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GLOBAL SOLUTION FOR COUPLED PARABOLIC SYSTEMS
WITH DEGENERATE COEFFICIENTS AND TIME-WEIGHTED
SOURCES

RICARDO CASTILLO, OMAR GUZMAN-REA,
MIGUEL LOAYZA, MARIA ZEGARRA

ABSTRACT. In this article we obtained the so-called Fujita exponent for the
degenerate parabolic coupled system

ur — div(w(z)Vu) = t"vP
v — div(w(z) Vo) = tuP

in RN x (0,T) with initial data belonging to [L>°(RY)]?, where p, ¢ > 0 with
pq > 1; 7,5 > —1, and either w(z) = |z1]% or w(z) = |z|® with a,b > 0.

1. INTRODUCTION

Several authors have studied models associated with elliptic and parabolic partial
differential equations, which presents a diffusion operator of the form div(w(z)V-),
where div is the divergent, V is the gradient, and the spatial function w : RN —
[0,00) is a weight representing the part of thermal diffusion, which can degenerate.
See for example the works of Kamin and Rosenau [21], 22 23]; Kohn and Niren-
berg [26]; Fabes, Kenig, and Serapioni [I1]; Gutierrez and Nelson [15]; Fujishima,
Kawakami, and Sire [I2]; Dong and Phan [9]; Sire, Terracini, and Vita [28]; Zel-
dovich [40]; Jleli, Kirane, and Samet [19]; and Jing, Nie, and Wang [20]. See also
the works of Wang and Zhao [37, [38], where it is studied parabolic problems related
to biological population models.

We are interested in the degenerate coupled parabolic problem with time-weighted
sources,

up — div(w(z)Vau) = hy (t)v?P  in RY x (0,T),
v — div(w(z) Vo) = he(t)u?  in RN x (0,7), (1.1)
u(0) = ug, ©v(0)=vy inRY,
where (ug, vg) € L (RY) x L= (RY) = [L>®(RM)]2; ug, vo > 0; p,q > 0 with pg > 1;
hi(t) = t", ha(t) = t* with r,s > —1; and the weighted function w : RY — [0, 00)
satisfies one of the the following two conditions: either
(A1) w(x) = |z1]|* with a € [0,1) for N =1,2, and a € [0,2/N) for N > 3, or
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(A2) w(z) = |z|* with b € [0,1).

The function w, with these characteristics, belongs to the Muckenhoupt class of
functions Ay /5. Moreover, the operator div(w(z)V-) is not self-adjoint, as noted
in the observations made by Fujishima et al. [12].

In scenario (A1), the function w exhibits a line of singularities. Consequently,
problem connects to the fractional Laplacian via the Caffarelli-Silvestre exten-
sion, as referenced in [2], 12, [30L [5]. Additionally, the fractional Laplacian is linked
to nonlocal diffusion and is present in the Levy diffusion process, as illustrated in
8, 24].

Fujishima et al. [I2] studied the problem

uy — div(w(z)Vu) = u?  in RY x (0,7),
u(0) =ug in RN,

and obtained the Fujita exponent

where a = a in case (Al) and a = b in case (A2).

When w = 1, the problem defined in has been studied by various re-
searchers. Hirose Fujita [13] linked the critical exponent p*(0) to the global ex-
istence of solutions for problem (1.2)). He demonstrated that for 1 < p < p*(0),
problem lacks any non-negative global solutions. When p > p*(0), both global
and non-global solutions may arise, contingent on the size of the initial conditions;
for further information, refer to [27, BI]. In the critical scenario where p = p*(0),
Hayakawa [16] (for N = 1,2), and subsequently Aronson and Weinberger [I] (for
N > 3), proved that problem does not possess a global solution.

Problem (L.1)), with w = 1 and hy = hy = 1, was studied firstly by Escobedo and
Herrero [10]. They showed that

(pg)" =1+ %(maX{p, qy+1)

is the Fujita exponent for problem , that is, if 1 < pg < (pg)*, then any non-
trivial nonnegative solution blows up in finite time, and when pg > (pgq)*, there exist
both global and nonglobal solutions. The case hi(t) = (1+¢)" and ho(t) = (1+1)°
was analyzed later in Cao et al. [6] who showed the existence of the Fujita exponent

2max{(r+1)g+s+1,(s+1)p+r+1}
N )

for problem (L.I)). See also [3, 4 18] and the references therein for other related
results.

The primary aim of this study is to ascertain the Fujita exponent for problem
(1.1). To achieve this, we employ the methods outlined in [I2] [I0], which are
adapted to address the challenges specific to the degenerate coupled system and
to handle the scenario where pg > 1 with 0 < p < 1 (or 0 < ¢ < 1). Notably,
we rely solely on the properties (A3)-(A7) that are confirmed by the fundamental
solution I' linked to the linear problem (detailed in Section . Consequently,
the conventional approaches for addressing problem (where hy = hg =w =1)
require refinement.

