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EXISTENCE OF SOLUTIONS TO QUASILINEAR
SCHRODINGER EQUATIONS WITH EXPONENTIAL
NONLINEARITY

UBERLANDIO B. SEVERO, BRUNO H. C. RIBEIRO, DIOGO DE S. GERMANO

ABSTRACT. In this article we study the existence of solutions to quasilinear
Schrédinger equations in the plane, involving a potential that can change sign
and a nonlinear term that may be discontinuous and exhibit exponential crit-
ical growth. To prove our existence result, we combine the Trudinger-Moser
inequality with a fixed point theorem.

1. INTRODUCTION AND MAIN RESULT

In this work we consider the quasilinear equation
— div(g®(w) V) + g(u)g' (w)|Vul® + V(z)u = f(z,u) + MulP">u + h(z)g(u) (1.1)

in R?, where g : R — R, is a function of class C*, V : R? — R is a potential
that can change sign, f : R? x R — R is a measurable function, which may have
exponential critical growth of Trudinger-Moser type, A € R is a parameter, p > 2
and h € LY(R?) for some 1 < g < 2.

When g(s) =1 and A = 0, equation becomes the nonhomogeneous semilin-
ear Schrodinger equation

— Au+V(x)u = f(z,u) + h(z) in R? (1.2)

which has been studied by several researchers, see for example [I], 2, [5 12} [14],
[16] for a problem in a bounded domain. Usually, to obtain the existence and
multiplicity of solutions, the authors require a restriction on the norm of the term
h(x) and thus is regarded as a perturbation of the equation —Au + V(z)u =
f(z,u), z € R%. In (1.1)), h(x)g(u) can be viewed as the perturbation term.

The study of also related to the existence of standing wave solutions for
quasilinear Schrodinger equations of the form

0w = —Aw + W(ayw - pla, [w)w - Alp(lw) (0w, (1.3)

where w : R x RY — C is the unknown function, W : RY — R is a given potential,
p:R. — Randp:RY xRy — R are real functions satisfying suitable conditions.
Equation has modeled many physical phenomena depending on the function
p; for details see [3| 211 22| 25].
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By considering standing wave solutions, i.e., solutions of the form w(¢,x) =
exp(—iEt)u(z), where F € R and u is a real function, one knows that w satisfies
(1.3) if and only if u(x) solves the elliptic equation

— Au+V(x)u — Alp(u®))p (u?)u = p(z,u) in RV, (1.4)
where V(z) = W(z) — E and p(z,u) = p(x,u?). If we now use

[(p(u*))']?

2
=1
g-(u) =14 =77,
then (|1.4) is transformed in the quasilinear elliptic equation (see [25])
—div(g*(u)Vu) + g(v)g' (v)|Vul|® + V(z)u = p(z,u) in RY, (1.5)

which becomes when p(x,u) = f(x,u) + Mu|P~?u + h(z)g(u) and N = 2.
Equation have been extensively investigated in the literature depending on
the function g. For example, if g%(s) = 1 + 2s? then we obtain the superfluid film
equation

—Au+V(x)u — A(w?)u = p(x,u) in RY,
which was studied for instance in [7, 13, 20, 21]. More generally, if we set g?(s) =
1+292(s?)»~1 v > 1/2, which corresponds to p(s) = s7, we obtain

— Au+V(@)u — yA(ul*)|u)>"%u = p(z,u) in RV, (1.6)

which has been treated, for instance, in [19] [28].

Motivated by these physical and mathematical aspects, Equation has at-
tracted the attention of numerous researchers, leading to results of existence and
multiplicity of solutions. Noteworthy contributions include the works [10 [15] 22} 25]
in dimensions N > 3 and [23] [24] in the plane. In the later ones, the nonlinear-
ity p(x,u) is continuous and exhibits exponential critical growth in the sense of
Trudinger-Moser inequality. Moreover, these studies assume that the potential
V() is continuous, bounded from below and the main results are obtained by ex-
ploiting variational methods. In [22], the authors studied , with A = 0 and
in dimension N > 3, considering potentials V(z) that can be discontinuous and
singular. Furthermore, they allow the nonlinearity to be discontinuous and to have
critical growth. By applying a fixed point theorem, they prove that the problem
has a weak solution by working in the space D''2(RY).

