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ASYMPTOTIC BEHAVIOR OF EIGENVALUES OF
FOURTH-ORDER DIFFERENTIAL OPERATORS WITH
SPECTRAL PARAMETER IN THE BOUNDARY CONDITIONS

DMITRY M. POLYAKOV

ABSTRACT. We consider a spectral problem for a fourth-order differential equa-
tion with spectral parameter dependent boundary conditions. We determine
the high energy eigenvalue behavior for this operator. Moreover, if the co-
efficient of differential equation is sufficiently smooth, we can obtain sharp
eigenvalue asymptotic behavior. This behavior exhibits a non-standard high-
frequency effect generated by the spectral parameter in the boundary condi-
tions.

1. INTRODUCTION AND MAIN RESULTS

We consider the eigenvalue problem
y @ (@) - (p(2)y (2))" = Ay(x),
y(0) =y'(0) =y"(1) =0, (1.1)
(aA+b)y(1) — (eA+d)Ty(1) =0,
where A € C is a spectral parameter, p is a real absolutely continuous function on
0,1, Ty =v"" —py', a, b, ¢, d € R, and 0 = bc — ad > 0.

This problem arises in the boundary value problem describing the free bending
vibrations of a homogeneous beam when the left end of this beam is fixed, and at
the right end there is concentrated a load (see [24]). If b = ¢ = 0 and d = 1, then
this situation corresponds to the right end of beam having a load hanging, the mass
of which is equal to —a (see [13]).

Boundary value problems for a fourth-order differential equation with a spectral
parameter in the boundary conditions have been studied quite actively in previous
years. A general theory of boundary value problems for ordinary differential op-
erators with a spectral parameter in the boundary conditions was constructed in
[25]. There the main results are devoted to completeness, minimality, and basis
property of system of eigenfunctions and associated functions for these operators.
The spectral properties of boundary eigenvalue problems for differential equations
of the form Ny = APy investigated in [26]. There N and P are regular differential
operators of order n and p, with n > p > 0, and the boundary conditions depend on
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a spectral parameter polynomially. The main results there describe the complete-
ness, minimality, and the Riesz basis properties of the corresponding eigenfunctions
and associated eigenfunctions.

Basis properties for fourth-order differential operators with a spectral pa-
rameter in the boundary conditions of different statements are investigated in
[T, 2, B, 14, d15]. General characteristic of the location of the eigenvalues on the
real axis and oscillation properties of eigenfunctions for fourth-order differential
operators with spectral parameter in three boundary conditions are obtained in [3].
Convergence of eigenfunction expansions for this operators are studied in [4] [5].

The asymptotic behavior of spectrum and a trace formula for fourth-order dif-
ferential operator with unbounded operator coefficient and spectral parameter in
boundary condition are given in [7, [§]. Sharp eigenvalue asymptotic behavior and
a trace formula for this type operator without operator coefficient are obtained in
[20} 21].

Fourth-order differential operators with squared spectral parameter in bound-
ary conditions were considered in [I2]. In this article we provide the simplicity
and interlacing properties of the eigenvalues and the oscillation properties of the
corresponding eigenfunctions.

The location of the spectrum and asymptotic behavior of the eigenvalues for
fourth-order differential operators with spectral parameter dependent boundary
conditions of different type were investigated in [16}, 17, 18] 27].

The main goal of this article is to determine the asymptotic behavior of the
eigenvalues of the spectral problem . This property of problem was
studied in [14]. But in that work only the main term of the asymptotics was
established. In our manuscript we obtain sharp asymptotics of the eigenvalues for
an absolutely continuous coefficient and for a smoother one. Moreover, we compare
this asymptotic formula with the spectral asymptotics of the same operator with
similar boundary conditions, but without a spectral parameter in the boundary
condition and describe the non-standard effects that appear here.

Problem can be reduced to the spectral problem for some linear operator
H. In the Hilbert space H = L?(0,1) & C with inner product

(v,v) = /ly(z)v(:c)dz+o'1ab, y = <yS”)> cH v— (”@) cH,

0

we define the operator

Hy=H <cTy(1y)(f)ay(1)) - <by(£)Tg(§¥;<l)>

on the domain

DOIH(H) = {y = (cTy(ly)(f)ay(l)) € Ha RS W4’1(07 1)7 (Ty)l € LQ(Ov 1)7

y(0) =y'(0) =y"(1) = 0},

where W%1(0,1) is the standard Sobolev space. This domain is dense in H [25]
Lemma 1.5]. The operator is well-defined in H. Therefore, we conclude that prob-
lem (L.1)) is equivalent to the spectral problem

Hy = Ay, y € Dom(H),
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i.e. the eigenvalues A,, of the problem (|1.1)) and those of the operator H coincide (see
also [25, Lemma 1.4]). Moreover, the problem (|1.1)) is regular in the sense of [25]
and, in particular, it has a discrete spectrum. Aliev and Kerimov [I4, Lemma 4.2]
proved that the eigenvalues A, of (1.1)) form a countable set without finite limit
points. Furthermore, all eigenvalues are simple.
We consider the differential equation

y W — () =Xy, AeC. (1.2)
Now we define the fundamental solutions ¢;, j = 1,2, 3,4, of this equation. These
solutions satisfy the conditions w(k_l)(O,A) = dp, k=1,2,3, ( i pgo])(O, A) =

J
04, where d;; is the Kronecker symbol. Note that ¢;(z,-), = [O 1], is an entire

function. Moreover, the spectrum is
o(H)={AeC:D(\) =0},

where D is an entire function defined by

e5(1,A) ei(1,2) )
D()\) = det AeC. 1.3
= (ES (i .3
Here and below we denote by G the function
(Ge)(1,A) = (aA +b)p;(1,2) = (A +d)Tp;(1,2), j=1,2,34 (1.4)
Now we consider the case p = 0. The function D = Dg has the form
4 4
Do(N) = _e T d(l + cos zcosiz) — az b (sinzcosiz +icoszsiniz), (1.5)

2 223
where

z=A/4 argze (- as arg\ € (—m, 7).

0 77}
4’47
The eigenvalues of (1.1)) are the zeros of Dy and have the following asymptotic
behavior (see [I4, Theorem 6.1]):

N0 (—377/4+7rn)i+(’)(n2), if c=0,
" (=3m/2+mn) +0(n?), ifc#0,
Recall that the eigenvalues A\ are simple [14, Theorem 2.1].

We denote the eigenvalues of the operator H by A\,, n € N. We introduce the
coefficients

n € N. (1.6)

f0=/01f(33)d96, fcn / f(x)cosm(2n — ¢)x du,

Fonle / f(z)sinm(2n — €)z dz,

for n € Z, where € is a positive constant. Our main result is devoted to the high
energy asymptotic behavior of \,.

Theorem 1.1. (i) Suppose that p € WY1(0,1). The eigenvalues X, are real,
simple, and have the following asymptotic behaviour for ¢ # 0:

3 3
o= (=G )" + (= 5+ ) po+ O(n), (1.7)
as n — +o0o. If ¢ =0, then the asymptotic behavior of the eigenvalue has the form

-2 - 2 rom, )



4 D. M. POLYAKOV EJDE-2024/62

as n — +00.
(ii) Suppose that p € W31(0,1) and p(0) = p(1). If ¢ # 0, then

Ao = (— 3m +m)t + (- 3 +n) *po + 3p(1)m(2n — 3)

2 2 (1.9)
2 2 o~ .
Py — ||pH / da Pin +pcn(3) -2
- 2 () 4+ — -1 0 ,
T3 )+ - en g TO0T)
as n — +oo, where
1
Prn = / e—‘/r(?n—?))s(p/ll(l _ S) _pl//(s)) ds
0 (1.10)
! 3
_ 8/ e~ m(n—3/2)s (p'"(s) er///(l . S)) sin ( -5 + Wn)sds.
0
If ¢ =0, then the eigenvalues A\, have the asymptotic behavior
37 4 3T 2 2d
3 N p—llpl? (1) pod &
(== D+ 5+ 2 A .
( 4 ) (p( )+ a? + 8 2 2a + 2a? (1.11)
d®>  7dp(1 n— P (3/2
e p( ) P2, pcn( / ) + O(n_2)7

3a® 2a 27 (4n — 3)

as n — +oo, with
1 1

Pan :/ e T3/ D)s i () ds+8/ e =3/ () sinw(n —3/4)s ds. (1.12)
0 0

Remark 1.2. In this manuscript, we do not discuss the numbering of eigenval-
ues in a circle of large radius. The asymptotic behavior of the eigenvalues from
Theorem will be true only starting from some sufficiently large n. To obtain
the information about the number of zeros of operator H, we need to obtain the
number of zeros of the function Dy in a circle of large radius and the estimates for
the difference D — Dy. However, it is not trivial for higher-order operators.