(pg)" =1+
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The approach that we use can also be applied to determine the critical Fujita

exponent of the following problems:
(ui)e — div(w(z)Vu;) = t"ud |, i=1,...,m—1 inRY x(0,7), 13)
()t — div(w (@) Vay,) = t™ud™  in RY x (0,T), .

and
— div(w(z)Vu) = t"u? + 207 in RN x (0,T),
—div(w(z)Vv) =t u" +t"0*  in RY x (0,7).
When w = 1, problem (1.3) was investigated in [32], 35, 4], while problem (|1.4))
was examined in [7, 34} [3]. Moreover, similar outcomes can be achieved by consid-
ering the operator w(z) ™! div(w(z)Vu;) in place of the operator div(w(z)Vu;), as
demonstrated in the recent findings in [I7 [25].
Solutions for problem (1.1)) with initial data (ug, vo) € [L°°(R™)]? are understood
in the following sense.

(1.4)

Definition 1.1. Let u and v be a.e. finite, measurable functions defined on RN x
(0.T) for some T' > 0. A pair (u,v) is called a solution of (L.1)) with initial condition
(ug,vo) € [L®(RM)]?, if (u,v) € [L>((0,T); L (RN)))? and satisfies

U(I7t):/ ( 7ya uO dy+/ / 7yat70—)h1( ) ( 7J)pdyd0<oo;
RN RN

)= [ Tt [ [ Tt oo i < o,

(1.5)
for almost all z € RN and ¢ € (0,T). If T = oo, we say that (u,v) is a global-in-time
solution of (1.1)). Here

S(00(a) = [SWal(@) = | | Tpnt)o)dy

where I'(z, y, t) is the fundamental solution of the linear problem wu; —div(wVu) = 0
in RY x (0, 00).
Henceforth, we consider the following values:

_ D)+ (s+1)p

i1 (1.6)

g i (s + 1])3q+_(7;+ 1)q7 )
iy = ﬁ (1.8)
Fay = ﬁ (1.9)

Our main result is the following.

Theorem 1.2. Letr,s > —1, p,q > 0, with pqg > 1. Suppose that o« = a in the
case that w satisfies the condition (A1), and o = b in the case that w satisfies the
condition rm (A2).
(i) If v := max{y1,v} > N/(2 — «), then problem (L.1) has no nontrivial
global- in-time solution.



4 R. CASTILLO, O. GUZMAN—REA, M. LOAYZA, M. ZEGARRA EJDE-2024/67

(ii) If v := max{vy1,72} < N/(2 — «), then there are nontrivial global-in-time
solutions to (1.1). Moreover, there exists a constant 6 > 0 such that for
any

(0, v0) € [L*(RY) N L2(RY)] x [L(RY) N L2 (R™)]

with max{||uollr,, co; |V0]lrss.c0} < 0, then problem (1.1) has a global-in-
time solution (u,v) satisfying:

L(L_L)
sup(1+¢)2* Ve flu(t) || 00 < 00,
t>0

N

1 1
sup(1 4+ )75 (575 o(t) .00 < 00
t>0

for max{ris, ros} < p < 0.

Remark 1.3. Here are some comments on Theorem [.2

(i) When a = 0, Theorem [1.2] coincides with the result in [0} Theorem 1].

(ii) When a =0 and r = s = 0, this theorem coincides with the results in [10].
Moreover, the values 71, = N(pg—1)/2(p+1) and 2, = N(pg—1)/2(qg+1)
are the same used in [I0] to determine the global existence.

(iii) The result is sharp and shows that the critical value of Fujita is given by

2-—a)max{(s+ )p+r+1,(r+1)g+s+1}
N .
This work is organized as follows. In section 2, we present the necessary prelim-

inaries. Then in section 3, we prove the non-global existence. Finally, in section 4,
we prove the global existence.

(pg)" (@) = 1+

2. PRELIMINARIES AND TECHNICAL RESULTS

In that follows, C' denotes a generic positive constant that may vary in different
places, and its change is not essential to the analysis. The positive part of ¢(x) is
defined by ¢T(x) = max{#(x),0}. The negative part of ¢ is defined analogously.

For z = (z1,...,2y) € RN, |z| = (vazl xf)l/Q is the Euclidean norm of RY.
The spaces L>=(R™) and L$(RV)(¢ > 1) are defined as usual, and their norms are
denoted by | - [|so and || - ||¢, respectively.

For 1 < (< oo and 1 <o < oo, the Lorentz space L<7"(RN) is defined as

L9 := {4 : RN — R;¢ is measurable and 9] L¢.o (mry < 00},
where
(755w (9)72)"7 i1 <o < oo,

SUP4sg S/ C*(s)
P*(s) == inf{\ > 0; uy(N) < s},

if o = o0,

Hw”LCv"(RN) = ¥llree = {

pp(N) = A{z = ()] > A, A=0,

is the distribution function of . By definition, L>°°(RY) = L>*(RY). The
Lorentz space L (RY) is a Banach space; see [14} 41] for details.
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Definition 2.1. The Muckenhoupt class Ap, with 1 < p < oo, is the set of locally
integrable nonnegative functions w that satisfy

w dx wiﬁ;il) dx v < K
Q Q

for every cube @ and some constant K > 0. For p = 1, the function w belongs to
the Muckenhoupt class A7 if there exists a constant K > 0 such that

][ wdr < Kinfw,
Q Q
for all cube Q.