In this article, under certain assumptions on g(s), V(z), f(z, s), and h(z), and by
applying a fixed point theorem (see Lemma, as in [22] we show that admits
at least one weak solution. Here, the potential V' (z) has similar characteristics as in
[22]. The nonlinear term f(x,s) can be discontinuous and the critical exponential
growth is allowed for it. We emphasize that the context in dimension two is more
delicate because it makes no sense to work in the space D'?(R?) and embedding
available. Therefore, the strategy used to apply the fixed theorem is different from
that of [22]. Our intention is to complement the study carried out in [22] and extend
the results obtained in [23] [24].

Next, state the hypotheses on g(s), V(x) and f(z,s). With respect to g(s), we
assume the following standard conditions:

(A1) g € C*(R,R,) is even, ¢'(s) > 0 for all s > 0 and g(0) = 1;

(A2) there exists o > 1 such that (a — 1)g(s) > ¢'(s)s for all s > 0;

(A3) lim, 400 L5 = 5 > 0.
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Hypotheses of this type have been considered in [§], 10, 22]. Since g(s) > 1 for all
s € R, the primitive G(s) := [; g(t)dt is increasing, G(0) = 0 and its inverse G~!
is also increasing. Hereafter, for convenience we denote G; := G~1(1) > 0. The
following function ¢ satisfies (A1)—(A3):
(a) g(s) =1 (a=1and g =1);
(b) g(s) = (1+25%)"/2 (a =2 and B = v2);
() 9ls) = (1+292(2P1)V/2 (a = 2y and 8 = V2).
They appear in the context of mathematical physics, as previously mentioned.
The existence of solutiona for equations of the form has been discussed
under various conditions on the potential V' (x) and the nonlinear term p(x, s), see
for instance [10, 15, 25 26]. Tt is usually assumed that the potential is continuous
and another condition that guarantees some compactness result. Inspired by [0} 22],
we focus here on the case where V' can have discontinuity and change sign without
requiring any additional condition to obtain compactness.
Denoting V* = max{+V, 0} and inspired by [22, 27], we consider the following
hypotheses on V:

(A4) V* e L} (R?) and there exists a constant Ry > 0 such that

loc
0<Vy:= inf VT(z)< sup VT(z) < oc;
lz|=Ro |<|>Ro
(A5) V— € LP°(Bp,) for some 1 < py < oo, where Bg, denotes the open ball
centered at the origin in R? with radius Ry.

In the following, for simplicity, we assume that Ry > 1 and consider a constant

2\ Gh2

Voo > maX{RO,G%}Hil (1.7)
p

satisfying VT (x) < V. for almost every |z| > Ry. Note that V can change sign

and singularities can appear in some points of R2. A simple example of a potential

V(z) satisfying (A4) and (A5) is

Vs(z) = mi/,y for || < Ry, and Cy < Vs(x) <y for |z]| > Ry, (1.8)
for some 0, Ry > 0,v>1,and 0 < Cy < (5 < o0.

Problems involving (1.5)) with critical nonlinearities in dimension N > 3 have
been addressed for instance in [I0} [I7, [I8]. For dimension two, we can cite [23] [24],
which consider the nonlinearity with exponential critical growth. However, in these
works the authors suppose that the nonlinearity is continuous. In this article, we
consider a more general class of nonlinearities f(z,u), i.e., motivated by [22] we
introduce the following hypotheses on f:

(A6) for each measurable function u : R* — R, the Nemytskii function N; :

R? — R given by Ny¢(z) = f(z,u(z)) is measurable;

(A7) for almost every x € R?, the quotient % is nondecreasing in s.

(A8) there exist C1,Cy > 0,1 < 0 < o0, >0, p,u > 1and k € L7(R?) such
that

|f(z,s)] < Cik(z)|s]” + C’g(e“(sz)a —1)|s|*, for all (z,5) € R* x R.