Now we discuss the main features of the considered operator and the main ad-
vantages of our primary results. Note that the formulas and improve
well-known asymptotics from [14, Theorem 6.1]. Namely, we establish the sec-
ond and the third terms of the eigenvalue asymptotics. If the coefficient p is smooth,
then we obtain a more detailed asymptotic behavior of the eigenvalues and
(1.11). We discuss a structure of these asymptotics. It contains the term p; ,, or
p2.n of the form and , respectively. These terms correlate with the
corresponding terms from well-known spectral asymptotics for an operator of the
form with boundary conditions y(0) = y(1) = ¢'(0) = /(1) = 0 (see details
in [22, Theorem 1]), i.e. with identical fixation at the left end. At the same time,
in comparison with [22, Theorem 1], additional constant terms appear in and
(1.11). These terms are nontrivial, but they are typical specifically for problems
with a spectral parameter in the boundary condition. This effect also previously
appeared when studying the properties of fourth-order operators with a free term
[20, 2T]. Tt follows from that in some problems this nontrivial effect is already
observed for the case of non-smooth coefficient p. However, it does not appear in
problems for a fourth-order operator without a spectral parameter in the boundary
conditions (see [0, 22] 23], and the references therein).
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Consider the shifted operator H;(p;) defined by (1.1]), where p, = p(- + 1), t €
T = R/Z. We denote by p,(t) the eigenvalues of the operator H;. The asymptotics

(1.9) and (1.11)) show that the series

3~ (An(0) = 2a(0) = 3m(20 = 3) (p(t) = p(0)) + 20/ (1) - 5 (0)) ).
for ¢ # 0, ;nd
> (/\n(t) —Aa(0)+ (- %ﬂ +7n) (p(t) — p(0)) + P'(t) ;p’(O) n 7d(p(t)2; p(0)) )

n=1

for ¢ = 0, converges. Thus, the regularized trace formula is correctly defined for
this class of operators. However, at the moment it is an open question: to obtain
exact trace formulas for both cases. We only determine the asymptotics of the
characteristic function D of the form (see Lemma[L1]). To establish the main
results we use the Birkhoff method [19, Ch. 2]. In this work, we apply a combination
of the matrix version of this method for higher-order operators (see [10, 23]) and
the semiclassical method from [I1]. This combination allows us to determine the
second and the third term in the asymptotic behavior of the eigenvalues, as well as
to obtain a precisely controlled remainder term.

The plan of this article is as follows. In Section [2] we study the properties
of the characteristic function D and the fundamental matrix of equation .
Moreover, in this section we provide the representation of this fundamental matrix.
In Section [3| we obtain the asymptotical formulas for the eigenvalues A, in the case
p € WH(0,1). The case p € W31(0,1) is considered in Section

2. PROPERTIES OF THE FUNDAMENTAL SOLUTIONS

In this section we introduce other fundamental solutions ¢;, j = 1,2, 3,4. These
solutions are different from the solutions ¢;, 7 = 1,2, 3,4, but the asymptotic be-
havior of ¢;, j = 1,2,3,4, can be well controlled. We transform the equation .
Using this transformation, we can determine the representation of the fundamental
matrix and hold asymptotic analysis of the fundamental matrix.

Recall that z = A4, z € Z, X € C, where

§:{Z€C:argz€(—£,g]}, Z:{ZéC:argze(f%,%)}.

If A e C4, then z € Z,, where

Z, = {zE(C:argze (O,%)}

Define the numbers wy = —wy4 = 1, wg = —w3 = 1. Therefore,

Re(iw12) < Re(iw2z) < Re(iwsz) < Re(iwgz), 2z € Z4.

It is easy to see that equation ([1.2) with p = 0 has the fundamental solutions
Py (x,z) = i, j=1,2,3,4. (2.1)
Consider the perturbed equation ([1.2]). Let r > 0 be large enough and let z € Z (r),
where Z, (r) = {z € Z4 : |z| > r}, r > 0. Then equation (1.2)) has the fundamental

solutions ¢;(z,z2), j =1,2,3,4, 2 € [0,1], z € Z,(r), satisfying the asymptotics
d)j(xv Z) = ¢?($, Z)(l + O(zil))v QZS;(’I, Z) - (¢?)/($, Z)(l + O(Zil))v

!’ — (50 -1 " — (0 1 (2.2)
¢ (2,2) = (8))"(2,2)1+ O(z"1), ¢ (2,2) = (6))" (w,2)(1 + O(z71)),
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as |z| — oo, uniformly in z € [0, 1] (see [19]).
Now we define the fundamental matrix A(z,z), z € [0,1], z € Z,(r), of equa-

tion (L.2) by

¢I1 ¢I2 ¢;3 ¢j1
A-| 4 o2 0 % (2.3)
(bl 2 3 4

U —ppy ¢y —pdy @5 —pdi ¢L —pgl

This matrix-valued function satisfies the equation

0100

' |00 10

A'=PA, where P= 0 p 0 1 (2.4)
A0 00

We rewrite the function D, given by (|1.3), in terms of the fundamental solu-
tions ¢;, where the matrix-valued function ¢ has the form

(blEOvZ; ¢2§0723 ¢3EOVZ§ ¢4E07'Z§

_ $1(0, 2 #5(0, 2 5(0,2 (0, 2

A= g s @y e |0 @Y
(@o)(L2) (Gon)(L2) (Gon(lz) (Gou)Lz)

where G has the form ([1.4)).
Repeating the arguments from [0, Lemma 3.2], we derive that the determinant
D can be represented in the form

D()) = det ¢(2)

_aetolz) _ 4
~ det A(0, 2)’ A=z (26)

The function det ¢ is analytic in Z,(r). Hence the function D is entire and the
identity (2.6) can be extended analytically from Z,(r) onto the whole complex
plane. Note that the function det ¢ is not an entire function of the variable A, but
its asymptotics at high energy is well controlled.
Consider the unperturbed case p = 0. Let z € Z,. Therefore, the fundamental
matrix A = Ag satisfies
(¢§)’ (¢§)’ ( Og)’ (¢02)’
o3 ®3 ¢3 ¢4 . 0 40 10 40
Ay = =QYy, Yp=dia s Ooy P, 04),
@ @ @y ey | TR Yo dislon 0.6y
(@)™ (89)" (68)" (#9)"

where qb?, j=1,2,3,4, are defined by (2.1) and
(2.7)

Using the identity ¢9¢9¢%69 = 1, we obtain

det Ag(0, 2) = det Q = —16i2°. (2.8)
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The matrix-valued function ¢ = ¢y has the form

1 1
. -z 1z —iz z
- 2,—z 2 iz 2 ,—iz 2,z

(Ge)(1,2) (Ge9)(1,2) (GeB)(1,2) (Gof)(L,2)

Then
det ¢o(z) = 8i2%(cz* +d)(1+ cos z cosiz) +8iz*(az* +b) (sinz cosiz +icos z siniz).

The identities and show that the entire function Dy in this case satisfies
[3).

It follows from formula that to obtain the asymptotics of D we need to
analyse the asymptotics of the function det ¢. Now we derive the formula for the
fourth-order determinant det ¢. More precisely we express det ¢ in terms of linear
combinations for product of second-order determinants.

Lemma 2.1. Suppose that p € W11(0,1), and |z| — co. Then

e?Rez0(210),  forc#0,

€ Z,. 2.9
e2Rez0(27),  forc=0, ‘ * (2.9)

det ¢(z) = {

Moreover,
_ [ ) +E@m) +0G), fore#0,
ool = {m(zm(z) fa(mlz) + OGN, fore=o, 2 ST (310
where
(2) = det <¢’1583 zzgg) , (2.11)
_ 5(1,2) 1(1,2)
v2(2) = det <(G;3)(1’Z) (G¢>4)(1,z)> , (2.12)
we) =i (G0 3 HaD) @19

Z) //(LZ)
1,2) (GJZ)(LZ)) , (2.14)

and Go;, j =1,2,3,4, have the form (1.4]).
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Proof. Let z € Z; and |z| — oo. Then 0 < Im 2z < Rez. Counsider the definition
(2.5). Direct calculations imply

deng(s) =aer (G107 207 e (S0 (o)
w (F07 S0 e (@i i)
e (G0 G00) (G i)
o (30 G0 Nan (00, 02
wdon (307 G600 e (S5 (@)
wao (207 50.9) % (Gadir Gaine):

Let ¢ # 0. Here and below we denote 1+ O(z71) by [1]-1. Consider the term

(G¢1)(1, 2). Using (1.4) and (2.2)), we have
(Gd)l)( ’ )
— (@t B)n(L2) — (2! + d)(B1'(L.2) — p(1)6h (1, 2))