We will denote by I' := I'(z,y, t) the fundamental solution of the homogeneous

problem
uy — div(w(z)Vu) =0 (2.1)

in RY x (0,7), with a pole at point (y,0), and w verifying either (A1) or (A2)
condition. Since w belongs to the classes Aj o,y and As (see[29]), we have that
the fundamental solution I' = I'(z, y, t) satisfies the following properties (see [15} [12]
for more details):

(A3) [on D(z,y,t)da = [on T(z,y,t)dy =1 for z,y € RY and ¢ > 0;

(A4) D(z,y,t) = [on T(2, &t — 5)T(E,y, s)dE for a,y € RY and t > s > 0;

(A5) Let co := supg (JﬁQw(az)d:ﬂ) ( JﬁQw(x)*ldx) < 00, where the supremum is

taken over all cubes @ € R, and

he(r) = (/Br(x)w(y)zv/z dy>2/N.

Then there exist constants Cy,, cox > 0, depending only on N and ¢g, such
that

1 1 ho(l 2 — gy )\ 1/(1—a)
Co*l([hgl(t)]N + [h;l(t)]N) exp [— co*(A (I g Y |)) }
< D(z,y,t)
1 1 ho(l 2 —y P\ V/(1—a)
< Co*l([hgl(t)]N + [h;l(t)]N) exp [— C’o*(A (I g Y |)) }
for z,y € RV, ¢ > 0, and o € {a, b}, where h; ! denotes the inverse function
of hy.
Also, by [12 estimates (2.11), (2.12)], we have
(A6) fﬂgtl/@,a) [(z,y,t)dz > C, for all |y| < '/~ and some constant C' >
0

(A7) T(z,y,t) > Ct—N/ =) for |z|,|y| < t'/C=*) ¢ > 0, and some constant
C>0.

Remark 2.2. From (A5), we deduce that the fundamental solution I' is nonnega-
tive. Moreover, if ug € L>(RY) is such that ug > 0 and ug # 0, then according to
(A6) (or (A7), there exists a 79 := 7(ug) > 0 for which

S(Oua(e) = [ Tl hus(y) dy > 0

for almost every x € RY and all ¢ > 7.
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The subsequent results will be utilized to demonstrate the existence of solutions
global-in-time for equation (|1.1)).

Proposition 2.3 ([12]). (i) Let ¢ € L1 (RY) and 1 < ¢ < g2 < o0, then

1

N 1
1S5(W)@llg, < ext™ = w75 |6, (22)
fort > 0. The constant ¢c; > 0 can be taken so that it depends only on N, o € {a,b}.
(ii) Let ¢ € L9 (RN) with 1 < 1 < g2 < 00, then

1 1

__N (1 __ 1
[1S(#)Bllgz,00 < cat™ 77 T 7 )]l 4y 00 (2.3)

fort > 0. The constant co > 0 can be taken so that it depends only on q1, N, and
a € {a,b}. In particular, co is bounded in q1 € (14 ¢,00) for any fixred e > 0 and
co — 00 as qp — 1.

Another tool used is the following interpolation result in Lorentz space.

Proposition 2.4 ([14]). Let 1 < rg <1y <11 < 00 be such that % =20 4 1-6
for 0 € 0,1]. Then

0 -6
1£llrzs00 < 117,00l Fllnr 00 (2.4)
for f e LMoo [T,
The subsequent results will be utilized to demonstrate the existence of non-global

solutions to equation ([1.1)).

Lemma 2.5 ([12]). Assume that w satisfies either (A1) or (A2). Let ¢ € L=(RYN),
¢ >0, and ¢ # 0. Then there exists a positive constant C(a, N), depending only
on a and N, such that

S(t)é(x) > Cla, N) == / | )y,

ly|<t2-«

for |z| < t7 and t > 0, where o is defined by oo = a in the case (Al) and . =b
in the case (A2).

Lemma 2.6. Assume that w satisfies either (A1) or rm (A2). If ug € L= (RY) is
a nonnegative function and q > 1, then

/RN Dz, y,t)[uo(y)]? dy > (/RN [(z,y, t)uo(y) dy)q-

If0 < qg<1, then

([, rewowwa)'= [ Ty o)

RN

Proof. Since the fundamental solution I is nonnegative, by (A5), [pn I'(x,y,t) dy =
1, and by (A3), we can use Jensen’s inequality for ¢ > 1 in the estimate

/RN D(z,y,t)[uo(y)]? dy > (/RN L(z,y, t)uo(y) dy)q-

For 0 < ¢ < 1, we observe that ul € L (RY). Thus, the conclusion follows as the
anterior case replacing ¢ by 1/q. [
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3. NONGLOBAL EXISTENCE

To demonstrate the non-global existence aspect of Theorem we require the
subsequent result. The method employed is traditional, albeit with necessary ad-
justments (refer to [39]).

