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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO NONCLASSICAL
DIFFUSION EQUATIONS WITH DEGENERATE MEMORY AND
A TIME-DEPENDENT PERTURBED PARAMETER

JIANGWEI ZHANG, ZHE XIE, YONGQIN XIE

ABSTRACT. This article concerns the asymptotic behavior of solutions for a
class of nonclassical diffusion equation with time-dependent perturbation coef-
ficient and degenerate memory. We prove the existence and uniqueness of time-
dependent global attractors in the family of time-dependent product spaces, by
applying the operator decomposition technique and the contractive function
method. Then we study the asymptotic structure of time-dependent global
attractors as t — oo. It is worth noting that the memory kernel function sat-
isfies general assumption, and the nonlinearity f satisfies a polynomial growth
of arbitrary order.

1. INTRODUCTION

In this article, we discuss the long-term behavior of solutions of the perturbed
nonclassical diffusion equation with degenerate memory,

ug — e(t)Auy — Au — / k(s)div{a(x)Vu(t — s)}ds + f(u) = g(z), (1.1)
0

with boundary condition

u(z,t)|on =0, (1.2)
and initial conditions

u(z,7) =ur(x), ulz,7—38)=u(z,7—3), s>0, (1.3)
where (z,t) € Q x (1,00), and  C R" (n > 3) is a bounded domain with smooth
boundary 92, 7 € R is the initial time, g = g(z) € L?*(Q) is the the external

force, a(z) satisfies conditions specified in (H3) below. The perturbation parameter
e(t) € CH(R) is assumed to be a decreasing bounded function satisfying

t_l)lgrnoos(t) =0, (1.4)

and there exists L > 0, such that
sup(|e(t)] + [¢'(¥)]) < L. (1.5)

teR

We use the following hypotheses
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(H1) k(s) = [° p(r)dr > 0, where the integrand y satisfies that for any interval
[0,T] with T > 0,

p € L*(RT) is a decreasing piecewise absolutely continuous function, (1.6)

and that there exists > 0, such that

k(s) <éu(s), VseRT. (1.7)
As described in [13], inequality (1.7) is equivalent to the requirement that
ult +5) < Re~u(s), (1)

for some R > 1, § > 0, any ¢ > 0, and almost every s > 0. Moreover, if ; belongs
to C1(RT), then z/(s) + du(s) < 0 can derive when £ = 1, which shows that
the same condition for £ > 1 is more general.

For simplicity, we let

mo = k(0) = /OOO p(s)ds < 0.

(H2) The nonlinearity f satisfies f € C!, f(0) = 0, and the arbitrary order
polynomial growth restriction

ap|slP — 1 < f(s)s < agls|P 4+ B2, VsER, p>2, (1.9)
and the dissipative condition
f(s) > =1, (1.10)
where «;, 8; (i = 1,2) and [ are positive constants.

Denoting F(s) = [ f(o)do we can confirm that there exist &, 3 >0 (i=1,2)

T

from ({1.9)), such that
anls|P — By < F(s) < aols|? + B2,, Vs eR. (1.11)

(H3) a(xz) € C>=(Q) N C°(Q) is non-negative, and there exists a connected set
A CC Q such that

a(z) =0 <= z € A

Following Dafermos [14] we introducing an additional variable 5, which is the
history of u, i.e.

S
n' =n'(x,s) = / u(x,t —r)dr, s€RT. (1.12)
0

Let nf = 27t and 1t = Znt, it follows that
ny = —nL+u. (1.13)
By (H1), (1.12) and (L.13) yields
(oo}

/000 k(s)div{a(z)Vu(t — s)}ds = /o p(s) divia(z)Vn'(s)}ds. (1.14)
Thus, system — can be rewritten as
w = o)A, = Bu— [ us) div{a(a) V' (9)}ds + 1) = 9(0)

ny =1 + u.

(1.15)
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with the initial and boundary conditions

u(z,t)]og =0, n'(z,8)|saxe+r =0, € (T,00),

s 1.16
u(z,7) =ur(z), n"(x,s)= /0 ur(z, 7 —7r)dr, (z,s)€ QxR (1.16)

Throughout this article, unless otherwise stated, we assume that z(t) = (u(t),n?)
is the solution of system — with initial value z, = (u,,n"), and let
R”™ = [r,00), R = [0, 00).

Equation , as a nonclassical diffusion equation, is well known for its mathe-
matical and physical significance. For instance, it is usually utilized in the various
fields, including fluid mechanics, solid mechanics, and heat conduction theory, see
[8, 2, 2T]. In contrast to the classical reaction-diffusion equation, it mainly considers
viscous factor and historical influence of u and this historical influence (i.e., mem-
ory term [ u(s) div{a(x)Vn'(s)}ds) is degenerate. Specifically, the degeneracy is
reflected in the sense that the function a(z) > 0 in [, pu(s) div{a(z)Vn'(s)}ds is
allowed to vanish in some positive measure subset wg of (2.

When &(t) is zero (or a positive constant) and memory term is non-degenerate, it
is easy to show that the equation becomes the usual reaction-diffusion equation
(or nonclassical diffusion equation) with memory, under these circumstances, the
asymptotic behavior of solutions has been researched by many scholars in recent
years (see |9} [17, 18,19, 311 [35, 136}, 37] ). Especially to deserve to be mentioned, more
recently, the authors considered the existence, regularity and upper semicontinuity
of global and uniform attractors for autonomous and non-autonomous nonclassical
diffusion equation lacking instantaneous damping —Aw in bounded and unbounded
domain when the nonlinearity satisfies critical exponential growth and polynomial
growth of arbitrary order respectively, see [10] 29] [32] [33] 36 [38], 39].

Nevertheless, for equation with time-dependent parameter, the current
studies focus on the nonclassical diffusion equation without memory (i.e., k(s) =0
in (1.1))), see [23, 24, 30, 40] and the references therein. In [23] 24] 0], the authors
proved the existence of time-dependent global attractors in H; when the nonlin-
earity f satisfies the subcritical exponential growth, critical exponential growth,
and polynomial growth of arbitrary p — 1 (p > 2) order respectively. Particularly,
when f meets polynomial growth of arbitrary order, the authors of [30] proved
the existence, regularity and the asymptotic structure of the time-dependent global
attractors for the equation

ug — e(t)Auy — Au+ Au+ f(u) = g(z). (1.17)

To sum up, we try to consider the long-term behavior of equation with
memory (i.e., the case of non-degenerate) and without linear damping. At this
point, if the memory term satisfies classical assumption u(s) + dp'(s) < 0 (see [31]
35]), then the results we obtain are perfectly predictable. This allows us to think of
the asymptotic behavior of problem under the premises that the (degenerate)
memory term satisfies the weaker assumption and the nonlinearity fulfills
polynomial growth of arbitrary order?