Condition (A8) is inspired by the Trudinger-Moser inequality in the whole space
(see Lemma [2.3). Note that the growth (A8) allows f(z,s) to behave as e at



4 U. B. SEVERO, B. H. C. RIBEIRO, D. S. GERMANO EJDE-2024/77

infinity, which is the exponential critical growth for this class of problems, for more
details see [23], 24].
Let us now consider the subspace of H'(R?) defined by
W ={ueH'R?: / VH(z)u*dz < oo}
R2
endowed with the norm

1/2
] = [/R2(|vu|2+v+(x)u2)dx} . (1.9)
By [27, Lemma 2.1], there exists a constant C' > 0 such that
/ (|Vul? + VT (z)u?)dx > c/ udz, for all u € W.
R2 R?
This inequality guarantees the embedding W < H!(R?) being continuous and
consequently W — L!(R?) begin also continuous for all t > 2. Moreover, W is a
Banach space with the norm introduced in (1.9)). For each ¢ > 2, we consider
Vul> + VT )d
S; = inf fR2(| ul (1;2)/|75U| Jdr
O (g Jultda)

which is the best constant of the embedding W < L!(R?). Recalling that G; =
G~1(1), in addition to the hypotheses on V we assume the condition
(A9) IV lLro(Bry) < ASt,, where to := 2po/(po — 1) if 1 < po < o0, and to = 2

2|\ GY
apVoo *

>0, (1.10)

if po =00 and A =
This number A is a kind of control for applying the fixed point theorem. Observe
that in Example (1.8)), (A9) will satisfied choosing a positive ¢ appropriately.
We say that a function u : R? — R is a weak solution of (L.1]) if v € H*(R?) and
for all ¢ € C§°(RY) it holds

/ 2(u )VuVapdx+/ g(u)g' (u )|Vu|2<pdx+/ V(z)updz
/ fa;ugodx—i—)\/ |u|P~ 2ug0dx—|—/ h(z)g(u)pde.

Our main result is stated as follows.

Theorem 1.1. Suppose that (A1)-(A9) are satisfied and h € LI(RYN) for some
1 < g £ 2. Furthermore, assume that o < 2 and p > 2«, and for each A < 0 there
exists 69 > 0 such that ||h|lq < 6o. Then (L.1) has at least one weak solution.

(1.11)

Note that if A # 0 then the solution obtained is nonzero because g(0) = 1. For
the proof of the theorem, we adapt some arguments in [22]. However, the situation
here is more delicate because the exponential critical growth of f(z,s), and the
fact that we can not work with D'2(R?) as in [22]. As the potential v(x) and the
nonlinear term f(z,s) can be discontinuous, the variational methods are not used
for treating this class of problems, and we believe that the fixed point technique is
more effective.

The outline of this article is as follows. The forthcoming section is the reformu-
lation of the problem and some preliminary results, including the Trudinger-Moser
inequality used in the fixed theorem. Section 3 is dedicated to the proof of our
main result.
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2. PRELIMINARIES

In this section we obtain some technical results and establish the appropriate
framework to prove Theorem In the definition of weak solution for (see
(1.11))), we first face the problem that the integrals involving the function g, which,
depending on g, are not well defined for functions u € H'(R?). To overcome this
difficulty, we follow the idea used in [25] (see also [9]), and consider the change of
variable

v=_G(u) = /Ou g(s)ds.

From (A1), we have g(t) > 1 for all ¢t € R. Thus, G is strictly increasing and hence
invertible. For an easy reference, we list below the main properties of the functions
g and G~1.
Lemma 2.1. Under conditions (A1)—(A3), we have the following properties:
(1) G71 is increasing and G,G~' are odd functions;

(2) 0< [G_l(t)], = ﬁ S 1= ﬁ fO'I" allt € R,'
(3) |G7L(t)| < |t| for all t € R;

G_l(t) - G @) G ()t
(4) == < g(G—tl(t)) < G7Y(t) for all t > 0 and < < PIeRIO)) <
[G=L(t)]? for allt € R;
G71 t a—1
|G=H(1)|* < §lt| for allt € R;
if 1 <a<2 then G0y nondecreasing for t € R;

g(G—1(#))
if 1 < a <2 then there exist C1,Co > 0 such that

() <Ci and g(t) <Co+ (B+1)|t| forallteR;
(9) if 1 < <2 then [G71(t)]* is conver.
(10) ¢ M _, (%)1/0‘ as t — +o00;

1/

(11) it holds that

Galt]'/>, |t > 1.