Proposition 3.1. Assume that w satisfies either (Al) or (A2), and ug,vy €
L= (RN) with ug,vo > 0. Suppose that (u,v) € [L>=((0,T), L (RN))]? is a so-
lution of problem with 0 < T < oo, and p,q > 0 with pg > 1. Then there
exists a constant C* > 0 (which depends only on p,q,r, and s), such that

S ()uolle < C*, ifg>1,
ISl <C*, if0<g<1,

2][S(t)volle < C*, if p> 1,
2 S(t)vgllee < C*,  if0O<p <1,
for allt € [0,T), where v1,7v2 are given by and .
Proof. Since ug € L*(RY), from We have S(t)ug(z) < oo for a.e. x € RY.

We will prove the first inequality of (3.1)). To do this, we will show the estimate
u(z,t) > C'kt(ﬁk*l)'y1 [S(t)uo(x)]ﬂk (k e NU{0}), (3.2)

for a.e. z € RN and t € (0,T), where Cy = 1, 8 = pq and

Ch =Gy (B = Dgm + s + 1778 = )mB+pls + 1)+ (r+ 1] 7", (33)

for k € NU {0}. We proceed by induction on k. From (1.5)) and property (A5),
it follows that u(x,t) > S(t)ug(x) for almost every z € R™ and all ¢+ > 0; thus,

(3.2) is satisfied for k = 0. Now, assuming that estimate (3.2]) is valid for k£ > 1,
we apply (1.5), properties (A3), (A4), (A5), and Lemma [2.6 to obtain

(2,1)
> / / TGyt = 0)ha(0)uly, o)) dydo

t
> [ Tt - o) ico™ 07 S (w)* o
0 Jr¥
t ot (34
> C’Z/ o® _1)71q+s[/ (/ I(z,y,t —o)'(y,2,0) dy)uo(z)dz} do
0 RN N\ JRN

t
> CHISOuo(a))1* [ o0t
0

= Ck,1t(6k_1)“q+s+1[S(t)uo(x)}‘mk

for a.e. z € RY and ¢ > 0, where Ci1 = C}/((B* — 1)y1g + s+ 1).
Similarly, from (3.4)), we obtain

t k
ute ) Z/ / (2, .t — 0)0° [Chao®" D41 (0 )ug ()] ** [P dydo
0 JRN
t
205,1[5(t)u0($)]5k+1/ (B =D - (s+1)ptr g
0

ﬁk+1

= Ol ot " =MD (S (#) g ()]
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for a.e. € RN and ¢ > 0, where Cyo = C} | /[(B* — DmiB + (s + )p + (r + 1)].
Since

(B = DmB+(s+Dp+ (r+1) = (BT = D)y,

we have - -
u(x,t) > Crot® ~IN[S(t)ug ()],

for a.e. x € RY and ¢t > 0. Setting Cp1 = Ck,2 and inserting the value of Cy 1, we
obtain (3.3). Thus, the induction process is complete.

Now we show that there exists kg > 0 such that Cy > /@g ’ for all £ > 2. Defining
0 = —5~* In(C}) it is sufficient to prove that the sequence {0 }ren is bounded
from above. From relation (3.3)), we have

0; —0;—1 =B"'In (Cz,:l)

=47 ([(B7" = Dgm +s+ 1P[(B" = DB +p(s +1) + (r+ 1)])
< {/31‘ Iy (B~ P ifp > 1,
Bt In[g[v1 (BT —1)]* if0o<p<1
< CB7Hi+1).
This implies that 6, — 61 = Y1 (6; — 6;—1) < C YK 87 +1) < co.
From and the estimate C} > /{gk we have that
u(z, )" > kot OIS (g (),
for a.e 2 € RY and t € (0,7). Since B8 > 1, letting k — oo, we obtain the first

inequality of (3.1)).
For the proof of the second inequality of (3.1)), we argue similarly to the previous
case. We use properties (A3)-(A5), and Lemma [2.6] iteratively, starting with

v(x,t) > TS () [uo(2)]9, (3.5)
until the inequality
u(a,t) > Dt =N [S(t) [ug ()97, (3.6)
for a.e. x € RV, t € (0,7), and k € N, where 8 = pq, and Dy, > 77{3’“ (m > 0). So,
from , we obtain
u(ar, )7 2 OIS (6 fug ()],

for a.e. x € RN, t € (0,T) and some positive constant 7;. Letting & tends to
infinity, we obtain the desired estimate.

By the symmetry the problem, the other inequalities can be proved analogously.

O

The following result is a direct consequence of the above proposition.

Corollary 3.2. Assume that w satisfies either (A1) or (A2) condition, and ug, vy €
L®(RN) with ug,vg > 0. If (u,v) € [L=((0,00), L=(RN))]? is a global-in-time
solution of (1.1) then there exists a constant C** > 0 (which depends only on
p,q,r, and s) such that
HSBu®)le <C*5if g >1,
tSOu®)] e <C™,if0<g <1,
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2S@v(t) e <C™, ifp>1,
RSOl <€, f0<p<,
for all t € (0,00).