= (a2 +b)e *[1]_1 — (ez* + d)( — 2*e *[1]_1 + p(1)ze *[1]_1) (2.16)
=e ? ((az4 + )11 + (e2* 4+ d)2? [1}_1> =czTe *[1]_1.
Similar arguments give
=ciz"e*[1]_4, = —cizTe (1],
(Go2)(1,2) = 1] (Gs)(1,2) [1] (2.17)

(Gpa)(1,2) = —c2Te*[1] ;.
Then the estimates 0 < Im z < Re z and the asymptotics (2.2)), (2.16]), and (2.17))
imply

63(0,2)  64(0,2) o1(1,2) By, z)
det(¢g<o,z> ¢a<o,z>)det(<aqil><1,z> <G<§2>< ))

= det <—z[i][1}11 Z[[ll]]11> det (cz7e_z[[ ]] 11 ciz’el H >

_ 672+i20(210) — efReszsz(Zl()) _ 72Rezo(210)

and

$4(0,2)  92(0,2) ¢1(1, 2) 3(1,2)

det( 10.2) asg(o,z)) det (<G¢1>< 1) (Gaa)L, >>
et (M o g (P —2Pem 1]
= det (z[l]_l iz[1 _1) det (cz7e_z[1} 1 —ciz'e ”[1]_1>
_ e—z—izo(zlo) — e~ Rez-l—Imzo(Z ) _ O(Zlo).

Moreover,

62(0,2)  $5(0,2) #(1,2)  Bl1,2)
det <¢'< 2) ¢g<o,z>)det <<G¢1><Lz> <G$4><1,z>>
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_ oo [ e ?[o1 2%l ) _ 10
= det (z’z[l]_l —i] ) et ey —estert]y ) TOGT)

61(0.2) $a(0.7) f(12) (L2
det(/l 9 @) >det(<G<Zz><1,z> (G23><1,z>)

_ (11 1 =221 —2feT (1o ) _ 10

= det <—z[1]1 z[1] -1 det ciz’e?[1)_y —cizle 1)1 ) O(").
Substituting these asymptotics into (2.15)), we get the first formula in (2.10f). Using
(12.2), (2.16), (2.17), and the estimates 0 < Im z < Re z again, we obtain

M(2)72(2) +73(2)7(2)
et (W W) g (TR 221
= det (—Z[l}_l iz[l]_1> det (—ciz7e"z[1 —1 —cz7ez[1]_1>
[1]- [1]-1 —z%e*[1]_1  2%e*[1)-
+ det <—z’z[1]1_1 —z[l]_1> det <ciz7 =[], —cz7e2[1}1_1>
_ ez—izo(le) +ez+izo(210) — ez—izo(zlo)
—_ 6Rez+1mz0(210) _ 62R620(210).

This yields the first asymptotics in (2.9)).
Let ¢ = 0. We first compute the elements (G¢;)(1,2), j = 1,2, 3,4. The formulas

and give

(Go1)(1,2) = (az' + b)e *[1]_1 —d( — 2% *[1]_1 + p(1)ze *[1]_1) = az"e *[1]_1.
Using similar arguments, we get

(Gdo)(1,2) = az*e™[1]_1, (Go3)(1,2) = azte ™ *[1]_1, (Gos)(1,2) = az*e?[1]_;.

Repeating the above procedure as in the case ¢ # 0, we obtain the second asymp-

totics in (2.9)) and (2.10)). O

Now we investigate the properties of the fundamental matrix A of equation
. Since the contribution of bounded and decreasing elements of the matrix A
completely disappears against the background of the contribution of increasing ones,
the asymptotic analysis of the matrix A is a rather difficult problem. It is clearly
seen that the matrix P in equation contains growing elements. We transform
this equation into a first-order differential equation in such a way that the increasing
terms are separated into a separate term, and the right side of the equation is
decreasing as z~!. Further, we apply the Birkhoff method [19, Chapter 2] to this
first-order equation. In this manuscript we use the matrix version of this scheme
from [10} § 2] (see also [23]). Applying this modification, we reduce this equation to
the equivalent Fredholm integral equation with a “small kernel”. Using the method
of simple iterations, we find a solution of the Fredholm integral equation. This
solution allows us to obtain the representation of the fundamental matrix
A. The main feature of is that all growing elements are separated into a
separate diagonal matrix. This makes it possible to control their contribution to
the asymptotic behavior of the eigenvalues. If the coefficient p has the necessary
additional smoothness, then we can transform into a first-order differential
equation of the same type as before, but with a better rate of decrease of the right-
hand side. In order to do this we use semiclassical method [I1, Chapter V.1.3].
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Then we again apply the Birkhoff method and obtain a representation (2.37) of the
fundamental matrix A.
Now we transform equation (2.4). Introduce the matrix-valued function Y7 (z, 2)
by
Aw,2) = Qei(w2), (2,2) € [0,1] x Z4(r), (2.18)

and the matrix
T= diag(w17w2vw37w4) = dlag(z, 1,-1, _’L)
Here Q is defined by (2.7)).

Lemma 2.2. Suppose that p € W11(0,1) and z € Z,(r), where r > 0 is large
enough. Then the matriz-valued function Yy, defined by (2.18)), satisfies the equation

1
YY — ’LZT1Y1 = 7(D1Y17 (219)
z
where Ty and ®1 are the matriz-valued functions of the form
P 3 p 3
T =T - 2 o, =F, =%(P 2.20
1=T 422T , 1 1 4( +4iT7), ( )
with
-1 ¢ —i 1 -1 -1 -1 -1
1 - ¢ -1 i i i i
P= 1 — ¢ =11’ Q= -t -1 —i —i
-1 i —i 1 1 1 1 1

The proof of the above lemma can be found in [23] Lemma 1]. Now we consider
the case of the smooth coefficient. Let p € W31(0,1). Using the method [IT}
Ch. V.1.3], we transform equation so that the matrix coefficient on the right
side decreases as z~*. We introduce a new unknown matrix-valued function Y;(z, z)
by
Yi(z,2) = (H4 + W)n(m,z), (z,2) € [0,1] x Z,(r), (2.21)

where Y7 is the solution of equation (2.19) and W has the form

" 2

p p
_ . 2.92
32291 T gz (2.22)

We choose the matrices Wy, W5, @1, and )2 in such a way that the coefficient on
the right side of equation (2.25) decreases as z=*. Thus,

/
WZPW1+%W2+

0 144 1—3 1 0 -2 -2 -1
1{-14¢ o0 -1 —1-i 112 o 4 2

Wl_é “1-4 -1 0 —1+4]° WQ‘E —2% —i 0 =2i|
1 1—4 1+3 0 1 2 2 0

(2.23)

and

0 2—-2% 2+2 1 -2 1—4i 1+4i 0
|2+2i 0 1 2-2i ot 26 0 1-—34
Q=15 _o 1 0 242 Q=7 _; o _% 144
1 242 2-2% 0 0 144 1—i 2

(2.24)

We have the following result.
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Lemma 2.3. Suppose that p € W3(0,1) and z € Z,(r), where r > 0 is large
enough. Then the matriz-valued function Yy, given by (2.21)), satisfies the equation

1
Y4/ — iZT4Y4 = 7‘1’4}/4, (225)
z
where
2 -/
_+_ D 3 p wp .
Ty=T 742’27- + 3224T+ 642’5( 3y + 4i7), (2.26)
p/// pp/
O, =F,+0(zY), Fy= —3—2621 + el (Qs3 + 3L, — 4iT), (2.27)

as |z| — oo, uniformly in x € [0,1]. The matriz Q1 has the form (2.24) and Qs is

a matriz.
The proof of this lemma can be found in [23] Lemma 4].

Remark 2.4. The matrix Q3 has a specific form. It is not important for further
calculations, since this term is O(z71).

To transform the differential equations and we use the Birkhoff
method. Moreover, we obtain the representation of the fundamental matrix A. The
formula shows that the matrix A contains exponentially increasing, bounded,
and decreasing entries at high energy. Using the Birkhoff method, we extract
exponentially increasing elements into a separate diagonal matrix. It is known
(see [10, Theorem 4.5] and [23] Lemma 5]) that the matrix-valued function

Y, (2,2) = X(x, 2)e** Jo Tolsz)ds 5 — 1 4,

satisfies the differential equations (2.19)) and (2.25)) if and only if X is a solution of
the integral equations

1
X=L+—KX, o=1.4, (2.28)
ZO’

where T7 and Ty have the form (2.20) and (2.26]), respectively, and K is an integral
operator in the space C]0, 1] of 4 x 4 matrix-valued functions defined by

1
(KX)1; (. 2) :/ Ky, 5,2)(Do )y (s,2) ds, 1,j=1,2,3,4, o = 1,4,
0

for all X € C0,1], (z,2) € [0,1] x Z4(r), and

Kiyws,2) = 4 JH O =0s ) duy (g —g), 1<,
Ij\Ls 5, _eiz f:(@l(u,z)—@j(u,z))du X(S _ (E), l > j7

(2.29)
, 820,

x(s) = {0, s < 0.