So why would we consider the system with the degenerated memory? In [4],
the authors completed a pioneering work, namely, the uniform decay of solutions
was obtained for degenerate problem

up — (a(z)ug)s + b(x)u = 0,
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where a(z) € C*([0,1]) satisfies a(z) > 0 and a(z)|,—0,1 = 0, and b(z) € C([0,1])
meets b(x) > 0. Whereafter, some authors investigated the asymptotic behavior
and stability of solutions for above problem under suitable assumptions, see [16], 1]
and the references therein. In addition, many scholars considered wave equation
with degenerate memory, see [B] [0, [7, 27] and the references therein. In should be
emphasized that the authors in [27] obtained regularity of global attractors for the
following wave equation with degenerate memory

it — A+ /000 g(s)divla(x)Vu(t — $)]ds + ba)u; + f(u) = g(x).

Furthermore, Faria et al. showed the existence of global attractors for the following
heat equation with degenerate memory

0, — koA — [ k(t — s)divla(z)VO(s)|ds + £(0) = g

in recent a study [I5] when the nonlinear term f(6) fulfills critical exponential
growth and the memory kernel function satisfies the weaker conditions (see (H1)).

The ideas in [I5} 9] inspires us to take into account the existence and uniqueness
of time-dependent global attractors for equation when the assumptions (H1)
and (H2) hold, which answers the question we posed earlier. Moreover, in this
article, we also incidentally consider asymptotic structure of time-dependent global
attractors based on existing studies in [I1], 12} [30]. Thus, it is a comprehensive
and innovative problem for us to think about the existence, uniqueness and the
asymptotic structure of time-dependent global attractors for the equation ,
and this article improves the existing work in [I5] B2}, B3], B7].

Of course, we need to overcome the following two difficulties for solving foregoing
problem:

(i) On the one hand, because the nonlinearity f has polynomial growth of
arbitrary order and equation includes the memory term, we cannot
use Sobolev compact embedding to verify asymptotic compactness of the
solution process generated by equation as [15].

(ii) On the other hand, since the memory term is degenerate and the memory
kernel function k(s) satisfies the weaker condition (H1), which does not
allow us to the classical estimation methods from [I8, BT, [35], B7] in our
problem.

To solve the above difficulties, we use some ingenious analytical techniques, and
the operator decomposition method is adopted to obtain constructive function.
Then we can verify that the process {U(t,7)}:>- generated by equation (1.1) is
pullback asymptotically compact. Meanwhile, the asymptotic regularity of solu-
tions for equation is also obtained, and it follows that we can construct the
contractive function and further show pullback asymptotical compactness of the
corresponding process {U(t,7)}¢>, associated with the equation (4.1). In addi-
tion, the study of asymptotic structures shows that the limit relation between the
time-dependent attractors for the problem and the global attractor for the
reaction-diffusion equation with degenerate memory of [I5] with the same condi-
tions by using the method in [I1].

This article is organized as follows: In Section 2, we recall some basic concepts
with respect to the time-dependent global attractors and other some useful results
that will be used later. In Section 3, we first prove pullback asymptotic compactness
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of the process {U(t,7)}¢>- generated by problem by establishing contractive
function, and then the existence and uniqueness of time-dependent global attractors
are attained for system —. In Section 4, we obtain the limit relation be-
tween the time-dependent attractors for the equation and the global attractor
for the equation (1.1) in [I5] satisfying the same conditions.

2. PRELIMINARIES

In this section, we first give some notation used later, and then describe some
basic concepts and theories of the existence of time-dependent global attractors,
for details see [12] [11].

Basic concepts and notation. Hereafter let |u| be the modular (or absolute
value) of u and |- |, be the norm of LP(2)(p > 1), and (-, -) be the inner product of
L2(). Let (V-,V-), (A, A-) and |V-|3, |A-|3 be the inner products and the equiva-
lent norms of Hg(Q) and D(A) = H}(Q)N H?(Q) respectively. The time-dependent
spaces H; := H}(Q) and H} := D(A) are endowed with the corresponding norms

I 1B, =1 B+e®IV-15, -5 =IV-[3+e®)]A- 5.
As in [7, [6], we assume that there is a Hilbert space
HY(Q) = {ue L*(Q) : |vaVu| € L*(Q), ulog = 0}

with inner-product
(u,v) g1 = (u,v) + (VaVu, VaVv).

We define the weight space
Vo= GRYHD = (o B = 1L [ (o)l < oo}

with inner product and norm
o0

o0
Wondpr = [ p@myds, 'l = [ ) s
As in [27] we define the regular Hilbert space
H2(Q) = {u € H}(), Vadu € L)},
with inner-product
(u,v) g2 = (Vu, Vo) + (Valu, valv).
We define the weight space

oo
Vi LR = {1 B = B2 [ o)l < o)

with inner product and norm

o0

<%mm=A MW%W%%7WNMZA (5) 17 |2 ds.

Additionally, we denote Vy = Li (R*; L2()) and its inner product and norm

o0

<mmM:A mmwm@,mmm:A ()l Bds.

Then phase space of equation (|1.1) is
M;=H; x VI (r=0,1).



6 J. ZHANG, Z. XIE, Y. XIE EJDE-2024/22

and || - |3 = Il - [l + I - [I7541, where {M;}ier represents a family of time-

dependent normed spaces, and it should be noted that the superscript is omitted
when r = 0.

Remark 2.1. As stated in [7, 27, 5], there exists reasonable continuous embedding
H2(Q) — H}(Q) — HI(Q) — L*(Q); in particular, H2(Q) — H(Q) is compact,
but D(A) — H2() does not hold.

Next, we introduce some common notation based on processes of time-dependent
space (see [23] [12], [IT]).
Let {M;}icr be a family of normed spaces. Note that the ball of radius R in
Mt is
Pi(R) = {w € My : |wlpm, < R}
For any given € > 0, we define the € neighborhood of set B C M, as
0;(B) = Uzen{y € My : [z —yllm, <&} = Usen{z + Bi(e)}-

In particular, the Hausdorff semidistance of between two nonempty sets A, B C M,
is defined as

dist pq, (A4, B) = sup inf ||z — y||m,-
z€AYEB

Definition 2.2. Let {M;}icr be a family of normed spaces. A two-parameter
family of operators U(t, T) : M, — M is called a process if it satisfies the following
properties:

(i) U(r,7) = Id for 7 € R (Identity operator);

(ii) U(t,s)U(s,7)=U(t,7) fort > s > 1 € R.

Definition 2.3. A family of sets C' = {C; € M; : Cy is bounded}scr is called
uniformly bounded if there exists a constant R > 0, such that C; C %.(R) for all
teR.

Definition 2.4. A family of sets B = {Bi;}icr is called pullback absorbing if
B = {Bi}tcr is uniformly bounded and for all R > 0, there exists a constant
to = to(t, R) <t such that U(t,7)%B,(R) C B; for any T < tg.

The process {U(t,7)}i>- is called dissipative whenever it enters a pullback ab-
sorbing family By = {BY}icr.

Definition 2.5. A time-dependent absorbing set for the process U(t, 7) is a uni-
formly bounded family B = {B;}cg with the following characteristic: for any
R > 0, there exists to = to(t, R) > 0, such that

U(t,7)#B-(R) C By forall T <t—tp.

Definition 2.6. The process U(t, ) is called pullback asymptotic compact if for
any ¢ € R, any bounded sequence {z,}52; C M, and {7,}52; C (—o0,t] with
Tn — —00 as n — o0, the sequence {U(t,T,)z,}22; has a convergent subsequence

in Mt.

