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EXISTENCE AND UNIQUENESS OF THE SOLUTION TO
INITIAL AND INVERSE PROBLEMS FOR
INTEGRO-DIFFERENTIAL HEAT EQUATIONS WITH
FRACTIONAL LOAD

RAVI P. AGARWAL, UMIDA BALTAEVA, FLORENCE HUBERT, BOBURJON KHASANOV

ABSTRACT. This work is devoted to the unique solvability of the direct and
inverse problems for a multidimensional heat equation with a fractional load
in Holder spaces. In the problem under consideration, the loaded term is in
the form of a fractional integral operator for the time variable. We prove the
existence and uniqueness of the solution to these problems by the contraction
mapping theorem and the theory of integral equations.

1. INTRODUCTION

The theory of differential equations with fractional operators has been widely
used in various fields of science and engineering [46]. These equations are mul-
tidisciplinary and used in diverse fields such as dynamical systems, control the-
ory, elasticity, electric drives, circuits systems, continuum mechanics, heat transfer,
quantum mechanics, fluid mechanics, signal analysis, biomathematics, biomedicine,
social systems, and bioengineering for modeling of the anomalous diffusion processes
[2, B2 [47]; see the references therein.

Fractional diffusion equations are extensions of the basic equations of mathe-
matical physics [8, @ 35, [42]. The analytical methods used for solving these equa-
tions are of minimal use. In general, such equations began to be studied at the
end of the previous century and have been intensively developed in recent decades
[1T), (16l 19, 251 [30L 40, 4], [52]. One of the actively studied fractional diffusion equa-
tions in recent years is the time-fractional diffusion equation which describes the
mathematical processes of slow and super slow anomalous diffusion [I5] [4T], 5T, [53].

But what about the diffusion equation with the time-fractional diffusion equation
when the fractional operator includes a trace or combination of traces of the desired
function? Here, we should also note the nonlocal problems [45] studied for the
diffusion and wave equations, which have been successfully used in [5] [6, 10} 17 [26]
27, [39], [43] with applications to optimal control problems for dynamic populations.
Such equations are also closely related to loaded equations [T}, [12].
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If we dwell, especially on problems for the loaded equation of parabolic type
[45], or diffusion equation with the loaded term, then it should be noted the first
results in these directions were obtained in the work of Nakhushev, Borisov, and
Kreferov. Further, in [36] we find studies on the existence and uniqueness for the
problem for a nonlinear loaded parabolic equation. Also in [24] we find studies of
the Cauchy problem and related inverse problems for a one-dimensional nonlinear
loaded parabolic equation in a special form.

Also in [7, 29] there are studies of the initial and boundary value problems
(Cauchy problem, Cauchy-Dirichlet problem) for equations of essential loaded par-
abolic type loaded at a fixed time variable. A feature of these problems is the
presence of a loaded term in an equation with a derivative of any integer order of
the desired solution. In [37, [48] there are studies of boundary value problems for
a fractionally loaded heat equation in two and three-dimensional domains. There
when the order of the derivative in the loaded term is less than the order of the
differential part, the load point moves. We should also note that in the recent
papers [1I, 28] [3T], 50] there are interesting mixed-type loaded equations, which in-
clude parabolic equations with fractional operators in two and three-dimensional
domains. Therefore, loaded fractional-diffusion equations with Riemann-Liouville
or Caputo operators and parabolic type equations with fractional loads in three
and higher dimensional domains need to be studied. This is for the completeness
of the theory of fractional diffusion and integro-differential equations, and for their
numerous applications.

In this work, along with the Cauchy problem, we study the inverse problem
of determining the coefficient for the fractional time-loaded equation, which has
attracted some interest in inverse problems research. Here, we also note the work
[21] in two-dimensional problem of determining the diffusion coefficient for the frac-
tional time equation. In [33] there are studies of inverse problems for the perturbed
fractional diffusion time equation with a final redefinition. In [33] we find an ex-
plicit formula for solving the anomalous diffusion equation in a multidimensional
space. Inverse problems for time-fractional diffusion equations with nonclassical
conditions were investigated in [14] [34] [49].

The aim of this work is to study the existence and uniqueness of the solution of
direct and inverse problems for the heat equation in a multidimensional domain. As
far as we know, very few researchers have studied problems for fractional diffusion
equations in a multidimensional domain and fractional load equations. In this work,
we generalize the study to the heat equation with a fractional load and equations
of convolution type [23] in an n-dimensional domain.