Here ®; and ®, satisfy and , respectively. Note that the integral
operator K is a contraction for z € Z,(r), where r > 0 is large enough. The
equations have a unique solution X(-,2) € C[0,1]. Moreover, each matrix-
valued function X' (z, ), z € [0, 1], is analytic on Z, (r) and satisfies the asymptotics

X(x,2) =14 + zig(Kh)(x, 2)+0(27%), o =1,4, (2.30)
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as |z| = oo, z € Z,, uniformly in z € [0, 1], where
(K1y)ij(z, 2) = /1 Kij(x,s,2)®515(s,2)ds, 1,j=1,2,3,4, c =1,4.
0
Relations and show that in equations and the function

K14 has the asymptotics Ky = B, + O(z7 1), 0 = 1,4, where the matrix-valued
functions B, (z, 2), (z,2) € [0,1] x Z4, 0 = 1,4, are defined by

1
Bg7lj(x,z):/ Kij(z,s,2)Fy5(s) ds.
0

Moreover, the formula (2.29)) yields

Bf’yjj(xa Z) =0, j=12,3,4, (231)
1
Boj(x, 2) = _/ emiFe @) (s)ds, 1<) <l<4, (2.32)
xr
T
Ba,lj(%z) _ / eiZ(Z—S)(UJl—wj)Fa—’lj(S) ds, 1<l<j<4 (2.33)
0

Recall that the functions Fy,, o = 1,4, are defined by (2.20) and (2.27). Therefore,
the asymptotics (2.30) gives

X(x,z) =14+ +0(z"7h, o=1,4.

By (x, 2)
ZU'
Remark 2.5. Note that the matrix-valued functions B,(z,), z € [0,1], o = 1,4,

are analytic and bounded in Z, .

Using these results, we represent the matrix A of equation as a prod-
uct of the bounded matrix X, the simple matrix €2, and the diagonal matrix
exp{iz [ T,(s,z)ds}. Note that all exponentially increasing terms contain into
this diagonal matrix. To obtain sharp eigenvalue asymptotics we provide two fac-
torizations of the fundamental matrix. It is more convenient for obtaining sharp
eigenvalue asymptotics.

Foro=1,4,1, 7 =1,2,3,4, we introduce the functions
Bouj(x,2) | Wii(, 2)

+ 3 .

Couj(®,2) = — . (2.34)

Note that these functions are analytic and bounded in Z,. If p € W11(0,1), then
oc=1and W =0 and if p € W31(0,1), then o = 4 and W is defined by .

Now we formulate the following lemma about factorization of the fundamental
matrix A. Recall that the matrix Q is given by , the diagonal 4 x 4 matrix-
valued functions 77 and Ty have the form and (2.26)), respectively, and the
matrix-valued functions B,, o = 1,4, are defined by 7.

Lemma 2.6. Suppose thatp € WH(0,1), z € [0,1], and z € Z,(r) for somer > 0
large enough. Then
(i) The fundamental matriz A of equation (1.2) satisfies the asymptotics
Bi(z, 2)
z

Az, 2) = Q(2) (114 + + O(z‘2))e” J Ta(s,2)ds (2.35)

uniformly in x € [0,1]. Moreover, the function det A(0, z) has the asymptotics
det A(0, 2) = —16i2°(1 + O(z71)), (2.36)
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as |z| = oo.
(ii) Suppose that p € W31(0,1). Then

Az, 2) = O(2) (h N M) (H4 . Bi(x,2) n O(Z—5)>€iz J§ Tas2) s (9.37)

22 z4
(111) The fundamental solutions ¢;, j = 1,2,3,4, given by (2.2), have the asymp-
totics

¢1 b2 ¢3 b4
/ / / /
o “%% % ; (2.38)
1 2 3 4
O
(1 + [Co11]l—0-1)Co1 [Co,12]—6—1Co,2 [€o,13]—0—1C0,3 [Co,14]—0—1Co,a
-0 [Co,21]—0—1Co,1 (1+ [Co22]—0—1)Co,2 [¢o,23]—6—1C0,3 [Co,24]—0—1Co,a
- [¢o,31]—0—1Co1 [(o,32]—0—1Co,2 (1+ [¢o,38]—0—1)Co.3 [¢o,34]—0—1Co4
[€o,a1]-6-1Co1 [Co,42]—6—1Co,2 [€o,43]—6—1C0,3 (1 + [Co,a4]—0—1)Co,a

as |z| = o0, z € Z4, uniformly in x € [0,1], where
Coj(@,2) = € Jo Tr(s:2) ds, [Cotjl-o-1=Cotj +O(z7771),
forl,j=1,2,3,4, 0 =1,4, and (s1;, 0 = 1,4, 1, 1 =1,2,3,4, are given by (2.34)).

The proof of this lemma is similar to [23, Lemma 6], we omit it.

3. EIGENVALUE ASYMPTOTICS IN THE CASE p € W11(0,1)

3.1. Asymptotics of the functions v;, j = 1,2,3,4. The main goal of this
section is to obtain eigenvalue asymptotics of the operator H at high energy. But
first we deduce more convenient form for the functions v;, j = 1,2, 3,4, defined by

(2.12)—(2.14). The formulas (2.20) and (2.26]) imply

o (2) :/OITU,Q(s,z)dSZ —/Oleg(s,z)dS, -

1 1
By(2) = / Toa(s,z)ds = —/ Toa(s,z)ds, ze€Z,
0 0

for o = 1,4, where T, ; are entries of the matrices T, = (T, ;)j=,. Therefore, the
functions a, and 8, have the form

o
m()=1- 75 A)=i+ i
z 4z (3 2)
ol po ~illpll? | ipo ’
aa(2) =14 05— o Ml =it T+ s

In the following lemma, one assumes that the functions (s, 0 = 1,4, [, j =
1,2,3,4, satisfy (2.34]). Now we introduce the functions

#51(2) = (Ca,zz — o2+ (1 —9)Coa2 + Co11 + (1 +9)Co 31 + iCa,41) (0,2)

. N (33)
% (Ma,l + Ma,l) (Oa Z)7
#59(2) = (Ca,n + (1 —i)(p,21 — iCoa1 +9Cs,23 + (o33 + (1 + i)Ca,43) (0, 2)
(1+1) - (34)
+ (Mﬂ,g +Mn—72)(0,2’),

2
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#g3(2) = (Ca714 + o4 + Go23 + o33 + (Co23 + Co.33) (Co14 + Goyaa)
— (Gt + Couts) (G2 + Coa) ) (1,2),

s40,6(2) = (Go22 + Cosa + Cona + Coa + (€22 + €0,32) (o4 + Eoa)
— (G012 + E0.22) (o0 + €0,80) ) (1,2),

ral2) = V() + o (Mo + M) (1,2), 55(2) = B1(2) +OG), (37)
1414

(3.5)

%0,7(2) = 1/)2(2) + (MU,S + MU,S) (17 Z)a %0,8(2) = %7(2) =+ 0(274)3 (38)

where

Y1 (z) = (iCa,m + (=1 —19)Cr24 + Coaa + (=1 + )13 — ip23 + Ca,33> (1,2),

Pa(z) = ((—1 —1)Co,12 + Co,22 + 132 — i(p1a + (=1 +9)E5 34 + &;,44) (1,2),

and
My1(0,2) = (=Coa2 + iCs22 — iCs,32 + (o42)(Co11 + Co21 + (o831 + (041)(0, 2),

Ma,l(oa z) = (Co,12 + Co,22 + Co.32 + (5,42) (Co11 — ©Cp,21 + G031 — (r,41)(0, 2),
(3.9)

My2(0,2) = (Co11 — iCo,21 + 0,31 — C0,41)(Co,13 + Co,23 + (0,33 + Co,43) (0, 2),
MJ,Q(Oa 2) = (Co11 + Co21 + Co.31 + Coa1) (—Co13 + 1Co,23 — 10,33 + (o,43) (0, 2),

and
My 3(1,2) = (=513 — (0,23 + 10,33 + C0,43) (Co,14 — Co,24 — (o34 + Coa4)(1, 2),

1
Maﬁ(la 2) = (—C€o13 + (5,23 + Co,33 — Coa3) (—Co14 — 1Co 24 + 90534 + (5 aa)(

1,2),
(3.10)
My (1, 2) = (—i€s14 + iCo24 + 1Co,34 — 1Co,04) (=012 + Co22 — (o832 + 1(sa2) (1, 2),
MD’,4(17 Z) - (_CU,12 + 40,22 + CG‘,32 - Ca',42)(_<¢7,14 - iCa,24 + iCJ,34 + 40',44)(]—, Z)

Now we formulate the main result of this subsection.