Definition 2.7. A time-dependent global attractor of the process U(t,7) is the
smallest family o/ = {A; }+cgr such that

(i) for every t € R, & is compact in My;
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(ii) o/ is pullback attracting, namely, & is uniformly bounded and
EI}l distpm, (U(t, 7)Cry Ar) =0

T

holds for all uniformly bounded family C' = {C,},cr and every fixed ¢t € R
and 7 < t.

Remark 2.8. The pullback attracting essence can be equivalently described in the
light of pullback absorbing: a (uniformly bounded) family K = {K;}icr is said to
be pullback attracting if for all € > 0 the family {Of (K}) }+er is pullback absorbing.

Theorem 2.9. A time-dependent global attractor o exists and it is unique if and
only if the process U(t,T) is asymptotically compact, i.e., the set

K={K={K}ier : Kt C M, is compact, and K is pullback attracting}
18 mon-empty.

It can be seen from Definition [2.7] that the time-dependent global attractor does
not have to be invariant, which is because the process does not require to meet
some continuity. If the process U(t,7) satisfies appropriate continuity, then the
invariance of time-dependent global attractor / can be obtained.

Definition 2.10. The time-dependent global attractor o = {At}ier is said to be
invariant if
Ut,m) A, =Ay, t>1€R.

Lemma 2.11. If the time-dependent global attractor o exists and the process
U(t,T) is a strongly continuous process, then &/ is invariant.

Next, we will state the definitions of contractive function and M;-contractive
process, which will be utilized to prove asymptotic compactness of a family of
process {U(t,7)}e>- (see [22, 25, 28] 34, [35]).

Definition 2.12. Let {M;}icr be a family of Banach spaces and B = {B: C
M }er be a family of uniformly bounded subset. We call function ¢(+, -), defined on
M. x M, to be a contractive function on B, x B if for any sequence {z,}52; C B,
there exists a subsequence {zy, }7°; C {z,}52; such that

lim lim ¢! (2,,,2,,) =0, Vt>T€ER.

k—oo l—0

We use €(B;) to denote the set all contractive function on B, x B;.

Definition 2.13. Assume that U(¢,7) is a process on {M;}+cr and it has a pull-
back bounded absorbing set B = {B;}+er. U(t, 7) is called M -contractive process
if for any given € > 0, there exist T' = T'(¢) and ¢4 (+,-) € €(Br) such that

(U, T)21 — U, T)z2|m, <€+ @h(z1,22), Vz € Br(i=1,2).
where % depends on 7.

Next, we give the method to prove the existence of time-dependent global at-
tractors for evolution equations, which will be used in the later discussion.

Theorem 2.14 ([25]). Let {M;}iecr be a family of Banach spaces, then U(t,7) has
a time-dependent global attractor in { M }ier, if the following conditions hold
(i) U(t,7) has a pullback absorbing set B = {B;}icr in {M,}ier;
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(i1) U(t,7) is a My-contractive process.

In what follows, we give two Lemmas, which shall be used to prove the compact-
ness of solution process.

Lemma 2.15 ([26]). Let X CC H C Y be Banach spaces, with X reflexive and
T, 7 be two constants with T < T. Suppose that u, is a sequence that is uniformly
bounded in L*(t,T; X) and du, /dt is uniformly bounded in LP(7,T;Y), for some
p > 1. Then there is a subsequence of u,, that converges strongly in L*(t,T; H).

Lemma 2.16 ([3]). Suppose that the nonnegative function u € L*(R™) is decreasing
piecewise absolutely continuous, and it satisfies that if there exists so € RT such that
w(so) =0, then p(s) = 0 is true for any s > sg. Furthermore, let By << By < Bs
be Banach spaces, where By, By are reflexive. If € C LZ(R“', B1) and satisfies

(i) € in L2(R*, Bo) N HL(R*, By);

(ii) supgeq [01B, < h(s), for all s € RT, h(s) € L%(RY); then € is rela-
tively compact in L%(R*, By), where HL(RY,By) = {f : f(s),0sf(s) €
L2(R*, By)}.

3. EXISTENCE AND UNIQUENESS OF A TIME-DEPENDENT GLOBAL ATTRACTOR

It is easy to know that the key for existence and uniqueness is to verify the
pullback asymptotic compactness of process generated by . To do this, we
first prove the asymptotic regularity of solutions, then the contractive function can
be constructed by it, which can ensure the pullback asymptotic compactness of
corresponding process.

3.1. Well-posedness. We now describe the well-posedness for the equation (1.1]),
which can be obtained by using standard Faedo-Galerkin method (see e.g., [30} 26]
29]). For simplicity, we only give the final conclusion.

Lemma 3.1. Let Q be a bounded domain of R™ (n > 3) with smooth boundary 05,
= (ur,n") € M, and (H1)-(H3) be satisfied. Then for any T > T, the system

- (L16) possesses a unique weak solution z(t) = (u(t),n") satzsfymg
u € O(1,T;He) N LP (7, T; LP(Q)), n' € C(1,T;V,). (3.1)

In addition, if z; = U(t,7)zt = (u;(t),nt) (i = 1,2) are two weak solutions of
(1.15)-(1.16)), then for any t > 7, it is easy to obtain a positive constant Cy inde-
pendent of t, such that

|U(t,7)22 = U, )22l an, < Cillzh = 22an, - (3.2)

Remark 3.2. By Lemma the following solution process can be defined on the
family of time-dependent spaces { M, }er

U, 7): M = My, Ut,T)z: =2(t), VE>T. (3.3)

In particular, from (3.2)), it is easy to find the process U (¢, 7) is Lipschitz continuous.
That is to say, U(t,7) is a strongly continuous process over the family of time-
dependent phase space {M;}icr.
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3.2. Time-dependent absorbing sets. In this subsection, we shall study the
dissipative feature for the process {U(t,7)}:>-. To this end, we need a series of
prior estimates. Throughout this subsection and subsequent sections, we always
assume that @ C R"(n > 3) is a bounded domain with smooth boundary, the
initial value zr = (ur,n") € B(R) C M., e(t) satisfies (L.4)-(L.5), g € L*(Q) and
the assumptions (H1)-(H3) hold.

Lemma 3.3. Assume that z(t) = (u(t),n') is sufficiently regular solution of (1.15])-

. Let
L(t) = / K(s)|Vavi (s)2ds,

then L(t) satisfies the differential inequality

9 L1) < 20" molal o] Vul} — / u(s)|av (s)Rds, (3.4)
and
()] < 5F (1), (3.5)
where By(t) = ull%, + [ u(s)|ava'(s) 3d

Proof. Combining with Holder inequality, Young inequality and assumption (H3),
we have

d & d ‘ ‘
GH0 = [ oG Wavi avi)is
=2 [ k) (Vavit. Vavy)is
<2 [T k)(VaVu Vavi)is —2 [ k) (avit, vav)ds
0 0
[e%S) 1/2 oo 1/2
<2 k(s)\\/&Vuléds K(s)[Vav' Bds
(| (] -
/ k(s \an VaVn')ds
< 20m)/? |fvu\2(/ (s)|ﬁvnt|§ds)1/2
- [T novavi s
2 2 1 > t 2
< 26%mo|v/aVul2 5/0 1(s)|V/avit (s)2ds.

