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MASSERA TYPE THEOREMS FOR ABSTRACT
NON-AUTONOMOUS EVOLUTION EQUATIONS

LAN-LING ZHENG, HUI-SHENG DING

ABSTRACT. We establish two fixed point theorems for affine maps in Banach
spaces, with weaker assumptions than those in the literature. Then we estab-
lish some Massera type results for abstract linear evolution equations without
assuming the existence of bounded solutions, which is an indispensable condi-
tion in the classical Massera theorem and in the earlier literature. As appli-
cation, we present an existence result on periodic mild solutions to abstract
nonautonomous semilinear evolution equations.

1. INTRODUCTION

Let X be a Banach space. Our aim is to investigate the existence of periodic
mild solutions to the nonautonomous evolution equations

W (t) = Atyu(t) + g(t), ¢ >0, (1.1)
and
W (t) = A(Dyu(t) + f(t,u(t)), >0 (1.2)
on X. g and f satisfy conditions specified later, and {A(t) }:> satisfies the following
assumptions:

(A1) D(A(t)) =D C X for all t > 0 and A(¢) is not necessarily densely defined,
i.e., D = X is not necessarily true;

(A2) there exist M > 1 and w € R such that (w,+00) C p(A(t)) for every ¢t > 0
and

k
JICEEOE o

for every A > w and every finite sequence {tj}é?:l with 0 <t <ty <--- <
ty, where k =1,2,...;

(A3) the mapping ¢t — A(t)z is continuously differentiable in X for every x € D;

(Ad) A(t+1) = A(t) for every t > 0.

The existence of periodic solutions to , and their variants has been
of great interest for many authors (cf. [Tl B} [, Bl [7, @, [8 011 2] 13, 14, 18, 19]).
To establish the existence of periodic solutions to , one of the key steps is to
consider first the existence of periodic solutions to the linear equation (1.1f). It is
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well-known that to find an initial value x¢g € X for a 1-periodic mild solution of
(1.1), one only needs to solve the equation

o = P(LL'()),
where

1
P:X = X;z— U(1,0)z +/ U(1,7)g(r)dr
0

stands for the Poincaré mapping and {U (¢, s) }+>s>0 is the evolution system gener-
ated by {A(t)}+>0. Now the problem is transformed into a fixed point problem of
the Poincaré mapping, an affine map.

For fixed point theorems of Poincaré mapping, one of the celebrated result is by
Chow and Hale [2] who proved that P has a fixed point if the range R(I — U(1,0))
is closed and there exists zp € X such that sup,,cy||P"20| < +0o. Recently,
Zubelevich [20] made an important progress and got the result that P has a fixed
point if X is reflexive and sup,,cy || P"20|| < 400 for some zg € X. So, Zubelevich
removed the closedness of R(I — U(1,0)) in the case of X being reflexive. Very
recently, Ezzinbi and Taoudi [6] also established several interesting results in this
direction on locally convex spaces and ordered Banach spaces. It is needed to note
that the boundedness of {P"zy} is a key assumption in all the above literature.
As one will see, in this paper, this key assumption is weakened, i.e., we establish
two fixed point theorems for Poincaré mapping, where {P"zy} is not necessarily
bounded for some zy € X. Moreover, we give two examples, which satisfy our
weakened assumptions but not the boundedness condition in the earlier literature
[2, 20] (see Section 2).

Based on our new fixed point theorems for Poincaré mapping, we discuss the
existence of periodic solutions to and obtain two Massera type theorems for
. It is interesting to note that in our Massera type results, the existence of
bounded solutions is not presupposed as in the classical Massera theorem. In fact,
to the best of our knowledge, of all the latest Massera type results up until now, the
existence of bounded solutions is an indispensable assumption (see, e.g., [6, [7, 9] [10]
for some recent Massera type results). Moreover, compared with other type results
on the existence of periodic solutions for , our Massera type theorems also
have some improvements to some extent. For example, our Massera type theorems
do not need the assumptions w < 0 and Me¥ < 1 in [I5]. As application of our
Massera type theorems, in the last part of this paper, we establish an existence
result on periodic mild solutions to .

Throughout this paper, we denote by R the set of real numbers, by Rt the
set of non-negative real numbers, by C the set of complex numbers, by N the set
of positive integers, by LP([a,b], X) (Li..(R*, X)) the space of all (locally) pth
integrable functions, by C(R™, X) the space of all continuous functions from R to
X, and P;(R*, X) the space of all 1-periodic functions from Rt to X.

