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CURVED-PIPE FLOW WITH BOUNDARY CONDITIONS
INVOLVING BERNOULLI PRESSURE

TVRTKO DORESIC, IGOR PAZANIN

ABSTRACT. In this article, we study the steady-state flow of the incompressible
viscous fluid through a thin distorted pipe with an arbitrary central curve. We
prescribe the inflow and outflow boundary conditions involving the Bernoulli
pressure with a given pressure drop. Using the multiscale expansion technique
with respect to the pipe’s thickness, we construct the higher-order asymptotic
approximation of the flow given by the explicit formulae for the velocity and
pressure. We also perform a detailed error analysis justifying the usage of the
proposed solution and indicating its order of accuracy.

1. INTRODUCTION

Curved-pipe flows have been studied analytically for many years due to its obvi-
ous practical importance. The pioneering work is due to Dean [5] back in 1927 who
first used the perturbation techniques to investigate the fluid flow through a curved
pipe with circular cross-section. Having in mind that thin (or long) pipes naturally
appear in numerous applications, it is no surprise that in the last two decades sev-
eral results have been reported that propose new asymptotic models describing the
effective flows through thin pipe-like domains. The models for steady-state flow
of a Newtonian fluid through 3D curved pipes have been proposed and justified
in [I5] [I7], whereas a system of thin pipes has been studied in [I3] [I6]. The non-
Newtonian, micropolar fluid has been investigated in [6] and [7] in 2D domains such
as a periodically constricted tubes and curvilinear channels. The 3D cases includ-
ing a curved pipe and a multiple pipe system have been studied in [I], 20]. The
corresponding rigorous results for non-steady flows have been reported in [I8] [19]
for a Newtonian fluid flowing through a system of thin pipes, while a curved-pipe
flow has been addressed in [3]. The analysis of the non-steady micropolar fluid flow
can be found in [2] 21].

The flow of the incompressible viscous Newtonian fluid is described by the nonlin-
ear Navier-Stokes system and the concept of weak solutions is naturally introduced.
When the inflows and outflows are described by the given velocity, the existence
of the weak solution can be proved using the standard Galerkin method (see e.g.
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Temam [22]). From the perspective of applications, prescribing boundary condi-
tions involving pressure is evidently more plausible. However, in such a setting, it
is much more difficult to establish the solvability of the corresponding variational
fomulation. One usually needs to restrict to the case of small boundary data in
order to control the inertial term in Navier-Stokes equations (see e.g. [10] [16]).

The another approach would be to prescribe the dynamic boundary condition,
namely the Bernoulli pressure ¥ = p + %|u|2, as in [4]. Quite recently, in [12], the
authors considered the steady-state flow of a viscous fluid through a finite unde-
formed pipe with inflow and outflow boundary conditions involving the Bernoulli
pressure. Using the method of Leray [14], they succeeded to prove the existence
of the weak solution for arbitrary data and its uniqueness for small data. Relying
on this result, the asymptotic approximation of the flow through a network of thin
straight pipes has been rigorously derived in [I1]. Inspired by these works, in this
article we investigate the flow through a thin curved pipe subjected to inflow and
outflow boundary conditions involving the Bernoulli pressure with a given pressure
drop. Since the Bernoulli pressure represents an important quantity for moderately
high Reynolds number, we seek for the inertial effects on the effective flow along
with the effects of pipe’s distortion.

This article is organized as follows. In Section 2, we formally describe the geom-
etry of the curved pipe with an arbitrary central curve and a circular cross-section.
To do so, we choose the so-called Germano’s frame of reference (introduced in [8,[9])
in which the domain’s cross-section posseses no rotation with respect to the tangent
vector. The flow is assumed to be governed by the Navier-Stokes equations endowed
with the no-slip boundary condition for the velocity prescribed on the pipe’s lateral
boundary. In Section 3, using the approach from [I7, 20], we write the differential
operators in curvilinear coordinates transforming the governing problem to an un-
deformed pipe. Motivated by the applications, we assume that the ratio between
pipe’s thickness and its length is small (and denoted by ) meaning that we are con-
sidering the fluid flow in a pipe which is either thin or long Thus, in Section 4, we
employ the two-scale asymptotic expansion in powers of € and construct the asymp-
totic approximation for the velocity and pressure up to a second—order. By doing
that, we are able to capture not only the effects of the pipe’s geometry, but also
the effects of the additional inertial term appearing due to the Bernoulli pressure
inflow-outflow boundary conditions. It should be emphasized that the asymptotic
approximation is provided in the explicit form and, therefore, it can be used as an
useful check for numerical simulations. Lastly, to justify the usage of the proposed
asymptotic solution and provide its order of accuracy, in Section 5, we prove the
error estimates in suitable norms by using functional analysis techniques.