In addition,
Vavul} = [ fal[Vulds < ol [Tl (3.7)
Q
By (3.6) and (3.7), one can obtain (3.4). Then it is easy to obtain
|</ k(s)|v/aVin' (s)|2ds <5/ ()[V/aVn'(s)|2ds < SEx(t).  (3.8)

The proof is complete. [
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Lemma 3.4. For each positive constant R, let z, = (ur,n") € B-(R) C M.
Then there exist ko > 0 and Ty = To(R) > 0, such that

Jull + [ nVav s)ds < mo, ez 7T
Proof. Multiplying by u, and integrating over 2 yields
3 g0l — 52 OV + 19+ [ p(6) al) ¥, Vs + (),
= (g, u).

In addition, we have

/00O w(s)(a(z)Vn', Vu)ds

(3.9)

- / " () (Vave, Vavi)ds + / T () (Vavi, vavilyds  (3.10)

~ 5 | reVava s - [ vava s
and
(g,u) < N |g|2+*\ 3- (3.11)
Combining this, - the Poincaré inequality, (1.4)) and (H2), we obtain
;jtbn( 0+ 3IVul+ Ll + anlulp < pul0] + Sl (312)

where || denotes Lebesgue measure of domain §2.
Next, we define functional

S(t) = Eq(t) + 2yL(t).
Then by (3.5)), it is easy to obtain
(1 =290)Ey(t) < S(t) < (14 290) Ex(t), (3.13)
where 7y is small enough to guarantee 1 — 26 > 0.

Furthermore, from and (3.12)), it follows that

A O IR R S 2
S-S0+ S (Tul3 + (7 — 218 molal.o) Vu

> A
by [ uVa (o) s + Sl + (3.14)
0

2
< BilQ + - lgls,
1

similarly, we can choose suitable v such that l — 2v8%mop|ale > 0.

In conclusion, letting v = min{%, 57 } > 0, and ¢; = min{;: AR 1},

m0|a|
inequality (3.14]) becomes
d 4
@S(t) + 201 En(t) + 20 [ul} < 26119 + g3, (3.15)
1

Combining this, 7 and -, we have

d 4
—S(t) + c2S(t) < 2811Q| + —|gl3, (3.16)
dt A1
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where ¢y = 1i6217 5. Then Gronwall’s inequality yields
1 4
§1) < e IS() + (A1) + o). (3.17)
2 1
From (3.13)) and (3.17)) we have
14296 o 1 4
E(t) < -~ 210 mealt-n) (2B + —]g|?
() £ TR B () + )+ lgl)
14276 1 4 (3.18)
< T O Remeat=T) y T (98]0 + —|g[2).

Thus, in light of (3.18), there exists Ty = To(R) > 0, such that
Jull + [ n)Vava'(s)ds < vy
0

for all t — 7 > T, where kg = ﬁ@ﬂﬂm + /\il|g|§) This completes the
proof. O
From (3.13) and (3.17) (or just use (3.18))), we have the following result.

Corollary 3.5. Let z; = (ur;,n") € B,(R) C M,. Then there exists #y = J¢,(R)
such that for all t > T,

Julf, + [ n(e) Vv (s)ds < .

Proof. By (3.18)) by letting
14246 1 4. 5

the conclusion holds. O

o

The following Lemma can be obtained from Lemma we omit its proof.
Lemma 3.6. Under the assumption of Lemma[3.3 Let

5 = | " k(s)n (5) 2.

Then B(t) satisfies the differential inequality
d 1 [
B0 < 28mofult =5 [ o)’ (9. (319)

and the estimate
|B(t)] < 6Ex(t), (3.20)
where Ey(t) = [ p(s)n'(s)[3ds.
To obtain the bounded absorbing set of My, we need the following result.
Lemma 3.7. Under the assumption of Lemma for each t — 7 > Ty = T(R),

there exists k1 > 0, such that

| ) s < s
0
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Proof. Taking the inner product of n* and the second equation of (1.15]), we have

1 d o0 o0 oo
sii [ s s = [ s = [ u(s) s, (3.21)
For the right-hand side we have
|t ntyas < "0+ 2 [ ol as. (3.22)
0 7 4 Jo
From (3.21)) and (3.22) it follows that
1d e mo Y1 i
33 [ was < T+ 2 [ s as. (3.23)

Furthermore, letting
Sl(t) = E2(t) + 2’)/1B(t),
by (3.17)), we have
(1= 2310) Ba(t) < $1(t) < (1 +210) B (1), (3.24)

where ~y; is appropriately small to ensure 1 — 2y, > 0.

By combining with (3.19) and (3.23)), we obtain

d 2m
2510 + %EQ(@ < 48%moy|ul2 + 2 fuf2. (3.25)
!
Then by Corollary [3.5 and (3.24)-(3.25)), we have
d 2m
%51 (t) + 351 (t) < (46°mom + TO)«%/O, (3.26)
1
where C3 = W

Applying Gronwall’s Lemma to (3.26)), we have
2,
Si(t) < e 8 (1) + 220 (282mgy + 20, (3.27)
C3 g4t
From this, (3.24]), and (3.27)), there exists T3 = T1(R)(> 0), such that
| o) s) s <
0

(20%mom + %)- O

where k1 = 4{0

C;
Next, we show the existence of a bounded absorbing set.

Theorem 3.8. Let z, = (ur;,n") € B.(R) C M,. Then, for any given R € RT,
there exists po > 0 such that the process U(t,T) generated by (L.15)) possesses a
time-dependent bounded absorbing set By = {BY}ier (:= {%B:(po) }ier), i.¢.,

By = {z = (u,n") € My : ||ull3,, + [n'l|71 < po, ¥t € RY; (3.28)
this is, there exists To = max{Ty,T1} > 0, such that
U(t,7)%B,(R) C BY, Vr<t—T.

Proof. In Lemmas and just take pg = ko + k1 and Ty = max{7Ty, 71} > 0.
Then the above conclusion of the theorem follows. O
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3.3. Time-dependent global attractors. Now we prove the existence of time-
dependent global attractors in {M,}¢cr for the process defined by (3.3). This will
be Theorem but we first give the following lemmas.