Proof. Since (u,v) is a global-in-time solution to equation (L.I]), the pair (u(- +
0),v(-+0)) for o > 0 also constitutes a global-in-time solution to the same problem
with the initial condition (u(c),v(o)). Consequently, the estimate in equation
applies with (u(o),v(0)) replacing (ug,vp). Therefore, the result is obtained by
setting o = t in this estimate. (Il

Lemma 3.3. Under the assumptions of Proposition let (u,v) be a global-in-
time solution of with initial condition (0,0) # (ug,ve) € [L=®(RN)]2. Then
there exist 79 = 7o(ug,vo) > 0 such that u(z,t) > 0 and v(x,t) > 0 a.e. z € RV
and t > 1.

Proof. Assuming ug # 0, Remark [2.2] implies that [S(¢)ug(x)] > 0 for almost every
x € RY and t > 7y with some 7y > 0. Following the reasoning used to derive (3.4,
we obtain

u(z,t) > [S(t)uol(z) >0, and wv(x,t) > (s+ 1) (S(t)ug)(x)]%tT > 0,
for almost every x € RY and ¢ > 7y. A similar approach applies when vy # 0. O

Proof of the nonglobal existence (Theorem [1.2{(i)). Assuming without
loss of generality that v = =1, we proceed by contradiction. Suppose there exists a
global-in-time solution (u,v) to problem with the initial condition (ug,vo) #
(0,0). We will consider two cases:

Case I: ¢ > 1. Let us assume first that 43 > N/(2 — o). By Lemma there
exists 7y such that

u(z,t) >0 and wv(xz,t) >0, (3.7)
for a.e. z € RN and ¢t > 7.

Define w(t) := u(t+7) and z(¢) := v(t+7) for all t > 0 and some 7 > min{1, 79 }.
It follows from that wp := w(0) # 0 and 2o := 2(0) # 0. Given that
(w, z) forms a global-in-time solution to with the initial condition (wg,2¢) =
(u(1),v(7)), Proposition ensures that

S (t)wolleo < C* for all t > 0. (3.8)

On the other hand, since wy > 0 there exists a non-trivial function 0 < U; €

L®(RN) such that supp Uy C B(ty/ ™)) (the ball of center 0 and radius ¢/ *~*))
for some tg > 1, and 0 < U; < wg. By Lemma [2.5] we obtain

S(HUL(z) > CMt~ 7=, M::/ Ui (y) dy, (3.9)
B(té/(z_a))

for |z| < t1/(2=®) t > t5 and C > 0. Consequently, by property (A5), it follows
that
IS (B wolleo > £ [ SEUL oo > CME" 75,
for all t > ¢5, which contradicts (3.8).
Now, reconsider the previously mentioned global-in-time solution (w(t),z(t))
with v = % Following a computation similar to that in the derivation of ,
we obtain

2(x,t) > Ct (S (Hwo) ()], (3.10)
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for almost every € R and for all ¢+ > 0, and some constant C' > 0. Conversely,
from (3.9), it follows that

S(two(z) > Ct 7os = Ct™™, (3.11)

for all t > g, and for |z| < =1
Note that,t+1—0c <tand o <t+1—o0 for 1 <o < ¢/2. Thus, from (1.5),
(A5), (A6), (A7), (3.10), and (3.11)), we obtain

/ w(z, t+ 1)dx
| <(t+1)1/ 2=

> / w(z,t + 1)dz
jal <t/ (2=)
t/2
> / / / o' T(z,y,t+1—0)z(y,o)? dydodx
|z| <1/ (2=) J1 ly|<(t+1—0)1/(2—a)

t/2
i llstl-o) /e 2| <(t+1—0)F=a

t/2
> O/ / O-T(O'SJrl[S(o')wO(y)}Q)p dy do
tr Jyl<+1-0)1/ 2=

t/2
Z C / O-T+(S+1)p[5'(0')w0(y)]?q—1[S(J)wo(y)] dy do
ly| < (t+1—0)1/(2=a)

ty

t/2
> C/ o"HE+P | o= (Pa—1)m (/ oM dy) do
t1 ly|<g1/(2=)

t/2
>C / o ldo
ty
=Cln(t/(2t1)) > 0,
(3.12)
for t/2 > t; = max{to, 2} and some constant C' > 0.
From , we deduce that for any R > 0, there exists to — 1 > 2t; such that
the function Us, defined by Us(z) := w(z,ts) € L=°(RY), satisfies

ty—1
/| I Us(z) dz > Cln( 2%1 ) > R. (3.13)
z|<t,

Define (w1 (t), z1(t)) = (w(t+t2), 2(t +1t2)). Note that (wq, z1) constitutes a global-
in-time solution of (1.5)) with the initial condition (w1(0),21(0)) = (Ua(x), 2(t2)).
Consequently, by Proposition [3.1} it follows that