2. FORMULATION OF THE PROBLEM

2.1. The domain. Let Q¢ denote our thin domain representing a curved pipe
characterized by a smooth central curve v and a circular cross-section. The curve ~
is taken to be a generic curve in R3, parameterized by its arc length z; € [0,1]. We
denote the corresponding natural parametrization as w € C3([0,1]; R?), satisfying
7' (x1) # 0 for every x; € [0,1].

To formally describe QF, we start by defining a straight pipe with a circular
cross-section. Introducing the small positive parameter ¢ < 1 and a unit circle
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B = B(0,1) C R2, a thin straight pipe is given by
Q. = {x = (z1,29,23) ER®: 21 € (0,1), %, := (w2, 23) €B}.

We now introduce the appropriate frame of reference attached to the curve v and
pass from €. to ¢ via the appropriate parametrization. Firstly, at each point
m(x1) of the curve v, we introduce the standard Frenet’s basis

1
t=n', n=-t, b=txn,
K

where t is the tangent, n the normal and b the binormal. The flexion of the curve ~

is given by k(x1) = |7”(x1)|, whereas the torsion is denoted by 7(x1) = —|b’(z1)].
The Frenet’s basis (t,n, b) satisfies the system
t'=kn, n' =-kt+7b, b'=-7n. (2.1)

FIGURE 1. Pipe’s cross-section with a frame of reference attached.

Let us now introduce the rotated unit vectors (see Figure [1)
n,(x1) = cosa(zy)n(zy) + sina(z;)b(z),
bo(x1) = —sina(xr)n(zy) + cosa(zy)b(xy),

with rotation given by

ae) == [ r(pte+ao,

o

where x¢ and aq are arbitrary constants. Defining the mapping ®£: Q. — R3 by

2 (x) = w(21) + 2200 (1) + 23b0(21),
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and putting
02 = 22(9),
we obtain our curved pipe with the central curve + and circular cross section eB.
Note that the variable 1 follows the central curve of the pipe, while z, = (22, x3)
describes its cross-section. The local injectivity of ®< can be easily established
assuming ¢ is sufficiently small (see [20] for details).
Finally, by

I =®%((0,l) xedB), %L =®*{i} xeB),i=0,1,
we denote the pipe’s lateral boundary and its ends, respectively.

2.2. Governing system. As explained in the introduction, we study the steady-
state flow of the incompressible viscous fluid in a thin curved pipe Q2. The usual no-
slip boundary condition for the velocity is imposed on the pipe’s lateral boundary
I'?, while we prescribe the dynamic boundary condition involving the Bernoulli
pressure on the pipe’s ends X.. To close the problem, we take the tangential
velocity to be zero on 3¢, which is not a serious restriction since the only part that
counts is the normal part, due to the Saint-Venant principle for thin domains (see

e.g. [15]). Therefore, the governing system reads
1
—vAu, + (v - Viu, + Vp. = —f inQ,
€
divu. =0 in QF,
u=0 onlY?, (2.2)
uxt=0 onEé, i=0,1,
1 9 ¢t i .
—voue -t + (pe + §|ug| )= = on ¥, i=0,1.
where v is a positive constant (the viscosity of the fluid), u. is the velocity, p. is
the pressure, 0;g = Vg - t denotes the tangential derivative of g (with respect to
the curve 7), ¢’ are some constants and f € L?(Q2) is a given function (external
force).
It should be noted that, using the boundary condition (2.2))4, and the incom-
pressibility equation, it follows that —v0;u. ~t\22 = 0. Now, employing the identity

1 n
i(Vug) =u, - (Vug)t = ZukVuk7
k=1

the system (2.2)) can be rewritten as

—vAu, + (u. - V)u, —u. - (Vu.)" + V¥, = éf in QY
divu. =0 in QF,
u.=0 onT?, (2.3)
u. xt=20 onZé, 1=0,1,
U.=p;, on¥ i=0,1.
In 7 a new quantity has been naturally introduced, namely the Bernoulli pres-
sure given by

1
V. =p. + §|u5|2,
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while p; denotes the constants g—; Using the idea from [12], it is straightforward
to prove that problem admits at least one weak solution which is unique
under the small data assumption (see [I1] for details). The goal of this article is to
investigate the asymptotic behavior of the fluid flow described by via rigorous
asymptotic analysis with respect to the small parameter .