Lemma 3.9. Under the assumption of Lemma[3.]} there exists positive constant
p1 = p1(po) such that

t+1 t+1
[ 0vut)g + ) |pdr+/ [ i @asar <, -7
t

Proof. According to (3.12)), by letting ¢4 = min{2, 2a;}, we have

%Eﬂ 0)-+ cal|Vulf + [ulf) < 26119 + 1ol (3.29)
Integrating on [t,t + 1], and using Theorem we obtain
/Hl(lVU(T)lg + [u(r)[)dr < k3, Vt—T1>To, (3.30)
t
where k3 = Ci(po +261[Q + = |g|2) Similarly, by (3.15)), we have
%sw o [T HOIVaTE (s < 28000+ ol (3)
Then integrating (3.31)) from ¢ to ¢ + 1 about ¢ yields
o [T waT @ dsar < stk 1) vl + Ll @32)
Combining with this, , and Theorem we have
/M/ s)|VavVn'(s)5dsdr < ks, Vt—71 > T, (3.33)
where

1 4
ke = —[(1+270)po + 231 /92| + —|gl3]-
C1 /\1

Therefore, from (3.30) and (3.33)), by letting p1 = k3 + k4, it is easy to see that the
aforementioned result is true. O

Corollary 3.10. Under the assumptions of Lemma there exists a positive
constant 1, such that

t+1
| (VB + ) par <
forallt > 1.
Proof. Integrating (3.29)) on [¢,¢ + 1], then using Corollary we have

t+1
/ (Va(r)} + [u(r)B)dr < 5, Vi>T,
t

where £ = (% +2411Q| T ‘9| )- =

Lemma 3.11. Under the assumptions of Lemma[34 there exists a positive con-
stant p2 = p2(R) such that

t+1
/t (e(8)|ue(s)]3 + €2(s)|Vug(s)[3)ds < pa, VE>T.
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Proof. Using &(t)u; to make inner product with the first equation of (1.16]) in L?(12),
and combining with (1.4))-(1.5)), we have

d re(t) 2 ), 12 2 2
— |7 IVuly +e(t) | Fu)dz| + —=|u]s + 7 (8)[Vue |3
dt{ 2 /Q } 2 (3.34)

< [ us)a@) V', ) Vunyds + 5ol + LA
0

Estimating the first term at the right-hand side hand of (3.34)), we obtain

| - /Oo 1(s)(a(z)Vn', e(t)Vuy)ds|
y (3.35)

m o 1
< lalee [ uo)Vave Bs + 320V
0
By (3.34)-(3.35) we have

d
— |e()|Vul3 +2e(t) | Fu)dz| +e(t)|u]3 + 2 (t)| V|3
3 (075 +220) [ Plagds] + el E e

< molalee / u(s)|Vavit 2ds + Lig2 + 2LF|9).
0

Integrating ([3.36) about ¢ from s to t + 1, (¢ < s < ¢+ 1); then by Corollary

we have
I -
c(041) [ Fu(t+1)de < Plal Aot 3o+ LEOI () | Flu(s)+LITu(),
Q Q

from (|1.11)), we know that the above inequality can be turned into

et +1)|u(t+1)H

m (3.37)

0 L o L.~ ~ L, _ )
< T falooto + 5 lolE + 2 190(25: + B) + 5 @lu()} + [Vuls)B)

Then integrating (3.37) over [t,t + 1], and combining with Corollary we
have

e(t+ Dlult + D) <cs, VE>7, (3.38)

where ¢5 = 2 |alo 0 + 55 |93 + Z|QU2B1 + B2) + £ A (a2 + 1).
From (1.11)) and (3.5), integrating (3.36) over [t,¢ + 1], we have

t+1
/t () () 2 + €2(5) [ Vg () B)

R "2 - . (3.39)
< molals 1(8)[VaVn'"|3 ds dr + 2aze () u(t) [}
t 0
+ L|g|2 + 2L|Q(25: + Be).
Thus, by Corollary and ([3.38)), we have
t+1
[ OB+ 20 Tulr) Bir < o, (3.40)
t

where py = mg|alee o+ 2d2¢5 4 L]g|2+2L|Q| (281 + B2). This proof iscomplete. [
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To demonstrate asymptotic properties of solutions corresponding to the process
{U(t,7)}+>+, we decompose the solution z = (u,n") of problem (1.15)-(1.16) with

initial data z, = (u;,n"™) € M, into the sum
U(t,m)zr = Ur(t,7)zr + Ua(t, 7)2r, (3.41)
where z; = Uy (t,7)2, = (v(t),¢) and 29 = Us(t, 7)2, = (w(t), 6") are two solutions

of the following systems respectively:

v — &(t)Avy — Av — /OOO p(s)div{a(z) V¢ (s)tds + f(u) — f(w) + v =0,

(3.42)
Cf =V - ga
with initial-boundary conditions
U(l’,t)|aQ = 07Ct(x7 s)|aﬂ><]R+ = 07 t> T,
s (3.43)
o) = ure), Cla8) = [ unor =), (a5) €2 x R,
0
where i > [ (from ([1.10)) is a constant, and
wr — e(t) Awy — Aw — / div{a(z)V0'(s)}ds + f(w) — iv = g,
0 (3.44)
0 =w—0".
with initial-boundary conditions
w(z,t)|oq = 0,0 (z, s =0, t>r,
(z,t)loa (@, 5)|oaxr+ (3.45)

w(z,7)=0,0"(z,8) =0, (z,5) € QxR
Next, we show that z; has M;-decay, but not necessarily exponential decay.

Lemma 3.12. Assume that ||z;||m. < R for any given R > 0, then the solution

21 = Ui(t,7)zr = (v(t),¢Y) of problem (3.42)-(3.43)) satisfies the decaying property
tim (ol + IC2) = 0 (3.46)

for T <t.

Proof. We divide the proof into two steps.

Step 1. Multiplying the first equation of (3.42)) by v, then integrating over €2, we
obtain

d
SO VUl + (= Dls <0, (3.47)
where &1 (t) = 3(Jvf3 +e(t)| VI3 + [, u(s)|v/aV(![3ds). By assuming

—+oo
Hi(t) = / k(s)|Vav et (s) s,

then as in the proof of Lemma we obtain that .4 (t) satisfies the differential
inequality
d 1 [
%M(t) < 26%mg|alee| VU3 — 5/ w(s)|Vavet(s)|3ds, (3.48)
0

and the estimate

| ()] < 2661(1), (3.49)
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Next, let
F(t) = é1(t )+m/V1( )

Then for suitably small 7 = min{3, 252m0‘a‘ } > 0, we have

(1 =2m0)&1(t) < A(t) < (14 27w6)é&1(¢).
Combining ([3.47))-(3.48)) and (3.50)), we obtain

d
%yl(t) +71(t) <0
where 52 al
5 1 . 2 —4md*meplaleo -
= 2 — )Y
1 = g min (Tt

Applying Gronwall’s Lemma for (3.51)), and taking limit about 7, we have
lim yl(t,’l') =0.
T——00
Thus, from (3.50) it follows that
0< lim &(t7) < lim (¢, 7) =0.

T —00 1—-—27) r——o0

Then
lim & (t,7) =0.

T——00

Step 2. As in Lemma [3.6] suppose that

=/MM®W@M%~
0

Then we have that 45(t) satisfies the inequality
d 1 [
A0 < 20%mololf — 5 [ n(s)le! (o) s,
dt 2 Jo

and the estimate
| Aa(t)| < 26E5(2),
where &(t) = 5 [ 1(s)|¢!(s)[3ds.