2. TWO FIXED POINT THEOREMS FOR AFFINE MAPS

We first present a fixed point theorem, where the boundedness assumption in
the classical results by Chow and Hale is weakened.

Theorem 2.1. Let X be a Banach space, B : X — X be a bounded linear operator,
z€ X and P: X — X;x — Bx + z. Assume that the range R(I — B) is closed
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and there exists xg € X such that

. Prag
lim ||
n—-+oo n

Then P has a fived point T € X.

| =o. (2.1)

Proof. Our proof starts with the observation that P has a fixed point if z € R(I —
B). Let z,, = %22:1 Pkgq for every n € N, then by a direct calculation, we have

lim (I — B)z, = Brf (I —P)x, + 2]

n—-+oo

1
= lim —[Pzo— P""ay)+ 2=z
n—+oo n

Combining this with R(I — B) is closed, we conclude that z € R(I — B). O
Remark 2.2. In the case of R(I — B) = X, the conclusion holds without assump-
tion (2.1). Moreover, Chow and Hale [2] obtained the same conclusion of Theorem

under the condition sup,,¢y ||P"2o|| < 400, which implies that (2.1) holds.
However, the converse is not necessarily true. In fact, let

3 [k+1
B2 = 1% (21,20, T, ...) (O,f/ﬁxl,f/;xg,..., Y %xk,...),

P:l? = 1% (2,20, .., Th,y...) = B(xy, 0, 2p, ... ) + (1,0,0,...).

and

By a direct calculation, we obtain that there exists xo = (1,0,0,...) € I2 such that

sup [P 2| > sup vn + 1 = 400
neN neN
and
P 1)
0< tim 2280 < DT
n—-+oo n n—-+oo n

=0.

If X have some special properties, then the condition that R(I — B) is closed
can be removed.

Theorem 2.3. Let X be a Banach space, B : X — X be a bounded linear operator,
ze€X and P: X — X;x — Bx + z. Assume that there exists xo € X such that

Pnilio

TN
sup || — Pz < 400, lim =0, 2.2
sup ;3 Pl im0 (2:2)
and one of the following conditions holds:
(i) X is reflexive;
(i) there exists a separable Banach space Y such that X is the dual space of Y

and B*Y CY, where B* is the dual operator of B and Y is considered as
a subspace of Y**.

Then P has a fized point T € X. Moreover,

1 n
z|| <sup||— kao . 2.3
71 < sup 3 Pl 23)
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n
Proof. Firstly, we prove case (i). Let z, = 1 3 P*zy for n € N. There exist
k=1

{zn;} C {z,} and T € X such that z,; converges weakly to Z by using ({2.2) and
condition (i). So, for every z* € X*

lim (z*, Pz,, — PT) = lim (2%, Bx,, — BT)

Jj—+oo Jj—+oo

- jEToo<B*x*’ Tn, —T) =0,

which means that Px,; converges weakly to PZ. On the other hand, by (2.2)) and
a direct calculation, we have

. . 1
Nim Pz, —x,, = lim —
J—+oo J—+oo n;

[Pxo — P lag] =0, (2.4)

where 0 is the zero member of X. Therefore,

0< lim [(z, Pz,, —T)|

Jj—+oo

< lim (|<x*,P:1cnj — )|+ (@, 20, —EH) =0
J—+oo

for every z* € X*, which means that Pz, converges weakly to . From this and
Pz, converges weakly to PT, we obtain PT = 7. In addition, is obvious if
T = 0. When T # 0, we know that there exists T¥ € X* such that ||z*|| = 1 and
<z, T >=||Z||. So

= (T, T — xp,;) + (T, 2p;)

< (T T — @) + [T ||,

"
e 1 O
= <gj*’x — :zjnj> + ||7 ZszOH
"=
1 n
<{T*,T — xn,) +sup||— Pkz,
@7 ) sup D Pl
for every j € N. Combining this with x,,;, converges weakly to T, we obtain

Jj—+o0

1 & 1<
7| < lim [{T*,T —a,,) +sup|— Pkﬂﬂo } =sup ||— kao .
= (.7 =) +spll 3 Praol] = sup I3 Pl

weak*-convergent to T, hence that

lim (Pz,, — PZ,y) = lim (Bx,, — BT,y)

Jj—+oo Jj—+oo

= lim (v, -7, B*y) =

for every y € Y, which means that Px,, weak*-convergent to Pz. Furthermore,
we obtain {Px,; — x,, } weakly*-convergent to 0 by (2.4). Then
0< lim [(Pz,, —7,y)]