3. CURVILINEAR COORDINATES

To ensure comprehensive understanding, we provide a succinct summary of for-
mulating the problem in curvilinear coordinates (x;). We follow the procedure
in [I7, 20] and begin by introducing the necessary geometric tools. We define the
covariant basis as the gradient of the function mapping ®¢, namely,

a;(z) == aaija (x).

Taking into account the Frenet system (2.1)), we deduce

a; = (1—k(eq-x4))t,
where
x = (21,X.) , € = (cosa, —sina) , el = (sina,cosa) .
Note that in computing the vector a;, we used the fact that o/ = 7.
The contravariant basis is defined as the dual to the covariant basis, i.e. a*-a; =
0;5. We thus have
1 1 2 . 3 .
=————t, a“=cosan+sinab, a’= —sinan+ cosab.
1—k(eq X4)

It should be observed that

a

Ve =[a; ay a3], (V) '=|(a2)

Christoffel’s symbols are defined as
i i 02
Jjk — T
O0x;
being symmetric in lower indices. For the non-zero ones, we obtain

(K'(eq - z+) + KT(ed - 21))

I, =- =0
11 1— Ii(ea K 1'*) (E)
K COS ¢
F%2 = F%l = —m = —KCOS«x + 0(5),
I, =T3 = FONY  _ ksina+ O(e)

1—rilea - zs)
% =k (1 — k(eq - T4)) cosa = kcosa + O(e),
I3, = k(1 —k(eq x))sina = —wsina + O(¢) .
Moreover, we use the following formulae (see e.g. [20, Appendix] for its proof).
(Vs)T o ®2 = (V)" (VST (3.1)
ovk

(Vv) o B¢ = (V(I)?)_T([Txl}k,l

~VID) (V)TN T = [l (32)



6 T. DORESIC, 1. PAZANIN EJDE-2024/63

o ,oVF - vk o
oo e Je = VI T) = (G e = V)L

(Av)o @2 = (va2) T (
_fiT<[87[]k7l_ Vi rj))(vqﬁ)‘la", L=k

((rotv) o ®Y) x ¢ = (VBY) (1ot V x (V%) 'c), ceR?*,  (3.4)

for the scalar field S = s o @2 and the vector field V = v o ®%. In the above
identities, the summation is taken over the repeated indices, while V¢ = V - a;
denote the contravariant components.

Introducing

Vs _ UEOQS _ ‘/Elal +‘/'62a2+‘/;3a37

a (3.5)
P. =V, 0d",

we now proceed with expressing each differential operator occurring in equations
(2.3) in curvilinear coordinates.
Let A\ := 1 — k(eq - x4). The second-order term —vAu, takes the form

(—vAu,) o 7
3

— —V|:AV;1 +mcosa(2‘g - g‘g) +Rsina(g‘;€1 _ ?‘9‘;:6:)

+ gyr (Vrsina — Vs cosa) ~ RQI/;l}al

(=) G+ (Vnsina — Viscosa) — seosa (51 + 22
trsina( 2 ggf’) 202, Jal ~ 35 [AVZ + 50 (Vwcosa)
~neosa( D2 4 v2keosa— Vinsina - 02) + psinall~ o
o5 -1) [3;;2 + O e - o [ave - oL (vwsina)
—mcosa(%cf+nsina(gg 2 cosa — Vs a‘g)}&
() [ + e

The terms including the pressure and the external force are transformed as follows

3P€ 1 an 2 8PE 3
8x1a 8:523 —"_8.’E'3,a7

fod®® = fiha' + (foacosa+ fzsina)a® + (fzcosa — fosina)a®.

Ve O'I)? =

To rewrite the inertial terms (u. - V)u. and u. - (Vu.)?, we start by writing the
velocity gradient as

Vu, o &Y
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1 0V 12 3 v} 1 VY 1
12 ( T VEZKJ cosa + V2K sin a) s T Vezm cosa F= VE;{ sin o
— 1 9V, 1 oV oV
A2 ( ox + VYE k cos CY) 81% 0:1:%
av, . av, av,
w2 (gs — Vidrsina) - .