Lemma 3.1. Suppose that p € WH1(0,1), |2| — oco. Then the functions 1 and 3
have the form

N(2) = (L+ )21+ 5601(2) + O,

(3.11)
v3(z) = (-1+ z)z(l + s50(2) + O(z_”_l)),
forz € Z,, where 41, %52, 0 = 1,4, satisfy and .
If ¢ # 0, then the functions v and ~y4 are defined by
) ) —14+12)p(1
1) = 2P0 o1 4 i) (1 4 s a(2)) + S (1 )
. (3.12)
2a  d(1+1) o
=t (z4 +0(=7771),
. . . c(—1—1)p(1
24(2) = e o1 = i) (14 t07(2) + S (1 (o))
, o (3.13)
2a  d(1—1)

s O(z=771),
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where 5, j = 3,4,5,6,7,8, are given by (3.5)—(3.8).
If ¢ = 0, then the functions vo and 4 satisfy

(z) = e 9= 05 (- 2a(1 4 00 (2)) + T (1 4 s0pa(2)) (3.14)
S R P,
Ya(2) = 28" 7= o7 (— 2a(1 + 346(2)) + a1 — ) (14 »4,7(2))
z (3.15)

d(—1—ijp(1) 2

+ S +0GE").

23

Proof. Let z € Z4, |z] = oo. Substitute (2.38) into the first formula from (2.12)).
Then

N(2) = i2(1+ (Cot + Gz + Gt + Goan)(0,2) + Oz~ 71))
X (1 + (i<a,12 + (o222 — <0'732 — iCo,42)(0, Z) 4 0(27071))
+ z(l + (Co2 + Co22 + Co32 + Co,42)(0, 2) + 0(2—0—1))

% (14 (Goutt = i1 + Gzt = Cra1)(0,2) + O(z"77H)).

Now the first equation in (3.11)) follows immediately.
Consider the first definition from (2.14]). Arguments similar to this provide the

second equation in (3.11]).
Now we prove the first formula from (3.12)). We define the functions

§1(Z) = g(l, Z)¢4(1, Z) - ¢3(17 z) Z(L Z),
52(2) = g/(lvz)(bill(l’z) - q’)g(Lz) 21//(172:)’
53(2) = g(la Z)¢£1(1, z) - ¢é(1v Z) Z(lv Z)

Equalities (1.4)) and (2.12]) imply

72(2)
= ¢§(1,2)((az" + b)gu(1,2) — (2* +d) (¢} (1, 2) = p(1)$4(1,2)) )

= 64(1,2) (a2 + 0)s(1,2) — (e + d) (¢ (1, 2) — p(1) 41, 2)))

dp(1) 53(Z)>-

(3.16)

= (a6 (2) + o) + ep(DEs(2) + 461 (2) + Gale) +
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We consider all the terms in the last equality separately. Using again (2.38)), we
obtain

&1(2)
= _ZQeiiaUZ7iBUZ (1 + (_CJ,IB + CO’,QS + <0,33 - CO’,43)(17 Z) + O(zigil))

X (1 + (CU,14 + Co’)24 + Co,34 + Ca,44)(17 Z) + O(Z_g_l))

— ZPeT e (1 + (Co,13 + Co,23 + 0,33 + Coa3)(1,2) + 0(27071)) (317
X (1 + (Co,14 — Cop24 — Co3a + Copaa) (1, 2) + O(zf”*l))
= 222 t0r i (1 sy 5(2) + O(x7771)),
where 3, 3 has the form (35). Similarly,
&2(2)
— a0 iCez—iBoz (1 + (iCo13 — Co23 + Co33 — iCoa3) (1, 2) + (’)(z—”—l))
X (1 + (Co,14 — Co,24 — o34 + Copaa) (1, 2) + O(z_"_l)>
(3.18)

1 pPemitgz—ifyz (1 + (=Con3 + Co23 + Co33 — Couz)(1,2) + @(27071»
x (1 - (=Cora — iCoza + iCoza + Coaa) (L, 2) + O(Z_J_1)>
= (1) orE (L st () + O,
and
&s(2)
— _Be—iaez—ifsz (1 + (=Co13 + Co23 + (o33 — Coas)(1,2) + (9(2—0—1)>
X (1 4 (=Cora +0Co 24 — iCoga + Coaa)(1,2) + O(z_(,_l))
1 iz it ibox (1 + (—iCo13 — Co23 + o33 T iCoa3) (1, 2) + o(zfm))
% (14 (Gt = Goan = Goa + Graa)(1,2) + 0777

= (L4 )2 5 (14 s, 5(2) + 077 7)),

(3.19)
where s, 4 and 3, 5 satisfy (3.7). We substitute (3.17)—(3.19)) into (3.16)) and take
out the factor z°e~**=*~#=2 Then

A ) (g 4L )

Yo(z) = zgefm”zfiﬁ"z(c(l + 1) (1 + 354(2)) +
2a d(1+1)
23 24

The identity (2.34) implies that ¢;4;(-,2) = O(z71) and (44,(+, 2) = O(272). This
yields the formula (3.12)) immediately. Arguments similar to this provide the asym-
totics (3.13)).

(1 + %073(2)) +

+0(z7771).
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It remains only to prove formulas (3.14) and (3.15)). If ¢ = 0, then we rewrite
(3.16]) in the form
dp(1)

b d
e(z) =2 (afl(z) + 2751(2) + 2752(3) T 53(Z)>-
Substituting (3.17)—(3.19)) into this definition and using the relations (1 ;(,2) =

O(z71) and (45(-,2) = O(272), we obtain (3.14). Arguments similar to this pro-
vide the equation (3.15)). O

3.2. Sharp eigenvalue asymptotics. Now we determine the eigenvalue asymp-
totics for the case p € W11(0,1). This corresponds to the case o = 1. Recall that
the eigenvalues \,, of the operator H are zeros of the entire function D given by
. The definition and the asymptotics show that the large eigenval-
ues are zeros of the function det ¢. Therefore, using the formulas , we obtain
the eigenvalue asymptotics of the operator H.

Lemma 3.2. Let p € W11(0,1). Then the eigenvalues )\, satisfy the asymptotics
(1.7) in the case ¢ # 0 and the asymptotics (1.8)) in the case ¢ = 0.

Proof. Let ¢ # 0 and A = 2* = \,, n — +oo. It follows from [I4, Theorem 6.1]
that 2 = —37/2 4+ 7n + dp, 6, = O(n~1). The relations (3.11)—(3.13) give

N(2) = (1+)2(1+ 5a,(2) + On72)),
15(2) = (~1+0)2(1 4 s0,2(2) + O(n?)),
12(2) = (1 + 1)@= (1420 4(2) + O(n72) ),
1(2) = o1 = )22 (1450 1(2) + O(n72)),

where 37 ;, j = 1,2,4,7, have the form (3.3), (3.4), (3.7), and (3.8)). Substituting
these asymptotics into (2.10]), we obtain

det ¢(z) = 2iczloe_iﬁlz(e_mlz (1 +221,1(2) + r14(2) + %1,1(2)%1,4(z))
| (3.20)
+ ¢'n1? (1 + s21,2(2) + 201,7(2) + %1,2(2)%1,7(Z)> +0(n7?)),

where a7 and (5 satisfy (3.2]). The identity z = —37/2 + mn + ¢,, and the formulas
(13.2)) give
eiialz _ eiiz:Fz'pg/(4z) _ ii(_l)neii5n¢ipo/(4z)
= +i(—1)" (1 o, PO (’)(n‘Q)).
27(2n — 3)
Moreover, the identity (2.34]) yields

Cw(@,2) =07, (ki@ 2)Cs(y, 2) = O(n™?), (3.21)
for k,j,1, s =1,2,3,4, x,y € [0,1], and z € Z,. Therefore,
s (x,2) 71 1 (y, 2) = O(n™?) (3.22)
for k, 7 =1,2,3,4,5,6,7,8. Substituting these asymptotics into (3.20)), we obtain
et g(z) = (=) et ST/ (g, — o s 4 a1 (2)

+ 301,7(2) — 31,1 (2) — 31,4(2) + O(n7?)).
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Then the equation det ¢(z) = 0 implies

U - (.2(2) + 50,7(2) = 591,(2) — 31.4(2)) + O(n72).