2. CAUCHY PROBLEM FOR INTEGRO-DIFFERENTIAL HEAT EQUATIONS WITH
FRACTIONAL LOAD

In this section, we prove the existence and uniqueness of a solution to the Cauchy
problem for the integro-differential equation of heat dissipation loaded with variable
coeflicients. Before proceeding to the formulation of the problem, we give some
definitions and propositions for Holder spaces [38]. We introduce the following
notation:

Let R™ be the n dimensional Euclidean space, x = (z1,...,2,) € R™;

% is (n + 1) dimensional Euclidean space, consisting of points (z,t), where
reR and t € (0,T], T >0; R ={(a/,t): 2/ e R, 0 <t <T}.
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Let f(x) be a position function in R™.
Definition 2.1. If for any two points x1,z2 € R™, there is a positive constant A
such that
|f (1) = f(z2)| < Alzy — 2o,
then, the function f is said to satisfy the Holder condition with exponent /. The
class of functions satisfying this condition is denoted as H'(R™).

Definition 2.2. If for any given pair of values (z(!),#;) and (z(?,t,) in R}, with

M) = a:gl),xgl), ot and 2@ = x§2), xg), o, if holds

£, 1) = f@® )l < Y- A — 2P+ Analts — 1272,
i=1
where A; is a positive constant and [ € (0,1), then the function f(x,t) is said to
satisfy the Holder condition with exponent I,1/2 on R%.. The class of such functions
is denoted as HYY/2(R%.).

Cauchy problem. Find a solution u(x,t) in the domain (z,¢) € R% of the loaded
heat equation

t
ur — a(t)Au = A\Dg,"u(z', t) + / k(x', m)u(z,t — 7)dr, (v,t) € R}, (2.1)
0

that satisfies the condition
u(a, )|,y = plx), weR", (2.2)
where D, is the Riemann-Liouville fractional integral operator of order « defined
by
/ 1 ¢ 1 /
Dy~ t) = —— t—71)%" d 0
o u(z’, t) I‘(a)/o( ) u(e, r)dr, >0,
a(t) € B :={a(t) € C'0,T): 0 < ag < a(t) < a; < x}, AER,

A=3" 6872? is the Laplace operator acting on variables (1, 22, . .., Ty ), k(2', t),
and ¢(x) is a given real-valued function sufficiently smooth.

Theorem 2.3. Ifa(t) € E for allt € (0,T], and k(a’',t) € H“/Q(E;_I

p(z) € HP2(RY), o(z) < o,
where g 1 a positive constant, then there exists a unique solution to the Cauchy
problem in the domain u(z,t) € H'T20+2/2(R1) | where
(B ) ={():a' eR",0<t<T}, 1e(0,1)

Thus, on the basis of the given functions k(z’,t) and (), we will consider
finding the function u(x,t) from the integro-differential equation with the
initial condition , i.e., the Cauchy problem.

Before proceeding to study the Cauchy problem and (2.2)), we present the
well-known solution to the problem for the classical inhomogeneous heat equation:

v(z,t) = [ (§)G(z —&,0(t))dE

Rn

o(t) dr 1 _ _
N /0 S /WF(“ (7)G(x — & 0(t) — 7)de,

),

(2.3)
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which is the solution of the Cauchy problem for the heat equation with a time-
varying heat conduction coefficient,

vy —a(t)Av = F(z,t), ze€R" t>0,
v(z,0) = ¢(x), ze€R"

In (2.3)), 6~ 1(¢) is the inverse functions of (¢ fo T)dr, and G(z — &£, 0(t) — 1)

is a fundamental solution of the dlfferentlal operator Wlth a variable coefficient
8/(’% - a(t)A’ 5 = <£17§23 s agn) see [ ]

Using (2.3), taking into account the properties of the fundamental solution, we
have that the Cauchy problem and is equivalently reduced to the loaded
integral equation of Volterra type with the shift [45],

u(, 1) = / H(€)Cx — £,0(1))de

/ W[ ke a0

G(z — 5 9( ) — 7)deda (24)
()
ta ) ww ) n/ e
xu(&, B)G(x —&,0(t) — 7)dBdE,

where ¢ = (£1,&,...,&n—1), |2 = 22 + 25 + - -+ + 22. Thus, the last integral in
relation (2.4) is understood as

A o(t) dr 0~ (r . o1 , ~ ,
w | e L 0 e e p)G e o) —r)aae

i.e. with a loaded member, where G(a/ — &,0(t) — 1) = [*°_G(z — &,0(t) — 7)d&,.
For the solvability of the loaded integral equation ([2.4)), we use the theory of
Volterra integral equations.