6302 8$3

Therefore, the term (u. - V)u. becomes

1 1 1
[%(g‘f —VZkcosa + foisina) + (VZcosa—V:sina) (g‘f + V;’@COSO‘)
1 2

1
+ (Vf sina + V2 cosa) <8VE — ‘/ElliSiIlOé)}al

0x3
+ [‘g(g‘g +V;/<;cosa) + (VZcosa — V3sina) gg
+ (VZsina + V2 cosa) g‘g}ﬁ + [g(gﬁ - V;.lliSiIlOé)
+ (VZcosa — V2 sina) gg + (VZsina + V2 cosa) g]ﬁ.

Similarly, the term u. - (Vu.)" becomes

v>iovi 1 ov2
[A—% ( 8:; —VZ2kcosa + V3ksin oz) + 2 (VZcosa — V2sina) ( 83;6 + V2K cos oz)
1 1

3 1 1
+ % (VE2 sina + V2 cos ) (8‘/‘5 — Velfisina)}al + [%(8‘/‘5 +V51KCOSOé>

al’l 81'2
2 3
+ (‘/EQCOSCY—‘/E?’Sina) %_’_ (‘/52Sina+‘/€3(josa) a‘/& i|a2

6562 31‘2
V2 ov! 1, 2 3 Ve

+ [T(@xg -V /isma) + (VZcosa — VZsina) s
ov3

+ (VZsina + V2 cosa) s}a?’.
8%3

Finally, taking the trace in the expression for the velocity gradient gives

1 ovE ov:  ov3
divvo ®% = 2 ( 39351 —V2kcosa + Viksin a) + 8;2 + 8;; . (3.6)

4. ASYMPTOTIC EXPANSION

To construct the approximation of the solution, we now expand the unknown

velocity components and the pressure in the two-scale asymptotic expansions in
powers of €, namely,

Vex) =Vy <x17i7*3> +eVf (371, =, i) +e2Vy (xl,i,*?v +...
g € e’ € e’ ¢
1 1 T2 X XTo I
PE(X):?PO(JTI)‘F*Pl ($17—2,—3>+P2 <$1,72773)—|—
€ € € € e €

The idea is to use the derived expressions of differential operators in curvilinear
coordinates (see Section 3), substitute the expansions (4.1]) and collect the terms
with equal powers of €. By doing that, we shall obtain the recursive sequence of

linear problems that, combining with the boundary conditions, we aim to solve
explicitly.

(4.1)
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The O(1/€2)-order term. Let us introduce the dilated variable y, = x, /¢ capturing
the fast changes of the solution on the pipe’s cross-section. In the sequel, by Q2 =
(0,1) x B and I' = (0,1) x OB, we denote the corresponding rescaled regions and
employ the following notation for the formal partial differential operators

(o oy _PV o
Y- dya” dys/)” T Oy;  Oyi’
ov:  ogv3 :
divy, V="—+—, V=(VLV2 V3.
Y- Oy~ Oys ( )
By collecting terms of order O (E%) in (2.3])1, we arrive at

0P, oP, oP,
S v(A Vial + A, Va® 4 A, Vi) + el 4 5 et + el
= fida; + (cosafy +sinafs)a® + (—sinafy + cosafs)a® in Q,

Taking into account the incompressibility condition (divy, Vo = 0 in Q), the zero
boundary condition for the velocity on I' and the pressure boundary condition
Py(i) = pi, (1 =0,1), we deduce that

2
Vi (ye) =

s

1=yl F5, V@=0, V§=o0.
8v ., o
Po(ﬂﬁl):—?Fol‘l+ J1(8) d€ + po.
0

Pi(z1,y.) = fa(21) (eal@1)y) + f3(x1) (e (21)y+)

where Fj = 8Lu£ (po -+ fol f (g)df) is a constant. As expected, we obtained the
zero-order approximation for the velocity given as the Poiseuille-type solution with
no effects of the pipe’s distortion and inertial terms. Thus, we aim to construct the
higher-order correctors.