Thus, the identity z = —37/2 4+ wn + J,, yields
3 Po 1

P T gy g () F () s e) (3.23)
— %1,4(2’)) + O(’NJ?Q).
Integrating by parts and using the identity z = —37/2 + 7n + §,,, we obtain

Bi21(0,2) = O(n~1). Similar arguments imply for By 41(0,2) = O(n™1), By 23(0, 2) =
O(n™1), B143(0,2) = O(n~1). Therefore, s 2(z) = O(n~2). Repeating this pro-
cedure for s 1, 211 4, and s 7, we obtain

%1,2(2?) + %177(2) - %171(2) - %1’4(2) = O(n”).

It remains to compute s o(2) + 201,7(2) — 51.1(2) — 211,4(2). The formulas (3.4),

(3-8), the identity with W = 0, asymptotics (3.21]), and give
2(2) = - (1= )B1.21(0,2)  iB1.a 0, 2)
+iBy23(0,2) + (1 + 9)Br.a3(0, z)) +OE2).
The definitions and with imply Bj 23(0, 2) = By 32(1,2) = 0 and
B1,21(0,2) = — /01 e(_l_i)z‘gFl)gl(s) ds = —i /01 e(_l_i)z‘gp(s) ds.

It remains to substitute this expression into (3.23). Then

(3.24)

. 37T Po _92
T +7m+27r(2n—3)+o(n )

This gives (|1.7)).

Let c =0 and A = 2% = \,, n — +o0. It follows from [14, Theorem 6.1] that
z=—=31/4+ 7N+ 6y, 6, = O(n~1). The relations (3.11)), (3.14)), and (3.15)) give

n(z) =1+ i)z(l Fona(2) + O(n_Q)),

1a(2) = 2085 (14 5(2) — LED | ono2)),
a(2) = (=1 + i)z(l + () + O(n’2)>,
d(1

— i) —2 )
2aZ + O(n ) )
where 571 ;, j = 1,2, 3,6, have the form (3.3)—(3.6). Substituting these expressions

into ([2.10]), we obtain

1(2) = 2025775 (14 1 6(2) —

det ¢(2)
= —2az7eﬂﬂlz((1 +i)etn® (1 + 201 1(2) + 201,3(2) + 201,1(2) 201 3(2) — d(;; Z))
+(—1+ i)emlz(l + 301 2(2) + 51,6(2) + 201,2(2) 201 6(2) — d(;a_z Z)) +0(n™?)),
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where o1 and (3 satisfy (3.2)). The identity z = —37w/4 + 7n + d,, and the formulas
(13.2) give

iz Fipo/(42) _ (=D "(-1¥ i)\/ieiién$1pg/(4z)

+iarz _
© T 2
)" (-1Fi)v2 : ipo 2
= 1+ _ .
2 (1=in 7 man—g o )
Therefore, these equalities and ([3.22)) imply
. 2ipga — 4id
det ¢(2) = 2v2(=1)" azTe T/ (2i5, — % +5012(2) + 221.6(2)
—11(2) —s1,3(2) + (’)(n_Q)).
The equality det ¢(z) = 0 implies
a—2d 1
577. — ]707 B 7(%1’2(2) + %176(2) — %171(2') — %1,3(2’)) -+ O(TL72).

ar(dn —3)  2i
Thus, the identity z = —37/4 4+ mn + J,, yields

- 3 Po 2d 1
FEog m(4n—3) an(dn—3) 2i (1,2(2) + 221.6(2) (3.25)

—11(2) — %1,3(2)) +0(n™?).

Repeating the process as in the case ¢ # 0 and using the relation z = —37/4 +
™ + &, we obtain

s1,2(2) + 51,6(2) = 1(2) = s 3(2) = O(n7?),
Substituting this expression into (3.25]), we have

_ 3m 2d Po — P2,n +1/)\sn(3/2)
T o a7r(4n—3)+ m(4n — 3)

This gives (|1.8). O

+0(n™?).

4. EIGENVALUE ASYMPTOTICS IN THE CASE p € W31(0,1)

Now we determine sharp eigenvalue asymptotics of the operator H in the case p €
W31(0,1). This corresponds to the case ¢ = 4. Again we obtain the asymptotics for
the function det ¢ of the form . Using this asymptotics, we get the eigenvalue
asymptotics of the operator H.

Lemma 4.1. Suppose that p € W31(0,1) and p(0) = p(1). Then the eigenvalues

An satisfy (1.9) for ¢ £ 0 and (1.11) for ¢ = 0.
Proof. Let ¢ # 0 and A\ = 2* = \,,, n — +o0. It follows from Lemma that

__31 Po _ -2
7= +7rn+72ﬂ_(2n_3)+5n, 0n = O(n™%). (4.1)
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Substituting (3.11)—(3.13)) with o = 4 into (2.10]), we obtain
det ¢(z) = 2icz'0eP1* (e*i"“‘z (1 + 324.1(2) + 24.4(%) + s24,1(2)224.4(2)
2a d ip(1)
S At )
c(1414)z3 ezt Tz (14 5041(2) + 2a5(2)
45 (14 s240(2) + 3,7(2) + 520.2(2)40,7(2)

— ipz(Ql) (1 + 54 2(2) + %4,8(2)) - ﬁ + %) + 0(2_5))’

Now we compute s¢4.1(2) + 54,4(2) + 5241 (2)224,4(2). Formulas
tity (2.34]) with o = 4, and (2.31)) give
1 , , : ;
s41(2) = ;(Wm —iWsg + (1 —)Wao + Wi + (1 +i)Wa1 + ZW41)(07Z)

1—1
+

(M, + 0)(0,2) + ,714 (~iBim(0.2) (4.3)

+ (1= )Buaa(0,2) + (1 + D)Byz1(0, 2) + iBy.1 (0, z)) + O,
and
%474(2)
1
=2 (iW14 + (=1 = )Wag + Was + (=1 + ))Wi3 — iWhas + W33>(17 z)
1—i — 1. (4.4)
+ TZ (M3 =+ Mg)(l, Z) =+ 271 (ZB4714(1, Z)
4 (=1 — )Buoa(1,2) + (—1 + )Bais(1, 2) — iB4723(1,z)) L O,

where W, M;, ]\/Zj, j = 1,3, have the form (2.22)), (3.9)), (3.10)), respectively. Direct

calculations imply
1
Zj(Wm —iWsa+ (1 — i)Waz + Wi + (1 + ) Ws1 + iW41)(0, z)

p(1) P’ p"(1) r’(1)

=Py _P)
22 (W) + 23 3224 6424

T(Ws) + T(Q1) T(Q2),

where
T(A) =Ai90 —iAi1 32+ (1 — i) A1 g + A1 + (1 +0)As 31 + 9410

and Wy, Wa, Q1, Q2 have the form (2.23) and (2.24). Therefore, these formulas
yield

1

= (sz —iWso + (1 = i)Waa + Wi + (1 +i)Wa; + Z'VV41> (0,2)

_ap(l) | (3=3d)p'(1) . (1) (14 i)p2(1). (4.5)

422 1623 424 3224
Similar arguments give

;12 (iW14 + (—1 — ’i)W24 + Wi + (=1 4+ )Wz — iWag + ng) (17 Z)
_3ip(l)  B-50p(1)  p(Y) |, (+9p*(1)

422 1623 44 3224
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Moreover, using the identities (3.9)), (3.10]), and (2.23]), we obtain
1—i —~
5 (M; + M1)(0, 2)

1—1i)p3(1 , .
= % (( — W12 + iWi 22 — iWi 30 + Wi a2)

x (Wi + Wigr + Wisi + Wia) (4.6)
+ Wiz 4+ Wie + Wiga + Wig2) (Wian — iWi o1 + iWq 31 — W1,41))
_ (D)
6424
and
1—2
2

1—4)p3(1 . .
= (12#(( — W13 — iWi 23 + iWi 33 + Wi as)

X (Wijga — Wips — Wigs + Wi a4)
+ (= Wias+ Wiz + Wiss — Wias) (— Wia — iWiaa + Wi g4 + W1,44))
Y0
6424
The definitions (2.32)) and (2.33]) with (2.27) imply B; 23(0, 2) = By 32(1,2) = 0 and

1

1
By 32(0,2) = 7/ e?* [y 30(s) ds = @ e (s)ds + O(z71). (4.7)
0 0

Similar arguments yield

144 [t .
Basa(0,2) = 1*(; : / (SIS (6 ds 4 O (27 ), (4.8)
0
1—4 [t ,
By31(0,2) = 16Z / eI (5) ds + O(271), (4.9)
0
1 1
Bru0.9)= 55 [ e (s)ds + 0, (410)
0
1 1
Biia(1,2) = ~35 e~ 2=y (s) ds + O(z71), (4.11)
0
—1+i [* ,
Bioa(l,2) = —¢ / eI (5) ds + O(27), (4.12)
0
1 [t
Byas(1,2) = ~% 22 A=8) " (§) ds + O(z7Y), (4.13)
0
—1—4 1 )
Byis(1,2) = ! / e(_lﬂ)z(l_s)p'"(s) ds +0O(z71). (4.14)
0

Substituting these expressions into (4.3)) and (4.4]), we obtain

%471(2?) + %4’4(2) + %4’1(2)%4’4(2)

_ B0, 00 1P n) o (4.15)
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where
m(z)
i ! —2zs (11 1" 1t (=143)zs (111 1"
=3 Oe (p"(s)—p (1—5))d5+1 Oe (p""(s) +p" (1 —s))ds
1
+ 5 i p///(s)(eiQZ(l—s) _ eiQZs) ds.