Jj—4o0

< lim ([(Pzn, — @n,, y)| + (20, — F,y)|) =0

T jo+oo
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for every y € Y, which means that Px,, weak®-convergent to Z. From this and
Pz, weak™-convergent to PT, we have PT = T. Moreover, since z,; is weak*-
convergent to T,

1@, y)| = lim [(zn;,y)| <limsup [z, |[[|y]| = limsup [z, || < sup ||z, ||
j—too j—4o0 j—rtoo neN

for every y € Y with |ly|| = 1. Therefore,

_ 1 ¢
I1Z]| < sup ||z, = sup || = > Praoll.
neN neN T/
Hence, the conclusion is valid. ([l
Zubelevich [20] obtained the conclusion of the above theorem assuming that

sup,en |[P"xol| < +oo and X is reflexive. We note that sup,, ¢y [|[P 20| < 400
implies

1 & & ) P,
sup |~ Y~ Pagl <400 and  lim ||—=] =0.

n—-+oo n
neN b1

However, the converse is not necessarily true. For example, let

[k+1
P12 = 1% (2,20, T,y ) — (O,%xl,ﬁx27..., Y %xk,...).

It is easy to see that P is a bounded linear operator and there exists o = (1,0,...) €
12 such that

sup ||P"zo|| = sup vVn + 1 = +o0,

neN neN
. P"xy A \4/n +1
lim || | = lim =0,
n——+oo n n——+oo n
n 3
2
sup |23 Prag < sup DT <o
neN T 1 neN n

3. MASSERA TYPE THEOREMS FOR LINEAR EVOLUTION EQUATIONS

In this section, we consider the existence of 1-periodic mild solutions to (|1.1))
with the help of our new fixed point theorems for affine maps. Throughout this
section, we assume that g € P(RT, X) N L (R*, X). Next, we first recall the
following definitions and results which are taken from [15] [1I7] [16].

Proposition 3.1 ([I7]). Assume that {A(t)}+>0 satisfies conditions (Al)—(A3) and

to>0. If 2 € D and h € L*([0,t0], X), then the limit

[x1A
u(t) == QHB& (UA(t,O)z —l—/o U;(t,r)h(r)dr) (3.1)

exists uniformly for t € [0,to], and u is a continuous function on [0,1o], where
[x]
Ux(t,0) = [ (7 = 24~

1

S

j
for every t € [0,to] and X > 0.

The following theorem can be derived from (A1)-(A4) and Proposition (see
also [15] [16]).
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Proposition 3.2. Assume that {A(t)}>0 satisfies conditions (A1)-(A3). Then
the limit

U(t,s)z = lim Ux(t
(t,5)z = lim Ux(t )z

exists for every z € D and (t,s) € A, where

(%]
Unt,s)= [[ T—r40Ga)~
j=151+1

and A = {(t,s)|t > s > 0}. Also, the families {U(t, s) }i>s>0 and {Ux(t, $) }i>s>0
satisfy the following properties:

(i) Ux(t,t)z = 2z and Ux(t,r)Ux(r,s)z = Ux(t,s)z for every z € D, A > 0 and

t>r>s2>0;
(ii) for every A >0 and (t,s) € A,

e+

Ore sl < M () T (32)
(iii) U(t,s) : D — D is a bounded linear operator for every (t, s) €L
(iv) U(t,t)z = z and U(t,r)U(r,s)z = U(t,s)z for every z € D and t > r >
s >0; o
(v) for every z € D and (t,s) € A,
Ut 5)z]| < Me) | z]|; (3-3)
(vi) for every h € LL (RT, X) and (t,s) € A,
Ult,s) Ali%l+ ; Ux(s,m)h(r)dr = )\liﬁrgh ; Ux(t,r)h(r)dr. (3.4)
(vii) for every h € Ll (RT,X) and t >0,
[X1A t
)\lgng ; Ux(t,r)h(r)dr = /\IEBI+ ; Ux(t,m)h(r)dr; (3.5)
In addition, if {A(t)}i>0 satisfies the condition (A4), then
(viii) for every z € D, k € N and (t,s) € A,
Ur(t+1,s+1)2=UL(t, )z (3.6)
(ix) for every z € D and (t,s) € A,
Ut+1,s+1)z=U(t,s)z. (3.7)