S (t)Uszl|eo < C* for all ¢ > 0. (3.14)
However, from and Lemma it is established that
S(tUs(x) > C(a, N) "' Rt™75,
for |z| < /(=) and t > t5. Consequently,
M S(1)Us o0 = 177 | S(1)U2]l0 > Ca, N) 'R,
for all £ > t5. This contradicts because of the arbitrariness of R > 0.
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Case II: 0 < ¢ < 1. From Lemma [3.3] we can assume without loss of generality,
that w(t) > 0 and v(¢) > 0 for all ¢ > 0. Thus, Corollary 3.2 implies

N S)ul(t)]|eo < C*, for all t > 0. (3.15)
First, assume that ; > % We can then find a non-trivial function 0 < Uz €

L>(RY) such that supp Us C B(tJ ) for some tg > 1 and 0 < Us < ug. Following
a similar argument to the derivation of (3.9)), we obtain

w(z,t) > S(t)ug(x) > Ct’%Xt (), (3.16)

2—a

for t > ty and some constant C' > 0, where X;1/2-«) is the characteristic function
on the ball centered at 0 with radius t'/(=%) . Consequently,

[u(z,1)]9 > Ct 97 Xy )ew (),
for t > tg and some constant C' > 0. This leads to
IS ()] o > CLO 25 S(1) Xyt - (), (3.17)
for t > tyg. Moreover, by (A7), we have

SHX 1 (z) > / | T(z,y,t)dy > Ct Tatra, (3.18)
lyl<tz-o

for all |z| < ¢1/(2=%) and ¢ > 0. Hence, estimate (3.17) contradicts (3.15).
Now, let us assume that v; = % Given that (u,v) is a global-in-time solution

o

to equation (L.1]), it follows that for any 7 > 0:
t
uet+r) = [ Tewouwndis [ [ Tt o)on .o+ ) dydo
RN 0 JRN

¢
v(x,t+7) :/ D(x,y,t)v(y,7) dy+/ / INx,y,t —o)o’ul(y,o + 7)dy do,
RN 0 JRN

and (u(-+7),v(-+7)) is also a global-in-time solution of (1.1)) with initial condition
(u(7),v(7)). Then, recalling that 0 < ¢ < 1 and proceeding similarly as in (3.5]),
we obtain
v(x, t+7) > O TS () [u(r)](x), (3.19)
for a.e. z € RY and ¢ > 0. Thus, taking ¢t = 7 in (3.19)) and arguing similarly as in
(3-16)-(3.18), we have
o(w,2t) = CEFLS(0)[u(t)]"(2),
s -~
> Ot TS ()]t =X () (3.20)
> Ccrt g
for |z| <t/ and t > tg > 1.
Let ¢ > 4tg. Since y1 = N/(2—a), from (3.20]) and proceeding as in the derivation
of (3.12)), we have

/I I<(t+1)7a u(@, ¢+ de

t/2
> C/ / . 0" (v(y,0))P dydo
1 Jy<@+i-o) e
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t/2
/ v(y,2-2710))P dydo
yl<oTa

2to

t/2 v
>c / o (1214 Z ) dydo
2to y|<¢72 a 2

t/2
> / / O-T+(s+1)p[aﬂ1]pq71[0771] dy do
- 2to |<(7ﬁ

>C Ur+(5+1):00*(qu1)71 (/ o dy) do
2to ly|<o2-e
t/2
>(C o ldo
2to
t
=Cln (4t0)

Thus, we can use the same argument given in the previous case, using Corollary
in place of Proposition to obtain a contradiction.

4. GLOBAL EXISTENCE

4.1. Local existence.

Lemma 4.1 (Comparison principle). Assume that either (Al) or (A2) is verified,
and (ug4,v0,:) € [L®°(RM))?, fori=1,2. Let f,g:[0,00) — [0,00) be nondecreas-
ing and locally Lipschitz functions; r,s > —1; and

(ui, vi) € [L=((0,T), L= (RY)]?,
such that
t
wlet) = [ Toguostdy+ [ [ T om0 f(0(0.0) dydo
RN o Jr¥
p (4.1)
wiet) = [ Teopuidy+ [ [ 1000 g(uly.0) dydo,
RN 0 RN
for a.e. z € RN andt > 0. Ifug; < up,2 and vo1 < Vg2, then ui(t) < us(t) and
v1(t) < wga(t) for allt € (0,T).

Proof. Note that it is sufficient to show that [u1 () — ua(t)]T = [v1(t) —v2()]T =0
for t € (0,T). Let My = max{|u;(t)| o, ||vi(t)||oo;t € [0,T),% = 1,2}. Since
uo,1 < up2 and vg1 < vp.2, from property (A4) and ( we have

wn(t) — us(t /St—o F(01(0)) — f(va(0))] do,

(4.2)
o1 (t) = va(t /St—a lg(ur (o) — g(ua (o)) do.
Since f and g are nondecreasing and locally Lipschitz, we obtain
g(ur(t)) — g(ua(t)) < [g(ur(t)) — glug(t)]* < Lag, [ur (t) — ua(t)]™, (43)

