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PERIODIC SOLUTIONS IN DISTRIBUTION FOR STOCHASTIC
LATTICE DIFFERENTIAL EQUATIONS

YUE GAO, XUE YANG

ABSTRACT. In this article, we consider stochastic lattice differential equations
(SLDEs) in the weighted space l%, of infinite sequences. We establish the well-
posedness of solutions and prove the existence of periodic solutions in distri-
bution. An example is given to illustrate the validity of our results.

1. INTRODUCTION

Lattice differential equations have been extensively studied because the variety
of applications in image processing, traffic flow analysis, virus propagation, pattern
formation, and so on. For the dynamics of deterministic lattice differential equa-
tions, we refer the reader to [2| [6, 13| 24] and references therein. Compared to
deterministic systems, stochastic lattice systems not only exhibit discrete spatial
characteristics but also account for the influence of random environments. This en-
ables SLDEs to better reveal objective phenomena. For this reasing, SLDEs have
attracted extensive attention; see 3] [4, [8) [14] [T5] [26].

The concept of periodic solutions plays a crucial role in studying the long-term
behavior of random dynamical systems simulated by stochastic differential equa-
tions. Since the ground breaking work of Poincaré in [21] 22] 23], periodic solutions
have been the subject of research for over a century. In the past decade, many
works have been devoted to study periodicity of SDEs. For the existence of pe-
riodic solutions for finite-dimensional stochastic systems, we refer the reader to
5, [, 10} [T}, (12, 16, 17}, (18, 28]

Similar to the case of finite-dimensional systems, a crucial question is: Under
what conditions do SLDEs in weighted space l% have the desired periodicity? In
this article, we focus on asymptotic behavior and attempt to address this issue.
Despite the increasing interest in treating SLDEs, the available results in this re-
gard still scarce. There are two main difficulties. First, because the disturbance
from noise, the sample paths of the solutions cannot maintain periodicity. In ad-
dition, rigorous convergence analysis is required to ensure the well-posedness of
solutions of infinite-dimensional systems. To this end, we consider a weaker period-
icity, so-called periodic solutions in distribution. In this paper, we first discuss the
well-posedness of SLDEs. Inspired by [5 12], we provide sufficient conditions for

2020 Mathematics Subject Classification. 34C25, 34C27, 37H10.
Key words and phrases. Periodic solutions; stochastic lattice differential equations;
weighted spaces.
(©2024. This work is licensed under a CC BY 4.0 license.
Submitted September 9, 2023. Published March 21, 2024.
1



2 Y. GAO, X. YANG EJDE-2024/25

the existence of periodic solutions in distribution for general SLDSs in a weighted
space of infinite sequences. Furthermore, we provide an illustrative example to
demonstrate the simplicity of our conditions via Lyapunov method.

The rest of this article is organized as follows. In Section we give some
preliminaries. We introduce the notation and definitions of related concepts. In
addition, we discuss the well-posedness of SLDEs. In Section 3] we first give a priori
estimate to ensure the rationality of the assumptions. Then, we prove the existence
of periodic solutions in distribution. In Section [d] we illustrate our main result by
an example.

2. PRELIMINARIES

Basic notation. First, we introduce a weighted space of infinite sequences. Let
p:Z — (0,Mpg] C R and p > 1 be a real number. For each i € Z, we define
p(i) = p; and

o0

2= {u=(u)iez; »_ pilui|’ < oo}

i=1
with the norm |[ul,, = (Yoo, pilui[P) VP for e b, If p = 2, we denote ||luf,2 =
|ull,- For u,v € 12,
> icz Piuivi. The space LP(Q,12) consists of all I2-valued random variables & such
that E[|¢]|2 = [, [[€]|2dP < oo. For a given I2-valued random variable £, we denote
by P o [¢]7" the distribution of & on 2. Let B(I2) be the Borel set of space .
For z € I2, we use z” to denote the transpose of z. Let P(I2) be the set of Borel
probability measures on li. Denote by J; the Jacobian matrix of function f with
respect to € R?. We define

we denote the inner product in I2 as (u,v), where (u,v) =

[l = sup [R(x)],

z€l2

h(z) — h
Il = sup { P ZRWL g2 gy
Iz —oll,

1Pl 52 = max{|[Al|co, [[2]|L },

dpr(p1, p2) = sup |/hd(ﬂ1 —H2)|
IRl <1

for all Lipschitz continuous real-valued functions h(z) on (2 and all iy, g € P(12).