The O(1/¢)-order term. Grouping the terms of order O (1) from the momentum
equation, we obtain the following equation satisfied by the first velocity component

Vg oV
—ulA, V2 sa—9° _ gin a—2 v A, VL
1/< w Vi —|—/€C05aay2 Kblnaays +h(eq ye) Ay, 0)
IPy oP;
oy a2 Sl o,
+ k(e y)8x1+8x1

leading to the problem
_VAy*Vll = yoHi(21) + y3 Ha(z2) in ),

Vll =0 on F7
where
4 9 . af.
Hy(21) = _COSO‘<$F5 +rf1+ 87{3 —ng) —sma<7f2 + 873{3)’
o 4Z/I<E % an af3
Hy(x1) = SIHO‘(TFO +Kf1+ Do fos) fcosa(TfQ + (’9751) ,

Following [20], we obtain

Vi = 8% (1= [y+I?) (2 Hi(21) + ysHa(1)) -
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It should be observed that the corrector Vi feels the effects of the pipe’s distortion
through the explicit appearance of the flexion x and torsion 7.
For the remaining two velocity components, we obtain

_y<Ay*V12_ncosa%‘y/f+Ksina%‘;§)+g§§

_ 01?9‘321+ (Vg sina + Vi cos ) (%‘;Oj — %‘;f) —0 mnQ,
_V<Ay*‘/13—/€cosa%‘y/f+Hsina38‘£>+g]y)§

_%1?9‘£+ (VO?cosa—VOi%sina) (%‘y/f_aa‘;f) —0. inQ.

In view of the zero-order approximation obtained above, the problem satisfied by
(V2,V3) becomes

0P, oV
VA, VE+ =2 VIS =0 inQ,
Y« V1 ayQ 0 ay2
0P, oVl
v, Vi = -V L =0 inQ,
vt dys 0 Y3
8V12 81/13 .
— 4+ —=—=0 1in €,
y2 Y3

VE=V2=0 onT.
implying the solution is given by
2 N 2
V=V =0, Py.)= p(Fo)2 (1—|y.?)"-

The computed first-order corrector still contains no contribution from the inertial
term originating from the imposed Bernoulli pressure at the pipe’s ends. Therefore,
we need to continue the computation.

The O(1)-order term. Grouping the O(1)-terms from the momentum equation
yields the following equation for the first component

92V ovi oVt
—1/( 9 +Ay*V21+ffcosa—l—ﬁsina—l—RQVol)

ox3 Oy2 dys3
vy ovy
— o v (A, V= VN ina—9%
vk (e y)( v Vi HCOSO[ayQ —|—f<asmozay3)
0Py oP, 0P, ,
— vk (eq - y+)2 Ay Vi + K2 (eq -y*)Qa—x1 + K (€q Ys) Er + o 0 inQ.

If we apply the derived expressions for the zero and the first-order approximation
and include the no-slip condition, we arrive at

A, Vi = A1ys + Aosyoys + Asys + Ay in Q,

4.2
Vi@ =0 onT, 4.2)

where
11H,

2 * 2
2 . 254 F, 4F, K
Al = Kcosa — —kKsino — 0 2 cos?
8v 8v

—k?cos?a—2 + Zcos? afy
v

™
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K . .
+ = [ficos® a+ ficosasina + T fycosasina — 7 f3cos’ al |
v

5H2 5H1 SHFJ . 2%2 .
Ay = — = Kcosaa — — Kksina + Ksin o cosa — — cos asin a.fy
4y 4v v

K . . .
+ = [ —2cosasinafs + (cos? a — sin® a) f§ + (cos® a — sin”® a)7 f>
v
+2(:osasina7f3],
H 11H, . 262 Fy Lo AFy K
As = L kcosa— 2 gsina — 0 _k%sin?a—2 + Zsinaf;
8v 8v s v
K ! 2 / . . .2
+ — [f2s1n o — fscosasina — 7 fa cosasina — 7 f3 sin a} ,
v
H Hy, _K2F}

Ay = —Kkcosa— + Ksina—2 + 2
8v 8v T

As in [21], the system (4.2)) can be explicitly solved as
Vi (z1,y+) = (ly«]* = 1) [B1y3 + Bayays + Bsys + Ba] |

where

TA; — A A TAs — A A A+ A
L Sa BQZJa B3: & 17 B4:74+ L 3-
96 12 96 4 32
Finally, in the remaining two components of the momentum equation, we deduce
the contribution of the inertial terms. Indeed, collecting the O(1) terms in the

