25)l5 "
J'(I3) = %(asszg* + 0S54 —13) <0, (3.32)

where J is defined in (3.11). Since T' is the unique maximum point of J, then
I3>T.
From (3.26), (3.28)), (3.29), (3.30) and note that J'(T") = 0, we obtain

o (5= g)ast ™+ (5 - 2*)’?52”5 -

g g

TS 2s + bSQTG 4s o 27]‘*T3 — C*.

S

l\Dn—

This contradicts ¢ < ¢*. The proof is complete. (]

Lemma 3.6. Any Palais-Smale sequence for I at the level ¢ € (0,c*) possesses a
strongly convergent subsequence.

Proof. From [, Corollary 7.2 ], it is known that the embedding H*®(R3) < LI(R3)
locally compact for ¢ € [1,2%). Suppose {u,} is the (PS). sequence for I, then
I(u,) — cand I'(u,) — 0 as n — co. By Lemma {u,} is bounded in H*(R3).
Up to a subsequence, there exists u € H®(R3) such that

U, —u in H%(R?),
(R%), qe€[1,2), (3.33)

Up — U a.e. in R3.

n— uin LY

loc
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By Lemma and (3.33)),

/ uldx > @ > 0.
Bi(y) 2

Then @(z) := u(x + y) # 0. Without loss of generality, we assume that v # 0. By
(3.15) and Fatou’s lemma, for n large, we have

e on(1) = I(un) = 701 (tn) )
=4mm%y/LHJ@um-nx%mm+Q_;94J%zM
a 1 1,

2*

R3
,_4,/,%

> |(—A)s/2u| dx —I—/ [%uf(a:,u) — F(z,u) + iuQ]dx

R3

(3.34)
By and , we have
4
() = U0 ()} 2 ma [7(0w) + = (1 (), ] = 40"
(3.35)

4
= max [I(tu) — t—(I'(u),u)] > Igig{[(tu).

Since u # 0, for any u € HS(R3)\{O}, by (ii) of Lemma |3.1] m for sufficiently large
t >0, I(fu) < 0. Let y1(t) = ttu. Then v; € C([0,1], H*(R3)) and 7; € T. We
have

< I(n(t) = I(ttu) = I(tu) < I(tu). 3.36
¢S max (71(8)) e (ttu) ax (tu) < max I(tu) (3.36)

From ([3.35) and (3.36)), it follows that

1
I(u) — 1(['(u),u> > c. (3.37)
By (3.34) and (3.36)), it is easy to see that
lim (=A% 2w, |de = / [(—A)*2u)|?dx, (3.38)
n—00 Jp3 R3
lim uidr = / u?dx. (3.39)
n—00 Jp3 R3

By (3.38) and (3.39)), we have

lunll = ||u]| as n — oo.

This and u,, — u yield u, — u in H*(R?). O
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4. PROOF OF THEOREM
We define ¢; := infyey I(u), where 3 = {u € H*(R*)\{0} : I'(u) = 0}.
Lemma 4.1. 0 < ¢ < c*.

Proof. For I(v.(t)), there exists t. = t(vy.) > 0such that I(y.(t:)) = sup;so I (7:(%)),
where I(7:(t)) is the same as in Lemma By Lemma c1 <supyso [(1:(t) <
c*. Next we show ¢; > 0. For any u € {1,

2
JulP? <l + 8 [ 1(-2)"ufdz)
R3

:/]Rsuf(x,u)dx—i—/]Rs |u

3 *
= 5 lull® + Cllull? + Clul*.

2 dx

We take ¢ = 1/2, then there exists o > 0 such that
Jul > a > 0. (4.1)
For any u € {l, it follows that (I'(u),u) = 0, then by (3.15), we have

() = T(u) ~ {'(w) )

e+ [ Euf(%u) - F(:c,u)] ot (5= o) [

9/ (= A)*/2u|2da.
4 Jgs

Thus ¢; > 0. We need to prove ¢; # 0. Assume that ¢; = 0 and {u,} is the corre-
sponding minimizing sequence, that is, {u,} C 4, and I(u,) — 0 as n — co. By
[@2), limy o0 fgs [(—A)*/2u, |*dz = 0. This and yield limy o0 [gs [tn 2dr =
0. Then by (3.18)-(3.20), we obtain limy, o0 [gs |un|?dz = 0. Therefore, we have
lim,, o [Jun||?> = 0. Since holds for any u € 4l, we obtain a contradiction. The
proof is complete. O

Y

Proof of Theorem[I.3 Suppose {u,} C 4 is the minimizing sequence for ¢; =
inf,cy I(w). Then {u,} is the (PS),, sequence for I. By Lemma and Lemma
there exists u € H*(R?) such that I’(u) = 0 and I(u) = ¢;. Then u is a ground

state solution of (|1.1)). O

5. CONCLUSION

In this article, we have considered a nonlinear fractional Kirchhoff problem with
critical growth. We have proved the existence of ground state solutions by varia-
tional methods. The main feature of the result is that we only need the nonlinear
term f € C and f satisfying (f1) — (f4). In fact, such f may not satisfy the con-
dition f € C*, which is used to prove some Pohozaev type identity, see [18| 14} 4].
And such f may not satisfiy the classical (AR) condition or (VC) condition in [12]
or the generalized (AR) condition in [I1], see Remark 1.1.
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