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

Taking the inner product of v and the second equation of - on V), we obtain

G600 < 2 [T o)t o) + 221,
where 77 is a constant to be defined later. Let
F(t) = &2(t) + FaAa(t).
Then we have
(1- 2’725)(52( ) < F(t) < (14 2%20)8(1),
with 52 € (0, 55). Combining (3.54) and (3.56), we have

%%(t) + 55 %(t) < (25

mo
—)lvf3-
2

where '3/3 = m
Applying Gronwall’s lemma to (3.58|) we obtain

t
Fa(t) < (1 + 2%20)e T R 4 (2726%mg + @)6_%75/ P o(r) [3dr.
Y2 T

(3.56)

(3.57)

(3.58)

(3.59)
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However, from ([3.53]), we obtain that |v[3 — 0 as 7 — —oo, which implies that
ft+1 |v(r)|3dr — 0 as 7 — —oo. Hence

o~ist / 357 o (r) 2dr = e~ / / e |o(r) 2dr
T t—1 t—2

o (3.60)
S = AL
Combining (3.59) and ( , we have
AT, 720 =
S0
TEIEIOO &(t) =0. (3.61)
In conclusion, by (3.53) and (3.61)), it follows that (3.46) holds. The proof is
complete. ([l

Lemma 3.13. For each R > 0, let ||z, || m, < R, and let zo = Us(t, 7)zr = (v(t), (")
be the solution of - - Then there exist constants s, ps > 0, such that

lwo(®)113, + /OOO 11(s)|v/ab" (s)[3ds + e(t) lw(t) [} < s,

t+1
/t ((8)|we(s)[5 + €*(5)|Vwr(s)[3 + |w(s)[p)ds < p3,
forallt > 1.

The proof of the above lemma is similar to the proof of Corollaries [3.5] and [3.10}
Lemma and word by word. So we omit it here. Next we show that, for
all time, the component 2z, belongs to a subset of M}, uniformly as the initial data
2, belongs to the absorbing set By, given by .

Lemma 3.14. For each R > 0, let ||z;||m, < R. Then there exists a constant
Hs = H53(R,t,T) > 0, such that the solution zo = (v(t), (") of the problem ([3.44))-
(3.45) satisfies

(@)l +16°172 < A3, VE=>T.

Proof. Firstly, for degenerate memory term, we have

- /000 p(s) div{a(x)Vo'(s)}ds
=— /00 p(s)Va(x)Voi(s)ds — /OO w(s)a(x) A (s)ds.
0 0

Then using —Aw to make inner product over L?(2) for (3.62]). At this time, we
only need to deal with the right-hand side of (3.62)); that is

|/ (2)VO'(s), —Aw)ds| < /000 w(s)|Va(x) Vo (s)|2] Aw|ads

(3.62)

mo o0 1
< TRIVel [ ()90 (o)l + 518w
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In addition, by combining with the second equation of (3.44)), we obtain

- /000 w(s)(a(x) A0 (s), —Aw)ds

1d [* b
_ 5%/ M(S)‘\/&Aat gdS _/ Iu/(s)|\/aA9t %ds.
0 0

Next, applying —Aw on the first equation of (3.44) on L?(Q2), then combining

(3.63)

with Holder inequality, Young inequality, and (3.62))-(3.63)), we have

1d
2 dt

mo e ~
< VAl [ ul)IVO (s + 2 ulf + 2l
0

e 1
(19 + OB+ [ (o) Vane'lids) + 118w + (i~ )Tl
0
(3.64)

Furthermore, using —A#* to make inner product on Vy, we obtain

1d o0 0 — 1 o0
pls) V6 ()3ds < P2 (Vg 4 / u()| V0 (s) Bds.  (3.65)
0

2dt J (i—1)
By (3.64) and (3.65]), it is easily to obtain
1d mo 1 > ~
S O+ 12.2) < Vel ) [ o) 9016 B 207 2102
Then according to Corollary we have
d - .
— 0 w2) <4 e 0,2 0 2 :
dt(||w(t)||2 1017 2) < Aalllw®F + 16°115.2) + 4% 0 + 4193 (3.66)
where 34 = 1+ mgo(|Va|%, + ﬂil).

Applying Gronwall’s lemma to (3.66]), we have
()13 + 16°17.2 < T (4% +4lgl3), vt >
Letting 3 = e¢71=7) (42, + 4|g|3), the conclusion follows. O

The following result shall be used in the proof of asymptotic structure of time-
dependent global attractors.

Lemma 3.15. For each t > 7, let 6; := PUx(t,7)BY, where P : Hy x Vo — V.
Then there exists a constant C* = C*(||B?||m,) > 0, such that

(1) % is bounded inQLi(R+;H3(Q)) N H(RT; L*(2));

(2) supgece, [10°(s)ll,1 < €.
Therefore, 6, is relatively compact in L7 (R Hy ().

Proof. From Lemma it is easy to obtain that %; is bounded in L2 (R™; HZ(€2)).
Also we know that 0'(s) = ftf;sw(y)dy, so 9s0'(s) = w(t — s). Thus, from
and Lemma and Lemma it follows that 6' and w(t) are bounded in
L?(R*; L*(Q2)), which shows that %; is bounded in H}(R*; L*(2)). Additionally,
by Lemma [3.7] and Lemma we obtain

16°(s)I15.0 = /OOO 1(s)(10" () [3 + |VaVa,8*(s)[3)ds < Cg,

where Cj € L},(R"). The above formula indicates that supg:cq, [0°(s)[|%, < C* €
L, (RY).
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From the above arguments, Lemma and (H2(Q) —— HL(Q) — L?(Q)),
one can infer that 4; is relatively compact in L (R*; H}(Q)) for any ¢ > 7. O

After the above preparations, we can prove the existence and uniqueness of
time-dependent global attractors. The key to achieve this goal is to demonstrate
the pullback asymptotic compactness of process U(t,7). We know from [20] that
the method of the standard Kuratowski measure of non-compactness may be useful
for verifying the asymptotic compactness of solution process generated by equation
(1.15). But the contractive function method seems to be more concise for our
problem, which is mainly based on our previous research [32] 33 36]. Thus, we
only need to prove that U(¢,T) is a M -contractive process by Theorem

Theorem 3.16. The family of process {U(t,7)}i>- generated by (L.15) with initial-
boundary value coditions (1.16)) is a family of M;-contractive process on B% € By.

Proof. Let z(t) = (ui(t),&}) = U(t,7)zL(i = 1,2) be the solutions of problem

(1.15)-(1.16]) with initial data z¢ € B € By (i = 1,2) (Bo from (3.28)) respectively.
By (3.41]

41)), we can establish the decomposition
2i(t) = U(t, 7)2; = Ur(t, 7)2; + Ua(t, 7) 27 = (vi(t), ¢) + (wi(t), 07).
It yields
U (t,7)27 = U(t,7)22 ]34,
< 20U (8 7)zr = Ur(t, 7)27 13, + 2(|wi () — w2 (@13, + 161 = 02115.1),
and by Lemma we have

i (U (8 7)2 b= (8, 7)2 R, <2 Tim (U3 (1 7)2H 3, + T3 (1 7)223s,) = 0.