momentum equation, we obtain

B =

V2 oV ovy
—y(Ay*V2 ncosaa—+/£s1n a— (2 o -0 +/-cV0)cosa+/-iﬂ/olsina)
Y2
an 1\2 1\2 (9V0
+ ==+ (Vy) kcosa— (Vy) kcosa — k(e )V
Oy (o) (0) (aY)06y2
ovy ovt
V=2 _yvi=—L -0 inQ,
Yoy, 0 Oy
ovP ovP vy , 1
—y(Ay*‘/Q +nblnaa—3—f€cos Dyr (2 9, —|—/£V0)s1na+m'V0 cosoz)
Py 1\2 1\2 1 Vg
25w V)2 ksina — ke - yo) Vi S0
+ s (Vo) ksina+ (V) ksina — k(eq - y:)Vy 05
L0V LoVt
-V —vi=—L =0 inQ,
' Oys ? Oys
which, since V2 = V2 = 0 and V} = V{ (y.), reduces to the problem
P:
—v (A, VZ + KV cosa+ w7V sina) + %
Y2
vy ovy oVt
_ o Ve Vl 0 Vl 0 1 1 =0 inQ
H(e y) 0 8y 1 8y O ayQ m )
—v (A, V3 =K'V sina + k7V{ cosa) + op,
Ys V2 0 0 ayg
vy ovy ovt
—hlea -y Vo 5= -V 5> -Vg5—-=0 inQ,
( Y) 0 8y 1 ay?) 0 ayB
— 4 € yY«)+rT(e, yu)) Vg +=—+—===0 inQ,
Oxq (v (ea-y.) (e 3)) Vo Oy2 ~ 0Oys
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Vi=Vy=0 onT.
To simplify the proof layout, we split the desired solution in two particular solutions
Vi i=Vo+ Vi, V&=Vo+ V3 Py:=P3+Ps,
which satisfy

— oP
—v (Ay*Vg + &'V cos o + w7V sina) +=23=-0 inQ,
Y2
=3 . 8P3 .
—v (A, V=KV 143 —=0 inQ
1/( y Vg — R Vg sina + KTV cosa) + s m {2, (4.3)
—2 ——3
oVt / n 1, 0Vy 0OV, .
— 4+ (K (eq yu) + kT (e y:)) Vo + =—+—="=0 inQ,
61‘1 ( ( Yy ) ( y )) 0 8]]2 82/3
Ve=Vs=0 onTl,
and
OP; vy oV oVt .
VA, VE+ =2 —kleg v Vi —L — Y0 _ 1L — in Q,
w2 T 5 ( y:)Vo By 1 Dy, % Byy
OP; vy vy oVt .
—VA*V?’—F——/sea- )} A uACENE, 2 SR /A s S | in Q,
w2 T G CNONG By L Dy % Hys (4.4)
v oV .
+ =0 inQ,
Oy2 dys3

When comparing with the second order corrector from [21], the difference is ex-

actly in the particular solutions ‘722, ‘723 and P3 which satisfy (4.4]). Moreover, by
expanding (4.4]), we obtain

10P;  8(F;)2k

A, VF - Vo W(l — y«*)(y2 cos @ — yzsina)ys
o (B (1 ) aaen) + o))
8,73~ LOP STy (g coma— s )
o (o (1 5P o) 4 o) )
72 173
% 88% =0 inQ,

VZ=Vyi=0 onT.
In view of the above, we seek for the solution of the form
—2
Va(z1,y.) = (1 — |y«?) (Bsy3 + Beyays + Brys + Bs) ,

—3
Vy(z1,y.) = (1 = |y«|*) (Boys + Bioyays + Bi1ys + Biz)
Ps3(w1,y.) = M1ys + May3 + Mayay3 + Maysys + Msys + Meys ,
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Vi (x1,y+) = (1= |y«]?) (Clzé + Coysys + Csysy3 + Cayays + Csys + Coys

+ Cryays + Csys + 09) :
Vi(a1,y.) = (1—ly.|?) <D1y§ + Day3y2 + Dsy3ys + Daysys + Dsys
+ Dsy3 + Drysyz + Dsys + Dg) ;
f5 (1 - Iy*l2)2(y2H1(x1) + ysHa(z1)) + L1y5 + Layays

PS(xDY*) = 41/27T
+ Lay3y2 + Lay2ys + Lsyavi + Leys + L7yl + Ley2ys

+ Loyay3 + Loy
such that V;,V; and Ps satisfy (£.3), and V2, V3, P satisfy (£.5). Denoting