GTH(1)] = {

The proof of the above lemma can be found in [22 23], so we omit it here.
Using the change of variable v = G(u), a simple calculation shows that we can
transform (|1.1) into the nonhomogeneous semilinear equation

G ') _ f@,G ) GG (v)

—Av+V(x = + A + h(z 2.1
W@y T e W) (I I
in R2.
We say that v : RN — R is a weak solution of if v e W and
-1
VoVwdz + / V(x)Giil(U)wdm
R2 R2 9(G=(v)) (2.2)

G—l G—l p—2G—1

[ G g, [ 167
rz 9(G71(v)) 2 9(G7'(v))

for all w € W. The next lemma relates weak solutions of (2.1)) to weak solutions

of .

wdx—i—/ h(z)wdzx,
R2
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Lemma 2.2. If v € W is a weak solution of [.1), then u = G~ 1(v) is a weak
solution of (L.1)).

Proof. First, since Vu = WVU, g(t) >1forallt € R and |u| = |G~ (v)| <
|v], it follows that u € H!(R?). Note that for each ¢ € C§°(R?), the function
w = g(G~1(v))y belongs to H!(R?). Indeed, we have

(pg'(Gfl(v))
9(G=1(v))
Setting K = supp(¢) and using properties (3) and (8) of Lemma [2.1] we obtain

! -1 v 2
/]RN |Vw|?dz < 2/1C |@|2WV0|2dm+4C§/K|V¢2dm

+4(5+1)2/ v?|Vop|*da
K

Vw = Vo + g(G™(v)) V.

<202 |p|2 /K Vof2de + 42 /}C Vol + 4(8 + 12 [Vll2 o2,

and so |Vw| € L?(R?). Moreover, according to item (8) of Lemma [2.1| and since
V+ e LS (R?), we also have (VT)/2w € L?(R?). Therefore w € W and taking

w = g(G~(v))¢ = g(u)p in [2.2), it follows that (1.11])) holds for all p € C5°(R?).
Hence, u = G~1(v) is a weak solution to (1.1)). O

As a consequence of the previous lemma, to obtain weak solutions of (|L.1)), it
is sufficient to look for weak solutions for (2.1). Next, we recall a version of the
Trudinger-Moser inequality that holds in the whole space (see [4, [I1]).

Lemma 2.3. If¢ >0 and u € H'(R?), then

/ (e‘"2 —1)dz < oo. (2.3)
RZ

Moreover, if 0 < ¢ < 47 and ||ull2 < M, then there exists a constant C = C(s, M) >
0 such that

sup / (egu2 —1)dz < C. (2.4)
R2

Vull2<1
In many arguments, we will need of the following lemma.
Lemma 2.4. Let¢ >0 andr > 1. Then
(€§52 -1 < eres” - 1, forallseR.
To prove the above lemma we only need to apply the inequality (14¢)" > 14¢"

with ¢ = es5° — 1 > 0. As a consequence of Lemma we establish an estimate
which will be essential for our argument.

Lemma 2.5. Suppose that (A4) holds. Let v,p € W and ¢, > 0. If ||v]| < M
and ¢M? < 4 then there exists a constant C = C(c, M, ) > 0 such that
2
/Rg(egv — Dv[*lpldz < Cljo]*[lell-

Proof. First, we choose g; > 1 sufficiently close to 1 such that

2 2
qsM? <4n and o) = (J11 > max {2, ;}
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Thus, 1/g1 + 1/01 + 1/01 = 1 and applying the generalized Holder inequality and
the embedding W — L*(R?), for s € [2,+00), one obtains

cv? “ q1§v2 1/q1 M
(e = Dlellplaz < ([ (@ = 1)az) " ol Il
R2 R2
2 /¢
< [ e = o) ol
R2

M2¢ 1/q
< [ TR < da) ol ol
R2

Since q1cM? < 4, the lemma is proved because of the Trudinger-Moser inequality

24). O

For the convenience of the reader, some basic notions and notation are repro-
duced below. Let X be a real Banach space. A nonempty subset X, # {0} of X
is called an order cone if the following holds:

(i) X4 is closed and convex;
(ii) if w e X4 and 7 > 0, then 7u € X ;

(iii) if w € Xy and —u € X, then u = 0.