Definition 3.3 ([I5]). A continuous function u : [0,+00) — D is called a mild
solution of (|1.2)) if u satisfies

u(t) = Ult,syu(s) + lim [ On(tr) fr )i

for every (t,s) € A. Then, a continuous function u : [0, +00) — D is called a mild
solution of (|1.1)) if u satisfies

u(t) = U(t, s)u(s) + AIH&/S Ux(t,r)g(r)dr (3.8)

for every (t,s) € A.
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Remark 3.4. Let g € L. _(R*, X). By Proposition and (3.5)), we note that u

loc
is continuous if u satisfies (3.8).
Remark 3.5. Let t5 > 0. According to [17, Theorem 4.2], if g € W1([0,0], X),
x € D, and A(0)z + g(0) € D, then
t

w:[0,t9] = D;t s U(t,0)x 4+ lim Ux(t,r)g(r)dr
A—0t Jo

is a classical solution to (1.1)) on [0,tg], where
t
WH([0,¢], X) = {u € L'([0, 0], X) : u(t) = ug —|—/ v(s)ds for some uy € X
0

and v € L'([0,to], X), t € [0,t]}.
Using Theorems [2.1] and [2:3] we obtain the following results.
Theorem 3.6. Assume that there exists a mild solution uy of (1.1) such that
T LGOI
n—-+oo n

and R(I —U(1,0)) is closed, where I is the identity map and R(I —U(1,0)) is the
range of I —U(1,0). Then (1.1 has a 1-periodic mild solution u satisfying

1
ol < e (Ju(@)]+ [ lg(e) o) (3.9)

Furthermore, the 1-periodic mild solution of (1.1) is unique if
lim ||U(t,0)z| =0 for every x € D with sup ||U(¢,0)x| < +oo. (3.10)
t—4o00 t>0

Proof. Let
1

P:D — Djz+— U(1,0)z + lim Ux(1,7)g(r)dr.
A—=01 Jo
Take X = D, B = U(1,0), z = limy_,o+ fol Ux(1,7)g(r)dr, and 2 = ug(0) in
Theorem Note that P*(zg) = ug(k) for every k € N. By Theorem P has
a fixed point T € D. Let

¢
w:[0,4+00) = X; t— U(t,0)T + lim Ux(t,r)g(r)dr. (3.11)

A—=0t 0

By using (3.4), Remark [3.4] and (iv) in Proposition we have

t
U(t,s)u(s) + lim / Ux(t,r)g(r)dr
A0t S
s t

=Ul(t,s) |:U(S,0).’E+ lim UA(s,r)g(T)dr} + ,\lgg+ Ux(t,r)g(r)dr

A—0*t 0 s
s t
=U(t,00z+U(t,s) Alirg+ ; Ux(s,r)g(r)dr + Allrg+ Ux(t,r)g(r)dr

s t
=U(t0z+ 1 Ux(t d li Ux(t d
07+ Jim [ U+ i [ U )g(r)ar

t

=U(t,0)T + lim Ux(t,r)g(r)dr = u(t)
A—=0t Jo

0
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for every (t,s) € A, which means that u is a mild solution to (1.1). Moreover, by
g € PI(RT,X), (3.4), (3.6), (3.7) and (iv) in Proposition we have
t

u(t) =U(t,00T + lim [ Ux(t,r)g(r)dr
A—0t 0
t
=U(t,00PT+ lim Ui(t,r)g(r)dr
k—+o00 Jo k
1
=U(t,0) {U(l,O)x—i—/\ll}IglJr i Ux(l,r)g(r)dr}
t

+ lim U

1
k—+o00 Jo k

=U(t+1,1) [U(l,O)E—&— /\ILIBIJr /01 UA(l,?“)g(r)dr}

(t+1,r+1)g(r+1)dr

t+1
+k££?oo . Ur(t+1,7)g(r)dr
1 t+1
— U(t+1,07 + lim / Ur(t + 1,)g(r)dr + lim Un(t + 1, 7)g(7)dr
A—0+ 0 A—0t 1

t+1
=U(t+ 1,00 + lim / Un(t+1,7m)g(r)dr = u(t + 1)
A—0t 0
for every t > 0, which means that u is 1-periodic. In addition,iet w1 and us be two
1-periodic mild solutions to ([1.1)). Note that u1(0) —u2(0) € D and
sup [|U(t, 0)(u1(0) — u2(0))[| = sup [lua (t) — u2(t)[| < +o0.
t>0 t>0

So, limy— oo [[ur () — uz(t)|| = lim o0 [U(Z,0)(ur(0) — u2(0))[| = 0 by (3.10).
Combining this with u; —us € Pi(RT, X), we obtain u; = us. Thus, the 1-periodic

mild solution to (L.1)) is unique. Furthermore, we obtain (3.9 by using (3.2) and
(3-3)- O

Theorem 3.7. Assume that there exists a mild solution uy of (1.1) such that

ug(n)

1 n
— k)| < li =0
sup I 3okl < +oc. i, £ =0
and one of the following conditions holds:
(i) X is reflexive;
(ii) there exists a separable Banach space Y such that D is the dual space of Y
and U*(1,0)Y C Y, where U*(1,0) is the dual operator of U(1,0) and Y is
considered as a subspace of Y**.