2v . 2v .
— (k' cosa+ kTsina) F}, b:==— (kTcosa — k'sina) Fy,
T T

a =
8 F* 2 8 F* 2
c::%cosa, d::f(l/%ysina,
after tedious but straightforward calculation, we obtain the sought coeflicients
—a b —ba a —5b a
Br = — . Bg=— = By=—. By=—_ Bj=—
5 967 6 247 7 96 ) 8 96, 9 96 P 10 243
—b b -b —a
Bii = —. Byy= = My =v— Ms=p—
11 9% 12 96’ 1V4, 21/4, 3V47
—b 5a 5b —c d
M47VT, Ms=v—, MG*Vga 0171152, 2= {93
—c d —Tc 5c —d
G=1g G199 G=15 %~ 1mm T
_ 23c e _ d D, — c B —d
ST 1520 Y T 1152 M oa1s27 TP 1920 TP 144
o D. — 7d - 5d _ —c _ 23d
YT 1920 TP 1152 TS T i T 64 TP 1152
1 _ be I — 5d Loy — 5¢ _ 5d
0T im0 M T Voq 2TV VTV TV g
5¢ 5d -3¢ —3d
L5*Vﬂa LG*V247 L7*VT7 L8*VT7
—3d
Lg = Vj s L10 = I/?3

To conclude, the second-order velocity corrector takes the form
Vo= (V217V227V23) = (V217V§ + ‘7227Vg + ‘723) :
5. ERROR ANALYSIS

5.1. Asymptotic approximation. Summarizing the calculation performed in Sec-
tion 4, we write the asymptotic approximation of the solution to the problem (2.3))

as
ve(z) = VZPP(x),

* " N 5.1
Ve = U (%) ay + e (00,2 a4 vy (o, ) O
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.__ papprox
qe(2) := PIPPY(x),

. . X - (5.2)
PEPP(x) = 5 Po(ar) + - P2 (xl, ?) + Py (xh ?) :

for z := ®2(x). In the following, we aim to evaluate the difference between the
original solution (which cannot be found) and the approximate one (given by ([5.1)—
(5.2)) in a suitable functional norm.

5.2. A priori estimates. Before proving the a priori estimate for the velocity, we
first recall some technical results which can be proved in a standard manner by
taking into account the dependence of the domain on the small parameter ¢ (see
[15], [I6] for details). Throughout Section 5, C' > 0 denotes a generic constant
independent of ¢.

Lemma 5.1. Poincare’s inequality holds,
lellzey < Cel| Vel L2ey
for all p € HY(Q%) such that ¢ =0 on T'2.
Lemma 5.2. Let K € LE(Q2). Then the problem
divp. = K in QF,
we =0 on 097

admits a solution satisfying

Veellzz o) < = 1K 222 -

o] Q

We now prove the a priori estimate for the velocity which we need in the error
analysis.

Proposition 5.3. Let (u., U.) be the solution of (2.3). Then there exists a con-
stant C such that

[Vu.||2e) < C. (5.3)

Proof. Employing u. as a test function in the momentum equation gives

/ |Vus|2:100/ us-t<o>—pz/ u5~t(1>f/ (Ue - Ve - ue
Qg x? =L Qo

1
+/ ue - (vus)t “Ue + *2/ fu,
Qo € Jao
Using Lemma and the fact that |Q¢| = O(&?), we have

o [ w0 -m [
»0 sl
=| [, @+ 2|

< CEQHVUEHLQ(Qg) .

u .t(z)]

Similarly,

1 1
;2! /Qa fu.| < 2 lfllz2e)lvellzzeg) < CllVUelz2g) -
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For the remaining terms, by straight forward calculation, we deduce
(u. - V)u. -u. —u, - (Vu.)' - ug

((uE -V)ue — ug - (Vus)t) Su.

3 3 3
([Z u;Ojuy Z u;0; g Z uzﬁiu?,]
1:31 1213 2231
_ [Zuiaﬂbi Zuiagui Zul 83ui]) ‘u.=0.
i=1 i=1 i=1

implying
/ (u5~V)u5~u€—/ u. - (Vu.)!-u. =0.
Qg Qg
Collecting the above, we deduce (5.3). O

5.3. Error estimates. We are now in the position to formulate and prove the main
result of this section providing the order of accuracy of the proposed asymptotic
solution. Since we work in a thin-domain setting, we express the error estimates in
the rescaled norm |Q2|~/2|| - || r2(qz)- The goal is to derive the satisfactory error
estimates acknowledging the contributions of the pipe’s distortion and the Bernoulli
pressure on the effective flow.