We observe that an order cone X naturally induces a partial order in X as
follows: « < y if and only if y — z € X4, and (X, <) is called an ordered Banach
space. Moreover, if inf{z,y} and sup{z, y} exist for all z,y € X with respect to =<,
then we say that (X, | - ) is a lattice. Furthermore, if ||2¥|| < ||z|| for all z € X,
with % := sup{0,z} and z= := —inf{0,z} then (X, | -|) is called a Banach
semilattice.

Special examples of Banach semilattices are the spaces LI(RY), W4(RY) and
Dl’z(RN ), if one considers the natural partial order v =< v when u < v almost
everywhere in RY .

Let (X,=) and (X, <) be ordered Banach spaces. We say that an operator
G:X — Xis increasing if and only if for all x,y € X, x = y implies that Gz < Gy.

A subset B of X has the fixed point property if every increasing operator S :
B — B has a fixed point.

We now present a version of the fixed point result due to Carl and Heikkild [6]
Corollary 2.2], which we use for proving Theorem [1.1

Lemma 2.6. Let X be a Banach semilattice which is reflexive. Then every closed
ball of X has the fixed point property.

For more details in terms of definitions and results about ordered Banach spaces,
we refer the reader to [6] and the references therein.
3. PROOF OF THEOREM [L.1]

We need to introduce some suitable operators to apply Lemma [2.6 First, we
consider the operator L : W — W* defined by

o [ o e G G )P )
(Lo = [V V*”/sz @) g1y A/Rz 9(G1(0)

- [ hia)eda,

pdx
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for v, € W, where W* is the dual space of W and its norm is denoted by || - ||..
It is clear that for each v € W, L(v) is a linear mapping. Moreover, it follows from
Hélder’s inequality, items (2)-(3) of Lemma [2.1] and Sobolev’s embedding that

‘<L(U)7<P>|§/ |VUV¢\dLE+/ VH(x )g|(G (( ))|) olde

G~
+|)\\/ (Ol |dz+/ |h||¢|dx
/2 1/2
< Jolliell + ( / v+(x>v2dx) ([ v*@ta)
R2 R2

+[ollpllells + ||h||q||s0||q

1
< (2ol + —gg el + gzl )ligl,  for all o € W;
Sp Sy
which justifies that L(v) € W*.

Lemma 3.1. Under the hypothesis (A4), the operator L : W — W* is invertible.

Proof. We must show that for every ¥ € W* there exists a unique vg € W such
that L(vg) = ¥, i.e.,

: B ; - +(p G (w) T
(L)) = [ TooVeda+ [ V)i (3.1)
o [ IPTTE ) g [ ) pda = (W, ),

R2 9(G~*(vo)) R2
for all ¢ € W. This is equivalent to show that for each ¥ € W*, the functional
I: W — R defined by

I(v) = %/RZ |Vo|?dz + % /W V() [G(v))2dx — % . |G~ (v)[Pdx
7/ h(z)vdz — (U, v)
R2

has a unique critical point. It is not difficult to verify that I is well-defined and
differentiable on W, where the derivative is given by

! = v x x G
<I (U),(,O> - ]RQV V(pd + R2 V+( )g(G_l(U))

G~ W) PG (v) /
f)\/ pdx — h(x)pdr — (U, @),
e G() e M0de = (1)
for v, o € W. First, we show that [ is coercive. By Lemma[2.1}(11), (A4) and since
A <0, p>2a, we have

4 4
A e ypae > G / o2dz > MG / VH@?de  (3.2)
[v]|>Ro [v]|>Ro

wdx

D Jr2 D PVeo
and
1/ V()G (v)]*de > 1/ V7 (x) [G*l(M)]de
2 R2 2 |'U|§RO RO
e (3.3)
> —L VH(z)vide.

2
2R5 Jjv1<ro
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In view of (1.7)), we obtain

1 + -1 21, _ é =10\ |P ‘)‘|G11) + 2

VT (2)|G™ (v))*dx |G (v)[Pdx > VT (z)v?de  (3.4)
2 Jg2 P Jr2 PVoo Jr2

and therefore

I(v) > 1/ |Vv|2dx+ NG V*(w)dex—/ |h(x)||v|dx — [|T]]||v]]

- 2 R2 PVoo R2 R2 *

AIGT 2 L
> MHUII = 1l/zllh\lqllvll = 1|l [lvll,

q
which guarantees that the functional I is coercive.