(4.16)
Arguments similar to this provide

() tms(2) = ~ P0G, )tz = B o), (1)
and
%472(2) =+ %477(2') =+ %472(2’)%477(2’)
_ _2'129;) La +22§a/(1) N 1;222(41) N 772:) Lo, (4.18)

where

P
mE) =g [ -9 = (9) ds

L (4.19)
1 ,
+ 1/ e(—l—i)zs (p///(s) +p///(1 _ 8)) ds.
0
Now we substitute (4.15]), (4.17), and (4.18) into (4.2). Then
det ¢(2)
10 —ifaz (i 3ip(1) | (L—i)p'(1) | 27p*(1) | m(2)
_ 10 iBaz 10042
= 2icz e "4 (e 4 (1 + 5,2 + 9.3 + 3944 + o
2a d - 3ip(l)  (1+49)p'(1) (4.20)
_ - 1042 1 _
e(l41i)z3 + cz4> * ( 222 + 223
27p%(1)  ma(2) 2a d 5
- —+0
+ 3224 + 24 c(l —1)z3 * cz4) +0(E™),

where ay and (4 have the form (3.2)).
Now we compute the asymptotic behavior of the eigenvalues \,, as n — +oo.
Recall that the zeros of the function (4.20) are the eigenvalues \,,. Then (4.1]) and

(3.2) imply

e:i:ia4z — e:tiz:ti\|p\|2/(32z3)1ip0/(4z) _ :I:Z-(_l)ne:ti5n+(’)(z’3)
- ii(—l)"(l +i0, + (’)(n_3)).
Substituting these into (4.20)), we obtain

det §(2) = 2icz'0e=37/2+mn (miouz (1 n Sip(l)) N eio‘“(l B 3ip(1)) L Om)

222 222
. _ 6p(1) _
o 10 n+1 3n/24+mn 3
= 4’LCZ (—1) + e / + (671 - m + O(n ))
The equation det ¢(z) = 0 yields
1
On = 6p(1) +0(n™?).

~ m2(2n — 3)2
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23
Then (4.1]) yields
3 Po 6p(1) -3
=—— Ony, 0, =0 . 4.21
Py Tt S en ) T @32 (™) (421)
Now we improve the asymptotics (4.21]). The formulas (4.21) and (3.2)) give
po , lIpl® _ 3 Po 6p(1)
= _— = —— 5’)1
ME= 2T T 30,8 g Pt o on—3) " 2 _3p
> po 4
+ 3223 4z +0(™)
3m 6p(1) 2p5 + [lp|I® 4
=—— 1) (@) .
y F ot e = T Tmsan—gp T O

Then

; , , 6ip(1) i(llpll* + 2p3) -
o4z — (= 1)" (10, & + Y).

¢ i(=1) ‘on m2(2n—3)2 w3 (2n—3)3 +0(n™)

Substituting these into (4.20]), we obtain

i
det p(z) = 2210(—1)HLe—3n/24mn (96, 4 382p( )
s

(20— 3)
i(llpll* + 2p5) 16ia

O(n™%)).
23an—3)F _erien 3y T O )
The equation det ¢(z) = 0 implies

4p'(1) Pl + 2p5 8a -
On =~ 3553 = 1.3 _03 5o — 35 T O Y.
m(2n —3)3  4x3(2n —3) em3(2n — 3)
Then identity (4.21)) yields
3

B Po 6p(1) 4p'(1)
Py Tt e en—3) T ®en =32  Pen—3)p 2)
Ipll* + 2P 8a 4 '
Oy On = .
4m3(2n — 3)%  em3(2n —3)3 * O@n™)

Now we improve this asymptotic behavior. Relations (4.22)) and (3.2) give
2
oo m0 bl

4z = 3223
3m Po 6p(1) 4p'(1)
_on o _
y Pt e 3 T PEn—3)?  2n—3)p
__lIpl* + 2p3 8a o> po
4m3(2n —3)2  em3(2n—3)3 3223 4z
37 6p(1) (1)
_on o _
2 e On w2(2n —3)2  7w3(2n—3)3
8a 6pop(1) _5
- - o .
T rin =3y T rin g 1O
Then
; 6ip(1 4ip'(1 81
eiza4z ii(—l)"(liz’éni Zp( ) Zp( ) La
7

2(2n — 3)? + m3(2n —3)3  em3(2n — 3)3
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6ipop(1 18p%(1
7r4(§7(;p( ?3)4 - 7r4(2fz . :)),)4 +0(n)).

Substituting these expression into (4.20)), we obtain

] 1
det (25(2) = 20210(_1)n+16737r/2+7rn (225” + i)62pop( )
T

(2n — 3)4
16(172(2) — 771(2’))
+ 7 (2n — 3)*

+ O(n‘5)>.

The relations (4.16)), (4.19), and (4.22)) imply

na(z) — m(z) = - / e (P (1— ) — p"(s)) ds

16
1 ! ‘ .
+ i/ (p///(s) J,-p///(l _ S)) (e(—l—l)zs _ e(—1+1)25) ds
0
. 1
_ 37'72 i p///(s) (6i2z(175) . ei225) ds
. . 1
= Zp116n + 1276 ; p"(s) cos2zsds + O(n™ 1)
i(prn + 14(3))

_ -1
= T +O0(n™),

where p1, has the form (1.10]). Then

- L 36ipop(1)  i(prn +D(3) | 0
. 10 n+1 37 /241mn 5 5
det (z) = 2210 (= 1)+l 37/ (215n+w4 o35t iy O )).
The equation det ¢(z) = 0 implies
18pop(1) P1n + Den(3) -5
5 = — — Pln P2l o).
Ti@n—3)1  2nin—_gp T 00
Then identity (4.22)) yields
_ 3 Po 6p(1) 4p'(1)
T et 27 (2n — 3) + m2(2n —3)2  w3(2n—3)3
Ipll* + 2p3 8a 18p0p(1) _ protPen3) On-?).

S 4m3(2n —3)3 T en3(2n—3)3  7i(2n—3)*  27%(2n — 3)*

This gives (|1.9).
Let c=0and A = 2* = )\, n — +oo. It follows from Lemma that

37 Po 2d

T +7Tn+ﬂ'(4n—3)_aﬂ'(4n—3)

+6ny  O0n =0(n72). (4.23)




EJDE-2024/62 ASYMPTOTIC BEHAVIOR OF EIGENVALUES 25

Substituting (3.11)), (3.14)), (3.15) with ¢ = 4 into (2.10)), we obtain
det ¢(z)
— =207 (1 D)7 (1 e (2) + sea,9(2) + 241 (2)e0(2)
d(1+ 1) d(—1+14)p(1) i)

2az 2a23 azt
(=14 0)e 0 (1 saa,5(2) + s61,6(2) + 41,2(2)3006(2)

(1 — i) d(—1—i)p(1) b iy

2z 2az23 az4) +0(z ))’

where au, B4 satisfy (3.2) and s 5, j =1,2,3,4,6,7, have the form (3.3)—(3.8)).

Now we compute s¢41(2) + 24,3(2) + 3241(2)54,3(2). The formula (3.5), iden-
tity (2.34)) with o = 4, and (2.31)) give

%4,3(2)

(1+ 5241 (2) + sea,4(2)) — (4.24)

(1 + 5042(2) + s47(2)) —

1 1
== (W14 + Wis + Was + W33) (1,2) + i <B4714(1, z) 4+ Byas(1, z))
(1)
6424
— (W13 + Wia3) (Wi 04 + W1,34)) +0(277),

where W and W; have the form (2.22), (2.23), respectively. Direct calculations
imply

(4.25)

+ ((W1,23 + Wi33) (Wi 4 + Wi 44)

1
o) (W14 + Was + Was + W33) (1,2)

2(1
%4(24) ((W1,23 + Wi 33) (Wi 14 + Wi aa) — (W13 + Wha3) (Wi 24 + W1,34)>

(Sl +ap'() | pr() | (L+20)p*(1)
1623 1624 6424
This statement, the identities (4.8)), (4.14)), and (4.25) imply

(=1+9)p'(1) | p"(1) | (1+42i)p*(1)

+

#13(2) = g5 1624 6427
1 ! —2z(1—s), /1 1 ! i2z(1—s) /1 -5
5, e p"(s)ds — 327 J, e p"'(s)ds+ O(z7°).

