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SOLVING LINEAR DIFFERENTIAL EQUATIONS WITH
MIXED ARGUMENTS

GEORGE L. KARAKOSTAS

ABSTRACT. We find expressions for solutions to an initial value problem of a
linear n-dimensional differential equation. This equation has time deviations of
mixed type (advanced and delayed) that have fixed points. The key assumption
is that these deviations are odd functions.

1. INTRODUCTION

Berezansky, Braverman and Pinelas (2023) [3] studied differential equations of
the form

() + Y br(Dz(hi(t) =0, >t
k=1

where the functions by and t — t — hy(¢t) are Lebesgue measurable and essentially
bounded on an interval of the form [tg, +00) and satisfy —oy, <t — hy(t) < 73, with
ok, Tk > 0. They provided conditions for the existence and uniqueness of solutions,
with initial value ¢(t), t € (to — maxg 7x,t0) — R, as well as, they studied the
asymptotic behaviour. As an application they considered the differential equation

@(t) + b(t)z(t —sint) =0, ¢>0 (1.1)

and proved the existence of an exponentially decaying solution in L (tg, +00)
[B, Example 4.3]. This is done under the hypothesis that b(t) > by > 0 and
Sup;>o b(t) < 1. To illustrate their results, in case of b(t) = ae™ 5" the authors
suggested as a solution the function z(t) = e~, for a suitable value of the pa-
rameter . Obviously, any function of the form z(t) = £e™°¢, is a solution, for the
same values of o« and, as we can see, this function is a special solution which does
not depend on a certain given initial function at a point ¢ > 0, but on the value
¢ at 0. Also, in a discussion of the results (no. (2)) at the end of the paper, the
authors, among others, posed the following open problem:

Is it possible to find conditions such that there exists a unique
solution (not necessarily bounded) of an initial value problem for
some types of equations with mixed arguments?
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In this article we present a type of differential equations and give some answers to
these questions. To be more precise we formulate and solve a initial value problem
concerning the n-dimensional equation (DEy4 g f):

z(t) = A(t)x(t) + B(t)z(t — 7(t)) + f(t), te€(—-R,R), (1.2)

for some R € RU {400}, when the initial values are points in R", as the point £
above. The function f and the n x n-matrix-valued functions A, B are continuous
and defined on (—R, R). The argument 7 is a real valued odd continuous function
and no boundedness restriction on ¢ — 7(¢) (as in [3]) is posed. Thus, if in a set
J, the function 7 is positive, we have delay argument, while in the symmetric set
—J it is negative and so we have advanced argument. Under these characteristics,
we give the expression of the (unique) full solution (i.e. it is defined on the whole
interval (—R, R)) in the form of a series with terms containing iterated integrals.
It is well known that for a differential equation of the form

o(t) = H(t, x(t), 2(g1(t)), £(g2(1)), - - ., x(gm(t))), T € [a, D],
we distinguish the following four cases:

(1) Delay DE: All arguments g; are delays.
(2) Advanced DE: All arguments g; are advance.
(3) Deviated DE: Some of the arguments are delays and the rest of them are
advance.
(4) Mixed DE: There is a certain argument g, and subsets J1, Ja of the interval
[a, b], with non-empty interior, such that g;(¢) <t for ¢t € Jy, and g;(t) >t
for t € Js.
Recall that an argument g is a delay, if it satisfies g(¢t) < ¢ for all ¢ € [a,b] and
g(t) < t for some t, and it is an advance argument, if g(t) > ¢ for all ¢ € [a, b] and
g(t) > t for some ¢. The most investigated cases are the first three of them, but for
the last one, a few results can be found in the literature.

Differential equations with pure delay arguments have studied in many works
originated from Volterra (1928) [26] and continued by Minorsky (1942) [22], Myschkis
(1949) [23], Hayes (1950) [17], Cunningham (1954) [7], Bellman-Danskin (1954) [5],
Razumikhin (1956) [25], Sverkin et al. (1959) [28], to name some of the contribu-
tions before 1960. But in the last sixty years a great number of papers and books
have been published on the subject. Among them we refer to the classical relative
books such as [I, [6], [8, 10 13}, 14, [15], 20].

The problem with the advanced differential equations is, also, too old, originated,
probably, by Myschkis (1955) [24]. Contributions to this kind of linear equations,
perhaps, start in the work by Kato and McLeod (1971) [19], where an equation of
the form

y'(t) = ay(\t) +by(t), 0<t< 400 (1.3)
is investigated for various values of the parameter A > 0. In [I9], for values 0 <
A < 1, equation is associated with the boundary condition

y(0) =1, (1.4)
but for A > 1, the authors claim that no such boundary condition seems to arise.
Indeed, they prove that the boundary-value problem ([1.3)-(1.4) is well-posed, if
0 < A < 1, but not, if A > 1. Actually, in [I9] the authors seek for analytic

solutions of the problem. However in [I1] a similar approximation of the solutions
of equations like (|1.3)) is obtained.



EJDE-2024/54 LINEAR DIFFERENTIAL EQUATIONS WITH MIXED ARGUMENTS 3

The main property of the solutions discussed in the literature refers to the asymp-
totic behaviour and especially to the oscillatory character of them. For instance,
such a property of the linear advanced differential equation of the form

z(t) = a(t)x(t+ h(t)) + b(t)x(t +r(t)) =0, t>0,

where h(t),r(t) > 0, is investigated in [9]. The oscillatory behaviour of solutions
of the nth-order nonlinear differential equations with an advanced argument of the
form

2 (1) + dq(t)2* (g(t)) = 0,
is investigated in [12], where n > 2 is even, § = £1 and g(t) > ¢, for all t > to. The
same property is, also, discussed for the differential equation

2/ (t) + d1a(t)z(g(t)) + 62b(t)z(h(t)) =0, t > to,

in [4], with coefficients a(t) > 0, b(t) > 0, and arguments g delay and h advance.
In [2T] the oscillatory behaviour of solutions of the second order functional dif-
ferential equation with a mixed neutral term of the form

(rOw® + POy 0) + PO T) + a0 (o) =0, t > to

is investigated, where p1(t) < t < po(t). Similar problems can be found in the
references in [21].