Fr(®) = fv2(t) < [f(02(8) = F02(0)] < Lagy[02(t) — v2(1)] T,

where Ly, and Ly, are the Lipschitz constants on the interval [0; Mo].
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It follows from estimate (2.2)), (4.2)), and (4.3) that

ua () — u2 ()] oo < LM2/0 o"|[v1(0) = v2(0)] [l do,

w1 () = v2(B)] lloo < L, /O o*||[ur (o) — uz(0)] " ||oe do,

The results is now a direct consequence of Gronwall’s inequality (see for example
[36]). O

Theorem 4.2. Suppose p,q > 0 with pqg > 1, w satisfies either (A1) or (A2), and
(ug,v0) € [L®(RM)]?, ug,vg > 0. Then there exists T > 0 and a constant Cy > 0
such that problem (L.1)) possesses a unique solution (u,v) on (0,T) satisfying

sup_([[u(t)lloo + [v(#)lloo) < Co([[uolloc + [[vo]loc)-
0<t<T

Proof. For (ug,vo) € [L°°(RN)]2, ug,vg > 0. We define the sequences {u, },>1 and
{vn}nzl by

w(et)= [ Tl v = [ T dy

and

¢
Unt1(z,t) = up(z,t) + / O’r/ T(z,y,t — o)vn(y, s)? dy do,
0 RN

t
Unt1(x,t) = vi(x,t) +/ as/ I(z,y,t — o)un(y, s)? dydo,
0 RN

for a.e. € RN, n > 1 and t > 0. The sequences {uy, },>1 and {v, },>1 satisfy
0 <wup(x,t) <upii(z,t) and 0 <wy(x,t) < wvpq(a,t) (4.4)

for a.e. x € RN, ¢t > 0. This is clear since I, ug, and vy are non-negative functions
(T is nonnegative by (A5) property). Thus, we define
Uso (X, ) = lim up(z,t), Voo = lim vy (z,1). (4.5)

n—o0 n—oo

Furthermore, we see that . (2, 1), veo (z,t) € [0, 00].
Now, we show that the sequences {up }n>1 and {v,},>1 are bounded in a small
interval (0,7"), that is,

sup ([|un()lloc + [lvn(t)llso) < 2e1([[uolloo + llvollsc) (4.6)
0<t<T

for all n € N and some T > 0 sufficiently small. The constant ¢; > 0 is given by

inequality (2.2). To show (4.6, we argue by induction on n. This is clear for n = 1
due to (2.2). Suppose that (4.6) holds for some n € N. Then, by (2.2) we have

t
s (B)lloo < s ()l]oo + / oIS (t — 0)n(0)7 | oo do
t
< e1luolleo + 1 / o [on(0) |2, do (47)
0

t
< et + caf2er (Juollo + [eol))? [ 0" do
0
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for t € (0,T). Similarly, we have
t
lmr () lloo < l[01(8)]loo + / IS (t — 0)tn(0) oo do
t
< erlloolloo + 1 / o* lun (0) |4, do (48)
0
t
< e1[volloo + 2[261 ([[lloo + [[20]100)]7 / o* do,
0

for t € (0,T). Thus, the inequality (4.6]) holds by adding (4.7) and (4.8) and taking
T > 0 small enough.

Finally, by (4.4)), (4.5), and (4.6), we have that the limits functions 4, and v
satisfies (1.5 and

SUP ([|[teo (t) loo + Voo (B)]loo) < 2¢1(][uolloe + [v0lloo)-
o<t<T

Moreover, by the comparison principle (see Lemma [4.1), (tso, Vo) is the unique
solution of the problem (1.1)) if p,q > 1. |

4.2. Global existence: proof of Theorem [1.2}(ii). Without loss of the gener-
ality, we suppose that ¢ > 1. Let

(0, v0) € [L*(RY) N L2(RY)] x [L(RY) N L2 (R™)]

with max{||uo||r,, cos [|V0]rs,,00 } < 0, Where § > 0 will be chosen small enough later.
From (|1.6)-(1.9), we obtain the following estimates:

pre=n++1), gn=r+(6+1), pric>rn, qre> i (4.9)

Also, since v < N/(2 — a), we have ri4, 12, > 1.
Let {(u™,v™)},>0 be the sequence defined by u®(t) = S(t)ug, v°(t) = S(t)vy and

u (t) = S(t)uo + / S(t —o)hi(o)[v" (o) do,
o (4.10)
o™ (t) = S(t)vo + /0 S(t — o)ha(o)[u™ 1 (0)]? do,

for all t > 0. Note that the sequences {u” },>¢ and {v"V},>¢ are non-decreasing.
By induction, we prove that there exists a constant C' > 0 such that

[N (£)]loe < (€26 + CoP)t T

”UN(t) ”?“2*700 < 2¢,40,

[u™ ()]l 00 < Can + CO7,
(4.11)

[0V () [loo < 2e0idt” T0072s

for all n € NU{0}, where ¢,, = max{ci,c2} and the constants ¢;(i = 1,2) are given
in Proposition [2.3}
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From estimate (2.3]) we have