Well-posedness of SLDEs. Let (Q,F,{F;:}:>0,P) be a complete probability
space with a filtration {F;};>0 satisfying the usual conditions (i.e., it is increas-
ing, right continuous and Fy contains all P-null sets). The first component u(t)
satisfies the SLDE

du;(t) = [V(uis1(t) = 2us(t) + ui1(t)) — Aug(t) + fiu(t)) + gi(t)]de

+ o (t, u(t))dW,(t),
where i € Z, u; € R, v, and X\ are positive constants. We assume that (f;);ez are
smooth functions, (g;(t))icz, (0i(t))icz € I3 are continuous with respect to t € Ry,

and {W;(¢t) : i € Z} are independent one-dimensional Brownian motions.
For u € li, let A, B, and B* be linear operators from lf, to lﬁ as follows:

(2.1)

(B’U,)Z = Uj+1 — Uy, (B*u)l = Uj—1 — U4,
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and (Au); = —u;+1 + 2u; — u;—1. Then we have A = BB* = B*B and (B*u,v) =
(u, Bv) for all u,v € [2. Therefore, (Au,u) > 0 for all u € I2. Let ¢’ denote the
element having 1 at position ¢ and all the other components 0. We define

W(t) =Y Wit)e', flu(t)) = (fi(u(t)iez,
i€
9(t) = (9:(t))iez, ot u(t)) = (73 (t, u(t))i ez,

~ {Jiv i= j7
Oij = . .
0, i#j.
Then we can rewrite ([2.1)) as
du(t) = [-vAu(t) — Mu(t) + f(u(t)) + g(t)]dt + o(t, u(t))dW (¢). (2.2)
Note that can be interpreted as an integral equation

u(t) = ug —|—/O [—vAu(s) — du(s) + f(u(s)) + g(s)]ds —|—/0 o(s,u(s))dW(s) (2.3)

with initial value ug := u(0).
We make the following assumptions on the coefficients of the above SLDE.

where

Assumption 2.1. For every i € Z, t € [0,00), and u,v € lf,, there exists positive
constants L and K such that

1f(u) = F@)II5 < Llu =3, I (@) < K1+ [Ju]?),
lo(t,u) = o(t,0)|12 < Lilu =2, lo(t, w5 < K1+ [lull).
Next, we prove the existence and uniqueness of solutions to SLDEs.

Theorem 2.2. Let T' > 0, and suppose that Assumptions holds. Then (2.3
admits a unique solution u(t) € L*(2, C([0,T],12)) with initial value u(0) = ug €
L2(Q,12).

Proof. Step 1. We show uniqueness. Assume that u(t) and u(t) are two solution
of system ([2.3]) with initial value ug € Zﬁ. Then we have

u(t) —u(t) = /0 [—vA(u(s) —u(s)) — du(s) + Au(s))
+ f(u(s)) — f(u(s)))ds + /O [0(s,u(s)) — o(s, u(s))|dW (s).

Hence, by It6 isometry and Assumption we have
Elfu(t) —a(t)|;
=E| ; [—vA(u(s) — u(s)) — Au(s) —u(s)) + f(u(s)) — f(u(s))]ds

+/0 [o(s,u(s)) —0(8717(5))]dW(S)H2

<2UE [ || = vA(u(s) = u(s)) — Mu(s) —u(s)) + f(u(s)) — f(@(s))[7ds

0

+ 2E/O lo(s,u(s)) — U(s,ﬂ(s))Hids
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t t
< 6tE/ || — vA(u(s) — ﬂ(s))||2ds + GtE/ N u(s) — ﬁ(s)||2ds
+6tE/ If(u Il ds+2IE/ o (s, u(s)) — o (s, @(s))||2ds.

Note that

v A(u(s) — (s))]2

=30 ( D i1 () = Wi (5)) = 2(uils) = Wa(5)) + (i (s) = T ())]?)

I€EZL i€L

< 1807 |Ju(s) — ﬂ(s)Hz.

So,
tAE
Ellu(t) —u(t)||? < [6t(180% + A + L) + 2L]E/O [u(s) — u(s)]|%ds.

By Grownwall’s inequality, we obtain
El|u(t) — a(t)|l = 0.
This means that P{u(t) = u(t)} =1 for all ¢ > 0.