On the other hand there are some works, where the main subject is the existence
of solutions of differential equations with mixed type arguments. See, for instance,
[B] as above. N. Hale et al. (2024), in [16], suggest an absolutely and uniformly
convergent series as solutions of the linear equation

u'(t) +u(t) =2u(at), t>0, (1.5)

where o > 1, to approximate solutions to the nonlinear functional equation of the
form
u'(t) +u(t) = u*(at), t>0.
For equation it is shown that except of the trivial solution u = 0, with initial
value u(0) = 0, there is a nontrivial solution for some special values of the parameter
«. In the sequel we shall give sufficient conditions to guarantee uniqueness of the
solutions.
A similar problem was discussed in [27] concerning the problem

f'(t)y=af(Mt), teR, f(0)=0, (1.6)

where nontrivial solutions are constructed for constants A > 1 and a # 0. Notice
that this equation is of advanced type for ¢ > 0 and delay type for ¢t < 0.

More facts about differential equations with mixed arguments can be found in
a great number of works in the literature, starting from the work of Kato and
MacLeon (1971) [19], mentioned above, as well as in [2, @] [12]. See, also, the refer-
ences therein. In all these equations the response function depends on arguments
which are either delay, or advance. The problem is what happens when the ar-
gument has a mixed type dependence, namely, when in the equation both these
situations occur in the same argument.

In this note we deal with a special type of linear n-dimensional functional differ-
ential equations with mixed argument of the form . We intend to give results
on the existence of full solutions of such an equation with point-wise initial values.
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To obtain our results we use the simple (but very important) fact that the roots
of the argument 7 are fixed points of the function ¢ — ¢t — 7(¢). Then the results of
[18] play a very important role.

2. PRELIMINARIES

We furnish the space of n x n matrices with a norm || - || induced from the
Euclidean norm | - | of the vector space R™. We start with some facts borrowed
from [I§]. Let J := (a,b) be an interval of the real line R. Consider the linear
n-dimensional delay differential equation

(t) = A(t)x(t) + B(t)z(g(t)) + f(¢), teJ, (2.1)
where

(C1) g:J — J is a continuous function such that g(t) <t, for all ¢ € J and for
some w with g(w) = w it holds g(t) > w for t € (w,b).

(C2) A, B are n x n-matrix valued continuous functions defined on J and inte-
grable on (w, b).

(C3) f:J — R"™is a function continuous and integrable on (w,b).

From the standard theory of linear functional differential equations (see [I4, p.
11]) it is well known, that under these conditions, for any o € I and any continuous
function ¢ : [g(0), 0] — R™, there is a unique solution x(¢) := z(¢; (0, ¢)) such that
z(t) = ¢(t), for all t € [g(o),0]. Here g(o) = infi>, g(t). Let w be a fixed point
of g on I; then [g(w),w] = [w] and therefore any initial function ¢ for the solution
x(w, ) is actually a point of R™. Also, if g does not have a fixed point w in J, (as,
for instance, happens in case of constant delay, namely, g(¢t) = ¢t — 7,) but we know
that limy—,y g(t) = w € RU{—00}, then we say that w is a generalised fixed point
of g. In this case the solution z, whose limit lim; .+ (t) =: z(w) = £ exists, is
unique and it is

z(t) = Eq p(t,w)s + 2(t), te(wb),

where E4 p(t,w) is the evolution matrix of the homogeneous equation and z is the
solution of the non-homogeneous equation such that z(w) = 0. Here the evolution
E4 p is defined by the formula

+oo
Eap(t,w):= Y [ZI(AB)Lin|(t), if tE€wb), (2.2)

m=0
where I, «, is the n x n identity matrix and
T(t), if m =0,
(25 (A, B)T|(t) »= q [ [A(u)[ 22 (A, B)T)(u)
+B(u)[Z" (A, B)T) (g(u))}du, ifm>1,

for all continuous n x n-matrix valued functions T' defined at least on the interval
(w,b). Notice that the evolution satisfies the equation

%EA,B(t,W) = A(t)Eap(t,w) + B(t)Eap(g(t),w), te (w,b),

with Eg p(w,w) = Inxn.
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The solution z of the non-homogeneous equation with initial value z(w) = 0, is
+oo
2(t) = Y [Z0'(A, B)F(1),
m=0
where F(t) := fi f(u)du for t € (w,b).
As an example, we borrow from [I8] the information that the evolution E(t, —o0)
of equation
i(t) =eMz(t—1), teR,
where A > 0, is

+o0 1
B(t,—o00) Z exp[A(mt — sm(m — 1))]’ LeR.
0

= mIA™
Also, the evolution F(t,0) of equation

i(t) = at’z(yt), t>0, (2.3)
where a, f > 0 and v € (0, 1), is

400 am,y%m(m,—l)(ﬁ—kl)

E(t,0)= >

m=0

m(B+1)
R t . t>0. (2.4)
From the previous arguments, it seems that an initial value problem formed for
the differential equation is defined on an interval (w,T') and satisfies z(w) = &.
Hence, it behaves like the analogous one for linear ordinary differential equations.
And this is true because the initial value is a vector and not a function defined on
the “past”.
Now we come back to equation . In this case the basic assumption on the
argument 7 is the following

(C4) The function 7 : (—R, R) — R is continuous and odd and such that in any
compact interval there is a finite number of points where it changes its sign.