H“O( My 00 < C**”uO”m*,om

0 G-%)
u (t 0o < Cast 2 > T UO || 714,005
a0 fuoll i

102 ®)llrs. 00 < Crnllvollrs, oo,

00 (1) o0 < Cxnt™ 7% T2 75 gl o0

for all ¢ > 0, u € [ri«,00]. This implies that (4.11) holds for n = 0. Assume that
- holds for some n 6 N. By symmetry, we only prove that (4.11) holds for
u™ 1. From estimates and ( - we have

T2 T2

2% 1— 2% 1 _ 1
mwmmwsuwwm;mmwmm*bS%M&2w“wH> (4.13)
for all t > 0 and p € [r2,,00]. Then, from ) and ([4.13)), we have
0™ () .00 = 10" (E)IEp oo

< [2¢,.6t 7 (o aw)]P (4.14)

= [2c**]pdptm‘ﬁ‘(’"“)
for any 1 > 1 with ro, < np. Similarly, from ) and -, we obtain

[N ()P [loo = [N (£)]15,
< (20**(5{ =T )p
= (2¢,,0)Pt P2

= [2¢,,]PoPt ey Y

(4.15)

for all ¢t > 0.
Thus, by (2.2), (2.3), (4.9), (4.14]) (with n = 714), r2. < 714D, and (4.15)) we have
t
| [ S(t—0)o o™ (0)Pdo|e < cres[2e.,]PoPt T ey (4.16)
/2

where ¢g = 2=0)rie f\?rl* (2N/@=a)re 1) and

t

t
II/ S(t = a)a"v"(0)" dollr,, 00 SCz/ " [[0" (@) [lr,. 00 do
t t
L t

2

t
e [ W Mde

2

t
:02[20**]p5p/ o tdo

2

S 62[2C**}p5p;

for all t > 0.
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On the other hand, since t —o > t/2 for all o € [0,¢/2], by (2.3)) and (4.14)) (with
7 =11 > 1, which will be chosen later), we obtain

||/ S(t—o)o"v (O’)de’Hoo
t/2

< / 1S(t — 0)o" v ()|l sodo
0

t/2 N N
<ec t—o) Eang”||v? (o), ccdo
<af -0 [0 @), s

t/2
<2 et T [ o0 (07 o
0

__N__ o~ U2 _N_____ N 4
§2(2—a)n102[26**]p51’t 2=a)ny og@—am ~ C-ari,  dg
0
__N__
< €9q 2044 |POPE =TI

for some 1 < 71 < 714 so that ro, < m1p (this is possible since p 114 > r2x > 1),
N
and Cqy = YACEIIE [(27N — N

a)n (Q*Q)Tl*]
we have

/2
|| / S(t — 0)o" 0" (0)?do] |y, o
0

t/2
< [ ISt = 00" @) |y o
0

~1. Analogously (using the above 7; again),

t/2 1 1
Bl Gt VTR P
< t— 2—aing Tig ood
<o [t o) T E A 0y do o)

1 1 1 t/2
i) rr)/ o™ [0 (6)? [y o d
0

() (- [P
< 02[26**}1)(51)22 a\mny "‘1* t 2o\l Tk o @=an ~ C=a)riy do
0

< caC5[2¢4]P 07
for all £ > 0, where c5 = [(2 O (2= gn*]_l

Then, from (4.10), (4.12), (4.16), (4.17), (4.18)), (4.19), and taking 6 > 0 suffi-
ciently small, we obtain

ﬁ n+1 N Sp
£ [ (#) oo < and + C6
[ () s 00 < o + COP

for all ¢ > 0, where C' = [2C4x JP max{cic3 + cacy, cacs + co}. Arguing similarly it is
possible to show that there exists a constant C', independent of n, §, and ¢, such
that

N 1 — ~
[ASEE ||UnJr (D)oo < caxd + Cleswxd + COP),
[V ()2 00 < €axd + Cleand + COP)1.
Since ¢ > 1 and pq > 1, we have

T2 [0 (1) [loe < Cand + 29710, 89 + 207 LGOS < 2¢,, 5
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for § > 0 sufficiently small. Analogously, |[v"T1(2) |1y, 0o < 2,0 for 6 > 0 possibly
smaller. Therefore, (u™+1, v"*1) satisfies the estimates of for all n € NU{0},
and the induction process is finalized.

From the estimates given in we see that there exists a global-in-time
solution of such that (u,v) = (lim, e vV, lim,, . v"V) and

___ N
[u(®)]loo < Ct7 =1, Ju(t)]lr1,00 < C,

__ N
[o()llee < Ct =72, J0(t)Irs0,00 < C,

for some constant C' > 0 (this solution is unique when p > 1 and ¢ > 1). Moreover,
by Theorem [£.2]

Ju®loo < Ct+ 1)@ and ||o(t)]|oc < C(t+1)" T3,
for t > 0 and some constant C' > 0. From this and (2.4)), we have

r N (1 1

Iix 1— s
[u®)llnc0 < Nul@®llrtsoollu@®lloe * < CE+1)7 275 :

T2y 1— 2% N 1 1
[0@®)ll.00 < o)L oo lo@®)llec ™ < Ot +1)7 77 75,

for all v such that max{ri,,re.} < g < 00, t > 0 and some constant C' > 0. Thus
the proof is complete.
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