Lemma 2.4. Let p(z) € HT2(R™), o(x) < po and k(z',t) € Hl W(E;_l). Then
there exists a unique solution u(x,t) to the integral equation (2

Proof. Using the method of successive approximations for (2.4]) we define the se-
quence {u;(z,t)}32, as follows:

wo (2, 1) = / H(€)C(x — &,0(1))de,

0(t) 0~ 1(T
wet) =g [ s ] — )" (€', 9)
% Gz — €, 9( )—T dﬁdf

[t [ ket - o)

xG(az—§ 9()—7 dédoy,
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wtet) = o [ [ / ~ B (€, 9)

x G(z — ¢, 0()—7 dﬁdf

- //9 @)ur (6,67 (r) ~ )

><G(;U—§ 9( )—’7’ dédo
(2.5)

o(t) 0~ 1(T)
et =g [ / n / 071 ) = B -1 (€, 6)
% Gz — €, 9()—T dﬁdf

T . // )ty-1 (6,071 () — )

Gz -, 9( dfda

for (z,t) e R}, j=1,2,....
= |cp(x)|l in R7., and

Using ¢q
Gz —&0(t) —1)d§ =1, (2.6)
R’n
we estimate the modulus of functions wu;(z,t) defined above,
Juo e, )] 7% < / (&)l 26w — €,0)d < o,
and
|’LL1(Z' t) 1+2, (l+2)/2
-1
1Al /e(t) dr / /9 ™ -1 1 1+2,(1+2)/2
<= T (O (7) = B)* Huo(€, B) Iy
Lla) Jo  [a(@ ()] Jrn Jo
o(t)
x G(x —&,0(t) — 7)dpd¢ —|—/ | / / ¢, l+2 (142)/2
x Juo (8,67 (r) — @)l >/ QGdsda
S Tt kT
- SDOF(oz) a ag 1! w0 apg 1!
|>\|Ta aq tl
SOO(F(Oz—i— 1) + o )ao 1!’

where ko := |k(a’, t)|l 12
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We also estimate the modulus for ug(z,t), .. .:

g (1) |2+ D/2
AL o ~ I(T _ mya—1 1+42,(142) /2
<e | 91( e L B)"ur (¢, B
x Gz — &, 0()77 )dBdg
" _dar SR 1+2,(14+2) /2
+/0 a(0-1(0) / / k(& @l | (27)

x up (€,071(7) — )| 2Gdeda
< 0( |/\‘ T“a1)2t2 (alkoT

P aa) 27900

|)\‘TO‘ aq 2t2

=0 ((W)Q + (koT)z)(;O) o1

14+2,(142) /2 Al T<\; N paryit
uj (@, t)|7 S‘PO((@?) +(kOT)J)(cTO) i

As a result, we have the functional series

Z uj(z,t). (2.8)
7=0

Using the above estimates, according to the Weierstrass theorem on the smooth
approximation of functional series [4], we can easily see that the obtained functional
series converges. Using the definete integral for u;(z,t), the sequence of functions
converges uniformly to a function u(z,t) defined in H'*>(+2)/2(R%). Thus,
we have shown that there exists a solution of the integral equation (2.4), i.e., there
is a solution to the Cauchy problem — as a mapping H!t2(+2)/2 (R7).

Next we prove the uniqueness of this solution. Suppose on the contrary that the
integral equation has two different solutions u(*) (x,t) and u(® (x,t):

uM (z,t)

o(t) T
- [ stec@ w<>>ds+ﬁ/o T

0~ 1(7')
,7_ _ mya—1 (1) r— .
X /n/ ) —B) (¢, B)G(z — &,0(t) — T)dBdE

+/Oe(t)a9 1 //e () ¢ 0y, 0-1(r) — a)

x G(x —&,0(t) — 7)dadg,

u® (g 1) — . A ar
@)= [ wOc@-coms+ s [

6~ (7)
—1(1) — 3)2—1,®@ (¢! — .
[ e = )6 - o) - s
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Y // ¢.a)u® (€67 () - a)

xG(x—§ 0( )—T dad€.
Let the difference between these two functions be
Z(z,t) = uV(z,t) — u?(a,1).

Thus Z(z,t) satisfies a homogeneous integral equation, and

) 0(t) 07 ( ot
2@ = [ s [ 00 ez
x G(z — &, 9()—Tdﬁd§

Ay U

xG(ax—gﬁ()—T déda.

(2.9)

For t € [0,T] and x € R™ the modular supremum of Z(z,t) is
Z =sup|Z(x,t)],t € [0,T].