By assumption (C4), the roots of 7 are distinc. We have 7(0) = 0 =: rg and let
rr € (0,R), k€ {1,...,N}, (N € NU{+0o0}), be the (positive) moments where the
argument 7 changes sign. Notice that, due to oddity of 7, the points —r; € (—R,0),
(k€ {1,2,...,N}) are the negative zeros of 7. We shall denote by J,, the interval
[rkyThy1], if £ =0,1,...,N —1 and J,, := [ry,R), if K = N < 4o00. Also, we
denote by J_,, := [-rg,—Tk-1], for all k = 1,...,N and in case k = N < +o0,
J_r := (—R,—rn]. We let J be the family of all such intervals. These items
are such that, if in some interval J,,, we have 7(t) > 0, then, in the next interval
Jyi i1 it holds 7(t) < 0. Moreover, if it holds 7(¢) > 0 on the interval J € J, then
7(t) < 0 on the dual interval —J and inversely. In other words, in this case, the
equation is a delay differential equation on the interval J € J and an advanced
differential equation on the interval —J € J. In the sequel we shall denote by J4+
(resp. J-) the collection of all intervals where it holds 7(¢t) > 0, ¢ € J (resp.
T(t) <0, teJ). Further, we assume the following condition

(C5) The function g(t) :=t — 7(t) maps any J € J to itself.

A prototype of such a function 7 is the trigonometric function sin appeared in
differential equation .

By using the expression we conclude that for any interval J € Jy, there

exists a solution of the problem defined on the whole interval J. The following
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result can be found in [I§], but for completeness of this paper, we shall repeat the
proof here.

Lemma 2.1. Consider equation defined on an interval J := [, B] € T4 and
assume that conditions (C2)—(C5) are satisfied on J. Then, for each £ € R™, there
exists a unique solution defined on J, with the initial value x(a) = €. (In case
a = —00, or } = —+oo the values are meant in the limit sense.)

Proof. Let x1 and =2 be two solutions with the same initial value £. Then we have
t t
r(t) =€ + / A()ai(ds + [ Bls)ailols))ds + F(0),

for ¢ = 1,2, where F(¢ f f(s)ds. Define p(t) = |z1(t) — 22(¢)| and assume that
for some o/, a” € J it holds p(t ) =0,t€ [a,a'] and p(t) > 0, ¢t € (¢/,a”]. Then,
for any r € (o/, 8], we have that

P.:= max p(t) > 0.
tela,r]

Choose a t; € J such that

ty
// (A + [[B(w)[[)du < 1. (2.5)
Then, there is a t € [&/, #1], such that

, = ()
_ ‘/ A(s)(z1(8) — w2(s ds—|—/ B(s)(z1(g(s)) — x2(g(s)))ds

/ JA@)lla1(s) — za(s)|ds + / 1B(s)llz1(a(5)) — z2(a(s))ds
< [T 0A + 1B P

<p, [ Qa6+ 1BG)s < P,

because of ([2.5). This is a contradiction and so P;, = 0. Now, step by step, we
conclude the uniqueness result. ([l

As we stated above, in the delay situation, our initial value problem behaves like
the analogous one for linear ordinary differential equations. Moreover, in the ODE
case the corresponding evolution is produced by the transition matrix and it is well
known that the evolution is a nonsingular matrix. In the present functional case,
this is not true, as it is proved in the scalar case in [I8]. The question is under what
conditions the evolution is a regular matrix. It is evident that in the real-scalar
case, if in the coefficients A, B are measurable functions and (nontrivially)
nonnegative a.e., then the evolution of the homogeneous part of the equation is
positive. In the n-dimensional case we have the following result.

Lemma 2.2. Consider equation (1.2) with f = 0 and an interval J := [a, ] in
Jy. Assume that A, B are n X n-matriz valued continuous functions defined on J
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and satisfy the condition (Ca.p)

E
/ (A + 1B(w)[)du < n2. (2.6)

Then, for each t € J, the evolution matriz Ea g(t, o) is non-singular.

Proof. Since E p(a,a) = I, xp, and the matrix I,,x,, is nonsingular, it is enough
to discuss it for any fixed ¢ € («, 8]. First, by using induction, we shall prove that,
for m > 1, it holds

12 (A, B) L)) < — / (@I + 1B )du)", tet  (27)
Indeed, for m = 1, we have
12 A B a0 = | [ 1A e+ B )]

< 1!(/ (1A + 1 BGo)])du)

Notice that g(u) := u—7(u) < wu, for all uw € J. Next, assume that for some m = r,
the claim is true, namely,
t

125, B) a0 < ([ (1A + B0} i)

«

Then, for m = r + 1, we have

1Z&+H (A, B) L (1)

oy / ) ZE(A, B) nsen) () + B(u)[Z(A, B) L) (9(u))] du]

< & [ D s ([ 1awi+ 1B@iha) au = o
‘We shall show that
1

o) =9(0) = o35, A+ 15@ias)

To do it we observe that ¢(0) =0 = (0). Also,

&0 = S [1A@1 + 15O ( [ (A + 1B Do) = v/ (o)

Hence we have ¢ = 1, which proves the inequality .

Now, assume that the matrix E4 p(t,«) is singular. Then its kernel has di-
mension greater than or equal to 1. Thus a n-vector w exists such that |w| # 0
satisfying equation E4 p(t,a)w = 0. This fact and imply that

0=|Eap(t a)w
—+oo
= [Lnxnw + > [Z0(A, B) Lnxn] (H)w]

m=1

> Jw| = Y [Z5 (A B)Lnxa) ()]
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+001

> o= 3 b ([ @A+ 1) ol

m=1 :

5
=2 —eXP/ (A + 1B(w)l)du] [w] > 0,

a contradiction. This proves the result. (]

In the sequel we use the transformations

~

s =—t, @(s) = a(t), A(s) = —A(=s), B(s) = —B(—s), f(s) = —f(—s). (2.8)

Remark 2.3. It is clear that if [, 8] is an interval in J and the condition (1.2)with
A and B holds on [a, ], then, from the relation

—a A B
/ﬁ (IIA(S)||+HB(S)H)d8:/ (AN + I1B@)[)dt < In2,

[e3%

it follows that with A and B with A and B holds on [~3, —a].

3. EXPRESSION OF SOLUTIONS

Our main result is given using the folloing assumption

(C6) Relation with A and B holds on all intervals of the form J_
1,2,...,N, if Jy € Jy; and of the form J_
Jo ceJ_.