(3.67)

Hence, for each € > 0, there exists 6 = § such that

201U, T)zp = U(t,T)27 |3, <e, (3.68)

holds for any ¢t > T' = T'(¢) fixed.
Moreover, it is easy to check that (¥(t),&Y) = (wi(t) — wa(t),0t — 0L) is the
solution of the system

Y —e(t) APy — Ay — /OOO p(s) div{a(z)VE () }ds + f(wi) — f(wa) + i)

— (1 — us), (3.69)
& =—E+.
with initial-boundary value conditions
7/1$at 89:07£t z,s +:07 t >,
(z,1)] (@, 5)|onxr (3.70)

Pz, 7) =0, & (2,8) =0, (x,5) € QxR

Taking the inner product of 1 and ¢ on L?(Q) and V, for the first and second
equations of (3.69) respectively, by Holder inequality, we have

d o0 (o —1 2012
i+ [ we)vaveRds) 0o+ 22D < 2 -l 11
0 B —
and p
> 2m € [
d / u(s)[€2ds < 202 + € / u(s)[€2ds. (3.72)
dt 0 € 2 0
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As in Lemma [3.6] we obtain

d [* 1 [
G | Rl < 2tmolvl — 5 [ uis)itzas. (3.73)

Subsequently, let

9= [ ulehds+e [ koleds
0 0
Taking € € (0,1/4), such that

oo

(1-08) [ uoleBis <90 < (1469 [ uoleBds. (19
0 0
by —, we obtain
d
%%(t) < 3s5]913, (3.75)

where 75 = 2% + 285%my.

Now integrating (3.71)) and (3.75) from 7 to ¢t (¢ > 7 > T) respectively, and

combining with (3.74]), it follows that

e (£) — wr(B) 2, + / " u(s)|Vaveds < © /T s (5) — us(s)2ds,  (3.76)
/ " u(s)le3ds < © [ ler(s) - wats s, (3.77)
0 T

where C' = max{ £ 1736}

From and -, we have

||w1( ) — w2 ()17, + 1165 — 051151

SC/T \ul(s)—ug(s)@ds—i—C/T |wi (5) — wa(s)|3ds.

(3.78)

Then we let
t t
Pz, ) = C / iy () — ua(s)|2ds + C / lwr(s) — wa(s)|2ds
T T

= (21, 22) + P (21, 22).
Combining this, Corollary and Lemma and applying Lemma there
exists a subsequence of {u,(s)}>; that converges strongly in L?(T,t; L*(Q)). In
other words, for any sequences {2z,7 = (u,7,nL)} C By € By, {zn(t) = (un(t),n)},
as the solution of problem with the initial data {z,7 = (un7,n))}, includes
a subsequence {z,, } satisfying:

(3.79)

lim lim @& (2, ,2n,) = C lim lim / |t (8) — un, (8)|3ds = 0. (3.80)
k—o0 l—o0 k—o00 [—00
Similarly, through Lemmas [3.13] and [3.14] it is easy to obtain that the set
{UJ( ) = HlUQ(t, T)ZT L2 € B‘r € Bo}
is bounded in H{(Q); therefore, {w(t) = M1Us(t, T)2r : T < 7,27 € B € By} is
compact in L?(T,t; L?(Q)), where II is the projection from X x Y to X. That is,
we have

lim lim @4 (2, 2n,) = C hm hm/ |wn,. (8) — wn, (8)]3ds = 0. (3.81)

k—o00 l—00 k—o00 l—00
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By (3.80) and (3.81]), we have
lim lim % (zn,, 2n,) = 0. (3.82)

k—o0 l—o0

This implies that ¢} € E(Br). Combining (3.67)-(3.67) and (3.71)-(3.80), one

obtain
Ut T)x = Ut T)yll, <e+¢r(@,y).
From Definitions and we know that % is contractive function in BS.

Therefore, it’s easy to obtain that the process U(t, ) is a M;—contractive process
on BY € By. O

Theorem 3.17. The process U(t, ) defined by (3.3) possesses a time-dependent
global attractor o = {A(t) }rer in {M;}icr, and & is non-empty, compact, invari-
ant in {M;}ier and pullback attracting every bounded set in {M;}ier.

Proof. By Theorems [3.8 and [3.16] the existence and uniqueness of time-dependent

global attractor & for the process U(t,7) generated by equation (l.1) in time-
dependent product spaces {M;}iecr. In addition, from Lemma and (3.2)) of

Lemma[3.1] we can obtain the invariance of time-dependent global attractor «/. O

Remark 3.18. (i) By fully utilizing the method in this paper, if the condition of the
nonlinearity f(u) in [I5] can be weakened to polynomial growth of arbitrary order
(such as )7 then the existence of global attractors for the reaction-diffusion
equation with degenerate memory (i.e., the equation ) can still be obtained.
(ii) Similar to the study of [12], for sufficiently small §, we can also obtain
the regularity of time-dependent attractor &/ by Lemmas and ie., o C
{M}icr. This is so because we can obtain the uniform boundedness of |u(t, 7)z, ”3\4}

with respect to 7 in Lemma [3.14] by introducing the functional of Lemma 3.3 when
¢ is sufficiently small.

4. ASYMPTOTIC STRUCTURE OF THE ATTRACTOR

Following the idea in [I1], we study the relationship between the time-dependent
attractor for problem (L.1))-(1.3)) and the global attractor for the following limit

system (4.1)) with initial-boundary (1.2))-(1.3) as t — oo (i.e., e(t) = 0):
4 — AT — / k(s) div{a()Va(t — s)}ds + f(@) = g(x), (4.1)
0

where [ k(s)div{a(z)Vu(t — s)}ds = [~ pu(s) div{a(z)Vi'(s)}ds. For this pur-
pose, we introduce the following conclusions about the completely bounded trajec-
tories (CBT); for more details see [11].

Definition 4.1. A function z : t — z(t) € Xy is a CBT of U(t, 1) if and only if
(i) supcg ||2(t)]|x, < oo, and
(ii) z(t) =U(t,7)z(7), for allt > 7 € R.
Theorem 4.2. Let o = {Ai}er be the time-dependent global attractor of U(t,T),
if & is invariant, then
Ay ={z(t) € Xy : 2z is CBT of U(t,7)}.
Consequently, we can write

Ay ={z:tw 2(t) € Xy with zCBT of U(t,7)}.
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Theorem 4.3. Suppose that, for any sequence zp, = (Xn,yn) of CBT of the process
U(t,7) and any t, — oo, there is a CBT w of the semigroup S(t) and any s € R
for which

lim ||z, (s +t,) —w(s)||x =0,

n—oo

up to a subsequence. Then
lim diStX (HtAt7 Aoo) = 07
t—o0

where Iy : Xy — X is the projection on the first component of Xy, i.e., for (u,n) €
Zy, Wy(u,m) = u. Accordingly, if Yy € Xy, then ILY; = {u € X : (u,n) € Y;}.
Specially, if % = {Yi}ter, denote % = {I1;Y} }1er.

Let (H1)—(H3) hold, then the unique solution z(t) = (u(t), ') can be obtained
from [I5]. In particular, one knows from Remark [3.18]that the semigroup {S(¢)}¢>0
generated by possesses global attractors on My = L?(Q2) x V, from Remark
and z(t) = S(t)z;. It should be pointed out that {S(¢)}:;>o has a global
attractor o, in My. Additionally, for fixed s € R, there is

oo = {Z(s) : R = Mg with z CBT of S(t)}.