In this case, it is easy to see that the following integral inequality holds

Therefore, by the Gronwall-Bellman inequality [13], the last integral inequality has
a unique solution, i.e. Z(¢t) = 0, for all t € [0,7]. From this, we obtain that

Z(z,t) =0, ie. uM(z,t) = u®(2,t) in Ry. Thus, the integral equation (2.4) has
a unique solution, and thus we can conclude that the equivalent problem (2.1)) and
(2.2) also has a unique solution. Lemma [2.4]is proved. O

3. INVERSE PROBLEM FOR THE HEAT EQUATION WITH FRACTIONAL LOAD

Problem 3.1. Find functions u(x,t) and k(z’,¢) in the domains (z,t¢) € R} and
(2',t) € R%fl respectively, which satisfy the equation

t
wp — at)Au = ADy u(F, £) + / Ko, Pyulz, t — 7)dr, (x,t) €RE,  (3.1)
0

and the initial and boundary value conditions
u(a,t)|,_y = p(z), zeR", (3.2)
u|z o= f@t), (at) € Ry, (3.3)
where
a(t) € B :={a(t) € C*[0,T]: 0 < ap < a(t) < a; < o0},

A is the Laplace operator acting on variables x(x1,z2,...,2,) € R", & € R"2,
where z; =z, =0, at i #j (1 <4,j <n), A € R, Dy,” is the Riemann-Liouville
fractional integral operator of order a (o« > 0), (z) and f(2',t) are given real-
valued functions with f(z’,0) = p(2’,0).
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We use the following notation

n—2

(Rr
Ry ) ={(at): 2 eR"L0<t<T}, le(0,1).

)={(@,t): 2 €R"20<t<T},

Remark 3.2. In loaded equations [2§], a loaded operator or loaded term must
include the trace of the desired function in the manifolds of dimension less than
one from the sought-for solution in R"*! [3]. Based on this, we assume let 7 € R"~2.
(We choose so that there is a difference between the z’ functions).

Thus, the problem can be continued in the same way in the cases where the
loaded operator Mu = ADj ;'u(Z,t) contains the trace of the desired function, from
the domains R"~3, ..., R!, i.e. respectively when 1 =0, 20 =0, ..., z, = 0.

Theorem 3.3. If f(2/,t) € HFHHD/Z(RE-) | f(2/,0) = p(2/,0) and
o(x) € HF2(R"™), o(z) < @y = const > 0,

then there exists a unique solution to the inverse problem in the domains R7 and
R’T“1 respectively.

This theorem will be proven using the theory of integral equations. First, we show
that the inverse problem is equivalent to a system integral equations of Volterra
type. We will introduce a new function as ¥(x,t). Thus, by replacing ¥(z,t) =
Uy, z, (2, 1), then the problem — takes and follows (is taken and followed)
the form:

t
9y — a(t)AD = \Dy (z.1) + / k2!, 7)0(@, t — 7)dr, (3.4)
0

Iz, t)‘t:O = Qo z, (T), (3.5)

when x,, = 0. Taking into account (3.1)) and (3.2)), we have an additional boundary
condition (3.3) for the function ¥(z,t) in the form

Iz, t)’w -0
— 1 t , ,
—ftx t) kz l‘,t)—m/o k(z',7)f(a',t — 7)dr (3.6)
A

- wD&?f(0,0,ZL’g . ,I‘n_l,t).

As a result, we obtain the following condition, in agreement with initial and bound-

ar y C()Ildl‘ l l’()IlS ‘) and " .
sznmn (:[ 0) 0 .}t(ll O) - E 72.} (x 0) (3 ‘ )
) ’ a/( ) ’ al‘k ’ ’

k=1

If matching conditions (3.6) and (3.7) are satisfied, f(z',t) € HFHUHD/2(RE1)
f(z',0) = p(2',0), and p(z) € H'F2(R"), then it is equivalent to the inverse
problem with respect to the function ¥(z,t) = uy, -, (z,t), where

w(@,t) = (@ 1) + enpn(e’,0) + /0 " — 0 £, 1) de. (3.8)
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Taking into account the matching conditions f(x’,0) = ¢(2’,0) and (3.7)), for ¢t = 0,
we obtain the following conditions

w(e)]mo = F(2',0) + g, (2,0,0) + / (e — Opec(al, €)de
 F(@,0) + wmua, (,0,0) + /O " (@ — €)die

= f(zla 0) + Tnlg, (:E/, 0, 0) + (xn - g)@f(gjlvf)%n - /(; n <p5(:17’,§)d§
= f(',0) + 2puz, (2',0,0) = 2ppn, (27,0) + (2) — @(2",0)
= T (s, (2,0,0) = @, (27,0)) + () = p(2).