Theorem 3.1. Consider the differential equation (1.2)) and assume that conditions
(C2)—(C6) are satisfied on any interval J € J. Then, for each & € R™, there exists
a unique full solution xz(t), t € (—R, R) such that x(0) = &.

rop fOr k =
for k =0,1,2,...,N, if

T2k+1

Proof. Our plan is to apply the idea in [I8] to each interval of the form .J,, and
J_r,,, and obtain successively expressions of the solutions on each such interval.
The question is what happens when in an interval of the form (a, b) it holds t—7(t) >
t, namely the differential equation is advanced. To give answer to this question,
we use the dual interval (—b, —a), where we have a delay argument, and so the
solution can be easily expressed. This justifies our assumption on the oddity of
7. Finally, having found the expression of the solutions on each interval piece-
wise we “join” them by using the initial values at the fixed points of the argument,
namely at the terms of the sequence ..., =7, —=rj_1,..., —7r1,0,71,. .., 7j_1,75, .. .,
forj=1,2,...,N.

To be more precise, we solve the problem by discussing two cases: casel: Jy € J1
and case II: Jy € J_. In each case we apply induction on successive stages S(n),
n=1,2,..., where the n-th stage refers to extending the solution on the intervals
in the order Jy,, ,, J—rs_1s J=rsns Jrsn_,, i case I and on the intervals in the
order J_r, ., Jry oy Jron 15 J—r,,, in case II. Making the transformation we
obtain the equation, (DEj z 7):

i(s) = A(s)2(s) + B(s)2(9(5))) + f(5), (3.1)
which is associated with ([1.2]) and has the following property: If (1.2)) is an advanced
type differential equation on an interval J € J, because g(s) = s — 7(s) = —t —

T(=t) = =t +7() = —(t — 7(t)) < —t = s, equation (3.1) is a delay differential
equation and inversely. We call these equations symmetric.
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Case I: Jy € J4.
Stage S(1):

' f

—Ts —Ta +7T‘3 —T9 +7T‘1 0 + 1 79 + T3 ra + Trs Te

[ S A e

The solution on the intervals where 7 gets negative values are obtained from the
solution on their dual intervals where we have a delay differential equation.

Step (I.1); [Solution on Jy|: First we solve the differential equation (1.2), on the
interval Jy. Since 0 is a fixed point of the argument g(t) := t — 7(¢), according
to [18], the solution of with initial value ¢ at 0 is uniquely determined by its
initial value £ at 0 and it is

“+o00
2(t) = Eap(t,0)§ + Y _[Z0'(A, B)Fy|(t), te€ Jo, (3.2)

m=0

where Fy(t fo

Fo(t), if m =0,
(25" (A, B)Fol(t) = 4 [ [A(u)[Z5 (A, B)Fo) (u)
+B(u)[ 2] (A, B)Fy)(g (w)]du, ifm>1
and Ea p(t,0) is the function given by (2.2)) for w = 0.

Step (1.2); [Emtenszon to J_,,]: On this interval 7(¢) < 0 and so g(t) := t—7(¢t) > t,
i.e. equation is advanced. Observe that for t € J_,,, we have s = —t € Jy.
So, its symmetric differential equation is a delay differential equation on Jy. Then,
as in the previous step, we can solve it and obtain its solution

#(s) = B 5(5,006 + > _[Z8"(A, B)Fo)(s), s € Jo, (3.3)
m=0
where Fy(t fo u)du. Notice that #(0) = z(0) = f Now, let w(t) := z(—t),

te J_,.,. Slnce Ej p is the evolution of equation with A, B and f in the
place of A, B and f, we can easily obtain that

W(t) = —3(~t)

—A(=t)#(~t) = B(=1)2(9(~t)) — f(-1)
= A(w(t) + B(H)w(g(t)) + f(1)-

Setting = w on J_,, we find that the unique solution x of the original problem
on the interval J_,, is

o(t) = B4 5(—t,0)¢ + Z (Zi(A, B)EFp)(—t), teJ_,,. (3.4)

m=0

Step (1.3)1 [Extension to J_,,]: On the interval J_,, equation (1.2)) is a delay
differential equation and —rs is a fixed point of the delay. Hence, its solution with
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initial value x(—rs) is

2(t) = Bap(t, —r2)x 7v+Z 27 (A B)F_)(t), t€J .y, (35)
where F_,., (¢ f v, J(w)du and
F—Tz(t)a lfm:O,
(27, (A B)F (1) = { [ [A(u)[Z2™, (A, B)F_,,] (u)du, (3.6)

+B(u)[Z" (A, B)F_,,](9(w))]du, if m > 1.

—7g

Our purpose is to express the value z(—r3) in terms of the initial value £. First
we notice that the matrices A, B satisfy condition with A and B on the interval

—Jp, = J_p, € Jy. Hence, by Lemma [2.2) . the matrix E4 p(—ri, —r2) is non-
singular.

Now, from (3.5)) we have

+oo
x(—r1) = Eap(—r1, —r2)2(—"72) + Z[ T (A, B)F_,](=r1),
m=0
and from
z(—r1) = E; p(r1,0) + Z ZyM(A, B)Fy)(r1).