Step 2. We claim that (2.3)) admits a solution. Let ug(t) = ug. For each n =
1,2,..., we define the Picard iterations

un (t) = ug —|—/ [—vAu,—1(8) — Mup—1(8) + f(un—1(8)) + g(s)]ds
0 (2.4)

+ /0 (5,111 (5))dW (5).
Hence

| / [~ Atin1(5) — Mtn_1(5) + F(un_1(5)) + g(s)
U Aty (5) — Min—a(s) + f(tn—2(s)) + 9(5))]ds

tasu 1(8)) — o (8, Up_o(s S|
+/0[<, 11(5)) — 05, tna()) AW (5)]2]
< 2B | = v A1 (5) = trma(s)) = Mt (5) = i (s)
(9 = Flun 2]+ 28 [ s 12(5)) = s, 2(5) s
< O1E[ | = vAun-1(5) = tn-a()IE + | = Mtn1(5) — w2 (s)
0
11 (5)) = Fa (6 ]+ 28 [ (s, 0m1(5) = 0,2 (5) s

t
< 661802 + A2 + L) + 2L]E / -1 () — tin_a(s)||3ds.
0
In addition,
E[flus (t) — uo ()]
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— | / [ Auo(s) — Muo(s) + F(uo(s)) + g(s)]ds + / o (s, uo(s))dW (5)] 2

SStE/O (Il = vAug ()7 + [[Xuo ()7 + [1f (wo(s))II7 + llg(s)[7]ds

t
+ QIE/ llo(s,uo(s)) Hids
0

t t t
< StE/ 1180 ug ()| 2] + StE/ X2 uo(s) | 2ds + StE/ K(1+ [lug(s)[2)ds
0 0 0
t
+ 8K % + QIE/ K(1+ |lug(s)]12)ds
0
< [B2(181% + A + K) + 2Kt]E|Jug(s)|12 + 8(K + K1)t* + 2Kt,
where K1 = max,epo,77 |9(s)||7. Then there exists a positive constant C; < co such
that
Ellux(t) = uo(t)|3 < Cht,
where C7 only depends on v, A\, K, K;,T. By induction, there exists a positive
constant Cy such that for any n > 0, t € [0, 7], we have
crtm
n!

where Cy only depends on v, A\, K, K;, T, L and Co > max{C1,6T (180 + \? +
L) +2L}. In addition,

E( su Un () = tun—_1(t)])?
(e, lun(®) = un-a(0)17)

Ellun(t) = un-1(t)[l3 <

)

T
< [6T(1802 + X2+ L) + QL}E/ ltn—1(5) — tin_a(s)|2ds
0

T n—1 _n—1
Cy s
< e
o 02/0 (n - 1)! ds

G

n!

By Chebyshev’s inequality, we obtain

P{ su Un (t) — Up—1(t)|| > <
(s lhn(®) — 1 (012 57}

Note that > 7, (4027?)71 < oo. Hence by Borel-Cantelli’s lemma, for almost all
w € €, there exists an integer constant ng such that

1
t) = un—1(t)]2 < =—
O;lgTHun( ) —un ()l < 55

for n > ng. Consequently, u, (t) converges to u(t) as n — oo uniformly in ¢ € [0, 7]
for almost all w. Note also that

E||un(t)ll; = Elluo + /0 [—vAup_1(s) = Mun—1(s) + f(un-1(s)) + g(s)lds

+/0 o(s,un—1(s))dW (s)||;
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t
< 3E||ug|2 + [127(181% + A\* + K) + 3K]E/ l[ttn—1(s)]2ds
0

+12KT? + 12K,T? + 3KT.
From this inequality, for all £ > 1, we have

2
max Elu, (1)]3

t
2 2 2 2
< 3E[|uo || + [12T°(181° 4+ X* + K) +3K]]E/O 1213%<k||un_1\|pds
+12KT? + 12K,T? + 3KT
t
2 2 2 2 2
< 3EJug||? + [12T(185 + X2 + K) +3K]]E/O a2 + a2