It is easy to see from (3.8) that at x,, = 0, our additional condition arises. Similarly,

following the derivation of equation (3.1)) from equation (3.4)) as follows. Integrating
twice from both parts of equation (3.4) from 0 to z,, we obtain

/ " (on = E)0u(a &, )dE — alt) / "(en — AV, £, 1)de
0 0
= / (- €) / k(2 7)0(!, €,t — T)drdé

0 0

A

e /Ox (€0 — €) /Ot(t — 1)L (F, T)drde.

Therefore, taking into account the equality

\/O n (l'n - 6)19($/7£7t)d§ = u(xvt) - f(mlvt) - xncpn(x’,()),

we have
D (1) = F1) — wpn(a!,0)) — a(t) Ao (. 1)
- f(l?l, t) - xn(pn(m/’ 0)) - a‘(t) /zn (‘TTL - g)ﬂxn,xn (l’/, 67 t)d§
0
= /0 k(@' m)(u(z,t — 1) — f(2',t — 7) — zpipn(2’,0))dr
A t Loz, ) — f(#,t—T)—x x’ T
i [ =7 ) — @t =) — w0

Uy (J?, t) - ft(x/a t) - a(t)Aw’u(xv t) + a’(t)f(xlv t) + a(t)xnﬂxn (Jfl, O’ t)
—a(®)d(z,t) + a(t)d(z',0,t)

:/0 k(x’T)“(xvt*T)dT*/o k(@' 7)f (2t = T)dr
_%‘Pn(x'vo)/o k<w’77)dT+F(Aa)/o (t = 7)* u(E, 7)dr

- t — )N f(@3t—T) 2 x! T
r(a)/o(t )@t = 7) + znpn(a’,0))dr.
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Thus, the inverse problem of (3.1)-(3.3) of finding the functions u(x,t) and k(z',t)
is equivalent to the problem of determining the functions ¥(z,t) and k(2',t) from

problem —.

In the next step, equations (3.4), (3.6) with differentiated once by the variable ,
and V¢(z,t) = w(x,t), as a result, we have (3.4), (3.5) and the auxiliary problems

wr —a(t)Aw = (Ina(t))w — (In a(t))'/o k(x',7)9(z, t — T)dT

+/ k(x', m)w(x,t — 7)dT — A(Ina(t))' D 0. 0+ 0(Z,t) + ADg Sw(Z,t)
0

k(@) pnn (2) + P(Aa)ta—l%xn (@),
(3.9)
and
W|t—0 = a(0)Apy, 2, (7), (3.10)
Wz, =0 = Fi(x f@' t —7)dr
1t 1 (3.11)
- @/0 k(z',7)fe(z',t — 7)dT — Wt)k(x (2 0),
where

F(a ) = (—ftxt Z—z
1

A t .
_m/o (t—T) 1f(0,0,x3,...,xn_1’7)d7_.

From relations (3.9)), (3.10), and (3.11) we can find the functions ¥(x,t), k(z’,t),
and w(z,t).
When we integrate ¢;(x,t) = w(z,t) from 0 to t, we obtain

Wz, t) = oz, () +/0 w(z, 7)dr. (3.12)

From this equality, if the function w(z, t) is known we can easily determine the

function d(x, t). Thus, from the problem ((3.9 arises the problem (3.4 .,
as a result of Wthh 1- is passed to the inverse problem. Thus, the inverse

problem of )-(3.3) fﬁndlng the functions u(z,t) and k(z’,t) is equivalent to
the problem of determlnlng the functions ¥(z,t), w(z,t) and k(z’,t) from problem

(3-4)-(3.6) and (3.9) and . Thus, we proved the following lemma.
Lemma 3.4. Let <p(a?) € HH‘G(R”), f(a',t) € HHLED/2(RE=N) a(t) € E and
satisfies the agreement conditions

f(x’, 0) = go(x’70), Prrnan (xla 0) =

1 n—1 82
! /
wft(x 70) - Z ﬁf(m 70)7
then (3.1)), (3.2] , iverse problem is equivalent to the pmblem and
(13-9)-(3.11]), ﬁndmg functzons Ha,t), k(2 t), and w(x,t)