These two equations give

#(=r2) = (Bap(-—r,—r2)) " [Bj 51, 0)¢

S 25" (A, B)Ro)(r1) - 127, (A, BYF_, ) (=) |.

m=0

Therefore on the interval J_,, the solution x has the expression

2(t) = Bap(t, —12) (Eap(—r1,—12)) [E 4p(r,0)¢

+ Z [Z§( /1 B VFol(r) — [Z 7T2<A B)F_ ](—m))} (3.7)

+ Z[ZTT2(A’B)F*T2](t)7 te J7r2~
m=0

Step (1.4); [Extension to Jr]: On this interval the argument g(t) = ¢t — 7(t)
is of advanced type and for t € J,, we have s = —t € J_,,. So, making the
transformation we obtain the symmetric equation, which, on the interval J_,.,
is a delay differential equation. Hence the equation has the solution expressed as

i(s) = B4 p(s,—r2)@(—r2) + Z o (A, BYF_,.,](s), s€J_y,, (3.8)
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where, as previously, F_,. (s f f(u)du and Z™ (A, B) is given as in (3.6),

—rg

but evaluated with respect to the functlons A B. From here we obtain
i‘(—’ﬁ) = EA,B(_Th_ 7“2 + Z _T2 /Al B F_TQ](—’H).
On the other hand we know that

+oo
#(—r1) = 2(r1) = Eap(r,00€ + Y [Z5"(4, B)Fo)(r1).

m=0
From Remark and the fact that the interval [—rq9, —r;] belongs to J,, the matrix
E; g(=r1,—r2) is non-singular. Then from the system of the last two relations we
obtain

.’Z’(—’I"Q) = [EA,B’(_Tl’ —T‘g)} ! |:EA}B(T1, O)f
+oo

+ 3 (1254 B)Rl(n) - 27, (A, B)F_,)(-m)) |

m=0

Therefore, from (3.8)) we obtain the expression of the solution & as

i(s) = E; (s, —r2) [EA,B(_rla —r2)] ! [EA,B(rl7 0)¢

+oo
Y (@ ARRI) - 2 ARE )] g
m=0
T Z _Tz F—Tz}( )a se J—r2.
Thus the solution of the original equation on the interval J,, is
x(t) = 2(—1)
= E; p(—t,—12) [E4 p(—r1,—72)] - {EA,B(H, 0)¢
+oo
+ 3 (1Z5(A B)R)(r1) = (27, (A, B, ] (=) | (3.10)
m=0
+o0 o
+ Z [ZTTQ (A, B)F_,,](-t), teJ,.
m=0

At this first stage S(1) we obtained the solution x of the differential equation
on the interval [—75, 73] and the solution & of the differential equation (3.1
on the same interval. The latter happens, because Z is obtained to be defined by
on the interval Jy, by on the interval J_,, and moreover it satisfies
#(s) = z(t), for s = —t € J_,, U J,,. Notice that the values of 2 on the intervals
[—J_r JU[=Tp, ] = JoUJ_,, are already known. The conclusion is that the solutions
x and Z have known values on the interval [—ry, 7] and these values are given in
terms of the initial value £ at 0.

Now we assume that the process up to the k-stage S(k) gave the solution of
and of its symmetric equation defined on the interval [—ra, 79x], as functions
depending on the initial value & at 0. Let X*)(-;(0,¢)) and X®)(-;(0,£)), respec-
tively, be these solutions. Hence, the values X *) (rq; (0,€)) and X *) (—rqp; (0,€))
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are known and they will be used in the S(k + 1) stage. Notice that it holds
X®)(5;(0,6)) = X®)(—s;(0,€)), for all s € [—rap,7ax]. To proceed to the (k4 1)-
stage, S(k + 1), namely, to extend the solution to the interval [—ragia, rogt2], we
work as follows:

Stage S(k + 1):

Step (1.1)y4+1 [Extension to Jy,,]: On the interval J,

o, the argument is a delay, so
the solution with initial value x(rgk) at 7o is

x(t) = Eap(t,rox)x(ror) + Z o (A B)Epy J(t), T € o, (3.11)
where F,.,, (t fr% f(u)du, and
P, (1), if m =0,
(275 (A BYFJ(8) == [ [A(u)[ 27 (A, B)Fyy,)(u)
L B()[Z0 (A, B) Py, )(g(w)] du, ifm > 1.

The value z(rqx) can be found from the k-th stage for ¢ = rof, which is equal to
X ) (rgr;:(0,€)). Hence the solution on .J

T2k is
2(t) = Ea,p(t,ra) X P (r215 (0,€)) + Z ™ (A, B)F,,)(t), t€ Jn,. (3.12)
Step (I.2)41 [Extension to J_,., ] On thls mterval the equation is of advanced

type. Then, as above, making the transformation we obtain the symmetric
equation defined on J,,, . Then, by the previous step, we obtain that its solution is

i(s) = E4 (s, 7o) X 5 (rop; (0,€)) + Z o ( (A, B)E,,)(s), s€Jmy,, (3.13)

where, we used that X® (14 (0,€)) = X( )(=rox; (0,€))). This implies that the
solution z on the interval J_ with initial value z(0) = &, is

x(t) = &(-t) = EA,B(_t»TZk)X(k)(—Tzk; (0,9)
= o 3.14
+ Z [Z:Zk (AvB)FT'%](_t)’ te J—72k+1' ( )
m=0

Step (I.3)r41 [Extension to J_,,, ,]: On this interval equation (1.2) is a delay
differential equation and —rgk1o is a fixed point of the argument. So, its solution
x with initial value x(—raok42) is

—+oo
2(t) = Bap(t, —rane2)e(—ran2) + Y (20, (A B)F_p, )0+ (3.15)
m=0
fort € J_y,, ., where F_,, (t):= f;%” f(u)du and

(2 2 (A B)F oy, 1] (1)

—T2k42

Foryis(t), if m =0,

= f_rw [A)[Z7 ! (A, B)F oy, ] (u)du,
+Bu)[Z7 (A B)F-ry, L) (9(w)du,  if m > 1.