+12KT? + 12K,T? + 3KT
< 3E|lul? + 12KT? + 12K, T? + 3KT + [12T(180% + A* + K) + 3KT|E|uq >

t
+2T(1802 4 22 + K) + 3K]/ [ mox Efuy |2)ds.
o0 1<n<k

Let K3 = 12KT?+12K,T? 4+ 3KT +[12T' (180> + A+ K ) + 3+ 3KT|E||ug||3. Then
by Gronwall’s inequality, it holds that
max EHU (t)HZ < K3612T2(18u2+)\2+K)+3KT.
1<n<k e =
So, we have
E|u (t)||2 < K3612T2(18u2+)\2+K)+3KT
n p — k)
for t € [0,T], n > 1, which implies that Elju(t)||% < oo for ¢ € [0,T].
We proceed to prove that u(t) satisfies system (2.4) with ug € I2 x S. It is not
difficult to verify that

E[] /O [—vA(un(s) —ul(s)) = Mun(s) = u(s)) + (f (un(s)) — f(u(s)))]ds
+/O o (s,un(s)) — o (s, u(s))dW (s)|[7]

< [6T(18v% + A2 + L)+ 2L]E /t [un(s) — u(s)|2ds
—0, asn — oo. '
Hence u(t) satisfies (2.3). O
The proof of Theorem is inspired by proofs of [I9, Theorem 3.1] and [27]
Theorem 3.1].

3. EXISTENCE OF PERIODIC SOLUTIONS

In this section, we establish the criterion for the existence of the periodic solution
in distribution of (2.3)) in I2. First, we give the definition for the periodic solution
in distribution.

Definition 3.1. A solution u(t) of (2.3)) is said to be a @-periodic solution in
distribution if for any ¢t € RT, u(t) satisfies the following conditions:

(1) Pou(®)]™ =Pof(u(t+0)]™"
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(ii) there exists W (t) such that u(t + 6) is a solution of the equation
du(t) = [—vAu(t) — Au(t) + f(u(t)) + g(t)]dt + o (t,u)dW (1),
where W (t) has the same distribution with W (t).

Definition 3.2. A sequence of probability measures p,, € P(l?)) is said to be weakly
convergent to a probability measure p € P(lﬁ), if

f@)pn(dx) — / f@)pu(dz) asn — oo,
2 2

where f(z) is any continuous bounded function on l%.

Definition 3.3. A sequence of I2-valued stochastic processes {X,,(t)} is said to be
convergent in distribution to an l%—valued stochastic process X (t) if the distribution
of {X,,(t)} converges weakly to the distribution of X (¢) for all t € R*.

Next, we estimate the p-th moment of the solution u(t).

Lemma 3.4. Let p > 2 and £ € LP(,12). Suppose that Assumption holds.
Then for all t € [0,T],

E( sup [Ju(t)|[h) < (14377 Eljuollh)e”*
0<s<t

where
a = max {(12T)P—1[3P—1(2 +2PYP 4+ NP 4 2B L RP/2]

p(p—1)\p/2 =2 2 -
HE )T (E TR ) (12T

—162— —1) /2,2=2
go-198-1 (2L =1 o2 s }
+ (=)

+3p 128

Proof. Note that
| = vAu(s)|5 =" pilv? (wigr(s) = 2ui(s) + ui—1(s))"]

i€Z

<3PS i1 ()P + 27 ()P + Juima (s)7] (31)
1E€EL
< 37712+ 27 u(s)| L.

By Hoélder inequality, [20, Theorem 1.7.2], Assumption and (3.1]), we obtain
E( sup ||U(t)||§)
0<s
S
=E( sup [uo +/ [—vAu(s) — Au(s) + f(u(s)) + g(r)]dr

0<s<t

+ [ atrauaw )
< 371K Juo|l% + (1215)?*11@[/0 I = vAu(s) = Au(s) + f(u(s)) + g(s)l[5ds]

S

+37E( sup || [ o(ru(r)dW (r)|P)

0<s<t 0



8 Y. GAO7 X. YANG EJDE—2024/25
t t
< 3 EfJug |2 + (126 [E / | - vAu(s)[2ds + E / | — Au(s)[2ds
0

+E / £ u(s))|2ds + E / lg(s)[[2ds]

pfli(p_)p/z%pfl o(s,u(s))||Pds
# (POt oo o) g

t
< 3PLE |2 + (127)P M [3PTH(2 + 280 + WP + 2%—11(1’/2]1@/ u(t)|[2ds
0
+ (127)P~ 125 L KP/2t 4 (127)P~ ' Kyt

P - ]. p—2 ¢
+3p’125*1(%)p/2T7K”/2E/ (1+ Elju(s)]2)ds
0

t
<3 Blull +a [ (14 EJuts)lg)ds
0
where
a = max {(12T)P71[3P*1(2 2P)P 4 AP 4+ 251K/

— p(p—l) /2, p=2 p_ _
1(T)p T, (25 'KP/? 4 Ky)(127)P !