In the next stage, we will transform the lemma on the equivalence of the obtained

problem (3.4))-(3.6) and (3.9)-(3.11)) into a system of loaded integral equations.
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Lemma 3.5. Equations (3.4)-(3.6) and (3.9)-(3.11) auxiliary problems, equivalent
to finding functions 9(x,t), k(z',t), w(x,t), from the following system of integral
equations:

00 g
at) = vowt)+ [ s [ e

(1)
/ k(' a)D(E, 071 (r) — )Gl — £,6(t) — 7)da

v [ s [ o - a9

)
x G(z — ¢, 0()77-dﬂd£

0(t) r
wle.t) = vmle)+ [ S [ e @) ele. 0 ()

071 (7)
—tna(@ ) [ k€ )06.07(7) — a)da]

x G(x —&,0(t) — 7)d¢

o(t) dr 971(7—) / -1
+/0 W// k(€ a)w(€,07 (1) — )Gz — &,0(t) — 7)dad

o) dr
+/0 (91(7))/ k(€071 (1)) pe,e, (€)G(x — €,0(t) — 7)dE

(3.13)

o(t) dT 1<T

+ I'(« / /n/ 'w(€, B)G(x — &, 0(t) — 7)dBdE
A 0(t) dr . / ~1(r) ) ) L

-~ o /0 CETES) /R (na(@™(r))) /0 O (r) - B) i;if;Gdﬁd&

(r)
X / ((lna(efl(T)))// k(é'/’ Oé)’t9(£, 071(7_) _ Oé)dO[)G($/ _ €I7£n7 H(t) . T)dﬁ
R™ 0
a(t) dT / 7 _
/ W/ (Ina(0~1(7)))w(&, 07" (1)G(z' — &', &, 0(t) — 7)dE
o ar 1(7)
/ d /n/ 1) —a)G(2' =&, 0(t) — T)dadg
G(t) dT 4 - / !
‘/0 a(g—l(T))/nk(f L07HT))Pene, () G2 — €60, 0(1) — T7)dE

A ar
+@/o a(01(r))

H(r) B
x / (na(@\ () / (07 (7) — B)*(E, B)AC(a — &, 60,0(t) — 7)dé
n 0
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67" (7) N
[ = meE €00 - r)dsde)

(Ina(t))’

- o(2',0)

e, It — b t 2 ) (2t —7)dr
| sty s [k el = i
(3.15)

v ot) = [ pe,e, (GG — €00,
in(et) = [ a0)Age.e, (G - &.0(0)de

A o dr -1 a—1 & N .
+p(a)/o a(a_l(T))/n(@ (7)™ pe,e, () Gz — & 0(t) — T)d8,

S~ [ a0, 06 - ¢ 600000

1pOB(QT,t) = @T
a(t) B A o(t) dr 1 1 ~
+ <p(x’,0)( () /0 a(0=1(7)) /n(e (7)) Penen (§)
x G(z' =&, &,,0(t) — 7)dE).

The proof of the lemma, can obviously be obtained, from (3.4)), (3.5), (3.9),
and (3.10), we did the integral relations (3.13)) and (3.14)), as the integral equation

(2.4). And also, from equations (3.11)) and (3.14]), we easily obtain relation ([3.15]).

4. EXISTENCE AND UNIQUENESS FOR THE INVERSE PROBLEM

In this section, we demonstrate one of the main results of the inverse problem, the
existence and uniqueness theorem for solutions to the system of integral equations

(3.13])-(3.15)), from which the unique solvability of the problem (3.1)-(3.3) follows.

Theorem 4.1. Let a(t) € E, p(x) € H*FS(R™), and f(2/,t) € HFHUFD/2(RE-1),
moreover

/ / / 1 / = 0? /
f(x 70) = 90(5U a0)<pznfﬂn(x ’0) - mft(x aO) - Z T%%f(w ,0)7
k=1

and the terms of the agreement be reasonable. Then there exists a sufficiently small
number Ty > 0 such that for any T € (0,To], there is a unique solution to the

system of integral equations (3.13)—(3.15)), in the domains
{0(z, 1), w(x,t)} € HF2H22(RY), k(o' t) € HY2(RE).
Proof. Without loss of generality, we can prove this theorem by the classical integral

method. First, we write the system of integral equations (3.13)-(3.15) in the form
of an operator equation

Y =Ly, (4.1)
where ¥ = (1,12, 93)* = ((x,t),w(z, t), k(z',t))*, with * denote the transposi-
tion. Equations (3.13))-(3.15) as operator in equations become
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Operators (L);, i = 1,2,3 can be written in the form

(L)1 = o (2, t) /a(t) dT /n/ 1(7) a)i1(£,071(r) - a)