—T2k+2

(3.16)
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We shall express the value x(—rgr12) in terms of the initial value . First we
notice that the matrices A, B satisfy condition (2.6)) with A and B on the interval
(35

J_ropia € J4. To proceed we observe that from (3.5)) we have

z(—roks1) = Ea B(—T2k+1, —Tokt2)T(—T28+2)

+ Z —T2k42 A7B)F—T2k+2](_r2k+l)7

and from (3.14)),

“+oo
2(=rari1) = B4 g(raxen, o) X (=1 (0,€) + > (202 (A, By, ) (r2es1),
m=0
fort € J_;,,,,. These two equations give

2(—ront2) = (Ea,p(—T2k41, _7'2k+2))71 {EA’B(T%H,Tzn)X(k)(—sz (0,€))

+Z 7 (A B F)(rakn) = 127, (A B) Py ) (<72010)] .

because, by Lemma [2.2] the matrix E4 g(—rog+1, —rok+2) is non-singular. There-

fore on the interval J_,«% +» the solution x has the expression

z(t) = E4 p(t, —Tok+2) (EA,B(—T2k+1, —T2k+2))_1
X [EA,B(T%H,Tzk)X(k)(—Tzk; (0,9))
+Y (27 (A, B)F,

m=0

kl(raes1) = (27, ., (A,B)F_T2k+2](_7~2k+1))} (3.17)

+ Z *7‘2k+2 )F*T2k+2](t)v te Jfrngrz-

Step (I.4)441 [Extension to J,, ,]: On this interval the argument g(t) =t — 7(t)
is of advanced type and, for t € J,,,, ,, we have s = -t € J_,,,,. So, making the
transformation (2.8)) we obtain its symmetric equation which is a delay differential

equation. This equation has the solution

i‘(S) = EA7B(S,—T2k+2) T2k+2 + Z —r2k+2 A é) 7"2k+2](8)’ (318)

for s € J_ where, as before, F_ f—rzk+2 u)du and ZTTQHQ(A,B)

is given as in (3.6]), but evaluated with respect to the functions A, B, f defined on
the interval J_ From here we obtain

T2k42) 7"2k+2

T2k+2"

L(—roki1) = EA B(=Tokt1, —T2k42)T(—T2642)
Z *T2k+2 )F*T2k+2](_r2k+1)-

On the other hand, from , we know that

B(—roks1) = 2(rap41)
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+oo
= Eap(rars1,m20) X ™ (ron; (0,€)) + D [Z72 (A, B)Fry, J(raxi1)-

m=0

Since the functions A,B satisfy condition ([2.6) with A and B on the interval
[—72k+2, —T2k41], from Remark it follows that the matrix E; s(—rort1, —T2x+2)
is nonsingular. The system of these two relations give the value

Z(—rokyo) = [EA 5(—T2ks1, —T2k+2)} 71{EA,B(7’2k+1a 7’2k)X(n)(7”2k; (0,€))

+ Z Tzk](r2k+1) - [ZTr2k+2 (A, B)F*T2k+2](_r2k+1)) }

Thus, from (3.18) we obtain the expression of the solution & as

i(s) = B4 p(s, —Tant2) [EAJ;(—T%H, —T2k+2)]_1
+oo
{EA B(raps1, 721) X ) (ra; (0, €)) + Z 7 (A, B)F,,, ](rog+1)

m=0

27 (A B Py ) (7o) |

+ Z *T2k+2 B)F*T’zk-;-z](s)v s € J7T2k+2

and so the solution of the original equation on the interval J,.,,  , is
z(t) = &(—t)
~1
= FE; p(—t, —T2n+2) [EAJ;(—TQHh —Tont2)]
X {EA,B(T’zkH,?’Qk)X(k) (rar; (0,€))
+ Z 'er T2k](T2k+1) - [ZTr2k+2 (A> B)F*T2k+2](_7d2k+1))}

+ Z *T’2k+2 A B) 7‘21c+2]( t)v t € Jr2k+1'

(3.19)

So far we have arrived to stage S(k + 1) and we extended the solution z 0

on the interval J,,, U J_r,, ., UJ_ry, Uy, by the types (3.12), (3-14), (3.17),

(3-19). At the same time we obtained the solution of its symmetric on the same

intervals. Thus we obtained the expression of the solution z on the entire interval
[—T2k+2, rok+2], for all positive integers k.

Case II: J, € J_.

Stage S(1):
f y y
—rst+ —rqy —rzt —ry —ri+ 0 ry T o7y r3t+ 1y rs + 16
R S T S
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Step (IL.1); [Solution on J_,,]: Consider the delay differential equation (1.2
defined on the interval J_, . Since —r; is a fixed point of the argument g(t) :=
t — 7(t), according to [I8], it admits a unique solution z with initial value z(—rq)
at —ry, which is uniquely determined by its initial value and it is

x(t) = Eap(t,—r)x(—r) + Z m (A, B)F_.,](t), te€J ., (3.20)
m=0
where F_, (t) := [* », f(u)du and, for ¢ € [—r1,0],
F_T1 (1), if m=0,
(2%, (A B)F- J(8) := q [1 [A(u)[Z27 (A, B)F_,,](u)

+B(u)[Zm YA, B)F_, |(g(w)]du, if m>1.

o
Keeping in mind that z(0) = &, we have

+oo
(=) = [Bap(0,—r)] 7 € = Y [27, (A, B)F_,,](0)],

m=0

since, by (C6), condition (2.6) with A and B is satisfied on the interval J_,, =
—Jo € Z;. And so, by Lemma the matrix E4 p(0,—71) is nonsingular. Hence
the solution z on the interval J_,, is

—+oo

w(t) = Bap(t,—r1)[Eap(0, —r)] 7 [€ = D (27, (A, B)F_,](0)]

m=0
+oo
+ (27 (A B)F_,](t), t€J,,.
m=0

Step (I1.2); [Extension to Jy): On this interval it happens 7(t) < 0, and so its
symmetric is a delay differential equation on J_,,. Then, as in Step (I.1);, we can
solve it and obtain its solution

“+oo
i(s) = B4 5(s,—r)[E4 (0, —r1)] T [€ = D [27, (A, B)F.,](0)]

m=0

+ Z —rl A B F—Tl]( )7 s € J—Tlv

where F_,. (t fo u)du. Notice that #(0) = &. Notice that the matrix
E; 5(0, —r1) is 1(101[1511[1gula1r7 due to Remark and condition with A and
B is satisfied on the interval J_,, € Jy. Now, let w(t) := #(—t), t € Jy. Since
E; p is the evolution of equation with A4, B and f in the place of A, B and
f, we obtain



16 G. L. KARAKOSTAS EJDE-2024/54

Put £ = w on Jy and so, the unique solution x of the original problem on the
interval Jy is

a(t) = &(—t)
+o0
= B4 p(—t,—m)[E; 50,—m1)] ' [€ = Y[, (A, B)F,.)(0)]

m=0

+ Z m F_](=t), teJ.