Then (1.1) has a 1-periodic mild solution u satisfying
w 1 & !

Jull < 3k (sup 1S uo()] + [ lg(o)ldo): (3.12)
neN T =1 0

Furthermore, the 1-periodic mild solution of (1.1) is unique if (3.10) holds.

Proof. By using Theorem [2.3] similar to the proof of Theorem [3.6] one can show
that (1.1) has a 1-periodic mild solution u given by (3.11]) and u satisfies (3.9)). In
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addition, according to (2.3]), we have

I I
u(0)|| = ||z|| < sup||— P*(z0)|| = sup |- ug(k)||-
[u(O)] = [ neN”n,; (o)l neNlln; o(k)|l
Combining this with (3.9), we obtain ([3.12]).

4. APPLICATION TO SEMILINEAR EVOLUTION EQUATIONS

Next, we establish the existence of 1-periodic mild solutions for (1.2)) by our
Massera type results obtained in the previous section. For convenience, we list
some assumptions:

(A5) f(v‘r) € Pl(R+7X) OLI

e(RT, X) for every z € X;
(A6) there exist ¢ > 0 and L > 0 such that

1t 21) = f(£,22)|| < Lz — z2]
for every ¢ > 0 and x1, 22 € X with [|z1]], ||z2|| < o.
From now on, we denote v = fol |lf(c,0)|do.

Theorem 4.1. Assume that
(a) there exists o > 0 with

.1 0
Me“!(a +1) < min {=, 4.1
(0+1) <min {7, —2—) (41)
such that (1.1) has a mild solution uf satisfies

1 & ! ud(n)
sup ||— (B < a / o)|ldec and lim u
supl S <af la@)] i |

for every g € Py (R*, X)N L, (RT, X);

(b) limy_, 1o |U(t,0)z|| = 0 for every x € D with sup||U(t,0)z| < +oo;
>0

(¢c) one of the following conditions holds:
(i) X is reflexive;

(ii) there exists a separable Banach space Y such that D is the dual space

of Y and U*(1,0)Y C Y, where U*(1,0) is the dual operator of U(1,0)
and Y is considered as a subspace of Y **.

Then (1.2) has a 1-periodic mild solution u.

Proof. Let B, = {v e Pi(RT,X)NC(RY, X)|sup,cr+ |[v(t)] < o} and
T:By,— By v u’,

where u” is the 1-periodic mild solution of (L.I) with g = f(-,v()) by Theorem[3.7]

Step 1. We show that T'v € B, for every v € B,. Let v € B,. Then we know from
Theorem that (L.1) has a unique 1-periodic mild solution u? satisfying

v w 1 S !

Jul < 2l [sup 1250 + [ lg(o)ldo].
neN T 1 0
Combining this with (4.2)), (A5) and (A6), we obtain

nwnngwa+nA|uwmw»Mm
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1
] o o)
< Mel(a+ 1) (L sup (o) + [ 10,0) o)
< Mel(a+1)(Lo+7) < o.

So, Tv =u" € B, by (4.1
Step 2.We show that 7" is a contraction. Let vq,v2 € B,. Then

[Tvr = Tl = sup [[u® (t) — u®(#)]|

teR+t
= sup ||U(t, 0)(uv1 (0) —u¥? (0))
te[0,1]
+ lim Ux(t,r)(f(r,vi(r)) = (f(r,va(r)))dr||
=0t Jo
< Me""l(a + 1)L sup ||v1(t) — v2(2)||

teRT
< Mel“la +1)L{jvy — vy,

where u"*and u? are the corresponding 1-periodic mild solution to (1.1)) with g; =
fGvi(5) and go = f(-,v2(+)), respectively. By (4.1), we conclude that T is a
contraction. So T has a unique fixed point u € B,, i.e.,

t
u(t) = U(t, s)u(s) + /\lir{)ﬁ/ Ux(t,7)f(r,u(r))dr, t>s>0,
- s
which is a 1-periodic mild solution for (1.2)). [l
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