X Gz =& 0(t) — 7)dad + =~ () /0 Cc(9i11T(T))

67*(r) -
<[ [ e - e e s)Gass

0(t) -
(Ltp)2 = thoa () + /0 ﬁ

o7 (7)

(4.2)

[ [tmate )y ate. o7 )

~ (a0 (") [

0

¥s(€ ) (6,071 (r) — oz)da}
X Gz — €, 0() — T)de + /Oe(t) a(eiT(T))

//0 1(T a)2(&,071(r) — a)G(z — &,0(t) — T)dads
+/09(t) #/w P3(&,071(7) e, ()G — &,0(t) — 7)dE
+ ﬁ /Oe(t)a(gflf(ﬂ) / i /O ailm(e‘l(ﬂ—6)“‘1wz<£,ﬂ)Gdﬂds

A o®) dr . /
_@A m/nﬂna(@ (7)) %

() N
x / (6 (r) — B)°"1(€, B)G(x — €,6(t) — 7)dBE,

B a(t) o qr IPINY
L)y = dostant) + =20 ([ s [ w7 ()

(m)
x / Ua(€ )y (6,671 (7) — 0)Gdade
0

‘/e(t)(gdf@))/ (ma(o- ()))wzw 1)) G

/Q(t) dT // 7 (€ a(6.671(r) — a)Gade

0t T
- / d / (€071 (1))pe, e (O)G(@ — €64, 0(1) — T)dE

t) dr . ot ~
B F(a)/0 a(0-1(7)) /n/o (9 (1) = B)* (&, B)GdBdE

O L
+F(Aa)/o awi(r)) /n(lna(e )
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0~ (r)
71 1
x / (01 (r) — B)* 41 (&, ) GdBdE)

lna
/ ws(a',7)f(2' t — T)dT

- [ e s = i (44)

Therefore, in relations (4.2)—(4.4), taking into account the notation of Lemma
we denote

013" = max(funlr, [9lz, . lslr ),
and on H“/2(R%), we include the conditions
S(T) = |1 — ol3”* < |77/10|l’l/27 (4.5)
where 9o = (Y01, Y02, P03) and |¢0|l 1= 1fn?30<(|¢01|T0/2 ”/2 , [Yosl4: l/2)~ O

Suppose that ¢ is an arbitrary in S(T), here T' < Tp. In this case, the following
inequalities are valid:

1i/2

il < 2fpol?, i =1,2,3.

Therefore, it is similar to setting the Cauchy problem for the classical heat equation
when we consider a function in the class ¢(x) € H*6 and introduce the following
notation:

|1+6, ‘f|l+4 (1+4)/

as : tg[%]l(na())h w1:= o

Let the operator L be defined in a closed S, which is part of the Banach space.

Definition 4.2. An operator L is called a contraction operator in S, when the
following two conditions are satisfied:

(1) if y € S, then Ly € S, i.e. the operator L maps the set S in itself;
(2) if there exists a real number p € [0,1) such that

1Ly — Lz| <plly—=l, Vy,z€5.

If for the mapping L : X — X there exists a point z € X such that Lz = x, then
the point x is called the fixed point of L, [4].

In this section, we state and prove the contraction mapping principle [18], which
is one of the most useful methods for the construction of the solution of the differ-
ential equations [20].

Contraction mapping principle. Every contraction mapping defined in a com-
plete metric space R has one, and only one fixed point, that is, the equation, Lx = =
has a unique solution zy € S.

First of all, we show that the operator L satisfies the first condition for the
definition of compressibility in S, i.e.:

(L) — o |5

[ s // AW (6,67(7) ~ )
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A0 g
x Gz — £,0(t) — 7)da dg|”/2+\@/o Wf@)
1l/2

67(n) .
<[ =8 )G — € ) — s,

here after replacing ly = 0~1(7)| as a result, we obtain

|/ / /% )1 (& y — )Gz —&,0(t) — 0(y) dd§|ll/2

+g /91 [ [w-srn@n

x G(a: —&,0(t) — (y))dﬂdﬁllT”Q
< Bo(T)|(3(&, to)n (& y — to))|2/? + Ba (1) (w1 (€, t0)) |22
< 4Bo(T)(1whol/%)? + 260 (T) (1ol ),
Similarly, we obtain estimates for other components of the vector L:
|(L)2 — oz|q"” < 481 (T)(az + D)([wol/*)? + 262(T)(2az + o1 + 1)(|%ol52),
|(Ly)s — %3‘[ 2 < 2(81(T)arpy ' (2a2 + @1 + 1) + fopg 'Tolaz + 1)) ol l/2
+4B2(T)argg Haz + 1) (1wol7 )2
Here, If T'— 0 then, 5;(T), (i = 0,1, 2) tends to zero. If we choose T such that
460(To) (ol %) + 281 (To) ([l ) < 1,
481(T) (a2 + 1)([ol5*)? + 282 (To) (202 + 1 + D ([wol7?) < 1,
2(81(To)arpy L (2az + 1+ 1) + forg Tolaz + 1)) [wol7/>