Step (II.3); [Eztension to Jr|: On the interval J,, equation (1.2) is a delay
differential equation and r; is a fixed point of the delay. Hence, its solution with
initial value z(ry) is

(3.21)

z(t) = Eap(t,r)z r1+ZZmAB L), ted., (3.22)
where F. (t f f(u)du and
Frl(t)7 1fm = 0,
127 (A, B)E (1) = [) [Aw)[ 271 (A, B)F,, ] (u)du (3.23)

w2 (A B)Fy ) (g(w))] du, if m > 1.

(
We shall express the value z(r1) in terms of the initial value . From relation (3.21)
we have

$(’I“1) = [EA B( E Z —rl F—T1 +Z —r1 A B F_7-1](—’I‘1),

because EAB(_Tl’ —r1) = Inxn. Hence on the interval J,, the solution z has the
expression

+oo
#(6) = Ban(t,r) (B4 50, —r)) 6= 30127, (A, B, ]0)
m=0
“+oo o +oo
+ 127 (A B )(=m) ) + D12 (A, BYF ().
m=0 m=0
Step (I1.4), [Extension to J_,,]: On this interval the argument g(t) = ¢t —7(t) is of
advanced type and for t € J_,,, we have s = —t € J,,. Making the transformation

(2.8) we obtain its symmetric which is a delay differential equation on the interval
Jr,. Hence, by the previous step, this equation has the solution expressed as

—+oo

i(s) = B p(s,m1) ([Bap(0,—m)] 7 [¢ = Y (27, (4, B)F_,)(0)]
m=0
“+oo +oo o
+ D127 (A B)F- ) (—m) ) + D 1Z0(A, B)F](9),
m=0 m=0
where, recall that, F, (s) := f f(u)du and Z;?(A,B) is given as in (3.23]), but

with A, B in the place of A, B, respectively.. Thus, the expression of the solution
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+oo
= B (=) ([Bas(0, )] [ = Y (27, (A, B, ](0)]
m=0
+00 oo
+ (20 (A B (=) + D IZABYE (<), te T,
m=0 m=0

Now, assume that we have applied the stages S(1),5(2),...,S(k) and we found
the solutions X®) (-, (0,£)) and X®)(-,(0,£)) on the interval [—rap,7ox]. Recall
that it holds X *)(¢, (0,¢)) = X(k)(—t, (0,€)), t € [—rak, rog]. We shall extend it to
[—7Tok+2, T2k+2] by proving stage S(k + 1).

Stage S(k + 1):
Step (I1.1)y41 [Extension to J_,,, ., ]: On the interval J_,,, .,
delay, so the solution with initial value x(—rag+1) at —rog4q is

the argument is a

2(t) = Ea p(t, —rops1)x(—rari1) + Z e (A B, (1), (3.24)
fort € J_,,,,,, where F_,,  (t) f—7"2k+1 u)du, and
F*T2k+1 (t)a if m= 0,
[ZTT2k+1 (A B)F*T%-H]( ) = fjr%_H [A( )[ZTrQ:Jrl (A7 B)F—Tzk+1](u)
+B(u )[Zmrziﬂ(A, B)F_y, 1 )(g(w)]du, if m>1.

The value 2(—ra41) can be found from the fact that X ) (—rg; (0,€)) is already
known. Then we have

X (—rap;(0,6))

= x(—rog)
= E B(—T2k; —Tok+1)T(—T2k41) + Z s (A, B)F_ (= T2k)
and so
a(—roks1) = [Ea,p(—ror, —r2e41)] [X(k)(—f%; (0,8)

a Z —T2n+1 A’B)F—T%H](*er)]-

Notice that the matrix E4 p(—72k, —T2x+1) Is nonsingular, since, by our assump-
tion, condition Cy p is satisfied by the matrices A, B on the interval J_,.,, , € Jy.
Now substitute the value x(—rog+1) into (3.24)) and obtain the expression of x on
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the desired interval as follows.

2(t) = Ean(t, —raxs1)[Ba,s(—ran —rais)] [ X O (=12 0,€))
- Z —72k+1 A’ B)F—T2k+1](_r2k)} (3.25)

+ Z —T2k41 A7 B)F,T%Jrl](t)’ te J*T2k+1-

Step (I1.2)41 [Extension to Jy,]: On this interval it happens 7(t) < 0, and so
we have s = —t € J_,,, ... So, making the transformation , it is enough to
seek for solutions of defined on J_,,, ,,, which is a delay differential equation
on it. Then, as in Step (I.1)g1, we can solve it and obtain its solution

&(s) = E4 p(s, —rar1)[E4 p(—72k, —ror41)] "
+o00
X [X(k)(_rﬂc; (075)) - Z [Z:nrszrl (A B) r2k+1](_7ﬂ2k)

m=0

+ Z —7"2k+1 B)F_T2k+1}(s)5 s € J—r2k+17

where F_T%H( s) == ffr%ﬂ f(u)du. The matrix E 4 g(=rak, —rap41) is nonsingu-
lar, due to Remark 2.7/and condition (C p) is satisfied on the interval [—rag41, —rax].
Now, let w(t) := &(-t), t € J;,,. Since EA 5 is the evolution of equation (3.1), we
have

where, notice that &(—ra) = X (—rg; (0,€)). Now we set x = w on I,,, and so
we see that the unique solution z of the original problem on the interval J,.,,

x(t) = (1)
= E; p(—t, —raks1)[E 4 g(=rak, —r2r41)]
“+o00
X [X0) (o (0,€) = D127, (A B)Fp, )(-ra)] (3:26)

m=0

+ Z *7”2k+1 )F*T’2k,+1](_t)7 te JTQk'

m=0

Step (I1.3)y.1 [Eztension to Jr2k+1]' On the interval J,.,, ., equation (L.2)) is a
delay differential equation and ropy1 is a fixed point of the delay. Hence, its solution

with initial value x(rog41) is

x(t) = EA,B(tv 7"2k+1)l’(7'2k+1) Z [Z:ZkJrl (A B) T2k+1](t) te IT2k+1? (327)
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where F,,, ., (t) := f:2k+l f(u)du and
FT2k+1 (t)v lf m = 0,
(2 (A, B)Fy, L ](#) o= fT2k+1 [A(u)[ngHll(A B)F,,, ., ] (u)du

+B(u) (273, L (A, B)Fyy, ) (9(w))]du,  if m > 1.