On the other hand, it follows from Lemma [2.1}(9) that the functionals ®(v) :=
Jg2 VT (2)[G™(v)]*da and d(v) = Jg2 |G~ (v)[Pda are convex and it is not hard
to see that ® and ® are strongly continuous. Therefore, ® and d are weakly lower
semicontinuous. Consequently, if v,, — v in W then

n—oo n—oo

liminf I(v,) > liminf1 |an|2d+liminf1/ VI (2)[G (vp)]2de
2 Jr2 n—oo 2 Jpn

+ lim inf - |G~ (vy,)|Pdz + lim inf (—/ h(m)vndx)
RN

n—oo P Jp2 n— 00

+ lim inf ( — (7, v”>>

n—roo

= I(v),

showing that I is weakly lower-semicontinuous in W. Since W is a Hilbert space,
there exists vg € W such that

I(vg) = viélva I(v).

Once T is differentiable, we have I’ (vg) = 0 and the strict convexity of I implies that
the critical point vy is unique. Therefore, there exists a unique vy € W satisfying

(3.1) and the lemma is proved. O
At this point, we consider another operator T : W — W™, which is given by
G '(v) fz, G (v))
T(v),p) = V7 () ——F—<¢dz + ————"pdz, v,peW.
ke = L gaTwy T e @)

It is clear that for each v € W, T'(v) is a linear mapping. The next result shows
that T is well defined and we obtain an estimate for the norm of T'(v).

Lemma 3.2. Assume (A1)~(A6), (A8) and Let M > 0 be such that
4w, Then there exist constants Cs, Cy > 0 such that if ||v]| < M, then

(T@), @) < (S IV lzsooag o1l + Collell* + Calell*Yligll,  for all o € W,

%)ZM2 <

Specifically,
IT (@)l < S5 IV Lo (Brg) 101l + Csl[v]]? + Cal|v]*.

Proof. We consider here 1 < pg < oo and 1 < ¢ < 0o. The cases pg = 00 or 0 = 00
are simpler and are treated similarly. Note that

111 2
=1 ety =

> 2.
po to to po—1
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Since V~(z) = 0 for |z| > Ry, using the generalized Holder inequality together

with (T.10) and Lemma [2.1}(2),(3), one has that

G~ 1(v) 1
V() ——"=pdz| < —||V 7 ||zr . 3.5
| LV @ gty edel < gV ey lolliel (3.5)
Analogously, we see that
1 1 1
i_~_£+f:1 St ;:70(p+ ) > 2,
g tl tl o—1
from which it follows that
—(p+1)/2
| [, Ba@loeda] < el ol < S5 2kl ol el (3:6)

On the other hand, using Lemma [2.5( with ¢ = go(%)2 yields

2
[ (B~ 1)jellolds < ol ol (37)
RZ
With the condition (A8), the estimates (3.5))-(3.7) and Lemma (6)7 we arrive at

(0.2 € IV oz [9lle] -+ Callelo ol el
0o [ (IO 1) ) e
< oIV oo llellel + Calllo ol
w0 [ () 1) priplas

1 _
< (g IVl e llel + CollElo 1ol + Callol )l
0
which proves the first estimate. The second is immediate. O

To apply Lemma we consider the following partial order in W:
V1,02 € W 01 S 09 & v1 < v ace. in R2. (3.8)

It is clear that (W, <) is an ordered Banach space and for all u,v € W, there
exist sup{u,v} and inf{u, v} with respect to the order <. Moreover, recalling that
vt = sup{v,0} and v~ = —inf{v,0}, we have that v* and v~ are the positive
and negative parts of v. Since |Vo*| < |Vo| almost everywhere in R?, we see that
loE|| < |lv|l. Consequently, (W, <) is a Banach semilattice which is reflexive. We
also observe that the dual space W*, endowed with the order

Dy, Py € WH, 01 <Dy & (Py, ) < (D2, ), forall pe Wy, (3.9)

where W, = {v € W;v > 0 a.e. in R?} is also an ordered Banach space. Now, we
need to check the monotonicity of the operators T and L.

Lemma 3.3. T : (W, <) — (W*, <) is an increasing operator.