+4B2(To)arpy Haz + 1) (1ol %) < 1,

then the operator L satisfies the first mapping condition by reducing T' < T, i.e.,
LS C S. In the same way, we can pass the second condition to the contraction
principle. We suppose that

v = (i s g?) € S(D),9® = (7, ", v5”) € S(T).
To estimate the distance between the images of the functions ¥ and 1 as a
result of mapping L, with regards to

1,l/2
|w(1)w(1) wéﬂw?“ / _ | w21) wéQ))w§1)+wéQ)( (1) w12))11/2
< 20p® — @52 max(juV 52, 108 57
< Ao [Pl — @ L2,

(4.6)

we have

|<<L¢><” - <Lw><2>>

N[ [ e o

0(t) -
 Gla— £.6(1) = 7)o dﬁl”“'ﬁ/o T

1i/2
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o 1(T o1, 15 1,1/2
) = B)* (€, B)G(x — €,0(t) — T)dBdE| ;.

1i/2

< [86o(T )|¢o|l 2 448 (T)] | — @4

In the same way, the second and third components of L satisfy:
1,1/2

(L) D — (L)),
< [261(T)(2az + @1 + 1) + 882(T) (a2 + 1)[ghol 5/ *[p® — @[5/

(( ) _ (L¢)(2)) Il,l/2
< 2(81(Tarpy ' (2a2 + 1 + 1) + fopy 1T0(a2 + )l — ¢(2)|1T,i/2
+ [8B2(T)arpy “(as + 1) ([l 7/ )] Jw® — g [51/2,

Therefore,
|(L¢(1) _ L¢(2))|IT,Z/2 < PWI) _ ¢(2)|17,11/2.

Thus, if the following conditions are satisfied

1860(T)|thol5/> +261(T)) < p < 1,
[261(T)(2az + @1 +1) + 882(T) (a2 + Dol *] < p < 1,
2(81(T)arpy (2a2 + 1+ 1) + fowg ' To(ag +1))]

+ [8B2(T)arpy (az + D)([wol 7)) < p < 1,

then, operator L is compact on S(T), [20].

From the fulfillment of inequality , it is not difficult to see that condition
(4.6) is satisfied for Ty. It follows that the contraction principle holds for in T < Tj.
In this case, according to the Banach fixed point theorem [4], there exists a unique
solution to the equation . Therefore, from the system of integral equations
—, using the method of successive approximations, we determine the
unique solution of the system that belongs to the class Hl+2’(l+2)/2(1_%§1).

(4.7)

5. CONCLUSION

Parabolic equations, especially diffusion and reaction-diffusion equations, are one
of the most used equations of the modern theory of partial differential equations,
which have been rapidly developing in recent years. This happens because the
mathematical models for the dynamics of infectious diseases can show optimal con-
trol of the spread, and controllability and stabilization of the dynamics of infection.
Based on this, in this paper we study the solvability of direct and inverse problems
for a multidimensional fractionally loaded heat equation in Holder spaces.

Introductory section of this work is dedicated to the history and literature on
problems for the fractional differential equations, time-fractional diffusion equa-
tions, integro-differential equations with fractional load, and the novelty of the
work.

In the second section, we investigated the Cauchy problem for the integro-
differential equation with a fractional load. We proved the unique solvability of
the initial-value problem using the theory of the integral equations and the meth-
ods of successive approximations.
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In the third section, we formulate inverse problems. With a change of variables,

the formulated problem (3.1])-(3.3)) is reduced to auxiliary problems with new func-
tions v(z,t), w(z,t) and k(z',t). Hence, the auxiliary problems are equivalently
reduced to a system of loaded integral equations of Volterra type.

In the fourth section, we obtain one of the main results of the inverse problem

— 3.3)), the existence and uniqueness of solutions to the system of integral equa-
tions 13.13—. There, using the contraction mapping principle method, we find
the solution of PDEs. Then the existence and uniqueness of the resulting system
are proved. Thus, proving the unique solvability of the posed inverse problem.
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