Theorem 5.4. The following estimates hold:
Q2172w — ve| p2ae) < Ce*, (5.4)
272l — Gellr2(0eym < Ce. (5.5)
where v. and q. are given by 7,.

Proof. The pair (v.,q.) satisfies

1
—vAv. + (V. - Vv —v. - (V) + Vg, = —f+E:. inQF,
€
divv, =7 in QZ,
ve=0 onlY?,
where the remainder ||Ec||pqe) < Ce and thus, since [Q¢] = O(e?), we obtain
|Ecllp20e)y = O(e?). Analogously, we have ||7c|r2qa)y = O(¢*). Denoting the
differences
R.=u.—v., re=p:—q.,

we obtain
“VAR. + Vr. + (R. - V)u. + (v. - V)R, — (RE(VuE)t v (VRE)t)
=-E. inQZ,

(5.6)
divR, = —m. in QF,

R.=0 onIY.
Let us now introduce the test function d. as the solution of the auxiliary problem
divd, =r. in QZ,

d. =0 in0Q2.
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Since the pressure is determined up to an additive constant, we can suppose fm re =
0, so the problem admits the solution satisfying

C
[Vde|[z2(00) < ;HT‘SHL?(Q‘;)a (5.7)
because of Lemma Using d. as the test-function in (5.6]) yields

Irclrion =v [ VRVA+ [ Boa.

- / (R ¥)u. + (. V)R. = (Re(Vue)' + w2 (VR.)') | d..
Qg
The first two integrals are estimated using (5.7) and the fact that ||Ec||r2e) =
O(e?) and w2 (o) = O(%):

¢
S

|/2 VR.Vd| < [[VR.| 12(00) Ve L200) < = IVR| 12(00) I7e] 2 (00 »
Qg

‘/ E. dE‘ < ||E5||L2(Qg)||ds||L2(Qg) < 052||T6||L2(Q§)-
Qg

To estimate the remaining terms, we will need the special case of the Gagliardo-
Nirenberg interpolation inequality

1/4 3/4
1l < CUFIL IV (5.8)
From this, (5.3)), and the Poincare’s inequality, we obtain

|| (Re - V)uede| < OlVue|z oz [Rell sz de [ 2o ae)
Qg
< Ce'?|VR| 12009 Ve | 1202
c
< MHVR‘SHLQ(QS)||TE||L2(Q§)7

[ e DR < VR g el
Qo

€

< Ce'?|VR.| 1200 | Vde || 12(00)

C
< m||VR5||L2(Qg)||TaHLZ(Qg)-

In the same way, for the last two terms, we have

C
| (Rs(Vus)t + e (VRE)t) de’ < MHVREHLQ(QS)”rEHLZ(Qg) .
Qg

Collecting these estimates, we obtain
C
7=l L2 ey < ;HVREHLZ(Q;!)- (5.9)

Now we go back to the momentum equation (5.6) and use R as a test function.
As a result, we obtain

1/||VEtE||2L2<Qg):/Q re divR, — i E.R.

T /Q [(R. - V)u. + (v - V)R. — (Ro(Vu)! + vo(VR.)")]R. .
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Using Lemma [5.1] the a priori estimate (5.3), (5.8) and (5.9), we obtain
|/ re divR.| = |/ reme| < |Irell 2oy el 200y < C% | VR 1200
Qg Qg

| / E.R.| < [E.|z20m |Rell 200y < CE¥IVR | 220
Qg

|/Q (Re - V)u. R.| < C[|Vue| 2 (e |R€||%4(Qg < CEI/QHVReH%z(Qg),

| 0 (Vs : V)RERE‘ < ||VR€||L2(Q§)HV€”L4HR6||L4(Qg) < C61/2||VR€||%2(QS)3
| e (Rs(vus)t +re (VRe)t> Rs} < 051/2||VR6”2L2(Qg) :

Putting the above estimates together yields
V| VR32(00) < Ce¥?|VRL|F2(00) + CE*[| VR 12(0e) -

Using Young’s inequality we can estimate the second term on the right-hand side

as 5L
52HVR5HL2(Qg) < 03 =+ §||VR5H%2(Q§‘)
leading to
||VRE||L2(Qg) <Céed.
This proves , whereas the estimate for the pressure then follows directly
from . ([l
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