Proof. Let v1,v5 € W be such that v; < v, i.e., v1 < v2 a.e. in R2. By Lemma
(7) and (A7), we obtain

@) = [ v

G) o [ fE G ()
9(G=1(0n))

Pt TG o)

pdx
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o G (w) fz, G (v2))
< VO Ly e
= (T'(v2), )
for all ¢ € W, and this proves that T'(v1) < T'(vs). O

Lemma 3.4. The operator L= : (W*, <) — (W, <) is increasing.
Proof. Let ®1,P5 € W such that ®; < ®5, that is,
<(I>17(p> < <(b27§0>a for all S W+'

Setting v1 = L71(®1) and vy = L7}(®3), for ¢ € Wy one has (L(vy),p) <
(L(va), ) and thus
G~ (vg) G~ ()
0% [ (9= )Vl [ VIO — S e
_ ,\/ |G (02)|92G  (v2)  |GTH(01)]P G (1)
R? 9(G~H(v2)) 9(G=1(v1))
Now, taking ¢ = (v2 —v1)” = max{v; — vz,0} € W, and using Lemma (9) we
reach

]goda:.

— vg — v1) " |? Tz Gil(w) - Gil(vl) V1 — vUg)dx
0< /]R2 |V( 2 1) | +/{v2<u1}v ( ) g(G_l(vg)) g(G_l(vl))}( 1 Z)d

(g G wa)P2G T (v2) |G () PPG T (v) y
+/{v2<m}v( =Ty T

< —/ |V (vy —v1) ™ [2de
R2

from which it follows that [5, |V(vz —v1)”[*dz = 0. So (vz —v1)” = 0 and thus
v1 < vg a.e. in RQ, ie., Lil(q)l) < Lil(q)g). O

— v9)dx

Now we define the operator S : W — W by S = L~ o T and our goal is to show
that there exists a ball in W which is invariant by S. We will use the following
notation:

By [0, R ={veW: |v| <R}

Lemma 3.5. Under the hypotheses of Theorem[I.1] there exists 0 < Ry < M and
0o > 0 such that if ||h||q < 6o then

S(Bw[o7 Rl]) C Bw[o, Rl].

Proof. Letv e W andw = S(v) = L~(T(v)). By Lemma(4) and the estimates
(13-2)-(3.3), we have
G Hw)w

<L(w)7w>:/RQ V| +/RQ V@) s

[ e e
M ey e [ hawa

> /R |vw|2dx+$[/w V+(x)[G*1(w)]2dfo/RZ |G’1(w)|pdx}
= [[hllqllwllg
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> Aljwl® ~ 1/Qllh\l [[wll,
a
where A = ’\Lq L according to (A9). From this it follows that

AlIS()II* = Aljwlf?

1
< (L(w), w) + —75 [hllqllw]l
Sq

< (T(v), S(v)) + [Allg[[S (@)

1/2|
q’

< (IO + Wil IS

Thus, if |[v|| < M then by Lemma[3.2] one has

1
IS < & (?IIV l[zro (Bry) 0] + CallEllo [0l + Callv]]* + 51/2 7] )

q

Hence, if M > R > 0 and ||v|| < R, then

S(v
” é)“ §K<—||V oo (Ba,) + C3RPL + CoRA1 + 51/2R||h\|) (3.10)

’

q
Next, we choose M > R; > 0 sufficiently small so that

_ A_lst_01||V_HLpD(BR0)
5 .

% (0335’—1 + 043'5—1) <!

By considering

1/2 10— _
Sq’/ Rl(l—A 1St01||V ||LP0(BR0))

do = 5 >0
and taking R = R; in (3.10), we deduce that if ||h|; < Jp, then % < 1
Therefore, S(Bw [0, R1]) C Bw[0, R1] and the proof is complete. O

Finally, let us conclude the proof of Theorem From the definition of the
operator S and by invoking Lemmas [3.3] and [3.4] it follows that S is increasing. In
view of Lemma Bw [0, R] is invariant by S and by Lemma |2.6) By [0, R] has
the fixed point property. Therefore, there exists v € By [0, R] such that S(v) =
Since S = L~! o T we have

(L(v),w) = (T(v),w), forall weW

and according to (2.2) v is a weak solution of Equation (2.1). Using now Lemma
we see that u = G~!(v) is a weak solution for (1.1)) and Theorem [1.1]is proved.
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