Next, we establish the asymptotic closeness of the time-dependent global attrac-
tor & = {A(t)}1er of the process {U(t,7)}i>- generated by and the global
attractor @7 of the semigroup {S(¢)}¢>0. For this purpose, we first give the fol-
lowing Lemma.

Lemma 4.4. Let g € L*(2), £(t) satisfy (1.4)-(1.5), and the conditions (Hy)— (Hs)
hold. Then, for any zr = (u;,n") € B.(R) C M,, there exist positive constant
H; (i = 4,5) such that

sup sup||u\|§{% < A, (4.2)
zr€EA(T) t>T

and

/OO |ug (r) |5dr < i (4.3)

Proof. By Lemma[3.17] we can obtain (£.2)). For the conclusion (4.3)), as in the proof
of Lemma [3.11] we only need to use the inner product of u; and (1.15)) on L?(Q).
Then (4.2) and (4.3 can be obtained by using slightly different estimates. O

Remark 4.5. From Theorem we know that & is invariant. Thus, by Lemma
we have

o ={z:tw 2(t) = (u(t),n') € My with z CBT of U(t, )},

Lemma 4.6. Under the assumptions of Lemma [{-4, for every sequence z, =
(un,nt) of CBT for the process U(t,T) generated by and any t, — oo as
n — 0o, there exists a CBT z = (u,7') of the semigroup S(t) generated by
such that, for each T >0, up to a subsequence,

lim  sup |un(t+t,) —al3 =0,
n—oo te[—T,T]

lim sup |[niT(s) — ﬁt(5)||2,1 =
n—=00 e[ T 7]

(4.4)
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Proof. This lemma will be proved exactly as in [I1, Lemma 6.2]. Combining (4.2)
and (4.3) in Lemma for any 7 > 0, we know that

Un (- + t,) is bounded in L>®([-T,T], Hy(Q)),
Optn (- + t,,) is bounded in L*([—T, T, L*(Q)).
Thus, combining this with Lemma [2:15] it yields, up to a subsequence, that
Up (- + t,,) is relatively compact in C([—T,T], L*(R2)).

Then there exists a function @ of L?(2), such that u, (- +t,) — @(-) in the sense
of ([#.4). Particularly, u € C([-T,T],L?(£2)). Also from (4.2)), there exists %5 > 0
such that

sup [Val3 < 5. (4.5)
teR

On the other hand, for any z € A(t), by Theorem we can obtain that
¢
sup(ullg + I + [ 18u(s)Bds) < €. (4.6)

By Lemma and (4.6)), we obtain that the sequence 1,7 (s) is bounded in
00 LT2(RT. g2 lm+. 72
L ([T, T); L2(R¥; HA(Q)) 1 HA(R*: LA(Q),
which indicates that
;7' (s) is relatively compact in C([=T, T}, L (R*; H, ().
Then there exists a function 77 € Li (R*; HL(€2), such that, up to a subsequence,

() = (s).
Next we need to verify that z = (4, 7') solves (4.1). For this purpose, let

Un(t) = un(t+tn), en(t)=c(t+tn), nh(s)=0.(s).
Then can be rewritten as
Opvn, = € (t)Adyvy, + Av,, + /00 k(s)div{a(x)Vu,(t — s)}ds — f(vn) + g,
o 0
Oyvy, = e, (t) ADyy, + Av, + /OOO w(s)divia(z)VeL (s)}ds — f(vn) + g.

Next, we handle the first term at the right end of the above formula. For a fixed
T > 0 and every smooth function ¢ with L?-value and supported on (—=7,7),
through the processing method in [30, [I1], section 6], we can obtain that there
exists positive constant x¢ fixed later, such that

-
’/ (5n(t)AatUn(t)7¢(t))dt| < xoT sup M‘*‘ Xo(V/en(T) = Ven(=T)).

-7 te[=T,T]
(4.7

By , we have
T
| / (en(H)AGvn (1), (1))t
-T

T

.,
—|- [ e, o e - [ e @doa, o)

-7 -7
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T

_
< 0(¢) / cul v+ Qu(lola) / 1| v (£) ot

<o [ ctaotar) ([ cwa)”
T

+ Q(I9l2h Fﬁ | A ()2t
< QWA 0 VT) sup Ven®) + Qi (VA 10/)(VEn(T) — VEn(-T)).

where Q1 (-,-) and Q(,-,-) denote positive constants associated with some certain
parameters. Let

Xo = Xo(H5, |2, 0|2, VT) = max{Q(\/ #3182, VT), Q1(v/ A3, |¢]2)}
Then holds.

Because

lim ( sup &,(t)) =0,
n—o0 f/e[—T,'T]

we have

lim ( sup en(t)) =
N0 e[ —T,T]

Therefore, from (4.8)), we have

-
lim |/_T(sn(t)Aatvn(t),¢(t))dt| =0. (4.8)

n— oo

Moreover, by the continuity of f (see (H2)), and v,, — @ is almost every conver-
gent in Q as n — oo, this yields (up to a subsequence)

f(up) = f(u) and Av, - A (4.9)
in L°([-T,T); H1(Q)) for any T > 0. In particular, we can also have

/00 (5) div{a(x) VL (s) }ds%/ s) div{a(z)Vi'(s)}ds (4.10)
0

in the sense of distributions. In fact, for any ¢ € C§°(92), when n — oo, we have

| / / 5) div{a(z)Ve (s)}ds — /0 " (s) divia(x) Vit (s)}ds, B)dt

a(z) Vo, (s) — a(z) Vi)' (s))ds, Vo)d
‘/ / ! t‘ (4.11)

\/ / 9)la(2) V0, () — al@)Vif'(s)ds|2 |V olad
< [V8lav/ola(a) / / (5)196% () — Vit ()[3ds) " at| 0.

From the definition of 6!, we obtain that

n t— ) St
950;, = {g (t=s), <5 (4.12)
, s>1t,
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which together with Theorem [3.8] Lemma [3.12] Lemma [3.14] Theorem [3.17] and
Lemma implies that 6%, (s) is relatively compact in L2 (R"; Hj(Q2)) (the proof
is similar to Lemma [3.15]). Thus, we have

/ w(s)| VO (s) — Vi (s)|3ds — 0, asn — oo,
0

this implies that (4.11]) holds.
Meanwhile, in the distributional sense, there exists a subsequence such that

at’Un — Uy

In conclusion, we can obtain the equality

Uy — Al — /OO u(s) div{a(z)Vn'(s)}ds + f(a) = g,
0

i.e., in the sense of Dafermos’ transformation,
ay — Au — / k(s)div{a(x)Va(t — s)}ds + f(u) = g,
0

which implies that z = (,7") is solution of (4.1). Combining (1.12]) and (4.5)), it is
clear that z is a CBT for the semigroup {S(¢)}¢>0. O

By Lemma and Theorem the following conclusion can be obtained at
once.

Theorem 4.7. If o = {Ai}er = {A(t) hier and o is time-dependent global
attractors and global attractors of {U(t,7)}>- and {S(t)}i>0 generated by (1.1)
and (4.1) respectively. Then there is

tli)rglo diStMo (HtAt, 'Q{oo) =0.
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