P — ].) 2 p—2
p712—71 p(p p/ 7}
R L e b

+3p 128

Hence

1+IE< sup Hu(t)ng) < 1+3P11E||uO||ﬁ+a/0t [1+E( sup Hu(r)ll’;)]ds

0<s<t <r<s

It follows from Gronwall’s inequality that
1+E( sup Jlu(@)}) < (1+ 3 Elluo5)e™
0<s<t
for ¢ € [0,T]. Therefore, we obtain
E( sup J[u(®)]5) < (1+ 37" Eluo[5)e""
0<s<t
for t € [0,T]. O
For ([2.3), we make the following assumptions.

Assumption 3.5. Suppose that all the time-dependent coefficient functions are
f-periodic in t € RT; that is, for all t € RY, i € Z, u € I2

gi(t+6)=g;(t), oi(t+0,u) =0t u).

Assumption 3.6. For some p > 2 and n = 0,1,2,..., there exists a positive
constant C independent of n such that

Elu(nd)|h < C.

Assumption 3.7. The distribution P o [u(t)]~! with respect to u(t) satisfies

ZdBL (Pou((m+1)0)]1, Pou(md)]™ ') =0,

kaoo ng +
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where {n;} is a sequence of integers tending to +oo.

Lemma [3.4] ensures that Assumption [3.0] is reasonable. In Section [ we give an
example to verify Assumptions [3.6 and [3.7]

Definition 3.8. A family of random variables H in L'(,12) is uniformly inte-
grable, if it satisfies

sup/ €]l ,dP — 0 as M — oo.
Eer Jllgll ,>M

Theorem 3.9. Suppose that Assumptions hold. Then there exists a 0-
periodic solution in distribution of (2.3)).

Proof. Let v, be a random variable independent of W (t) and u(0,w) such that

1

N=0,1,...,k

for each k € Z*. We define a sequence of stochastic processes

uk(t) = ult + ),
v (0) = u()-

Then v (t) is a weak solution of (2.3]). In fact, for C' € B(l%) and t € RT, we define
W(t) = W(t+v) — W(wm),
where W (t) has the same distribution with W (¢). Hence we obtain

u(t + k)

—u0)+ [ v Au(s) — Mas) + F(u(s) + g(s)ds + / " (s, u()dW (s)

vk 4k
+ / [—vAu(s) — Au(s) + f(u(s)) + g(s)]ds + / o(s,u(s))dW(s)
Tk rion Yk b
= u(yg) + / [—vAu(s) — u(s) + f(u(s)) + g(s)]ds + / o(s,u(s))dW(s)

= ulye) + / [ Au(s + %) — Aus + ) + F(u(s + 7))

+9g(s+vyx)]ds + /0 o (s + Y, u(s + i) dW(s).

From the construction of v (¢) and the independence of 7, we have
P{ug(t) € A} = P{u(t + ) € A}
= P{u(t + ) € Alye = 0} P{yx = 0}
+ P{u(t+v) € Ay =0} P{v, =60} + ...

+ P{u(t + i) € Al = k0} P{y, = k0} (3.2)
k
! > Plu(t+ N0) € A}

k‘—i—lN:O
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for each A € B(lg). From (3.2, Assumption and Chebyshev’s inequality, it
follows that uniformly in k,

P{llve(0,0)ll, > R} = Z Pillu(NO)l, > R}

k+1
k 2
1 Ellu(NO)|7
_k""lNg,O 2 —0 as R— oo.