T2k

We shall express the value x(r2x41) in terms of the initial value £. From (3.26) we
have

w(ropr) = [E4 g(=Tak, —rars1)] [X(k)(*rzn; (0,9))

- Z [ZTT%-H ("ZL B)F*T2k+1](_r2k):|

+oo
+ Z [ZTT%+1 (Aa B)F—T2k+1](7r2k+l)’ te JT%'

m=0
because F B(—rng, —rog+1) = Inxn. Hence on the interval Jraey, the solution
x has the expression

2(t) = Ean(t,rans1){ (B4 p(~ran —rans1)]
+oo
X [ X0 (—rags (0,€)) = D127, (A BY Py, ] (i)

m=0

(3.28)
7’2k+1](_r2k+1)}

+ Z *T2k+1 A B)
+ Z T2k+1 T2k+1](t) te JT2k+1'

Step (I1.4)41 Extension to J_ On this interval the argument g(t) =t —7(t)

7'2k+2

is of advanced type and for t € J_,,,,,, we have s = —t € J,,,. So, by the
transformation (2.8), we obtain its symmetric on the interval J,.,,  ,, which is a

delay differential equation. By the previous step, this equation has the solution &
expressed as

B(s) = E4 p(s, 7“21c+1){[EA,B(—7“2k7 —rory1)] !

“+o00
X [X(k)(*mk; (05)) - Z [ZTT2k+1 (A’ B)F_T%*l](irzk)]

m=0
+oo
+ Z —T2k+1 A7B)F—7'2k+1](_r2k+1)} + Z [Z:"Zkﬂ (A7B) T2k+1](3)'

m=0
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where, recall that, Fl.,, ,, (s) := féHl f(u)du and Z,f’;kﬂ(/l, B) is given as in (3.23).
Thus, the expression of the solution z is

w(t) = #(—t)

=Ej; g(-t, T2k+1){[EA,B(*7'2ka —ropt1)] !
“+o0
X [X(k)(_TQId (07 f)) - Z [ZTT%H (A7 B)F*T'2k+1](_7‘2k’)
m=0 (3.29)

+ Z —T2k+1 A7 B)F*T2k+1](7r2k+1)}

+ Z T2k+1 AvB T'2k+1]( t)’ te J—Tzk+2 .

By arrlvmg to stage S(k+1) we extended the solution x of equation (|1.2)) with fl,
B and f in the place of A, B and f, on the interval J_,, ., Udy,, UJT%+1 UJ_T%H,

by the types (3.25), (3. 26|) (3.28) and (3.29) and its symmetric on the same interval
[—72k-t2, Tak2], for all positive integers k. The proof is complete. O

4. APPLICATIONS

(1) Consider the differential equation

Z(t) + b(t)x(t —sint) = f(t), t>0 (4.1)
with mixed argument, where the function f : R — R is continuous. Write it in the
form (?7?) as

z(t) = =b(t)x(t —sint) + f(t), teR.
The points 7, = km, k = 0,1,... are the fixed points of the argument ¢ — sint.
Moreover all conditions (C1)—(C4) are satisfied. Also, condition (C5) is satisfied,
since, for all integers j and ¢ € [jm, (j + 1)7] it holds
jrm <t—sint < (j+ 1)m.

Notice that the function ¢ — t — sint is increasing. Now, if the function b satisfies

Foo (2j+2)7 (25+2)
/ 1b(w)|du < +oo, Ib(w)|du < In2, / Ib(—u)|du < In2,
—oo (2j+1)w (2j+1)m
for all integers j = 1,2, ..., then condition with A =0 and B = —b is satisfied
and so, by Theorem [3.1] it follows that, for any £ € R, there is a full solution = of
equation such that xz(0) = &.
(2) Consider equation for which we assume that the coefficient a is not
constant, but it depends continuously on time and it satisfies

0
/ la(s)|ds <2 and / §)lds < In2.

Then it is easy to see that all conditions of Theorem [B.1]are satisfied. The collection
J consists of two intervals J_o 1= (—00,0] € J4+ and Jy := [0, +00) € J_. Notice
that A > 1. Thus Theorem is applied and the solutions exist and are defined by

Eo,a(t,—00)& + 325 [Zm 0,a)](t)E,  t<0,

x(t; (0, =
(t:(0,¢)) {Eo,a(_7 00)E 4+ S22 1Zm (0,a)](—t)E, >0,
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where
1, if m =0,

[275(0,a))(t) = I a@)[Zm5H0, a)]M)du, ifm > 1,

for t <0 and a(s) := —a(—s).
(3) Consider equation

i(t) = a(t)x(t) + b(H)z(t* 1), teR,

where a, b are continuous real valued functions that satisfy

/ (la(s)] + b(s)])ds < +o0, / (la(s)] + b(s))ds < n2,

-1

+oo
/1 (la(s)| + |b(s)|)ds < In2.

In this case the collection J consists of the intervals J_o, = (—o0,—1] € T4,
J_1:=[-1,00€ J-, Jo:=[0,1] € J4 and J; := [1,+00) € J-. Then Theorem [3.1]
is applied and the existence of a unique full solution with initial value £ € R at 0 is
guaranteed.
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