Therefore, using this asymptotics and the formulas (4.5)—(4.14)), we obtain

%4’1(25) + %4’3(2) + %4’1(2)%4’3(2)

_ip(d) | (=d)p'(1) | 5p’(1)
T 422 + 823 + 1624 + z

; (4.26)
B 4 o)

where

1! ; B 1t
773('2):1/0 e(—1+z)zsp///(s)ds_;72/o eZQZSpm(S)dS_?TQ/O ezQZ(l—s)p///(S)dS

1

1 1
+ 372 i e—2zsp///(s) ds — — e—2z(1—s)p///(8) ds.

32 J,
(4.27)
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Arguments similar to this provide the asymtotics

= B O
ip(1) | (1+i)p'(1)
T 222 + 2,3

(4.28)
+0(z71),

%472(2) + %477(2) =

and
%472(2) + %4,6(2) + %4,2(2:)%4,6(2)
ip(1)  (1+ap1)  5p"(1)  m(z) (4.29)

= O -5
422 + 823 + 1624 + z4 +OE),

where
i ! —2zs, 111 1 ! —2z(1—s), 111
7)4(2'):—@ ; e *p (s)ds—ﬁ e p"(s)ds
0

e .
+Z/ e(—l—z)zsp///(s) ds.
0

Now we substitute (4.26)), (4.28), and (4.29) into (4.24). Then

det Qb(Z) = _2az7e—iﬁ4z ((1 + i)e_m“(l _ d(;(:; 7,) B @Zii) n (1 _822)?]’91(1)

n 3dp(1)(1 —14) = 5p’(1) B dp'(1) n n3(2) n b
4az? 1624 2az* 24 az*
N d1—4) ip(1)  (1+)p'(1)
_1 142 (1 _
(=14 i)e 2az 422 823
3dp(1)(1+i) | 5p"(1) dp'(1)  ma(z) | b ) 5
B LY poi),
* 4az? + 1624 2az4 * 24 * azt +0(E™)
where a4 and 4 have the form (3.2)).
Now we compute the asymptotic behavior of the eigenvalues \,,, as n — +oo.
Recall that the zeros of the function (4.31) are the eigenvalues A,. Then formulas

[@23) and (B2) imply

e:l:ia4z _ 6:|:iz:|:i|\p|\2/(3223)¥ip0/(4z)

(4.30)

(4.31)

(—=1)"V2(—=1F1) , 2d 3
= 1+ _ .
2 ( onF =g O ))
Substituting these into (4.31]), we obtain
det ¢(2)
_ N i d(1+i4) ip(1)
- _ 7 =37 /4+7n 1042 _ —
2az'e ((1 +1i)e (1 507 2 )
S\ dogz d(l _ 7’) Zp(l) -3
+(=1+de (1  2az 422 ) +0(E™)
(1 .

= 2V/2(—1)"laz e 3/ 44 (26, + Sip(1) Bid 5+ (’)(n_3))

m2(4dn —3)2  a?7w?(4n — 3)
The equation det ¢(z) = 0 yields

4p(1) 4d?

On = Cm2(4n—3)2  a?7%(4n — 3)2

+0(n™?).
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Then identity (4.23)) yields

37 Do 2d 4p(1)
T e m(dn —3) am(dn—3) 7w2(4n —3)?
4d? :
a?7m?(4n — 3)?
6n = O(n™3).
Now we improve the asymptotic (4.32)). The formulas (4.32) and (3.2) give
___po lpl?
ME=E L T 33
3m po + 2 B Il po -
LTt Ty Y i =8 T3 1 O
5 + + 0, + 2 + ® + ¢
=——+7mn+6,
4 w(dn —3)  w2(4n—3)2  w3(4dn - 3)3
+0(n™Y),
where
2d Ad? 8pod
U= =" Bo=—dp(l) . €= 2|lpll? + 4p3 — . (4.33)
Then
tiags  (=D)"V2(=1F14) 144 + R iB N i€
T 2 (1+ 0 T(dn—3)  72(dn—3)2 © m3(4n — 3)3
1 A B 2 A3
= - =+ 0(n™).
3 (7r(4n —3) " 2 - 3)2) T omsqan —ap T O )
Substituting these expressions into (4.31]), we obtain
2i®
_ +1 7 _—3mw/4+7n . —4
det ¢(2) = 2v/2(—1)" azTe 3"/ L(2z6n T S n—3) +O(n )),
where
56p(1)d  16pod 164> 164
= —2||p||* — 4p5 — 8P’ (1) — — - 4.34
0 := 2l —4p} — gpf(1) - LD J0dJOE T (a3
The equation det ¢(z) = 0 implies
D
Op = —————+0(n?).
w3 (4n — 3)3 +0(™)
Then identity (4.32)) yields
3 g PO +2 n B n D 45
z=——+17n s
4 m(4n —3)  w2(4n —3)2 w3 (4n —3)3 (4.35)
6n = O(n™4).
Now we improve this asymptotics. The relations (4.35)) and (3.2)) give
___po plP
M= T g0
3 A B
=+ On + Po +

4 w(4n—3)  7(4n —3) + w2 (4n — 3)?
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2 Ipl*  po
(4n—3)3 3223 4z

2 % 3
@n—3) " 2an—32 " Ban—3)y

+7r3

3
=——+4mm+d, +
4 T
4‘3}70 _5
—+ 0
* 74 (4n — 3)% +0(r™),

where
56p(1)d  8pod 16d?>  16d°
. + — 5 . 3 .
a a a 3a

3= 8p'(1).
Then
o _ (CUV2AAFD) e @ B f
¢ 2 ( On S an—3) T m2(An—3)2 T m3(4n — 3)3
48 1 2 1B ; 2
¢ ,( ¢ + ¢ + S )
m(4n —3)*  2\m(4n—3) 7w2(4n—3)2 7w3(4dn—3)3
1 i2A iB 3 A
+ -
6 (7?(471 -3) + w2 (4n — 3)2) + 2474 (4n — 3)
Substituting these expressions into (4.31]), we obtain
96id2po 192id?
a?mt(4dn — 3)*  a3ni(4n — 3)4
967 1 192idp(1 256 z) —m3(z
_ ipop( )4 o Lo p( )4 N (24( ) 7734( ) o).
m4(4n — 3) am*(4n — 3) m4(4n — 3)

Now we obtain 74(2) — 73(z). Then equations (4.27)), (4.30), and (4.35) give

. 1 1
1 . )
2 6_2zsp///(8) d8+ Z/ e—zsp/l/(s) (e—le _ eizs) ds
0

1 —|—(9(n*5)).

det ¢(2) = 2v/2(—1)"HazT e 37/4Fmn (26, —

na(z) —m3(z) =

"6,
i ! " . 12zs i2z(1—s)
+ P (s)(ie"*** + e ) ds
32 /o
ip?n i ! 7z 3 —1
= 16’ +1—6 i D (s)cosw(2nf§)sds+(9(n )
. " — 1 3 2
_ _Z(pl lpgn( / )) +O(n_1),
where py ,, has the form (1.12)). The equation det ¢(z) = 0 implies
B 48d2po 96d3 48pop(1) 96dp(1)

" a2rt(An — 3)F a3nt(dn —3)t T 7i(4n—3)*  ari(4n — 3)*

8(p2.m — Pen(3/2))

n -3t O(n™).
Then identity yields
z= _im +7mn + Po + 2 + B + 0
4 m(dn—3) 7w(4n—3) w2(4n-—3)2 w3(4n —3)3
48d%pg 96d3 48popp(1) 96dp(1)

a?mi(dn —3)1  adrt(dn —3)t T wi(4n—3)1  ani(4n — 3)4

8(p2.n — Pin(3/2))

+ w4(4n — 3)4

+0(n7?),
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where 2[, 9B, and © have the form (4.33)) and (4.34]). This implies (1.11]). O

Proof of Theorem[I.d]. Tt follows from ﬂEL Lemmas 4. 1 4 2] that the eigenvalues

A, are real and simple. The asymptotics (1.7] , , , and (| are proved
in Lemmas [3.2] and [I.I] The proof is complete
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