So, v (0, w) satisfies conditions of [T}, Theorem 7.2]. According to Skorohod theorem
[25, p 13] in another probability space (€, F, P), there exists a sequence (0, )
(k =0,1,...) with the same distribution as vy (0,w). Furthermore, there exists a
subsequence vy, (0,&0) that converges to v(0,w) in probability. We can construct
12-valued random variables v(0,w) and vy, (0,w) on (Q, F, P) with the same distri-
bution as v(0,w) and vy, (0,®), respectively. From Assumption we have

E[[tn, (0,0)[I7 = Elvn, (0, 0) [} < € < oo.

for some p > 2. By [Il Proposition 2.5.7], ||v,, (0, )H2 is uniformly integrable. It
follows from [I, Theorem 2.5.9] that for every e > 0, there exists a § > 0 such that
for any A € F with P(A) < 4§, we have supgcq [, Hﬂnk(O,Q)HidP < e. According
to Vitali’s convergence theorem, we have

E||¥n,, (0,&) — v(0, & H2 — 0 asnp — oc.
Let Uy, (t) be the solution of the equation
du(t) = [—vAu(t) — du(t) + f(u(t)) + g(t)]dt + o (t, u(t))dW (t),

with initial condition v,, (0,&) = U, (@) on the probability space (ﬁ,f, ]3) By
Cauchy-Schwarz’s inequality, [t6’s isometry, and Assumption we obtain

E|[0n, (t) —0(t)|12
< 3E||Un, (0,0) — 9(0,@)||7 + [9¢(18v° + A* + L) + 3L]E /||vnk (s) — 0(s)[|2ds.

By Gronwall’s inequality, we have
B[, (1) = BOII} < 3BT, (0,5) = 5(0,&)[[3e™ 15 A3 0
as ny — oo. It follows from the uniqueness of weak solution that
Polu,, )]t =Po, )] "= Polo)™* (3.3)

uniformly on [0,6]. In addition, v(0,w) on (2, F, P) has the same distribution as
v(0,w) on (€2, F, P). From the uniqueness of the weak solution of (2.3, v(t) admits
the same distribution with o(¢). By (3.3), (3.2) and Assumption we derive

dpr(Pow(0)]™", Pow(0)]™")
- klggo dpL(P o [vn, (0)]7", Po[vn, (0)] 1)
=i s ([ eaPolu, @7~ [ ¢aPo o, )7

k=00 |jo|| g <1

—im s ( /Q (o, (0))AP — /Q (0, (0))dP)

k=00 pllpr <1
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= lim
k—o0 HLPHBL<1 nk, +1

i / (N +1)6)) — (u(Na))]dP)

A et 1 S dp(Po [u((N + 1O, Po [u(N6)] ) = 0.

That is to say, v(#) has the same distribution as v(0).
We define z(t) : Rt — 12 by
z(t) = v(t — n0),

where n; = max{n € N|nf < t}. Hence, z(t) is a §-periodic solution in distribution

of . O

4. APPLICATIONS

It is worth noting that Lyapunov’s method can also be applied to prove the
existence of periodic solution in distribution.

Example 4.1. Consider the equation of motion of Hooke’s law in lf):
du;(t) = [v(wir1(t) — 2u () + ui—1(t)) — A ()]dt + o4 (¢, u(t))dW;(t), (4.1)

where A > 0 is a constant. Suppose that Assumption holds. Here —Au; de-
scribes the strength of negative feedback, where A > 2L. We make the following
assumptions:

(A1) p(i) < cop(i £ 1), for all i € Z, where ¢p is a positive constant with ¢y <
14+ )\72L.

2v
(A2) there exists a positive constant ¢; such that

(2veo — 2v = Mully + [lull ot w)[* + [(u, o (¢, w)* < —es|lull,

for all u € li, teRT.
(A3) For all u,v € lg, t € RT, there exists a constant cy such that

> TE(tu) e, (t0) < —col
1=1

where ¢ > 2(2cov — 2v — \)/3.
Then (4.1)) admits a periodic solution in distribution.
We define f(t,u) = [ul[3. By (A1) and (A2), we have
Lf(t u)
1
= fi(t,u) + (fu(t,u), —vAu — Au) + itrace(aT(t, u) fuu(t, w)o(t,u))
< dvlull2 ) piui(uier — 2ui +wima) — A\l + 2]ull ot w)[* + 4 (u, o (t,w))
i€Z
< dvlull2 D piui(cous — 2ui + cous) — AX |l + 2[ul2lo(tw)* + 4 (u, o (t, w)
1€Z
= 4(2veo — 2v = Nlully + 2||ull]o(t, w)|* + 4l (u, o (t, u))|?

—401||u||;1,.
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So, we have

E[f(t,ug(t)] = E[f (0, +E [ Lif(s,u(s))ds

0
t
<BIf(0,9) - 41 [ Elf(s.u(s)lds.
0
It follows from Gronwall’s inequality that for all E[|¢[|3 < oo, and ¢t € RT, that
Ellug(t)]l, < E[f(t, ue(t))] < E[f(0,)]e™ .
Therefore, Assumption is fulfilled. Furthermore, by (A1),
Lf(t,u—v)
= filt,u —v) + (fult,u —v), —VA(u —v) — AMu — v))
1
+ itrace[(o’(t, u) — o (t, )T fuu(t,u —v)(o(t,u) — o(t,v))]

= allu =2 piluwi — v) (i1 = vigr) = 2(uw; — vi) + (i1 — vi-1)]
1€EZ

— AN — 0| + 6w — v]2(u — v)” [i (/01 T2 (60 + s(u— v)ds)

=1

X (/01 Ji(t,v—i—s(u—v))ds)](u—v)

< 4v(2¢o — 2)||u — v||;L — 4w — v||ﬁ
o0

+ 6]ju — v||f,(u —u)T {Z (/01 JE v+ s(u— v))ds)

X (/01 JE v+ s(u— v))ds)} (u—v)
= [4(2¢ov — 2V — X) — 6ca] |Ju — v||§.

Let c3 = 4(2cov — 2v — A) — 6¢cy. For any given &,7n € LQ(Q,ZE)), applying Ito’s
formula to f(t, ug(t) — u,(t))e s, we obtain

E[f(t, ug(t) — up(t))e™"] = E[£(0,§ —n)] + /0 —cge” E[f (s, ug(s) — uy(s))]ds

/O e~ E[L: (s, ue(s) — uy(s))]ds

+
< E[f(0,§ —n)].

Hence E[f (¢, ue(t) — uy,(t))] < E[f(0,€ — n)]est for each ¢t € RT. In addition, for
each t € RT, there exists k € N such that ¢ € [k6, k0 + 0]. By Assumption and
[20, Theorem 1.7.1], we have

Eflue(t) — un(t)]l

< 27E|ug (k) — uy (kO) || + 27°E /ka | = vA(ug(s) — un(s)) = Aue(s) —uy(s))

+ f(ug(s)) = f(uy(s))[[ds + 972TE /ke (s, ue(s)) — (s, ug(s))ll,ds
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t
< 27 ||ug (k0) — un(kO)[* + (9T)°E / | = v A(ue(s) — uy(s)) s
kO
t t
4 (OT)E / 1= Alue(s) =g (s))[ s + (9B / 1 (ug(s) = g (s s

+ 972TE /ke llo(s, ue(s)) — a(s,un(s))Hﬁds

= 27E||ue (k0) — un(k9)||4 + 486(9T)3u4/ E||ug(s) — un(s))Hﬁds
kO
(TN /k Blug(s) =y (s) s + (97)°22 /k Elug(s) = uy(s) s
+972TL? /kgEHug(s) ~u(s)) ][ Ads

t
= 27E||ue (k0) — un(kQ)Hﬁ +ca /ke E||ue (k6) — un(kG)Hﬁds,

where ¢y := (97)3(486v* + \* + L2}) + 972L*T. Applying Gronwall’s inequality,
we have A o
Ellue(t) — un(t)ll; < 27E[ug (k) — uqy (kO)[] e
< 2T TELf (k6 g (k6) — g (k6))]
< 27 TR [£(0,€ — )]

= p(kO)E[IE - nll3,
where () := 27e4T+e3k9  Note that c3 < 0, we have limg_,. p(kf) = 0. Hence,
there exists a ko > 0 such that sup,.,, ©(k0) < 1. By the contraction mapping
fixed point theorem, there exists a unique fixed point &, € L4(Q,l;‘;) such that
ue, (k) = &* for any k > ko. Thus,

n

Jim > dpL(Pofue((k+1)0)] 7", Po[ug-(k6)] ")
k=0

(4.2)

. 1
= lim

ko
(Z dprL(P o [ue-((k +1)8)] "%, P o [ue- (k0)]™Y)
k=0

n
+ 3 dpr(Pofu((k+1)0) ", Po [ug*(kﬁ)]_l)> =0
k=ko
Hence Assumption is satisfied. Therefore, (4.1)) admits a periodic solution in
distribution.
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